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ISOMETRIC SHIFT OPERATORS ON C(X) 

F. O. FARID AND K. VARADARAJAN 

ABSTRACT. Recently A. Gutek, D. Hart, J. Jamison and M. Rajagopalan have ob
tained many significiant results concerning shift operators on Banach spaces. Using 
a result of Holsztynski they classify isometric shift operators on C(X) for any com
pact Hausdorff space X into two (not necessarily disjoint) classes. If there exists an 
isometric shift operator T: C(X) —» C(X) of type II, they show that X is necessar
ily separable. In case T is of type I, they exhibit a paticular infinite countable set 
D = {/?, xp~l(p)1 ijj~~2(p), ip~3(p),...} of isolated points in X. Under the additional as
sumption that the linear functional Y carrying/ G C(X) to Tfip) G C is identically 
zero, they show that D is dense in X. They raise the question whether D will still be 
dense in X even when T ^ 0. In this paper we give a negative answer to this question. 
In fact, given any integer / > 1, we construct an example of an isometric shift operator 
T: C(X) —> C(X) of type I with X \ D having exactly / elements, where D is the closure 
ofDinX. 

1. Introduction. R. M. Crownover [1] was the first person to give a basis free 
definition of a shift on a general Banach space. In [31 J. R. Holub studied isometric shift 
operators on C&(X), where C&(X) is the real Banach space of real valued continuous 
functions on the compact Hausdorff space X. One of the results proved by him asserts 
that if X has only finitely many components then C&(X) does not admit an isometric shift 
operator. However his techniques do not carry over to the complex Banach space Cc(X). 
In [2] Gutek et al study simultaneously the real as well as the complex case. 

We follow the convention that maps between topological spaces are necessarily 
continuous. In the work of Gutek et al [2] a crucial role is played by a result of W. Hol
sztynski [4] which essentially describes the form of a linear isometry T: C(X) —> C(Y) 
where X and Y are any two compact Hausdorff spaces. Here C(X) denotes the complex 
Banach space of complex valued continuous functions on X. Using Holsztynski's re
sult they classify isometric shift operators T: C(X) —>• C(X) into two (but not mutually 
exclusive) types (Theorem 2.1 in [2]). On p. 100 of [2] three examples are described. 
Example 2 gives an isometric shift operator of type I which is not of type II whereas 
Example 3 yields an isometric shift operator which is simultaneously of both types. We 
denote the range of an operator T by ^(T). After proving Theorem 2.1 the authors of [2] 
correctly remark that the only element / G R(T) vanishing on X$ (using the notation in 
[2]) is 0. On p. 100 of [2] they further assert that when X$ ^ X, the above observation 
gives the "uniqueness" of p where Xo = X \ {/?}. It is not clear to us what the authors 
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have in mind. Some of our results in §4 are devoted to clarifying the situation. Actually 
Example 3 on p. 100 of [2] turns out to be an isometric shift operator expressible as a 
shift operator of type I in two different ways. Also it turns out that any isometric shift 
operator T: C(X) —• C(X) expressible as an operator of type I in two different ways is 
automatically of type II. But the converse is not true. We will give a specific example of 
an isometric shift operator which is simultaneously of types I and II but is expressible as 
an operator of type I in exactly one way. 

Let T: C(X) —> C(X) be an isometric shift operator of type I which is not of type II. 
Then our observation in the earlier paragraph yields a unique isolated point p in X, a 
homeomorphism I/J:XO—>X where Xo = X \ {/?} and a map w: Xo —> S{ satisfying 

(1) Tf(y) = w(y)f(xl>(yj) for all y G X0 , / G C(X). 

The statement "the only element/ G R(T) vanishing on Xo is 0" is equivalent to asserting 
that the characteristic function \p of p is not in R(T). A natural question is whether p is 
the only isolated point in X with \P £ R(T). In §4 we will also see that the answer to this 
question is negative. We will see that Example 2, p. 100 of [2] satisfies the condition that 
none of xi, Xi and \3 is m R(T)> 

Let T: CiX) —* C(Y) be any linear isometry. In [4] Holsztynski gives a specific 
construction yielding a well determined closed subset YQ of Y and well determined maps 
\j)\ YQ —-» X, w: Yo —-> Sl with %j) surjective and satisfying 

(2) Tf(y) = w(y)f(xl>(yj) for all y E Y0, f e C(X). 

One of our major results in §2 is a "universalproperty" possessed by Holsztynski's triple 
{Fo? V7?w} (Theorem 2.1). This result has some important consequences which will be 
discussed in §2. 

In §5, given any integer / > 1 we construct an isometric shift operator T: C(X) —> C(X) 
of type I with X \ D having exactly / elements. One of the results proved in [2] asserts 
that if X = Sn the «-sphere or In the «-cube then C(X) does not admit an isometric shift 
operator. Using Theorem 2.6 of [2] this result can easily be generalised. We will show 
that if Mn is any compact topological manifold with or without boundary then C(Mn) 
does not admit an isometric shift operator. Actually it turns out that some of the results 
proved in [2] are valid for linear isometries T: C(X) —» C(X) with codimension of R(T) 
in C(X) equal to 1. T need not be a shift operator; namely T need not satisfy the condition 
Dn>\ RÇT") = {0}. Our exposition will take this fact into account and clearly point out 
results which are valid for codimension 1 linear isometries. Actually in §6 we show that 
C(Mn) does not admit a codimension 1 linear isometry when Mn is a compact manifold. 

2. Universal property of Holsztynski's construction. For any compact Hausdorff 
space X let C(X) denote the complex Banach space of complex valued continuous 
functions on X. Throughout this section X, Y will denote compact Hausdorff spaces and 
T: C(X) —> C(Y) a linear isometry. In [4] Holsztynski describes a specific construction 
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yielding a closed subset YQ of F, well determined maps i/;: Fo —> X, w: Fo —» S1 with V' 
surjective and satisfying 

(3) Tf(y) = w(y)f(m) Vy e Y0, f £ C(X). 

We will refer to {F0, V7?w} obtained as above as Holsztynski's triple associated to the 
linear isometry T: C(X) —-> C(F)- We actually need this specific construction. Hence we 
briefly describe this construction. 

For any x G Xlet Sx = {f G C(X) \ \\f\\ = 1 = \f(x)\} and fie = {v G Y \ T(SX) C 5,} 
(where of course Sy = {g G C(F) | ||g|| = 1 = |g(y)|}- Holsztynski shows that Qx^$ for 
myxeX,Qxn Qx> = 0 if x ^ x' inZ, F0 = UJCGX ÔX is closed in F and that t/;: F0 —* X 
defined by i/'O7) = * f° r any y G fi* is continuous. Since Qx ^ 0 for each JC G X, it 
is clear that -0 is surjective. If w(y) = Tl(y) where 1 G C(X) is the constant function 
assigning 1 to each x G X then it is shown in [4] that F0, V>, w satisfy (3). Also in (3) if we 
substitute/ = 1 G C(X) we get w(y) = Tl(y) for all y G Fo. This shows that w is unique. 
The following theorem shows that Holsztynski's triple {F0, i/;, w>} possesses a universal 
property. 

THEOREM 2.1. Lef A be any subspace (not necessarily closed) of Y and (p:A —> X, 
u:A —> Sl maps satisfying 

(4) 77(a) = u(a)f{ip(a)) Ma G A am// G C(X). 

77i£M A Ç Fo, </? = 0|A ana* u = w|A. 

PROOF. Before taking up the proof observe that we do not assume that ip: A —» X is 
surjective. 

We first show that any a G A satisfies a G G<?(a)- Let / G S^a). This means ||/|| = 1 = 
[/" (<̂  (a)) I. From equation (4) we get | Tf(a) \ = \f(<p(à))\ = 1. S inceT is an isometry, we get 
\\Tf\\ = 1. Thus ||77|| = 1 = |27(fl)|, showing that Tf G Sa. Hence/ G S^{a) => Tf G 5fl. 
This yields a G Q^ay Since Fo = U*ex QX we see that A Ç F0. 

From equation (4) we see that u(a) = 71(a) = w(a) for all a G A, yielding u - w\A. 
Since Tf(y) = w(y)/(^(y)) for all y G F0 and A Ç F0, we get 7/(a) = w(a)f (^(a)). 

Again equation (4) yields Tf(a) = w(a)/((/?(a)) = w(a)/((^(a)) since w = w|A. From 
\w(a)\ = 1, we get/(^(a)) =/((^(a)). This is valid for a l l / G C(X). Since functions in 
C(X) separate points of X we get ^(a) = (p(a). This shows that p = I[J\A. m 

COROLLARY 2.1. Let A, B be subspaces of F, <p:A —* X, 6:B —> X, w:A —> 51, 
v: 7? —> 51 Z?e ma/75 satisfying equation (4) in Theorem 2.1 and equation (5) below: 

(5) Tf(b) = v(b)f(6(b)) VbeBandfeCQC). 

Then <p\A HB = 0|A H £ am/ w|A H 5 = v\A HB. Moreover l\A{JB-*X,t\A\JB-*Sx 

defined by l\A = p, l\B = 9; t\A = u, t\B = v are continuous and 

(6) Tf(x) = t(x)f(l(x)) VxeAUB andf G C(X). 
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PROOF. From Theorem 2.1, <p = i[)\A, 9 = X)J\B; u = w\A and v = w\B. The first part is 
immediate now. Also we get 7 = ty\A U #, t = w\A U 5 from which we get the second 
part. 

Theorem 2.1 can be strengthened as follows: 

THEOREM 2.2. Let Abe a subspace ofY, Lp:A—*X and v:A—*C be maps satisfying 

Tf(a) = v(a)f(cp(a)) Va e Aandf £ C(X). 

Then A Ç 70 if and only ifv(A) C Sl. Moreover when this condition is satisfied we have 
(p = ip\A and v = w\A. 

PROOF. In view of Theorem 2.1 we have only to show that A Ç Fo => v(A) C S1. 
Assume A Ç F0. Then for any a G A, 3 an x G A with « G <2*- This means T(SX) C Sfl. 
Clearly 1 G S*. Hence 7T G Sa yielding 1 = | r i(a) | = |v(a)| |l(^(«))| = |K«)|- Hence 
v ^ C S 1 . • 

REMARKS 2.1. (a) A bounded linear operator T on a Banach space E is defined to 
be a shift by Crownover [1] if T is injective, the range R(T) of T has codimension 1 
in E and f\>i RiT1) = {0}. We now observe that Theorem 2.1 of [2] is valid for any 
codimension 1 linear isometry T: C(X) —+ C(X). Hence we may introduce the concepts 
of type I and type II codimension 1 linear isometries. We also observe that Lemmas 2.1, 
2.2 and Theorem 2.6 of [2] are valid for codimension 1 linear isometries. 

(b) From Theorem 2.1 in our present paper it follows that Fo is the largest subset of 
Y admitting maps \j)\ YQ —» X, w: Yo —+ Sl satisfying equation (3). It turns out that Fo is 
closed and ip: Fo —•> X is surjective. It can very well happen that there exists a closed set 
Y\ Ç Fo and -0: Y\ —» X is surjective. This is what happens in the case of a codimension 
1 linear isometry T: C(X) —> C(X) which is simultaneously of types I and II. 

An immediate consequence of Corollary 2.1 is the following: 

PROPOSITION 2.1. Suppose T: C(X) —• C(X) is a codimension 1 linear isometry and 
there are closed subspaces Xo Ç X, X\ ÇX with XQ ^ X\ maps w: Xo —> 51, w': X\ —• S1 

and surjective maps t/j'.Xo —>X, I/J':X\ —> X satisfying 

(7) Tf(y) = w(y)f(iP(y)) Vy e X0 andf £ C(X) 

as well as 
(8) Tf{y') = w'(y')f(^(y')) \/y'eXiandf£C(X). 

Then T is simultaneously of types I and IL 

PROOF. Theorem 2.1 of [2] yields \X \ X0\ = 1 = |X\Xi | . Since X0 ^ Xx we get 
X = Xo U X\. Now Corollary 2.1 completes the proof of Proposition 2.1. • 

DEFINITION 2.1. When the hypotheses of Proposition 2.1 are satisfied we say that T 
can be expressed as an operator of type I in two different ways. 
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As an immediate consequence of Proposition 2.1 we obtain the following: 

COROLLARY 2.2. Let T: C(X) —-+ C(X) be a codimension 1 linear isometry of type I 
which is not of type II. Then there exists a unique isolated point p in X, a unique 
homeomorphism 0: Xç> —» X where XQ = X \ {p}, a unique map w: Xo —> Sl satisfying 
(7). 

Using Corollary 2.1 we can find a necessary and sufficient condition for a given 
codimension 1 linear isometry T: C(X) —• C(X) of type I to be also of type II. 

PROPOSITION 2.2. Let T: C(X) —+ C(X) be a codimension 1 linear isometry of type I. 
Let p be an isolated point in X, 0: XO —> X, w: XQ —> Sl maps with Xo = X \ {p} and 0 
homeomorphic satisfying (7). 

Then T will be of type II if and only if there exist elements c G X and X G S] satisfying 

(9) Tf(p) = Xf(c) forallfeCiX). 

PROOF. If T is also of type II, 0 and w admit extensions, also denoted by the same 
letters 0: X —-> X, w: X —-> Sx satisfying (7) for all y G X. Choose c = tjj(p) and À = w{p). 
Then clearly (9) is satisfied. 

Conversely, assume that there exist c G X and À G S{ satisfying (9). Then 0: {/?}—> X, 
v: {/?} —> Sl defined by 9{p) = c, v(p) = X are clearly continuous. Taking A = Xo, <p = Î/J, 
u = w; B = {p} from Corollary 2.1 we immediately conclude that T is of type II. • 

REMARK 2.2. Suppose T: C(X) —• C(X) is a codimension 1 linear isometry of type II. 
Let i/>: X —•> X, w: X —* Sl with -0 surjective satisfy (7) for all y G X. Then there exist 
a ^ b in X with ip(a) = jp(b) and 0|X \ {a, b}\ X \ {a, b} —> X \ {c} bijective where 
0(a) = 0(Z?) = c. It is now straight-forward to see that T is also of type I if and only if 
one of a, b is an isolated point in X. T is expressible as a type I operator in two different 
ways if and only if both a and b are isolated points in X. In turn this will be the case if 
and only if c is an isolated point in X. 

In §3 we will discuss methods of constructing codimension 1 linear self isometries of 
C(X). Using those methods we will construct a codimension 1 linear isometry T: C{K) —-> 
C(K) of type II which is not of type I when K is the Cantor set. However our methods 
do not yield an isometric shift operator on C(K). Since K has no isolated points, if there 
is an isometric shift operator on C(K) it will be of type II which is not of type I. 

We end this section by proving the following: 

PROPOSITION 2.3. Let T: C(X) —> C(X) be a codimension 1 linear isometry of type I; 
p, Xo = X \ {/?}, 0: Xo —> X and w: Xo —> Sl have their usual meanings. Let q G Xo be 
any isolated point. Then \q G R(T) & T\^q)(p) = 0. 

PROOF. Suppose \q G R(T) say \q = Th with h G C(X). Using the equation Th(y) = 
w(y)h(\jj(y)) Vy G X0 we immediately see that /z|(X —0(g)) = 0 and that /z(0(g)) = ^-y 

Hence Xq = Th=> h= ^Xiiqy From \q(p) = 0 we now get ^Tx^ip) = 0 yielding 
Tx^q)ip) = 0. 
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Conversely, if Txaq)(p) = 0, straight-forward checking shows that \q = Th where 

We will make use of this proposition in §4. 

3. Construction of codimension 1 linear self isometries of C(X). Throughout this 
section X will denote a compact Hausdorff space. Let T: C(X) —•+ C(X) be a codimension 
1 linear isometry of type I. Then as seen already in §2, there exist an isolated point p in 
X, a homeomorphism t/?: Xo —-* X where Xo = X \ {/?} and a map w: Xo —-> S1 satisfying 

(10) Tf{y) = w(y)f(xl>(yj) for all y E X0 and/ G C(X). 

Denoting the continuous linear functional/ i—• Tf(p) on C(X) by T we see that |T/| < ||/|| 
for al l / G C(X). We will presently see that the converse to this is true. 

PROPOSITION 3.1. Let p be an isolated point and 0: Xo —> X a homeomorphism. Let 
T be a continuous linear functional on C(X) satisfying \Tf\ < \\f\\forallf G C(X) and 
w: X0-^Sl a map. Then T: C(X) -* C(X) defined by Tfiy) = w(y)f(xp{y)) for all y G X0 

and Tf(p) = T/, for anyf G C(X) is a codimension 1 linear isometry. 

PROOF. The proof given in [2] for the fact that \P £ ^(^0 is valid here also. Still 
we spell it out. If \p = Tf, since p £ Xo, we get Tf(y) = 0 for all y G Xo- It follows 
from the equation Tf(y) = w(y)f(^(y)^ that/ = 0, since xp:X0 —-> X is surjective and 
|w(y)| = 1 for every j . This will mean \p = 0, a contradiction. Let Aj: C(X) —» C(X) 
be defined by A\f(x) = /(V ;~1W)/^(V ;~1W)- A straight-forward verification shows 
that / = TAif + {f(p) - TAxf(p)}xP. This proves that C(X)/R(T) is of dimension 
1, with the class [\P] of \p in C(X)/R(T) forming a basis element. Using the facts 

^PyEX0\
Tf(y)\ = SUPyGCo 

immediately get | |7/| | = \[f\ 

Suppose T: C(X) —» C(X) is a codimension 1 linear isometry of type II. Then we get 
0: X —+ X, w: X —> Sl with 0 surjective and satisfying 

(11) Tf(x) = w(x)f(tKxj) Vx G Xand/ G C(X). 

Moreover there exist two unique elements a ^ b in X with xp(a) = 0(b) and 
0|X - {a, b}:X- {a, b} -> X - {c} bijective. Here xjj(a) = ^(b) = c. If W denotes 
the quotient space obtained from X by identifying a and b, X/J induces a map 0: W —•+ X. 
Then -0: W —•» X is a homeomorphism (analogue of Theorem 2.6 in [2]). The following 
proposition yields a converse to this. 

PROPOSITION 3.2. Let ip:X —•+ X, w:X —> S1 &£ g/verc vwY/i -0 surjective. Suppose 
there exist a^binX with 0(a) = 0(&) and 0|X — {«, &}: X— {a, Z?} —> X— {c} bijective, 
where c = ip(a) = ip(b). 

Then T: C(X) —• C(X) defined by 

r/(x) = w W / ( # ) ) Vx G X and/ G C(X) 

is a codimension 1 linear isometry (of type II). 

\f(m)\ = suPx€X\f(x)\ = \\f\\ and \Tf(p)\ = \Tf\ < \\f\\ we 
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PROOF. The proof is somewhat similar to that of Theorem 2.6 of [2]. We omit the 
details. • 

EXAMPLE 3.1. Let K denote the Cantor set. Given a ^ b in K it is shown in [2] 
that there exists a surjection ijj:K —> K satisfying ty(a) = ^(b) = a with the additional 
property that \IJ\K \ {a}\ K \ {a} —> K is bijective. Proposition 3.2 yields a codimension 
1 linear isometry T: C(K) —» C{K). Since K has no isolated points, it follows that T can 
not be of type I. 

REMARK 3.1. Given an isolated point p in X, a homeomorphism i/>: Xo —> X (where 
Xo = X \ {/?}), a map w: Xo —> S1 and a continuous linear functional T: C(X) —-> C 
satisfying | r / | < \\f\\, Proposition 3.1 shows that T: C(X) —• C(X) defined by 7/(y) = 
wOO/^OO) Vy G Xo and 7/(p) = r / is a codimension 1 linear isometry of type I. Let 

An C(X) -> C(X) be defined as earlier, namely AI/(JC) = / ( ^ " 1 W ) / w ( ^ _ 1 W ) 
for any 

x G X. Then Ai is a surjective complex linear map, \\A\f\\ = \\f\\ and Ker A\ = C\P-
For any integer n > 1, let Art: C(X) —-> C(X) be defined by An = (A\)n; let Ao = Idaxy 
It is easy to see that / G RCT) if and only if A/(p) = rAy+i/ for 0 < y < n - 1. 
If fy: C(X) —* C denotes the continuous linear functional f3jf = Ajfip) — TAj+\f then 
/ G RÇT) &f G flĵ o1 Ker/?/. Thus T will be an isometric shift ^ fl7>o K e r Pj = i°}-

We now give an example of a codimension 1 linear isometry T: C(X) —> C(X) which 
is not a shift. 

EXAMPLE 3.2. Let A = N U {oo} the one point compactification of N. As usual we 
identify C(A) with the space of convergent complex sequences ç = (c\, Q , C3,...). 

Then T: C(A) —» C(A) given by T(ci, C2, C3,...) = (ci, 0, C2, C3, Q, . . . ) is a codimen
sion 1 linear isometry which is not a shift. 

4. Discussion of type (or types) of isometric shift operators. The object of this 
section is to remove the vagueness arising from the comment on p. 100, line 1 in [2] 
concerning the "uniqueness of /?". 

EXAMPLE 4.1. Consider Example 3, p. 100 of [2]. T in this example is expressible 
as an isometric shift operator of type I in two different ways. If p = l,Xo = X \ { l } and 
ip\ Xo —» X, w: Xo —> S1 are given by i/?(n + 1) = n Vrc G N, 1/7(00) = 00 and w(y) = 1 
Vy G X0 then we clearly have 

(12) Tf<y) = w<y)f(xl>(y)) Vy G X0 and/G C(X). 

Similarly setting q = 2, X'0 = X \ {2} and defining t// = X^ —> X, H>':X^ —• S1 by 
V/(l) = 1, \l)'(n + 1) = n for n > 2, V'(oo) = 00, w'(l) = - 1 and w\x) = 1 for all 
x GXQ \ {1} we see that 

(13) W ) = w(y ,)/(^ ,(y/)) Vy7 G X̂  and/ G C(X). 

Thus T is expressible as an isometric shift operator in two different ways. 
Propositions 2.1, 2.2 and Corollary 2.2 were proved for codimension 1 linear isome-

tries. In particular they are valid for isometric shift operators. 
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EXAMPLE 4.2. Consider Example 2 on p. 100 of [2]. In this example r i s an isometric 
shift operator of type I which is not of type II. Thus T is expressible as an isometric shift 
operator of type I in only one way. p = 1, Xo = X \ {1}; I/J: X0 —• X, w: Xo —> Sl with 
i)(n + 1) = n V/i G N, I/J(OQ) = oo and w(y) = 1 \/g G X0 satisfy 7/(y) = vvOO/^OO) 
Vy G Xo and / G C(X). However, straight-forward checking shows that 2 and 3 are 
isolated points with \2 a s w^l as \3 n o t in R(T). This means the only function vanishing 
on either X \ { l } o r X \ { 2 } o r X \ { 3 } and lying in R(T) is the constant function 0. 

As an immediate consequence of Proposition 2.3 we get the following: 

PROPOSITION 4.1. Let T: C(X) —> C(X) be an isometric shift operator expressible as 
a shift operator of type I in a unique way. Letp, Xo = X\ {/?}, ifr: Xo —-> X and w: XQ —> Sl 

have their usual meanings. Let q be any isolated point in X with q ^ p. Then the following 
are equivalent: 

(i)feR(T),f\(X-{q}) = 0=>f = 0 
(H) Xq £ R(T) 

(Hi) Tx^{q)(p) ^ 0-

The straight-forward proof of this is omitted. 

EXAMPLE 4.3. Let X = N U {oo} the one point compactification of N. We identify 
C(X) with the space of convergent complex sequences c = (ci, C2, C3,...) under/ <-• c 
where cn =f(n). Under this identification /(oo) will correspond to l i n v ^ cn. We write 
Coo for linv^oo cn. Consider T: C(X) —-> C(X) defined by 

Tç = (CQO, ICi, —C2, —ÎC3, C4 , C5 , C 6 , C7 , . . . ) . 

Let V>: X —> X and w: X —• S1 be defined by ^(n + 1) = w V/i E N, ^(1) = V>(oo) = oo; 
w(l) = 1, w(2) = /, w(3) = —1, w(4) = —*', w(n) = 1 for n > 5 and vv(oo) = 1. Clearly 
ijj\X — {1, oo}:X — {1, oo} —» X — {oo} is bijective. T is the codimension 1 linear 
isometry of type II obtained from xjj and w applying Proposition 3.2. Since 1 is isolated 
in X we see that T is also of type I (Remark 2.2). Since oo is not isolated in X from the 
same remark we see that T can not be expressed as a type I operator in two different 
ways. 

We will show that T satisfies f \ > i # C H = {0}. Then it will follow that T is an 
isometric shift operator simultaneously of types I and II but expressible as a shift operator 
of type I in exactly one way. 

For any a = (^1,02,03,...) ^ CQ0 ^et u s denote the conventional shift a 1—> 
(0,01, «2, «3,...) by S. Given ç = (c\, C2, C3, C4,...) G C(X) let us denote the element 
(~c\, / Q , —/c3, C4, C5, c6,...) by 7(c). An easy calculation shows that 

T3c = (coo, /Coo, -icoo, 0,0,0, 0,...) + S37(ç) 

r 6 ^ = (Coo, /CQO, - / C o o , " C o o , " C o o , " C o o , 0 , 0 , 0 , 0 , . . .) + ^ ( ç ) . 
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3/terms 

Denote the element (CQQ, JCoo, —ICQO, —CQQ, —CQQ, —CQO, . •., —Coo, 0,0,0,0,. . .) of C(X) 
by JLX/(CQO). Then by induction on / we show that 

(14) T3(/+1)ç = ///(coo) + S3(/+1)7(c) for / > 1 

Supposes = («1,^,03, • • •) is in H/>i R(T^l+{)). Then from (14) we see that there should 
exist an element Coo G C with a\ -c^.a^^ /Coo, #3 = ~icoo and a* = —c^ for all k > 4. 
Writing A for c^ we should have 

a - (A, /A, —/A, —A, —A, —A, —A,.. .). 

Also a = Tb for some b = (&i, Z?2, &3, •..) G C(X). This means a = (/?oo, /&i, —Z?2, — 1&3, 
Z?4, Z75,...) yielding X = b^ and bn = —A for n>4. But £ being a convergent sequence, 
we should have b^ = limn—oofcn = —A. Thus we get A = —A or A = 0. This yields 
a = 0 e C(X) thereby showing that f\>i RÇI71) = {0}. This completes the proof that T 
is an isometric shift operator. 

5. Isometric shift operators of type I with D ^ X. In this section, given any 
integer / > 1 we construct an isometric shift operator of type I with X\D having 
exactly / elements. Let A = N U {00} the one point compactification of N. As usual C(A) 
will be identified with the space of convergent complex sequences ç = (ci, c2, C3,.. .)• 
Let {01, #2 , . . . , 0/} be a discrete space with / elements and X = A U {a\, a2,. •.#/} 
(disjoint union). Any element of C(X) can be uniquely written as ç ® EJ=1 A/Xa; with 
ç G C(A). Let 7: C(A) —> C(A) be the usual lateral shift, namely Tç = (0, c t, c2, c 3 , . . .)• 
Let 5: C(X) —• C(X) be defined by 

(15) S[Ç®Y/\jXaj) = ( A i , C i , C 2 , C 3 , . . . ) 0 ( A 2 X a 1 + - " + A/Xa/_1 - AiXa,) 
v j=\ J 

We could rewrite the formula for S as 

(16) s(ç®J2*jXa)=fru 0,0,0, . ..) + rç®(A2Xa1 + --- + A/Xa/„1-A1x«/). 
V 7=1 y 

Let X0 = X \ {1} = (A \ {1}) U {au . . . , a,}. Define t/;: X0 - • X, w: X0 - • S1 by 

^(n + 1) = n V«GN, I/J(OO) = 00, ip(a\) = a2, 

(17) ^(a2) = «3, • • •, ^ (Û/ - I ) = ai and V>(fl/) = a 1 

(18) w(ai) = - 1 and w(y) = 1 for all y eX0\ {a/}. 

Then it is clear that 

(19) Sf(y) = w(y)S(xl>(y)) Vv G X0 and/ G C(X). 
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We will check that S is an isometric shift operator. One can check that 

(20) ^(çeÉAyXfl,)=(A/,A/_1,...,A1,0,0,0,..0 + 7 v ç e ( - É W 
v y=i y v 7=1 J 

V 7=1 J 

(21) = ( -A / , -A / _ 1 , . . . , -A 1 ,A / , . . . ,A b 0 7 0 ,0 , . . . ) + r 2 /çe5:A yx« y . 
y=i 

Let us denote (A/, A/_i,..., Ai, 0,0,0,. . .) by u. Then we have 

(22) s<2"+1>'(£ e £ AAa;) = £ ^ "a - £ T*"™» + ^2"+1)'e ® ( - £ AyxJ 
V 7=1 y =̂0 r=0 V 7=1 J 

(23) W ç e £ A,XJ = - £ r2r/« + £ 7<2r+1),« + T2n,c e £ A ^ 
V 7=1 / r=0 r=0 7=1 

From (22) and (23) we see that if 

/ 
* ® E WXfl; is in fl(Sn) for all /i > 1, 

7=1 

then x will not be convergent unless x = 0 in C(A) and /ii = • • • = /i/ = 0. This proves 
that f|n>i R(Sn) = {0}. Thus S is an isometric shift operator of type I. In this example 
D = N, D = A and X \ D = {au ..., az}. • 

In this example it is easily seen that IDHR(S1) = {0}. Also IonR(Sl~l) ^ {0} because 
if ID Pi R(Sl~l) = {0}, we would have \X \ D\ < / — 1, which is not the case here. 

6. Non existence of codimension 1 linear isometries on C(Mn). The main result 
proved in this section is: 

THEOREM 6.1. Let M be any compact manifold with or without boundary. Then C(M) 
does not admit a codimension 1 linear isometry. In particular C(M) does not admit an 
isometric shift operator. 

PROOF. Any compact manifold M has only finitely many connected components. 
Hence M can not admit an infinite number of isolated points. Thus to prove Theorem 6.1 
we have only to show that C{M) does not admit a codimension 1 linear isometry of 
type II. As remarked earlier in §3, if there existed a codimension 1 linear isometry 
T: C(M) —> C(M), M would be homeomorphic to a quotient of M obtained by identifying 
exactly two points. Let a^bbt any two points of M. If M were of dimension 0, M would 
be a finite discrete space. Hence C(M) can not admit any injective linear map which is 
not surjective. Thus we may assume that dimM = n > 1. 
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Suppose 6M = 0. Let X be the quotient space obtained from M by identifying a and b. 
Let c G X be the point represented by a or b. Let Bn = {x G W1 | ||JC|| < 1} and Bn V Bn 

the wedge where 0 G 5" is chosen as the base point. The element c G X will have a 
fundamental system of neighbourhoods homeomorphic to Bn V Bn with c corresponding 
to the base point in Bn V Bn. But Bn V #" is not locally Euclidean around the base point. 
Hence X can not be homeomorphic to Mn. 

Suppose S M ^ 0. If a and b are both in IntMn, c G X will have a fundamental system 
of neighbourhoods homeomorphic to Bn V Bn with c corresonding to the base point of 
Bn V Bn. Let B'l = {x G W \ x] > 0, ||.v|| < 1}. If one of a, b is in IntAT and the other 
is in SM then c will admit a fundamental system of neighbourhoods homeomorphic to 
Bn V Bl with c corresponding to the base point. If both a and b are in 6M, c will admit 
a fundamental system of neighbourhoods homeomorphic to Z?+ V #". For #n V ZT and 
^n V Bl the manifold condition fails at the base point. Also when n > 2, the manifold 
condition fails at the base point for 5JV5J . 

When n = 1, M will be a disjoint union of k copies of 5 l and / copies of [0, 1] for 
some integers k > 0, / > 0 and k + l> 1. If two boundary points in M are identified, the 
quotient X will have strictly less than / copies of [0,1], hence cannot be homeomorphic 
toM. • 
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