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LOCAL INVERTIBILITY IN SUBRINGS OF C*(X)

H. LinpDA BYUN, LOTHAR REDLIN AND SALEEM WATSON

It is known that the maximal ideals in the rings C(X) and C*(X) of continuous
and bounded continuous functions on X, respectively, are in one-to-one corre-
spondence with X . We have shown previously that the same is true for any ring
A(X) between C(X) and C*(X). Here we consider the problem for rings A(X)
contained in C*(X) which are complete rings of functions (that is, they contain
the constants, separate points and closed sets, and are uniformly closed). For ev-
ery noninvertible f € A(X), we define a z-filler Z4(f) on X which, in a sense,
provides a measure of where f is ‘locally invertible’. We show that the map 24
generates a correspondence between ideals of A(X) and z-filters on X . Using this
correspondence, we construct a unique compactification of X for every complete
ring of functions. Each such compactification is explicitly identified as a quotient
of BX. In fact, every compactification of X arises from some complete ring of
functions A(X) via this construction. We also describe the intersections of the
free ideals and of the free maximal ideals in complete rings of functions.

0. INTRODUCTION

If X is a completely regular space then the collection C(X) of continuous real-
valued functions on X is a ring under pointwise operations. The ring C(X) and
its subring C*(X), consisting of the bounded elements of C(X), have been studied
extensively (see [4] and [1]). The resulting theory of ‘rings of continuous functions’ is
beautifully presented in the now classic text of Gillman and Jerison by that title. One of
the main achievements in this theory is the characterisation of the maximal ideals in the
rings C(X) and C*(X). Although the problems of characterising the maximal ideals
in C(X) and C*(X) are quite different, they have the same solution—namely, the set
of maximal ideals in each is in one-to-one correspondence with BX, the Stone-Cech
compactification of X. In [6], a method was developed to characterise the maximal
ideals in any ring A(X) of continuous functions on X with A(X) 2 C*(X), and in
(2] the method was used to study deeper properties of these rings. The technique of
‘local invertibility’ used in these papers has the desirable effect of putting the problems
of characterising the maximal ideals in C(X) and C*(X) into a common setting. This
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is achieved by defining a map 24 from the noninvertible elements of A(X) to the z-
filters on X, which lifts to one that maps ideals in A(X) to z-filters. In this paper we
consider how the concept of local invertibility can be applied to rings A(X) contained
in C*(X). It turns out that the rings for which an analogous map Z4 is useful are
complete rings of functions—those which contain the constants, separates points and
closed sets, and are uniformly closed. The rings A(X) D C*(X) studied in [6] and [2]
in fact satisfy these conditions; however, the proofs there make essential use of the fact
that A(X) D C*(X) so they do not in general carry over to the case we consider here.

In Section 1 we define the map 24 and show that it maps ideals to z-filters. We
prove that Z¢, the inverse of 24, maps z-ultrafilters to maximal ideals, although not
necessarily in a one-to-one fashion (as opposed to the case in which C*(X) C A(X)).
In Section 2 we use 2% to construct a correspondence between compactifications of
X and complete rings of functions on X . (Compare [3, p.301].) Our correspondence
is explicit in the sense that a procedure is given for determining those points of §X
(that is, z-ultrafilters on X ) which are identified to yield the compactification that
corresponds to any specified A(X). Finally, in Section 3 we study the intersections of
the free ideals and the free maximal ideals in A(X). Any terminology or notation not
specifically defined in this paper is to be understood as in [4].

1. THE CORRESPONDENCE BETWEEN IDEALS AND FILTERS
Let X be a completely regular space. A subalgebra A(X) of C*(X) is called a

complete ring of functions if it contains the constants, separates points and closed sets,
and is uniformly closed (see Engelking [3, p.301]). Throughout this paper A(X) will
always denote a complete ring of functions.

We first remark that if f € A(X), then |f| € A(X). Thus A(X) is a lattice, since
fvg=(f+g+If-gl)/2 and fAg=(f+g—|f—gl)/2. (See Willard 8, p.291].)

LEMMA 1.1. If f€ A(X) and 0< c < f(z) for all z € X, then f is invertible
in A(X).

PROOF: Choose @ > 0 such that 0 < ac < af(z) < 1 for all z € X. Then
0<l—af(z)<l—ac<l,so

%(z) =Y (@-af(@)" <3 (1 - ac)” < oo.

n=0

Since A(X) is uniformly closed, [af]™! € A(X), and hence f~! € A(X). 1]

For f € C(X), we write Z(f) for the zero setof f;thatis, Z(f) = {z € X: f(z) =
0}. We denote the collection of all zero sets in X by Z[X]. A cozero set is the
complement of a zero set. For a cozero set E we say that f € A(X) is E-regular if
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there exists g € A(X) such that fg|g = 1; thus, in a sense, f is ‘locally invertible’ on
E.
LEMMA 1.2. Let f,g € A(X) and let E, F be cozero sets in X .
(a) I f is E-regular and F C E, then f is F-regular.
(b) I f is E-regular and F-regular, then f is EU F-regular.
(c) If f(z)>c>0 forall z € E, then f is E-regular.
(d) If0 < f(=) < g(z) for all ¢ € E and if f is E-regular, then g is
E-regular.
(e) If f is E-regular and g is F-regular, then fg is ENF-regular and f%+ g
is EU F-regular.
(f) f is E-regular if and only if |f| is E-regular.

Proor: The proofs of (a), (b), (d) and (€) are identical to the corresponding parts
of [6, Lemma 1], so we prove (c) and (f).

(c)Let h=cV f. Then h € A(X), and so h~! € A(X) by Lemma 1.1. The result
follows since A~ 1f|g = 1.

(f) f f is E-regular then there exists g € A(X) such that fg|g = 1. But then
Ifllg| | =1, sosince |f|,|g] € A(X), |f| is E-regular. Conversely, if |f| is E-regular,
there exists g € A(X) such that g|f| [z = 1. Let Ey = {z € E: f(z) > 0} and let
E; ={z € E: f(z) < 0}. Then fg|g, =1 and f(—g)|g, = 1, and so by (b), f is
E; U E;-regular (that is, E-regular). 0

As in [6], for f € A(X) we define 24(f) = {E € Z[X]: f is E%regular}; for J
an ideal of A(X) we write 24(J] = |J Za(f); and for F a z-filter on X we write
feJ

Z5[F) = {f € A(X): Z4(f) C F}. With these definitions, the following theorem can
be proved as in {6, Theorems 1, 2 and 3].
THEOREM 1.3.
(a) The function f € A(X) is noninvertible in A(X) if and only if Z4(f) is
a z-filter on X .

(b) If I is an ideal in A(X), then Z4[I] is a z-filter on X .
(c) If F is a z-filter on X, then 2 [F] is an ideal in A(X).

The next theorem gives a more explicit description of the ideal Z! [F].

THEOREM 1.4. If F is any z-filter on X, then 2 [F] = {f € A(X):
lim f = 0}.
ProOF: Let f € Z7[F]. This means Z4(f) C F. We claim that lim f = 0.

2(5)
To prove this we shall show that Fy, the z-filter of zero-set neighbourhoods of 0 in

R, is contained in B = {f(E): E € Z(f)}. Let V € F, and let E = f}(V).
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Then E € Z(]f|) by Lemma 1.2(c), and hence E € Z(f) by Lemma 1.2(f). Thus
V = f(E) € Fo, so that Fy C B. This proves the claim. It follows that ].i;n_lf =0.

Conversely, suppose f € A(X) with li;_n f = 0. Then clearly li;_n fh = 0 for all

h € A(X) (since every h € A(X) is bounded). We claim that for every E € Z(f) there
exists F € F such that F C E. For it not, we have that F N E¢ # () for every F € F.
Choosing h € A(X) such that fh|gc =1 would then show that 1 is a cluster point of
{fh(F): F € F}, a contradiction. Thus F D Z2(f), and so f € Z[F]. o

We now show that 2}, maps z-ultrafilters to maximal ideals. We need a prelimi-
nary lemma.

LEMMA 1.5. Let U be a z-ultrafilter onX . Then Z{[U] = A(X) N 2. [U].

PROOF: We claim that for every f € A(X), Z4(f) = Ze+(f). For clearly Za(f) C
Zc+(f). Solet E € Zg+(f), and choose g € C*(X) such that fg|g = 1. Since g is
bounded, there exists ¢ > 0 such that |f(z)| > ¢ for all ¢ € E. Thus by Lemma 1.2(c)
and (f), f is E°-regular in A(X); thatis, E € Z4(f). This proves the claim.

Now let f € 25 [U]. Then Z4(f) C U, so by the claim, Z¢«(f) CU. Thus f €
2&. (U], and hence 2 [U] € A(X) N 2g.[U]. Conversely, suppose f € A(X)NZg.[U].
Then Ze+(f) CU, and so Z4(f) C U, whence f € Z7[U]. '

It follows from the first part of the proof of the preceding lemma that Z(f) =
NZa(f)-

THEOREM 1.6. If U is a z-ultrafilter on X, then 2 [U] is a maximal ideal in
A(X).

ProoF: Let M = Z5.[U] and let N = 25 [U]. By Lemma 1.5 there is a natural
embedding i: A(X)/N — C*(X)/M, and by [2, Theorem 3.2(b)], M is a maximal
ideal of C*(X), so there exists an isomorphism J: C*(X)/M — R. The map k: R —
A(X)/N defined by r — r+ N is clearly one-to-one. Now consider the map ¢ = joiok,

¢: R — R. Since ¢ is an embedding, it must be the identity map on R, and so
A(X)/N ~R. Thus N is a maximal ideal in A(X). 0

THEOREM 1.7. There is a surjection from the set of z-ultrafilters on X onto
the set of maximal ideals of A(X) given by
U 27U

PrOOF: Theorem 1.6 guarantees the existence of this map. To show it is onto, let
M be a maximal ideal in A(X), and let I/ be a z-ultra filier containing the z-filter
24[M]. Then M C 2 [U], and so M =25 [U]. a

EXAMPLE 1.8: We show that the map defined in the preceding theorem need not
be one-to-one. Let X = (0, 1), andlet A(X) = {f € C*(X): ].im+ f(z) = lim f(=)}.
z—0 z—1"
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Clearly A(X) is a complete ring of functions. Let ¢, and U; denote the z-ultrafilters
on X that converge (in X ) to 0 and 1 respectively. Clearly U, and U, are distinct.
However, by Theorem 1.4 we have

Zy [to] = {f € A(X): lim f = 0} = {f € A(X): lim f = 0} = 25 4],

2. THE CORRESPONDENCE BETWEEN COMPACTIFICATIONS AND SUBRINGS

In this section we show that there is a natural correspondence between complete
subrings of C*(X) and compactifications of X . It is well known that every compactifi-
cation of X is a topological quotient of X . Our map 2% gives an explicit construction
of the equivalence relation on X leading to each such quotient.

Recall that in the Stone construction of X, the points of X are the z-ultrafilters
on X. The points of X will be denoted by the letters p, q,.... When we need
to emphasise that these points are z-ultrafilters, we shall write Up, Uy, .... In this
notation the space X is canonically embedded in fX via the map p — U, where U,
is the z-ultrafilter of all zero sets in X containing p € X .

DEFINITION: Let A(X) be a complete ring of functions. We define an equivalence
relation ~ on BX as follows:

p~q if and only if 2 [Up] = 2 [U,].

This relation does not identify points of X, since if p # ¢ € X there exists
f € A(X) such that f(z) =0, f(y) # 0, and so Z'{[Up] # 2 [Uy]. Thus BX/ ~ isa
compactification of X. We denote it by f4X .

In the sequel, we write M, for the maximal ideal 2 [U,]; thus p ~q if and only if
M, = M,. For f € C*(X) we denote its extension to BX by f#, and so fP(p) = lli}:lf
for all p€ BX. We also write A(X) for the subalgebra of C*(8X) consisting of the
extensions to BX of the functions in A(X); thus A(BX) = {f?: f € A(X)}.

LEMMA 2.1. M, = M, if and only if fP(p) = fP(q) for all f € A(X).

PROOF: It follows immediately from Theorem 1.4 and the preceding discussion
that M, = {f € A(X): fP(p) = 0}. Soif p ~ 9 then fP(p) = 0 if and only if
fP(g) =0 forall fe A(X).

Now suppose M, = M,, and let f € A(X), with ff(p) = » € R. Then

(f —7)%(p) = 0, and hence (f —r)?(g) = 0, which means that fP(q) = r. Thus
fP(p) = fP(q) for all f € A(X). The converse is obvious.

The next theorem makes clear that the situation described in Example 1.8 is in
fact the typical case.
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THEOREM 2.2. 2} is one-to-one on X if and only if A(X) = C*(X).

PrOOF: The subring A(BX) of C*(BX) is clearly uniformly closed, contains the
constants, and is naturally isomorphic to A(X). Now suppose 27 is one-to-one, and
let p#£ q € BX. Then by Lemma 2.1, there exists f € A(X) such that f8(p) # f°(q).
Thus A(BX) separates the points of 8X, and so by the Stone-Weierstrass Theorem,
A(BX) = C*(BX) ~ C*(X). Hence A(X) = C*(X). The converse is known [6, 2]. []

THEOREM 2.3. Let f € C*(X). Then f has an extension f4 to f4X if and
only if f € A(X).

PROOF: Let C4(X) = {f € C*(X): f has an extension f4 to 4X}, and let
na: X — BaX denote the canonical projection. We must show that C4(X) = A(X).
So let f € A(X), and suppose p, ¢ € X with p ~ a4 Then M? = M?, and so by

Lemma 2.1, f8(p) = fP(q); that is, f# is constant on the equivalence classes modulo
~ Thus there exists a unique map f4: 84X — R such that f = f4074, and clearly

f# is an extension of f. This means that f € C4(X), and so A(X) C Ca(X).

Clearly the map ¢: C4(X) — C*(BaX) defined by f — f4 is an embedding,
natural in the sense that f|x = ¢(f)|x. The subalgebra ¢(A(X)) of C*(84X)
contains the constants and is uniformly closed (since A(X) is). Moreover, it sep-
arates the points of B4X, since if p,q € FX lie in different equivalence classes
[p), [q] € BaX , then by Lemma 2.1 there exists f € A(X) such that f°(p) # fP(q), and
so f4([p]) # f2([g]). Thus by the Stone-Weierstrass Theorem, @(A(X)) = C*(BaX),
and so 4(X) = Ca(X). 0

Theorem 2.3 is a generalisation of the universal property of the Stone-Cech com-
pactification. For if A(X) is taken to beall of C*(X), Theorem 2.3 says: a continuous
real-valued function on X can be extended to 8X if and only if f is bounded.

For every complete ring of functions we have constructed a compactification of X .
We now show that every compactification arises in this fashion, and that the resulting

correspondence between rings and compactifications is one-to-one.

DEFINITION: Let X be a complete regular space and let aX be a compactification
of X. We denote by A,(X) the subring of C*(X) consisting of those functions that
extend to aX . We write f* for the extension of f to aX; thus:

A(X) = {f € C*(X): f has an extension f*}.

PROPOSITION 2.4. A,(X) is a complete ring of functions.

PROOF: Clearly A,(X) is a subring of C*(X) that contains the constants and is
uniformly closed. We show that it separates points and closed sets. Let B be a closed
subset of X and let = € X, ¢ ¢ B. Denoting the closure operator in aX by cl,, we
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have z ¢ cl B, so there exists f € C*(aX) such that f(z) ¢ clg (f(cla B)). Hence
flx separates =z and B.

Recall that two compactifications of X are equivalent if there is a homeomorphism

between them that leaves X pointwise fixed.

THEOREM 2.5. Thereis a one-to-one correspondence between the complete sub-
rings of C*(X) and the compactifications of X .

ProoOF: We claim that the compactification aX is equivalent to the compacti-
fication 84,X. To prove this, we first note that A,(X) is isomorphic to C*(aX),
since A,(X) consists precisely of those functions in C*(X) that extend (necessarily
uniquely) to aX . This induces a homeomorphism between the compact spaces S4, X
and fc+(ax)@X that leaves X fixed. But fc+(ax)aX = f(aX) = aX, since aX is
compact. This proves the claim.

It follows from Theorem 2.3 that if A(X) is a complete ring of functions then
Ag,(X) = A(X). Thus we have constructed two correspondences, one taking complete
rings of functions on X to compactifications of X,

A(X) — BaX,
and one taking compactifications to complete rings,
aX — A.(X).

We have also shown that these correspondences are inverse to each other, and so they
are one-to-one and onto. 0

3. INTERSECTIONS OF FREE IDEALS
An ideal I in A(X) is free if [ Za(f) = 0; otherwise it is fized. In view of the
fer1

remark following Lemma 1.5, an ideal I is free or fixed according to whether [} Z(f)
fel
1s empty or not. The problem of describing the intersection of the free maximal ideals

in C(X) has been studied extensively (see, for example, [4, p.123], [5], and [7]). The
analogous problem for subrings of C(X) containing C*(X) was considered in [6] and
[2]. In this section we describe the intersections of the free maximal ideals and of all
free ideals in subrings A(X) of C*(X).

LEmMMA 3.1. Theideal M in A(X) is maximal if and only if M = A(X)NN,
where N is a maximal ideal in C*(X).

PROOF: If N is maximalin C*(X), then thereis a z-ultrafilter &/ on X such that
N = 25.[U], by Theorem 1.7. But then M = A(X)N N = A(X)n 2g.[U] = L [U],
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which is maximal (Lemma 1.5 and Theorem 1.6). Conversely, if M is maximal in
A(X), then M = Z7[U] for some z-ultrafilter on X. Thus we have M = A(X)N N,
where N = Zg. [U] is maximal in C*(X). 0

In particular, M is a free maximal ideal in A(X) if and only if M = A(X)NN
for some free maximal ideal N in C*(X). Following [4], we write Coo(X) for the
subalgebra of C*(X) consisting of the functions that vanish at infinity, where a function
f € C*(X) is said to vanish at infinity if for every n € N there is a compact subset K
of X such that |f(z)|<1/nforall ze X \ K.

THEOREM 3.2. The intersection of the free maximal ideals in A(X) is Coo(X)N
A(X).

PRrOOF: This follows immediately from Lemma 3.1 and [4, p.109]. 0

If X is locally compact, then it turns out that the intersection of the free maximal
ideals in any A(X) is simply Coo(X), since Coo(X) C A(X) in this case, as we now
show. We will require some preliminary results. In the sequel, Cx(X) denotes the ring
of continuous real-valued functions of compact support on X.

LEMMA 3.3. The completely regular space X is locally compact if and only if
Ck(X) separates points and closed setsin X .

PrOOF: That Ck(X) has this property if X is locally compact follows from (3,
Corollary 3.3.3]. So suppose that Cx(X) separates points and closed sets. Let z € X,
let V' be any open neighbourhood of z, and let D = V°. Choose an f € Cx(X) that
separates ¢ and D, with f(z) > 0, and let I = (a, b), where 0 < a < f(z) < b and
INnf(D) =0. Then f-1(I) is a compact neighbourhood of z since it is contained in
the support of f. 0

ProrPosiTION 3.4.

(a) I A(X) € B(X) are complete rings of functions, then there exists a
continuous projection w: fpX — BaX such that w|x is the identity on
X.

(b) if aX and vX are two compactifications of X and if there exists a
continuous projection n: aX — X such that =|x is the identity on

X, then AL(X) 2 A,(X).

ProOF: This follows from Lemma 2.1 and the definitions of the concepts in-
volved. 0

THEOREM 3.5. If X is locally compact, then every complete ring of functions
A(X) contains Coo(X).

PROOF: Let X be locally compact. We claim that Coo(X) is uniformly closed.
For suppose fi — f uniformly, with f; € Co(X). Let n € N and choose N such
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that |fy — f| < 1/(2n) for all £ > N. Choose a compact set K C X such that
fw(z) <1/(20) for all = € X \ K. Then |f(2)| < If(z) — fw(2)] + |fw(2)| < 1/n for
al z€ X\ K.

Let L(X) be the subring of C*(X) generated by Coo(X) together with the con-
stant functions. By the preceding claim and Lemma 3.3, L(X) is a complete ring of
functions (since Cx(X) € Cxo(X)). The compactification G X is clearly the one-
point compactification of X, which is a quotient of every compactification. Thus by
Proposition 3.4, every complete ring of functions on X contains L(X). 0

COROLLARY 3.6. If X is locally compact, then the intersection of the free
maximal ideals in any complete ring of functions A(X) is Coo(X).

We now consider the intersection of all free ideals in A(X). For every p € BX we
define QF, = {f € A(X): p€ int Zgx(fP)}. This is clearly an ideal in A(X).

LEMMA 3.7. OF isfreeforall pe BX\ X.

PrOOF: Let p € BX\X. We claim that for every z € X there exists f € QF such

that f(z) # 0. The lemma follows, since we then have [\ Za(f)= [\ Z(f) =90.
feQk reQf

To prove the claim, choose a closed X -neighbourhood F of p such that ¢ ¢ F'. Now

FNX is a closed nonempty set in X, so there exists f € A(X) suchthat f(FNX)=0

and f(z) =1. Clearly fA(F)=0,s0 f € Q. 0

It can be shown that an ideal in A(X) is free if and only if for every compact set
K C X there exists f € I such that Z(f) N K = 0 (see [2, Lemma 5.2], whose proof
applies also in our situation here). In addition, we have the following characterisation
of Cx(X):

Ck(X) ={f € C*(X): Zgx(f?) is a neighbourhood of X \ X}

(see [4, p.109]).

THEOREM 3.8. The intersection of the free ideals in any complete ring of func-
tions A(X) is Cx(X) N A(X).

ProOF: Let f € Cx(X) N A(X) and let I be a free ideal in A(X). We write
E = (X \ Z(f)) for the support of f. By the remarks preceding this theorem there
exists g € I such that Z(g)NE = 0. Let ¢ be the minimum value of |g| on E. Clearly
¢ > 0, so by Lemma 1.2(c) and (f), g is E-regular. Thus there exists h € A(X) such
that ghlg = 1. Thus f = fghe I.

Conversely, suppose f is in every free ideal. Then f € Q% for every pe X\ X
by Lemma 3.7, and so 8X \ X C int Zgx (f#). Thus f € Cx(X). 0

Comparing Theorems 3.5 and 3.8, we have the following corollary.
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COROLLARY 3.9. If X islocally compact then the intersection of the free ideals
in any complete ring of functions A(X) is Cx(X).
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