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TO BOUNDARY VALUE PROBLEMS
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1. Introduction

Let L{H) be the algebra of all bounded linear operators on a separable complex
Hilbert space H. In a recent paper [7], explicit expressions for solutions of a boundary
value problem in the Hilbert space H, of the type

d/dt U(t) = A + BU(t) - U{t)C

EU(b)-U(0)F = G (1.1)

are given in terms of solutions of an algebraic operator equation

MU-UN = P. (1.2)

If H is finite-dimensional, an explicit algebraic expression for the solution of the
equation (1.2) is given in [9]. For the infinite-dimensional case, and when the coefficient
operators of (1.2) are annihilated by some analytic function, a methodology for solving
the equation (1.2) is given in [6]. Sufficient conditions in order that (1.2) has a solution
in certain classes of operators are given in [10] when M and P are selfadjoint operators.
If M is a right invertible operator and N is a unilateral shift operator, a characterization
is given in [1] of the operators P for which the equation (1.2) is solvable.

If the Rosenblun's condition

o(M) O(T(N) = 0 (1.3)

is satisfied and M and N are infinite-dimensional unitary operators on H, the solution
of (1.2) can be obtained by means of an infinite operator series. Under the uniqueness
condition (1.3) and under certain conditions imposed on the operator coefficients,
infinite integral expressions for the solution of the equation (1.2) are given in [2] and
[5].

For T in L(H) we denote by an(T) the approximate point spectrum of T and os(T) =
{AeC; XI — T is not onto}. We denote by C# the complementary set in the complex

99

https://doi.org/10.1017/S0013091500006611 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500006611


100 L. J6DAR

plane of the imaginary axis. Section 2 contains an algorithm for solving the equation
(1.2) by application of a method of calculus of the square root of the identity operator
in the Banach algebra L(H). We apply the results to obtain explicit iterative approxima-
tions to the solutions of boundary value problems of the type (1.1).

2. An algorithm for the algebraic operator equation MU— UN= P; Applications

We begin with a theorem that allows us to obtain the operator sig (A) as the limit of
a sequence of operators, where sig denotes the analytic function on C,,, defined by
sig(z) = l, if the real part of z, Rz is positive and sig(z) = - l , if Rz is negative. Notice
that if A lies in L(H) and its spectrum a(A) is contained in the half plane Rz > 0, then
from the minimal theorem, [4], one has sig (A) = J. Analogously, if a(A) is contained in
the half plane Rz<0, then it follows that sig(/l) = —/.

Theorem 1. Let A be an operator in L(H) with spectrum a{A) contained in C^. Let
Z0 = A, and let {Zn}n^0 be the sequence of operators defined by

(2.1)

Then the sequence {Zn} converges in the operator norm of L(H) to sig (A).

Proof. First of all we show that Zn is an invertible operator in L(H) for n ̂  0. It is
clear from the hypothesis that Zo = A is invertible. From the spectral mapping theorem,
[4], the spectrum <x(Zn + 1) is the set of all complex numbers of the type (z+ l/z)/2, with z
belonging to a(Zn). Moreover, it is easy to show that R(z + l/z) = (l + l/\z\2)Rz, for a non
zero complex number z. Thus, Zn + 1 is invertible and sig (z + 1/z) = sig (z), when z lies in
<T(Z0), in particular, it follows that Zn + sig (Zo) is an invertible operator in L(H), for any

^O.
Let us consider the sequence of operators defined by the expression

fn(A) = (Zn- sig (A))(Zn + sig (A))-\ n^O. (2.2)

Taking into account the commutativity between Zn and sig(yl), and by computation it
follows that

n
2 + /-2Znsig(,4)

2Zn

=(Z2 - 2Zn sig (A) + I)(Z2 + 2Zn sig (A) +1) ~1 = (Z. - sig (A))2((Zn + sig (/I))2)" >

= ((Zn-sig(A))(Zn + sig(^))-1)2=(
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From here, fn(A) = (fo(A))2n, for n^O. If we prove that the spectral radius of the
operator/0(/4), denoted by r(fo(A)) is strictly less than one, then we will have

0, inL(H). (2.3)

From the spectral mapping theorem it follows that

| ^ | | | j } (2.4)

If z lies in <r(A), it is clear that |z —sig(z)|<|z + sig(z)|, thus, r{fo(A))^l.
If the spectral radius r(fQ(A)) were one, then from the compactness of the spectrum

o(A), there would be some z0 in a(A) such that |z0 —sig(zo)| = |zo + sig(z0)|. But it is not
possible because in this case Rzo = 0, in contradiction with the fact zoea{A)cCi>.. From
the expression (2.2), the invertibility of fn(A), and by inversion it follows that

Zn = (/ + fn{A))(l -fn(A)rl sig (A). (2.5)

From (2.3) and (2.5), it follows that {Zn}ng0 converges to sig(A) in the operator norm of
UH).

We denote by sig+ the analytic function on €„, defined by sig+(z) = l, if zeC+ and
Rz>0 and sig+(z) = O, if zeC* and Rz<0, that is sig+(z) = ( l+ sig(z))/2. The following
results are based in a theorem of Davis-Rosenthal, which ensures the existence of
solutions of the equation (1.2) when the spectral condition

oJLM)noJLN) = Q (2.6)

is satisfied. Moreover, if U is a solution of (1.2), the following similarity condition is
verified

I p ujM oip uyM - P

|_0 Nj

See [3] for details.
Suppose for a moment that M and N are operators such that that the condition (2.6)

is satisfied and CT(M)<=C^, ff(7V)cClt. From (2.7) and the application of the Riesz-
Dunford functional calculus in (2.7) it follows that

-r\
[I UlVsig+(M) 0 in -Vl

~[_0 / J L 0 sig+(N)lo / J

fsig+(M) Usig+(N)-sig+(M)Ul

" L 0 ^ + W J' ( ]
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With the hypothesis of Theorem 1, if {Zn}n7>0 is the sequence of operators given in
Theorem 1, which converges to sig(A), then the sequence (Zn + /)/2, converges to
sig+(A), that is, Z0 = A, Zn + 1=(Zn + Zn"

1)/2, satisfies

sig(A)=limZn; sig+(/l)=lim(Zn + /)/2. (2.9)
n-*oo n-*oo

Let {Zn}ng0 be the sequence of operators in L{H ®H) which converges to the operator
matrix

A =

then from Theorem 1, (2.9) and (2.6), it follows that

s i g + ( [cT Iv] ) =
n

1 ! m , ( Z B + z "" 1 + 2 / ) / 4 (210)

where

][ N

Recurrently one gets for n > 0

Mn+l -Pn+ll(m)(\Ma -P

l)/2 (2.11)

Pn+l={Pn-M^PnNn)l2.

From (2.8), (2.10) and (2.11) it follows that

sig+ (A0-sig+ (M)U= lim Pn+1/2= lim (P.-Af-1P11JV11)/4 (2.12)

where M0 = M, No — N and P0 = P. Notice that from (2.12) we can obtain an explicit
expression of U as limit of a sequence of operators, under certain conditions such as are
stated in the following theorem.

For the operators M and N whose spectra are contained in C,,, we can express their
spectra as the union of two spectral sets. In fact, o(M) = olyjo2, where al =

https://doi.org/10.1017/S0013091500006611 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500006611


SOLVING GENERALIZED ALGEBRAIC LYAPUNOV EQUATIONS 103

{ze<r(M); Rz>0}; o2 = {ze<r(M); Rz<0}; O(N) = O3\JOA, where <r3 = (zea(N); Rz>0}
a4 = {zBa(N); Rz<0}. Thus, one gets

sig+(M) = £!, and sig+(AT) = £ 3

where £ t and £ 3 are the projection operators defined by means of the Riesz-Dunford
functional calculus, [4],

£ t = (1/2ni) | e^z)(zl-M)~ldz; E3 = (l/27ti) j e3(z)(zl-N)~ldz

where yit for i = 1,3 are appropriate Jordan curves containing at in their interior, and

| 1 , Z6<73•Hi
being

E3 = e3(N)

the operators obtained from the action of the Riesz-Dunford functional calculus on M
and N, respectively and the analytic functions et{z), for f = 1,3.

In particular, if a(M) is contained in Rz>0, then £ , = /, and £ t = 0 when CT(M) is
contained in Rz < 0.

Theorem 2. Let us consider the operator equation (1.2), where the spectra <r(M) and
a(N) are contained in C+ and satisfy the condition (2.7). Then:

(i) //a(Af)nCT(N) = 0, and cr(M) is contained in Rz<0, cr(N) is contained in Rz>0 the
only solution of (1.2) is given by

U=\im(Pn-M;1PnNn)/4 (2.13)
fl-»CO

where Mn,Nn and Pn, are given by (2.11) with M0 = M, N0 = N and P0 = P.

(ii) / / a(M) is contained in Rz > 0, and (E3 — I) is an invertible operator in L[H) then a
solution of the equation (1.2) is given by

U= lim (E3-l)-\Pn-M;lPnNn)IA (2.14)

where Mn,Nn and Pm are given by (2.11) with M0 = M, N0 = N and P0 = P.

(iii) / / a(N)rio(M) = Q, and a(M) is contained in Rz>0, a[N) is contained in Rz<0,
the only solution of (1.2) is given by

(2.15)
n-»ao

where Mn, Nn and Pn are given as in (i).
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(iv) If a(N) is contained in Rz>0, and (/ — Et) is invertible operator in L(H) then a
solution of (1.2) is given by

U= lim {P,,-M-1PKNlHI-El)-
l/4 (2.16)

n~* oo

where Mn, Nn and Pn, are given as in (ii).

Proof. It is a consequence of (2.12) and the previous remarks before the statement of
the theorem.

The next theorem yields uniqueness and existence conditions for the boundary value
problem (1.1) for the infinite-dimensional case and explicit approximations norm
convergent in L{H) to a solution of such problem.

Corollary 1. Let us consider the boundary value problem (1.1) and let M, N and P be
the operators defined by

M = Eexp(bB); N = Fexp(bC)
(2.17)

b

P = G exp (bC) - E j exp ((b - s)B)A exp (sC) ds

then:

(i) The problem (1.1) is solvable if and only if the condition (2.6) is satisfied where M,N
and P are given by (2.17).

(ii) The problem (1.1) has only one solution, if and only if, the condition (1.3) is satisfied.

(iii) Under the compatibility condition (i), a solution o/(l . l) is given by the limit in the
norm of L{H) of the sequence

= exp(tB)t/nexp(-tC) + }exp((t-s)B)/lexp((s-t)C)rfs (2.18)

where {Un}n g 0 is defined by the following expressions and under the following conditions:

(a) / / o(N) n o-(M) = 0, a(M) is contained in Rz < 0, and a(N) is contained in Rz > 0,
then

where Mn, Nn and Pn are given as in (2.11) with Mo = M, N0 = N and Po = P.

(b) / / <x(M) is contained in Rz > 0, and (£3 — /) is invertible, then

where Mn, Nn, Pn and £ 3 are given as in (2.11) with M0 = M, N0 = N, Po — P and E3

represents sig+ (TV).
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Proof, (i) It is a consequence of Theorem 3(i) of [7], and Theorem 4 of [3], (ii) It is
Theorem 3(ii) of [7], and (iii) is a consequence of (i) and Theorem 2(i) and Theorem

Remark 1. Explicit expressions for the approximate solution Un of (1.2) may also be
obtained under conditions on M and N analogous to those in Theorem 2(iii), (iv).
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