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1. Introduction
Let G be a finite group and let S be a subgroup of G with

core(S)= () x 'Sx=1.

xeG
We say (G, S) has property (*) if there exists x € G such that Snx~1Sx = 1. A
question which immediately arises is the following; what conditions on G, S .
ensure that (G, S) has property (*)?

It has been shown by J. S. Brodkey (1) that (G, S) has property (*) if S'is an
abelian Sylow p-subgroup of G for some prime p. Brodkey’s argument can easily
be extended to the case where S is an abelian Hall subgroup of the group G.
(See also (2).)

It has been shown by N. Ito (3) that if G is soluble and S is a Sylow p-
subgroup of G, then (G, S) has property (*) except possibly when p = 2 or p is
a Mersenne prime.

In this note we consider the case where S is cyclic. We show that (G, S) has
property (¥) if G is simple and that if G is soluble and SNF(G) = 1, then (G, S)
has property (*).

Our results suggest that (G, S) has property (¥) if Sis cyclicand SNF(G) = 1,
but we have not been able to prove this in general.

The notation is standard. We recall that if G is a finite group F(G) denotes
the maximal nilpotent normal subgroup of G.

2. Preliminary results
Lemma 1. Letgq, py, ..., p, be distinct prime numbers. For each i let a; be the

least positive integer for which ¢* = 1 mod p;. Then Y (1/¢°)< 1—1/q.
i=1

Proof. Let w(m) denote the number of distinct prime divisors of the positive
integer m.

Then ‘
gy § D o § lokng

i=1 q i=1 q
= qlog, g/(g—1)*.
This implies the result forg = 5.
EM.S.—18/4—A
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Lemma 2. Let q, <q,<qs... be the sequence of prime numbers. Then

3 ah<s.

Proof. The result follows immediately from the fact that

pVis

(1/n%) = n?/6.
1

n

3. Cyclic group action on a nilpotent group
This section is devoted to a proof of the following result:

Theorem 1. Let Q be a finite nilpotent group and let A be a cyclic group of
automorphisms of Q. Then there exists v e Q such that va # v for any a # 1
in A.

Proof. Assume the result is false and let (Q, 4) be a counterexample for
which | Q |+| 4 | is minimal. Let| 4| = p%...pb be the canonical decomposi-
tion of | A | as a product of distinct prime powers. The minimality of | 4 | forces
b, =...=b,=1. Let g be a prime divisor of | @ | and let Q, be the Sylow
g-subgroup of Q.

(1) Q, = Q. Forsuppose not. Let Q, be the Hall g-complement of Q. Let
Ao = {ae 4| a acts trivially on Q,}, and let 4 = 4,x 4;. Now there exists
vo € Qo such that voa; # vy for any a, € A;—{1} and there exists v, € Q, such
that v,a, # v, for any a, € 4g—{1}. Let v = vov,. Then va # v for any
ae A—{1}. This establishes (1).

(2) Contradiction. Let a; be an element of 4 of order p; and let
0, = {weQ|wa; = w}

Then Q = uUQ,; (set-theoretic union). Let |Q|=4",]1Q:Q;] =4q™ Since q;
permutes the elements of Q— Q; into orbits of length p;, g™ = 1 mod p; if p; # q.
In particular, »n;, = d; where d; is the least positive integer for which

q* = 1 mod p; if p, # g. But now,

k
Y 1g"<1q+ > 1g"<1g+ Y 1g%<l
i=1 Pi ¥4 1¥q

4
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by Lemma 1. On the other hand, the equation @ = U Q; implies that

els ¥ 1l

k
and thus Z 1/g™ = 1. The contradiction is established.

i=1

4. Intersection theorems

Let G beafinite groupand let A be a cyclicsubgroupof G. Let|A| = p%...p
where p,, ..., p; are distinct primes and a,, ..., 4, positive integers. Let 4; be
the subgroup of A4 of order p; and let N; be the normaliser of 4; in G. Then
(G, A) has property (*) if and only if G is not the set-theoretic union of the groups
Ny, .., N Let| G:N;| = n,. We see that (G, 4) has property (*)if Z1/n; < 1.
If G is simple, then n;>max {p;}, so we get

Proposition 1. If G is simple and A is cyclic, then (G, A) has property (*).

Suppose now that ANF(G) = 1. Let K; be the core of N,, that is K; is the
largest normal subgroup of G contained in N;. Since G/K; is a permutation
group on n; symbols and A4; £ K;, n; = pi*+1. Lemma 2 implies

i

Proposition 2. If A is a cyclic subgroup of G such that AnF(G) = 1 and no
Sylow subgroup of A has prime order, then (G, A) has property (*).

Finally we show

Proposition 3. Let A be a cyclic subgroup of afinite group G such that C(F(G))
is abelian. Assume that ANF(G) = 1. Then (G, A) has property (*).

Proof. Since ANF(G) = 1 and C4(F(G)) = Z(F(G)), A acts faithfully on
F(G) by conjugation. The result follows from Theorem 1.
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