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DIFFERENTIATION OF MULTIPARAMETER 
SUPERADDITIVE PROCESSES 

DOGAN ÇÔMEZ 

0. Introduction. In this article our purpose is to prove a differentiation 
theorem for multiparameter processes which are strongly superadditive 
with respect to a strongly continuous semigroup of positive Lx-
contractions (see Section 1 for definitions). 

Recently, the differentiation theorem for superadditive processes with 
respect to a one-parameter semigroup of positive Lx-contractions has been 
proved by D. Feyel [9]. Another proof is given by M. A. Akçoglu [1]. R. 
Emilion and B. Hachem [7] also proved the same theorem, but with an 
extra assumption on the process (see also [1]). The proof of this theorem 
for superadditive processes with respect to a Markovian semigroup of 
operators on Lx is given by M. A. Akçoglu and U. Krengel [4]. Thus [1] 
and [9] extend the result of [4] to the sub-Markovian setting. Here we will 
obtain the multiparameter sub-Markovian version of this theorem, namely 
Theorem 3.17 below. 

Theorem 3.17 was proved by M. A. Akçoglu and U. Krengel [5] for 
superadditive processes {F(wv)} with respect to a semigroup of operators 
{U(tr)} w m c n 1S induced by measurable semigroup of measure preserving 
transformations on (X, ^ /x). In that paper the definition of superadditiv-
ity used is stronger than the superadditivity definition we consider in this 
work [5] but weaker than the strong superadditivity. R. Emilion and B. 
Hachem [8] proved Theorem 3.17 for strongly superadditive processes 
with respect to a Markovian semigroup { U,t rA of operators. The proof for 
the case that {F ( M V ) } is an additive process with respect to a two-parameter 
semigroup of positive Lx-contractions {U^tr^) which is strongly contin­
uous for (/, r) > O was given by M. A. Akçoglu and A. del Junco [3]. 
Hence 3.17 generalizes these theorems as well as Theorem 1.7 in [1]. 

Acknowledgement. I would like to express my gratitude to my 
supervisor, Professor M. A. Akçoglu, for making the manuscript [1] 
available to me prior to publication and for his very helpful discussions 
and valuable remarks on the subject. 

1. Definitions. Let R2 be the usual two dimensional real vector space, 
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considered together with all its usual structure. The positive cone of R is 
R + and the interior of R + is C. In particular R2 is partially ordered in 
the usual way. Let 1, O and k denote the vectors (1, 1), (0, 0) and (/c, /c), 
for any real k, respectively. 

Let (X, ̂  JU) be a a-finite measure space and Lx = LX(X, J^ \x) be the 
classical Banach space of real valued integrable functions on X. L^ will 
denote the positive cone of L l5 and for any E G ̂  LX(E) = LX(E, /x) will 
denote the class of integrable functions with support in E. We shall not 
distinguish between the equivalence classes of functions and the individual 
functions. The relations below are often defined only modulo sets of 
measure zero; the words a.e. may or may not be omitted. For any 
E E i ^ j ( £ will denote the characteristic function of E. 

Let {Tt}t^0 and {S r} r^o t>e one-parameter strongly continuous 
semigroups of positive Lx-contractions (sub-Markovian operators) with 
T0 = S0 = I, the identity operator on Lx, and TtSr = SrTt for each t i^ 0 
and r ^ 0. This means that for each t â 0 and s ^ 0, Tt and Sr are both 
bounded linear operators on Lx with \\Tt\\x ^ 1 and ||SVlli ^ 1 such that 

(1.1) TtLx c L,+ and SrLx c L,+ , 

(1.2) TtTs = Tt+S and SrSp = Sr+p for all/?, r, /, s â 0, 

(1.3) lim \\TJ - / | | , = 0 = lim | | S r / - f\\x for a l l / G LX. 

{Tt}t^0 and {S r }^o a r e called Markovian operators if they satisfy 

/ Tjdv. = jfdn = j Sjdix 
for all / ^ 0, s ^ 0 and for a l l / G LJ in addition to the conditions (1.1), 
(1.2) and (1.3). Consider the family 

{^ / )}0/ )£R 2
+

= {^V}(/,r)eR2+ 

which is a two-parameter strongly continuous semigroup of positive 
L]-contractions with UQ = I. So 

(1.4) U{Ur)Lt c LÎ for (t,r) G R2
+, 

(1.5) U{tir)UiUjV) = £/r+II,r+v) for each (/, r), (w, v) e R2
+, 

(1.6) lim \\U{tr)f-f\\x = 0 for e a c h / G L,. 
(/,r)-K) 

A family of functions CF(MV)}(MV)ec *s caHed a superadditive process 
(with respect to {U^r^},tr^R2 ) if it is superadditive with respect to each 
parameter separately [4], [10], [13], [6]; i.e., 

( L 7 ) F(u,v) G L\ f o r e a c h (u>v) G c -

(1.8) For each (t, r) G R2
+ and (u, v) G C with O ^ (/, r) ^ (w, v) 
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a ) F(u,v) = F(u,r) + U(Q<r)F(UiV-r) if 0 < r < v, 

h)' ^(H,v) = ^.v) + ^(r,0)^(„-,,v) if 0 < t < u. 

If {—F(U^} is superadditive, then {F^uv^} is called subadditive (with 
respect to {U(tr)} ); and if both {F^uv)} and {~F^uv)} are superadditive, 
then ( i^v)} is called additive [4], [3]. 

A family of functions {^7MV)}(MV)ec *S caHed a strongly superadditive 
process (with respect to {U^tr^},tr^R2 [13] if it satisfies (1.7) and 

(1.9) if (t, r), (w, v) G C with O < (f, r) < (w, v), 

then 

^(f,r) = ^(w,v) _ U(t,0)F(u-t,v) ~ U(0s)F(u,v-r) 

+ U(ts)F(u-Uv-r)' 

Any strongly superadditive process {i^M v)} which satisfies 

(1.10) F(u0) = F ( 0 v ) ^ 0, a > 0 , v > 0 

is necessarily a superadditive process [13]. Below, when we mention a 
strongly superadditive process, we will mean a process satisfying (1.7), 
(1.9) and (1.10). 

Let D = {rrQT :ra, k = 1, 2, . . . } be the set of positive binary 
numbers, and let D X D = B. A family of functions {F^uv^}{uv)^B 

defined on B will also be called superadditive process if F^uv) <E LX for 
each (w, v) e B and (1.8) is satisfied for each (/, r), (w, v) <E 5. Similar 
definitions apply to subadditive and additive processes on B. 

Throughout this paper only the two parameter case is considered and 
the extension of the results to arbitrary «-parameter case, n = 1, is 
straightforward. By 

q — lim 
(w,v)->0 

we shall mean that the limit is taken as u and v approach to zero through 
the positive rational numbers [4], [3]. 

2. Positive superadditive processes. In this section will show that if 
{F(U,V)} is a superadditive process with 

sup — / F[ v)dtL < oo, 
(«,v)eC UV J 

where 

F (~v) = max(0, -F ( l l ,v )), 

then it can be assumed to be a positive superadditive process with the 
further property that if {G(w v)} is an additive process such that 
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0 = G(u,v) = F(u,v) f o r e a c h ("> v ) G C> 

then G(MV) is identically zero. 
A family {ir(M,v)}(MjV)ec °f ^i-functions is called continuous if (w, v) I—> 

F(w v) is a continuous function from C to Lj with the norm topology of Lv 

Observe that if / e L l5 then { t / ^ / } is a continuous family. Hence 

can be defined in the usual way as the Lx-limit of the corresponding 
Riemann sums. For convenience, we will consider a particular type of 
Riemann sums as in [1]. If a is a real number, let [a] be the largest integer 
which is strictly less than a. For a pair (t, r) e C and an integer k = 1, 
let 

[f2*] [r2*] 

/*> = 0. 

Then 

lim /f/,,)/ = hts)f 

exists in L r norm for each (ï, r) G C and each / G LJ . This defines Lt r) as 
a positive linear operator on Lx with norm 

If <̂> is a bounded linear function on L1? then 

<KI(t,r)f) = f'0fomf)ds, f * L v 

Here we note that if h e LJ is a nonzero function, then Ltr^h is also 
nonzero for each (7, r) e C, which follows from the fact that U^tr)h 
converges to h as (/, r) —» 0 + . 

LEMMA 2.1. Le/ {L(w, v) }(M>v)e5 &e a superadditive process on B. Then 

C)<4* + ,F2-<*+'0 ^ C)(4*F2-*) =i F(u,v) 

for every (w, v) e i? and for each sufficiently large integer k = 0 swc/z /Aûf 
2 w #«d 2 v are integers. 

Proof Let s = 2 _ ( / c + 1), and « = 2mxs, v = 2ra2s. Then 

2m1 —1 2m2— 1 

= Z J 2 L 2 - ^ + i)*S72_(/:+1)^72~(/:+1) 

i=0 y=0 
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Zi 2J TSS SFS 
1=0 7 = 0 

2mi — 1 rm2~\ i 

= 2 T] 2 Si(Fs + 5SFS) 
/ = 0 L y' = 0 J 

m 2 — \ r m ] — \ mx~\ -i 

= 2 s d 2 r (̂Fs + r^) + ss 2 r'2i.(Fs + T;FS) 
y=0 L / = 0 7=0 J 

m2—\ r / M | - l -j 

m2~\ Wj —1 

S 2 2 SJ
2sT

l2sF{2s,2s) by(1.8)(a)and(b) 
y=0 / = 0 

= /(H.v)(4*F2-0. 

Now by superadditivity we see that, by induction, 

Au.v)(4^2-0 ^ *"<„,») 

giving the result desired. 

LEMMA 2.2 L /̂1 { (̂M,V)}(M,v)efl ^ a positive superadditive process on B. 
Let 

f = a.e. liminf — F(uv). 
(w,v)-»0 WV 
(i/ ,v)efi 

7/zew: a) 7/"/z e L / " <2«d /* = / , fAett 

b ) / < oo a.e. ««J 

^(w,v>JL^ flJ ("» v ) i O in B-
Proof. Let 

fn = inf F,„ „ x 
sl,s2 = z s^2 
(s l vs2)ef l 

and let 

/z„ - min(A,/w). 
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Then/Z = /„ + i for each positive integer n. Thus hn Î /z as n —» oo, that is 
why it is enough to show that 

7 h < F 
I(u,v)nn = r(u,v)' 

If A: ^ n is an integer such that both 2Aw and 2^v are also integers, 
then 

Ik
Mh § /f„.v)(4*F2-*) S F(„,v) 

since 

Jn ~ „ „ (51^2) 

for every (s b s2)
 G ^ with ^ = 2~", / = 1,2. Thus this implies in turn 

that 

I(u,v)nn ~ r(u,v) 

giving (a). 
If / = 00 on a set of positive measure, then there is a nonzero 

I I G L , + such that M/z ^ / f o r each constant M ^ O . Hence 

MI(uv)h ë F(w v) for each M ^ 0 

by (a). This is a contradiction since /(^v/z is a nonzero function and 
F(M v) G L,. Now we observe that 

F(u^o = F(^2,v2)
 i f w i = w 2 a n d v\ = v2 

where (wz-, vz) e Z?, / = 1, 2, by superadditivity and the positivity of 
{U(tr)}. If i^y) does not decrease to 0 a.e. as (w, v) —> O, then/would be 
00 on a set of positive measure. 

LEMMA 2.3. Let { ^ V ) L v \ e g èe a positive additive process on B. Then 
there exists a unique continuous additive process {G{uv\)(uv\^c tnat extends 

{^(w,v)}(w,v)eJg-

Proof. It is known that [3] 

q — lim ~^GU exists a.e. 
w->0 U 

Then by the previous lemma G(M>V) | 0 a.e. and in L r n o r m as (w, v) —> O, 
(w, v) e 5. Therefore if (wl9 v^, (w2, v2) ^ B with (wb Vj) < (w2, v2) 
then 

llG(u2,v2) ~ G(Wl,v,)H 

+ Tux
Svp{u2-ux,v2-vx)W 
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+ H(^(w2-w1,v2-v1)ll 

which implies that {G(uv^uv)GB is continuous on B. Here we also used 
the fact that for any fixed v (or u) the additive process G{uv) [ 0 as u -> 0+ 

(or v —» 0 + resp.) through dyadic rationals [1]. Hence {GvMV)}(M V)G£ n a s a 

unique continuous extension 

l^(w,v)}(w,v)<ER2
+-

Additivity of this extension is straightforward. 

Let {F(uv)}^ V ) G C be a positive subadditive process (that is {—F(uv)} is 
superadditive). For a pair (w, v) G. B and an integer k ^ 0 such that both 
2 w and 2 v are also integer, let 

G(u,v) = 7(W,v)(4 F2~k) 

m ] — 1 m2 — 1 

= ZJ ZJ SJ2-kTl2-kF2-k, 

where (wls ra2) = (2 «, 2 v). Thus if 

sup — / F ( }d/x - a < oo 

then 

/ G(U^d[i = raira2 / F2-/<d[x = (wv)a. 

Moreover by Lemma 2.1 (applied to {~F,uv)} ) we have 
77. < ^A' <; ^/c + 1 

r{u,v) = ° W ) = ^ (^v ) -

Hence 

G(u,v) T G(u,v) ^ Lx as /c -> 00. 

Obviously {GfMfV)}(MfV) e s is an additive process for every ^ 0 . Therefore 
whenever k is sufficiently large we obtain a positive additive process 
(G(V))(», , ) 6 j such that 

F(u,v) = G(„,v) f o r e a c h («» v ) e B-

Now extend {G(W7V)}(w?v)ejB to R + by Lemma 2.3 and denote it by 

{^(«,v)}(w,v)eC-

Let (w, v) G C be fixed and let 

(«, v) = (t,r) + (x,j>) 
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for (f, r) G B and (x, y) e C. Then 

^(w,v) ~ ^(u,v) 

= L^(r,r) ~~ G(t,r)\ + ^ / L M i / ) ~ ^(x,r)J 

+ ^ r f ^ y ) ~ G(?,v)] + TtSriF(xxy) ~ % , y ) ] 

+ rrsr[F(JCiV) - G ( X V ) ] 

since 

F(t,r) ~ G(t,r) = 0-

On the other hand, 

\\F(u,v) - G(u,v)W = \\F(x,r) ~ % r ) H + H ^ y ) " G(tJ\ 

+ WF(xxv) ~ G(xy)W 

^ 2(x + y + xy)a < oo. 

Thus \\F{U v) - G(w v)|| can be made arbitrarily small. This together with the 
above inequality implies that 

G(M,v) = F(u,v) f o r e a c h (M> v ) e C-

So we have obtained: 

Fact 2.4 Let {^(M,V)}(Mv)ec ^ e a P° s l t l v e subadditive process. If 

sup — / F( ^ = a < oo, 
( w , v ) e C WV ^ 

then there is a positive additive process { f t M V )L v ) £ c s u c n t n a t 

^(M,v) = G(u,v) f o r e a c h ("> *) G C -

Secondly let {F(UiV)}(M)V)eC be a positive superadditive process. For 
(w, v) G i? and sufficiently large integer k — 0 again let 

< , v ) = /f„,v)(4*F2-*). 

Assume that {C/(M,v)}(M,V)ec *s a n additive process satisfying 

0 S G(„,v) =i F(„,v), (ii, v) G C. 

Consequently F 2 -* = G^-*, and hence 

G(W,v) = 7(W,v)(4 G 2 ~ * ) = G(w,v) 

by the additivity of (G(WV)}. Also by Lemma 2.1, we have 
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Hence G(uv) J, G(w v) exists as k —> oo, and satisifies 

GUv) = G(u,v) = F(u,v) f o r each (u, v) G 5. 

Additivity of {G(Uv)},uv)GB is obvious. Hence, by continuity, it can be 
extended to all (w, v) e C. Moreover for a fixed (w, v) e C let (7, r) ^ B 
and (x, JO G C such that 

O, v) = (f, r) + (x,y). 

Then 

^ ( M , V ) _ Mw,v) 

— \.G(t,r) — ^ ( r , r ) 1 "*" ^ / [ ^ ( x , r ) ~~ ^( . \ , r ) ] 

+ SÀG(t,y) ~ F(t,y) 1 + TtSriG(x,y) ~~ F(x,y)] 

= Tt[G(xr) — F(xr) ] + Sr[G(t^ — F(ty)] 

+ TtSr[G(Xy) — F(xy)] 

since 

G(t,r) ~ F(t,r) = 0. 

By Lemma 2.2 both | |G^v) | | and 11^^)11 decrease to 0 as (x, y) —> O. The 
same holds for IIG^H, \\G{Uy)\\, \\F(x^\\ and \\F(ty)\\ as x or y tend to 0 + . 
Consequently we have 

G(u,v) = F(u,vy 

Thus 

G(M ,v) = F(uy) f o r e a c h ("> V ) G C -

This gives: 

Ftfc/ 2.5. Given a positive superadditive process 

1 ^ , V ) ) ( « ( V ) Ê O 

Then there is a maximal additive process {G^uv^}^uv^c such that 

0 =s G(B>V) ^ F(MiV) for each («, v) e C 

and such that if {G(M?v)}(M,v)ec *s another process with 

Cl < G' < F 

then also 

G(u,v) = ^ ( M , V ) -
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THEOREM 2.6. Let {^(W,v)}(w,v)ec be a superadditive process such that 

(2.7) sup — / F(~ ) ^ < oo. 
( u , v ) e C UV J 

Then there are two positive additive processes {G[MiV)}(M,v)eo ' = ^» ^' 5MC^ 

i ? 
1^(M,V) + ^(w,v) ~~ ^(M,v) / (w,v)eC 

Z5 a positive superadditive process that does not dominate any nonzero positive 
additive process. 

Proof. {ir(â)V)}(„)V)ec is a positive subadditive process. Hence by Fact 2.4 
we can find a positive additive process 

{G(M,v)}(«,v)eC 

such that 

<Vv) ^ ^ , v ) for each (u, v) e C. 

Then {ivMV) + ^(MV)} becomes a positive superadditive process. Then 
applying Fact 2.5 we get a maximal additive process 

such that 

0 = ^(W,V) = ^(M,V) + ^(M,V)' 

1 T 

Hence {̂ (M>V) + ^(«,v) ~~ ^ W ) } *s ^ e process with desired properties. 

Remark 2.8. For any positive process {GvMV)}(MV)ec ^ ^ e ^m^ 

g = q - lim —G() 
( M , V ) - > 0 WV 

exists a.e., then it is finite a.e. by Lemma 2.2(b). Since we know that the 
limits 

gt = q - lim ~2Gl
w i = 1, 2, 

exist and are finite a.e. [3], Theorem 2.6 shows that given any 
superadditive process 

K(w,v)}(w,v)GC 

with (2.7), we can assume without loss of generality that it is a positive 
superadditive process that does not dominate any nonzero positive 
additive process. 
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3. Almost everywhere convergence. Given a strongly continuous 

semigroup {Kt}tM of positive Lx-contractions with K0 = /. In [1] a set 

E G JHs called bounded if there exists a positive constant À < oo and 

/ > 0 such that 

(3.1) J Kjdix ^ A J fdn, for e a c h / e LX(E). 

The following lemma which we will use here is due to M. A. Akçoglu 
[1]. 

LEMMA 3.2. Given any g G LX and e > 0. Then there exists a bounded 
set E G &such that 

i ? gap < €. 

Proof. Let K* be the adjoint transformation of Kr Then a bounded set 
can be characterized by the fact that 

K*\ ^ A a.e. on E. 

Since K*l ^ K*\ ^ 1, whenever 0 ^ s ^ /, (1.3) implies that 

q — lim Kf 1 = 1 a.e. 
f-K) 

Then the proof follows. 

LEMMA 3.3. For any A e ïFand s > 0, 

lim~ JoK?X*dr = X^ a'e-
40 J J U 

Proof. Since ^T*x^ = Kf 1 = 1 a.e., we see that 

1 fs 

- I K*XA^r = 1 a-e- f° r e a c h ^ > 0. 
s J ° 

Now observe that if w0 e Lx is strictly positive a.e., then 

/

oo 
e~tKtu§dt 

is an L^-function and is also strictly positive a.e. with 

e~lKtu ^ u. 

Therefore the operator Pt = e~lK* is a positive contraction on LX(X, ud[x). 
Moreover {Pt}t^0 on LX(X, ud\x) is also a strongly continuous semigroup 
of positive Lx-contractions [12]. Now consider the process {^}^o> 
where 

Rs = / o P' XAdt. 
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This is an additive process on LX(X, ud\i) with respect to the semigroup 
{Pt}. Then we know that [11], [2], [4] 

(3.4) q — lim —- = ^ exists a.e. 

and is finite a.e. Recalling that P0 = Kfi = I, we see that \p = XA- Then 

1 fs 1 fs R 
- ]0K-XAdr = - J o (1 - e rWrXAdr + -A 

Since 

q - lim - f0 (1 - e r) A f r ^ r = 0 a.e., 

we obtain by (3.4) that 

f 
s^O S J ° 

? - lim - I £r*x^r = XA a-e-

Remark 3.5. In the «-parameter case, when « > 2, (3.4) is given by 
Terrel's Theorem [14]. 

COROLLARY 3.6. Given A e J*" /Z G Lj+(yl) a^d e > 0. TTzere exw/s a 
subset B of A with jB hdfi < e positive constants /3 = fiB < oo and s' such 
that 

I \z II VXAdr](hW â fi jAXB hd, 

for each s with 0 ^ s ^ s'. 

Proof The conclusion of this corollary is the same as asserting the 
existence of a bounded set A\B with constant ft such that 

/ . 
hd\i < € for each h e Lj (^4). 

Since 

1 p 
4 - hm - I ^ * x ^ = X4 a.e. 

s-K) S ^ U 

by Lemma 3.3, the result follows easily. 

For convenience, in the two parameter case we will define a bounded set 
somewhat differently than in [1]: 

Definition 3.7. A set E e J*" is called a bounded set if there exists a 
positive constant X = XE and u > 0, v > 0 such that 
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(3.8) - f I(uv)fdn ^ X f fd,x for e a c h / <= L + . 

LEMMA 3.9. Given any g e L] and any e > 0. Then there exists a 
bounded set E e ^such that 

h ** < €-
Proof. By Lemma 3.2 find a > 0, w > 0 and a set A G J^"with 

jfr/^ < €/2 
such that 

(3.10) f Tjdv^a jjdv 

for e a c h / G L}
+ and for each / with 0 ^ / ^ w. Then by Corollary 3.6 

find /? > 0, v > 0 and a subset 5 of A with 

/ . JB 

such that 

/ 4 i < c/2 

(3-U> / [\ I l ^XAdr]fd, ^ H fAXBfd» 

for each s with 0 ^ s ^ v. Therefore if / e L*(A\B), then 

= SlIWS T^ASrf)dl]drdt 

-"flfof ^Jdvdrdt by (3.10) 
since XASJ e L i + (^ ) - S o 

J 7 ( » , v ) / ^ = aU J 0 J ^ASrfdl^r = a « ^ V J /rf / tj 

By (3.11) s i n c e / G L,+ ( ^ \ 5 ) . Thus for e a c h / G L+(,4\J3) we have 
(3.8) where E = ^ \ 5 and X = afi. Now take 

f=XA-Bg^ Ll(A\B). 

Moreover Ec = Ac U B and 

Lgdfi = L ^ + JB gdti < \+ \ = <• 
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LEMMA 3.12. Let {i7, v ) L v ) e C k a positive superadditive process, and let 
E be a bounded set. If 

lim sup— F(uv)d[x > 0, 
(w,v)->0 UV JL ' 

then {Ffuv\} dominates a nonzero positive additive process 

l ^ , v ) } ( i i , v ) e O 

Proof. Let (a, /?), (w, v) e C, then 

1 
—F, 

By superadditivity 

a£ 
J o i o U(s^F(a,P)dsxds2. 

* - C f \F 
~ nR J 0 J 0 l («+*!., a/? 

/8+s2)
 Tsf(a,s2) 

Since F^uv^ ^ 0 and Sr and T, are positive operators, we see that 

/ 1 \ 1 /•»+« A + Z» 

since F^s s ^ is increasing with increasing (s1? 52). Now let an > 0 and 
/?„ > 0 be sequences such that an j 0, (5n I 0 as n —> oo and such that 

(3.13) lim - L f FiaJi)diL = K>0. 

For each fixed (w, v) G C, the sequence 

is dominated by the integrable function F^u+a ^v+py Hence one can 
choose a subsequence of (an, /?„), which we will also denote by (a„, /?„), 
such that 

G(u,v) = W ~J^>(iF^->) 
exists for each (w, v) e 5 . This new process 
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l%v)} (H,v )e f i 

is a positive additive process, hence extends to a continuous additive 
process 

l > , v ) % v ) e C -

If (i/j, V!), (u2, v2) ^ 5 such that O < (w,, VJ) < (w2, v2), then we have 

G(u]tVx) = ^(M2,V2)-

Hence by continuity, 

G(w,v) = (̂W,v) f o r e a c h (", v) e 5, 

and consequently 

0 ^ G{uv) ^ F{uv) for each (w, v) e C 

as in Section 2. 
Let À be the constant associated with the bounded set E and let (u, v) e 

C be such that (3.8) holds. Then 

I 7(»,v)(-y^KA))* = XMV A r y FKA>*-

Since 

by (3.13), we see that 

J G(MfV)4i ^ XuvK > 0 

showing that {Gvwv)} is a nonzero process and hence proving the lemma. 

Before stating the following lemma it would be convenient to introduce 
some notation: for a given process {F,uv^} and t, r e R + , let 

^tF(u,v) = F(u + t,vy §rF{u,v) = F{u,v + r) 

and 

TtF(u,v) = (6t ~Tt)F(u,vy °rF(u,v) = ttV ~~ Sr)F(u,v)-

Then the superadditivity conditions (1.8)(a) and (b) take the forms 

(1.8') (a') F (1V) ^ orFM 

( b ' ) F(t,v) = *,/"(„,„) 

and the strong superadditivity condition (1.9) takes the form 

(1.9') FM ?k rtarF(UtVy 
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LEMMA 3.14. Let {^(^V)}(W,V)GC be a positive strongly superadditive 
process. Let (a, /?) <E C, and define for each (u, v) e C 

< ) = (/ - TJ(I - Sv)[-L £ / J F(,iJ2)A2<fc, 

( / - Sv T F(<x,s2)ds2ds\ 

+ <x(i (" (' 
J 0 J 0 

Ss2
TsF{a£)ds2ds\-

Then {H^v)}^uv^GC is a positive additive process and 

Proof. If 0 < («, v) < (a, j8), then 

«/?<) = (/ - Tu)[jl [(/ - 5V) / J F{s^ds2 

+ jo VW/sApi j 

+ J Ss2
F(a^2\ds\-

<,s7)^
S2 

Let 

Then 

Now 

0Gv(x) = (J - S„) / * F ( W f c 2 + / * ^ W ^ -

«#C) = (/ - 7-J j j j /^ (S,)^ , + /^ HTsGv(a)dS]. 

PGV(X) = / ; ; F („ : C*2)^2 

^ W 2 ) SvF(x,s2-v) ds0 

/:[•• + / „ I Ss2
F(x,p) ~~ SvF(x,/3 + S2-v) \ds2 . ] • 
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~ J 0 F<^2 A + / ! aAx,s2- v)ds2 

+ Jo V» -s2
F(x,P+s2- -v)ds2-

', similarly, 

+ 1 1 ol,F(SiS2_v)ds2dsl 

-s,^(i l ,i2 + / 8 - v ) * 2 * l 

afiHf£v) = fi ($Gv{sx)d^ + / " PT„GM ~ u)ds 

+ J o ^tJu-sfiM + s\ - »)ds\-

Hence, combining the last two equations, we obtain 

ill 
+ JO JO V v 

+ J u J oT^x-u^ds^dsx 

+ J u Jv Tu°vF(sx-u,x-v)dS2dsx 

+ Jw J O V A - A - ^ ^ - V ) ¥ I 

+ J o J 0TUTusx
F(^sx-u,2)ds2dsx 

+ Jojv Ttx
Tu-s°vF{sx+a-u,s2-v)ds2ds\ 

ru rv 

~^~ J 0 J 0 Ss2TSl
Tu-s]°v-s2F(sx+a-u,s2 + l3-v)ds2ds\ 

i= (a - u)(ft ~ v)FM 

by (1.8') and (1.9') together with the fact that both {Tt} and {Sr} are 
positive operators and 

F(uv) ^ 0 for each (w,v) G C. 

Obviously { / / ^ } ( u ^ G C is an additive process. Since it is positive for 
small values of (w, v) G C, it is positive for all («, v) G C, consequently we 
have (3.15) for each (w, v) G C. 

Notice that since {H^v))(u,v) *s a Positive additive process, 
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hap = q- lim V f 

exists and is finite a.e. for each (a, /?) e C [3]. Furthermore, if 

f = q - lim sup -^F u , 

then 0 ^f^ hap for each (a, 0) G C. 

LEMMA 3.16. Le/ { ^ v ) L , ) E c ^ a positive strongly superadditive 
process and let A e ïFbe a set. If 

l i m JA ~~F(u,v)dlx = °> 
(w,v)->0 ^ WV 

then 

q — lim -^F u exists and is zero a.e. on A. 

Proof. Let 

f = q - lim sup -^ Fu. 

If / > 0 on a subset of A with positive measure, then there exists an 
Lj+ -function h such that 

JAW>o 
and such that 

0 ^ /z ^ / ^ Attj8 for each (a, 0) G C. 

Then by (a) of Lemma 2.2 we have 

But 

^(u,v) — ^(a,j8) + F(a,v + p) + F(u + a,fi) + ^ ( w + a,v + y8) 

since ^(w v) è 0 and is increasing as (w, v) increases. Hence, if O < (a, /?) 
< (w, v), then 

or 

i [̂ wK =20 i [̂ W>K 
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This is a contradiction since the left hand side converges to fA hdji > 0 as 
(w, v) —» O, and the right hand side converges to zero. 

THEOREM 3.17. Let {F(uvXuv\GCbe a strongly super additive process such 
that 

sup — / FZ v)diL < oo. 

(w,v)eC UV J 

Then 

q - lim -1FXX 

exists and is finite a.e. 

Proof. By the remarks of Section 2, without loss of generality we can 
assume that {F^uv^} is a positive strongly superadditive process that does 
not dominate any nonzero positive additive process. Hence if we can show 
that 

q — lim —*F = 0 a.e., 

then the proof will be completed. If E e J^is a bounded set, then 

lim — 
( M , V ) - » 0 UV M-. , v ) ^ = 0 

by Lemma 3.12. Hence ^ we see that 

q - lim 
w->0 + U 

= 0 a.e. , on E 

by Lemma 3.16. Consequently 

by 

q — lim 

Lemma 3.9. 

1 F 
2 u 

= 0 a.e. on X 
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