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Let An be the set of all n X n, non-singular matrices of the form PD, 
where P is a permutation matrix and D is a diagonal matrix with complex 
entries. In (1, conjecture 12), Marcus and Mine asked: Is An a maximal 
group on which the permanent function is multiplicative? (that is, per AB = 
per A per B). The field over which the entries range was not mentioned in the 
conjecture; however, we assume that the complex number field was intended. 
Corollary 1 answers this in the affirmative. In fact, An is the only maximal 
group (or semigroup) on which the permanent is multiplicative. Let pi be 
the set of all non-zero entries in the ith row and let X̂  be the set of all non-zero 
entries in the jth column. 

THEOREM. An is the maximal semigroup of n X n matrices with pt and Xj 
non-empty for all i, j = 1, . . . , n on which the permanent function is multi
plicative. 

Proof. If K is a maximal semigroup of n X n matrices with pt and Xj non
empty for all i, j = 1, . . . , n on which the permanent is multiplicative, then 
An S K, since for any matrix A, per QA = per Q per A, where Q is either a 
permutation matrix or a diagonal matrix. 

Suppose that An < K, and let A £ K — An. Then, in A there is at least 
one row with at least two non-zero entries. We shall show that this implies 
the existence of a matrix F £ K, such that per(^2) ^ (per F)2. Since every 
permutation matrix is in K, we may assume that the nth row of A has at 
least two non-zero entries, and that ann ^ 0. 

Let 

s 4 ) Uni if Uni ^ 0 , . . 
01 = \ l ifan{ = 0 t 0 r * = 1 " • • • ' " ' 

and let dA = diag(<5iA, . . . , Ôn
A). Now the matrix B = AôA is such that all 

entries in the nth row are real and positive or zero. 
In By bnn 9^ 0 and at least one other element of the ?zth row is non-zero. 

Let M be a diagonal matrix such that /x̂  is real and strictly positive, for 
i = 1, . . . , n. If any entry ani in the nth row of B is zero, then we show that, 
for suitable /x and some permutation matrix P such that pnn = 1, H = (fiPB)2 

is in K and has at least one more non-zero entry in the nth row than did A. 
Let G = }xPB, so that H = G2. We first show that if bnj ^ 0, then hnj ^ 0. 
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The element gnj = iinbnj ^ 0 and 

n n—1 n—1 

knj = z2 gnkgkj = gnngnj + 2 ^ gnkgkj = Vn bnnbnj + ^ M A . ^ X " 1 © ,;> 
j f c = l * = 1 A ; = l 

where P(4>u) = (#x(z),i)- Thus, for M?m sufficiently larger than /x̂ , 
i = 1, . . . , n — 1, /^- ^ 0. 

Next we show that whereas bni = 0, we can choose /x and P so that fewi 9
e 0. 

Some element in the ith column of B, say bQi, is non-zero. Choose P so that 
premultiplication by P interchanges the qth and j th rows of B. Thus, gjt ^ 0, 
and the element 

n n n 

hni = S gnkgki = gnjgji + Z^ gnkgki = ^AA-l(i),J + 2 M À A - ' W - Î -

te* y ^ ; 

Thus, for /Xi sufficiently larger than /^, fe = 1, . . . , n — 1, & ^ i, we obtain 
Anl 9^ 0. Note that here fxn being large does not affect the result since the last 
term, jK»2&»jb&x-i(n),< = /*»2&nA*> in the sum is zero. 

This process may be re-applied until one arrives at a matrix C such that 
c'ni is non-zero for all i = 1, . . . , n. Let C = C'bc' ; then C (z K, cni is real 
and cnï > 0 for a lH = 1, . . . , n. 

In a similar manner we can obtain a matrix E £ K, such that eiw is real 
and ein > 0 for all i = 1, . . . , n. Now, for matrices a and /3, where 
a = diag(l, . . . , 1, an) and /3 = diag(l, . . . , 1, /3n) and aw and /3W are suffi
ciently large positive real numbers, F = (Ea) (fiC) is in K, ftj ^ 0 for all 
i,j= 1, . . . , n, and Re(/^) is positive and so much greater than | Im(/ z ;) | that 

R e ^ n / < r ( 0 / r « ) « r ( i ) j > 0 

for every o- G 5n, the symmetric group on n letters, and every r 6 Cny the set 
of all mappings r: {1, . . . , n\ —> {1, . . . , n). 

Now, 
n n 

per 4 5 = X) FI Z) 0<A<r«) 

and 

ZL̂  Zw 1 1 aiT(i)bT(i)a(i) 
<r€Sn r£Cn i=l 

A per B = [ ]£ f l &M*) )( Z I I &MO ) per . 

n 

= Z^ £J I I aiT(i)bT(i)<T(i). 
<r£Sn rÇSn i=l 

Hence, for A, B Ç K we must have that 
n 

0 = per 4 5 - per A per 5 = ]T ]T J"J aiT(i)bT(i)<T(i). 
<r€Sn T^CnSn i=l 
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In particular, when A = B = F, this sum must be zero. However, 
Re (ni_i/*T(fl/T( 0(r(i)) > 0; hence 

R e ( S Z n / i r ( 0 / r « M i ) ) > 0 , 

which contradicts the fact that F £ K. Therefore, K = An. Since An is con
tained in any maximal semigroup, it is the only one. 

The following corollaries are immediate consequences of the theorem. 

COROLLARY 1. An is the maximal group of n X n, non-singular matrices on 
which the permanent is multiplicative. 

In the above we considered matrices with complex entries. Let An
R be the 

set of all n X n, non-singular matrices of the form PD, where P is a permuta
tion matrix and D is a diagonal matrix with real entries. Then as a special case 
of the theorem we have the following corollary. 

COROLLARY 2. An
R is the maximal semigroup of n X n, non-singular matrices 

with real entries on which the permanent is multiplicative. 

Remark. In the semigroup of all n X n matrices, a maximal semigroup on 
which the permanent is multiplicative is the set of all n X n matrices with at 
least one row [one column] of zeros together with the set An. 

I would like to thank Professor B. N. Moyls for his suggestions during 
the preparation of this paper. 

REFERENCE 

1. M. Marcus and H. Mine, Permanents, Amer. Math. Monthly 72 (1965), 577-591. 

University of British Columbia, 
Vancouver•, B.C. 

https://doi.org/10.4153/CJM-1969-055-2 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1969-055-2

