A SINGULAR BOUNDARY VALUE PROBLEM FOR A
NON-SELF-ADJOINT DIFFERENTIAL OPERATOR

R. R. D. KEMP

If (x2 4+ D¥g(x) € LI(— w, ») the differential expression I(y) = — "’
+ g(x)y generates a closed operator L on L?(— », »), with domain D
consisting of those functions y € L? with absolutely continuous derivatives
and such that I(y) € L2 The case where g(x) is real-valued has been extensively
investigated and yields an expansion of any f € L?in terms of the characteristic
functions of L. We shall investigate the case where g is complex-valued.

We shall find that there is a function W(s), analytic for Im s > 0 and
continuous for Im s > 0, such that the squares of its zeros in Im s > 0 con-
stitute a bounded set which is the point spectrum of L. The continuous
spectrum of L is the set of A > 0. In proving an expansion theorem real zeros
of W cause difficulties and it is necessary to assume (Case II) that W has
only a finite number of zeros in Im s > 0. The simplest form of the expansion
is obtained if W has no real zeros except possibly at s = 0, and this must be
a simple zero (Case I).

Naimark (2) has considered the same differential operator oa [0, ) with
a boundary condition at 0 and obtains similar results. He uses a modification
of a technique for singular self-adjoint problems (1, chap. 9), while we shall
use a modification of the Cauchy Integral technique used for non-singular
non-self-adjoint problems (1, chap. 12) and for general self-adjoint prob-
lems (3).

In § 1 we investigate the properties of certain solutions of I(y) = Ay and
introduce W(s). We construct the Green's function and investigate the
spectrum of L in § 2. An expansion of the Green’s function for the general
case is given in § 3, while in § 4 and § 5 we deal with Cases I and II respec-
tively.

1. Solutions of /(y) = Ay. We shall set A = s and denote Re s by ¢ and
Im s by 7. Also \* will denote the root of A with 0 < arg)ﬁ < 7w and K will
denote any constant whose value is unimportant.

It is easily seen by using variation of constants that a solution of I(y) = sy
will satisfy an integral equation of the form
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(1.1) y(x) = 1™ 4 et

isz —1isT
€

%f,f_”sg@)y(f) dg — G Le”*g(s)y(s) ds,

and conversely. In estimating solutions of (1.1) we shall make frequent use
of the following lemma, which we state without proof.

LemMMA 1.1. If ¢ and ¢ are piecewise continuous functions on [a, d] and x is
integrable and non-negative on [a, b] then

66) < w6 + | () 6(®) d&, x € [a, 8],
implies
6 < V@ + [ x@v© el [ @il ds, v € o8],
a 3
and
o(x) < ¥(x) + f x©) () d&, x € [a, b],
implies

b 13
60) <V + [ x@v@ el [ xwanld  x € fa,8)

LeEMMA 1.2. The solutions y(x, s) of (1.1) withcy = — c2 = 1/21s, x1 = x5 =0,
and y(x,s) of (1.1) with ¢ = ¢c2 = %, x1 = x2 = 0 exist for all x and s, and
for any fixed x are entive, and even functions of s.

As this result follows from well-known theorems we omit the proof. We
note that y and ¥ satisfy the initial conditions
¥(0,s) =0 y'(0,5) =1

(12 50,9 =1 70,9 =0
and that a modification of Lemma 1.1 yields the following estimates:
Klxle™ ( Kx| ) .
(1.3) Iy(x's)|<1+|5xl’ |y(x,s)l< 1+1+|le € .
LemMA 1.3. The solutions y1(x, s) of (1.1) withcy = 1, ¢c2 = 0, x1 = %3 = ®,
and y2(x,s) of (1.1) with ¢; =0, ¢ca =1, x1 = x2 = — ® exist for all x and
for v > 0. For any fixed x they are continuous in s for + > 0 and analytic in

s for 7 > 0.

Proof. We shall prove the result for yi(x, s) only as the proof for y:(x, s)
is similar. Setting ¢o(x, s) = 0 and

bni1(x, 5) = "7 — Jj sin s(x = £) g(&) du(t, 5) dt

N

and using the inequality

sin sx|

] < Klxle'™' (1 + |sx)7?
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we see that the successive approximations exist for all x and for + > 0. For
fixed x, ¢,(x, s) is continuous in s for 7 > 0 and analytic in s for r > 0. An
induction yields

|¢n+1(x: S) - ¢n(xr S)I < [K nglg(g) ldg]ne—n/n!

for x > 0. This implies the uniform convergence of the successive approxi-
mations for x > 0, 7 > 0. An application of Lemma 1.1 proves the uniqueness
and when we define

yl(xr S) = yl,(Or S)y(xv 5) + yl(or S)y(xy S)

for x < 0 the regularity follows from the uniform convergence for x > 0 and
from the known properties of y(x, s) and ¥(x, s). The fact that the integral
equation is also satisfied for x < 0 follows from a few manipulations with
the definition of y:(x, s) for x < 0.

Applying Lemma 1.1 yields estimates on y;(x, s) and y.(x, s) which allow
us to draw certain conclusions about the asymptotic behaviour of these two
solutions:

(1.9) (o, ) < exp| — s+ & [ elelae] £>0,
(1.5) [y1(x, $)| < exP—— ™ + Ti‘lj;mk(é) [di] , s # 0,
(1.6) b, 9] < exp—rx [ o], £ <0,
a7 s, )1 < el 7o+ 1 [ e, 520,

LeEmMA 1.4. The solutions y:1(x, s) and yg(x, s) have the following asymptotic
behaviour:

(1.8) 3i(x,5) = ™ (1 4+ 0(1)), ¥/(x,5) =" (is + 0(1)) asx — .

(1.9) yi(x,s) = em<1 + 0< % )), i (x,5) = ise”’(l + 0( % >> as|s|—> .

(1.10) ya(x, 5) = e (1 + 0(1)), v/ (x,s) = ¢ *(—is+o0(1)) asx — — o,

o o) s = of 1)

as [s| » .

Formulas (1.8) and (1.10) hold uniformly in s for + > 0 and (1.9) and (1.11)
hold uniformly in x, for all x.

Proof. For (1.8) and (1.10) we use (1.4) and (1.6) respectively in the
appropriate form of (1.1) and its derivative. For (1.9) and (1.11) we use
(1.5) and (1.7) respectively in the same way.

https://doi.org/10.4153/CJM-1958-043-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1958-043-1

450 R. R. D. KEMP

LeEMMA 1.5. The Wronskian W(s) = yiys' — y1'ys 1s not identically zero, and
can be calculated from the formulas

W) = —2is+ | gem, o) de

= — 2s + fw e"g(x)y2(x, ) dx.

Proof. It follows immediately from the regularity properties of y; and v
that W (s), which is independent of x, is continuous in s for 7 > 0 and analytic
in s for 7 > 0. Direct computation with the integral equations defining
and y, yields

(1.12) W(s) = — 2is + f;e“‘g(ayz(s, 5) dk

¥ f Tt E)yat, ) dE + R

where
R = | = [0 5,06 0 dt [ cos st — Dprate o)

+ Toossta = Demnte ) e IE=E) e )

<2 [eolen (1w ) e |
'[fmlg () lexp<‘é‘]f_ilg (w) ldu> dé]
- 2|s|[exp<,%l S lew ldu) - 1]-[exp(l{—|f;1g<u> |du) - 1].

Here (1.5) and (1.7) have been used and it now follows that for s = 0
limR = lim R = 0.

Z0 ZTHy—

Using (1.4) and (1.6) we see that |y;(0, s)| < K and |y, (0, s)| < K + [s] for
j =1, 2 and thus using (1.3) we obtain the further estimates

1, )| <KL+ &), [e™ (e, )| < KA + [x])
for all x and 7+ > 0. Thus
[ e ome, ) ax
and

f e g (x)ya(x, 5) dx

converge uniformly in s for r > 0 and thus are continuous functions of s.
Using this fact and the results about R obtained above it follows that we
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may take the limit of (1.12) as x —  or as x — — © and obtain the desired

formulas for s # 0. The result follows for s = 0 by continuity.
To see that W(s) is not identically zero we note that

[W(s)| = | — 2is + f_m e g(x)yi(x, 5) dx

> 20 = [ eolessl(L [ e o) ax
= 13 - esn(1 ) lewlaw) |-

Thus for large |s|, W(s) cannot be zero.

CoROLLARY 1.1. The zeros of W(s) form an at most countable, bounded sub-
set of T > 0, with limit points only on the real axis v = 0.

This follows immediately from the analyticity of W(s) in + > 0 and the
fact that W(s) = 0 implies

s < J lelas.

We now complete our discussion of the asymptotic behaviour of y:(x, s)

and v, (x, s).

LEMMA 1.6.
(1.13) yi(x, s) = em( W(S) + (1)) asx — — o
(1.14) y2(x, s) = e’”’( W(s) + (1)) asx — +

uniformly in s for r > 6 > 0.
Proof. We shall prove only (1.14) as (1.13) is similar.

o) = 0+ [ I e
e [ o0 6 e

z st

= e““’ 1— "21. g(£)ya (£, 5) ds

z 21:(:——5)
+ f g(®)e*ya(t, 5) dt

2is i

B ®, ist
= e‘“" W(s) + f g(®)ya(&, 5) dt

21s

z 2is(z—£) )
+ f g®)e" "yt 5) dt |

21s

Now, the integral over the range from x to « approaches zero as x >
uniformly in s for 7 > 6§ > 0 from the proof of Lemma 1.5, and for x > 0
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z eZis(z—g) .
l f_ s g(®)eya(, 5) dg’
1 . z— 1 £
<u) 5)’g(5)|‘3"p[ Ef_ lg()ldu ]dg
z/2 ?
<Kf_ e—za(z—$)|g(g) !df +KL/2e_25(z—s)[g<£) ]df

z/2 z
<k [ laue+ K [ el

which certainly approaches 0 as x — .

2. The Green’s Function. If W(s) > 0 we may define
_ 1 )yl 8)ya(g, s) E<x
Kok s) = W<s>{y1<s, 930, 5) % <k

THEOREM 2.1. If N s not real and non-negative, and WY # 0 then the
Green's function G(x, £, \) for I[(y) — Ny = f on the interval — o < x < © 15
K(x, &, N, that is, if f € L*(— o, ) then y =2 K(x, A f (8)dt belongs
to D and I(y) — Ny = f almost everywhere.

Proof. Let ¥ = s = ¢ + ir as usual. By assumption r > 0 and W(s) # 0
so y1(x, s) and ys(x,s) are linearly independent solutions of I(y) = Ay. It
follows from variation of constants that the general solution of I(y) — Ay = fis

y(&) = eyilx, s) + caya(x, )

+ 20 | sy ae + 255 [Tremee 0 as

= cy1(x, s) + caya(x, s) + f_mK(x, £, 5)f(§) dg,

where the existence of the integrals is trivial. As |K (x, £, 5)| < K exp[—7|x—¢|],
y(x) = 2K (x, & s) f (£)dt is bounded by the convolution of a function in L!
and a function in L% Thus y € L*(— =, ). As W(s) = 0 it follows from
(1.14) and (1.15) that

cyi(x, 5) + caya(x, ) ¢L*(— w, w)
unless ¢; = ¢; = 0. So v is the unique L? solution of I(y) — Ay = fand y € D
follows easily from direct considerations.

CoROLLARY 2.1. L is a closed operator.

Proof. If v, € D, y, — y, and Ly, — f both in L?, then we must show that
y € D and Ly = f. As W(s) # 0 there is an sy = a9 + 479 with 70 > 0 and
W(so) #~ 0, and we have

3@ = [ Ko g )l — sl de
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Thus
y@) = | Ko & slf - syl dg

almost everywhere.

As the convergence is in L? we may replace the limit y by an equivalent
member of L? so that the above relation is an equality and we have y € D
and Ly = f.

LeMMA 2.1. The adjoint L* of L is the operator with domain D defined for
y €D by L

L*y = —y" + glx)y = I*(y).

Proof. We first note thatif y € D then y and y’ both tend to 0 as x approaches

either + © or — ». This follows from

y(x) = J‘_mK(x, £ s0)[Ly — so’y] d& for vy € D.

Thus if z € L? and there exists z*¥ € L? such that (Ly, z) = (v, 2*) for all
y € D then

(3, 2%) — (so’y,2) = (3, 2* — 50°2) _
= f U K (x, £ s0)(Ly(€) — so'y(8)) ds] (*(x) — s02(x)) dx

)
oo

- T o - sty [ J ke e e - s—ozz(x))dx] i

= Ly = 5"y, 2).
However (Ly — so?y,2) = (9, 2*) — (so®y,2) = (Ly — so?y, 21) so z = z; al-
most everywhere. Thus the domain D* of L* consists of functions in L? of
the form

a) = | KG w0 @) — ) d

and L*z; = z*. This implies that z; € D, and an easy calculation shows that
— 21" 4+ g(x)z1 = z*, which completes the proof.

THEOREM 2.2. The spectrum of L consists of an at most countable, bounded
set of characteristic values and a continuous spectrum on the non-negative real
axis A > 0.

Proof. If X is not real and non-negative we have seen that A is in the resolvent
set of L unless W(\}) = 0. If W(\}) = 0, \ is obviously a characteristic value
with characteristic function y;(x, A¥). Corollary 1.1 immediately yields the
statement about the point spectrum except for A = 0.

If y(x) is a characteristic function for A = 0 then by using a representation
in terms of the Green’s function it is easy to see that y is bounded and approach-
es 0 at &= . Thus
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v = = [ - D a

and using Lemma 1.1 we see that y = 0 and thus A = 0 cannot be a charac-
teristic value.

We see that (L — ¢?)~! is not bounded for ¢ > 0 by attempting to con-
struct yo € L?(— o, «) such that

2 _ y(x) 0) |x| < a

l(yO)_”yO_{ 0 |x]>a.

Thus we see that the positive real axis is in the spectrum, and as the spectrum
is closed zero belongs to the spectrum.

To see that the residual spectrum is empty we note that it must lie in the
non-negative real axis and if ¢? is in the residual spectrum it is in the point
spectrum of L*. This would mean that /*(y) = ¢?y has a solution belonging
to L2 Taking the conjugate of this solution we see that ¢? lies in the point
spectrum of L, which contradicts the assumption.

3. An Expansion of the Green’s Function. We shall first use the
Cauchy Integral to obtain an expansion of the Green’s function, and then
use this to obtain our expansion theorem.

Let Cg,s denote the contour in the s-plane consisting of the straight line
r=86>0 from o = — (R? — )} to ¢ = (R? — 6} and the circular arc
s = Re* from § = y = sin"1/R to § = 7 — 7. We choose § and R, so that
if N is a characteristic value Im \o* # & and Ro? > |\o|; and consider

3.1) Igs = —Iggx’—gﬁsds
CR.5 S — )\

for R > Ry, and A\ within the contour.

In evaluating (3.1) by residues we see that the singularities of the integrand
occur at s = A\, and at the square roots of the characteristic values. If Ay,
Ag, . . . are the characteristic values arranged in order so that Im i > Imaad
> ...; we see that for any 6 and R > R, there is an integer #(8) such that
Im \us)t > 6 > Im (\usy+1)%, and the value of I ; is thus independent of
R for R > R,. As K(x, ¢, s) is the ratio of two functions, each of which is
analytic for > 0 we see that the singularities at

82 = )\1,)\2,...

must be poles. If we have

K £5) = 2 60 D6 = M) + Fla £.9)

for s? sufficiently close to \; where F is analytic in s at s = )\ﬁ, it is easily
seen that the residue of the integrand in (3.1) at s = A3 is

—1 3 GOEHO =)
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Since the residue at s = A\ is 1G(x, £, \) we have

n(d) mq

(3.2) Ips = mG(x, & N\) — 7@ 2;1 zlcpm(x, HN =)

Now if we evaluate Iz ; directly we have

K (x, £ R 0y, R2p240
Ir,s = J; (ngz 215 _)1>\ ? do

+ f @ (0 4 DK (8 (0 +i0))
—(R2— 52)5 (0‘ + 16) — A

Since |K(x, &, 5)| <IK|W(s)|texp [— 7|¢ — «|], and, for |s| sufficiently large,
[W(s)| > |s|; we see that

'r-—'qK , ,R i0 -RZ 216 K
fn (xlfze”f —)zx —d8) < R
for R sufficiently large, and
(¢ + 0)K (x, £, (o + 13)) K
(¢ 4+ 46)* — A \02—|-1'

Thus we have

. _ (o + 98)K (x, £, (o + 45))

lim Ig,; = f_m ot = do,

where the integral converges absolutely and uniformly for Im A > 8, > &
and any x, £. Combining this result with (3.2) and the remark that Iz ; is
independent of R for R > Ry we have the following theorem.

R0

THEOREM 3.1. With the notation introduced above, and under the restrictions
on § introduced above, we have

n(®)  mg

(3.3) G &N =2 2 GO =27
1 (0' + 16)K (x, 5, (o + 16))
FY) (¢ +148)% — A

It will be convenient to write this in a different form, which will exhibit
the symmetry between L and L*.

+ =

LeEMMA 3.1. There are sets of functions x,;P(x), ¥;P(x) for j =0,1,...°
m; — 1 such that

(3.4) ) = N = X2 B = Al = 98
for =0,1,...,m; — 1, where x_1Y =y¢_;® =0, and
(3.5) G, (%, £) = — Z x50 (%) Vs (E) -
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Also, each x, " and ¥,V is bounded by K exp [— 7ix|/2] where 7, = Im A
and

(3-6) (ijy 'Pr(k)) = J‘ Xj(i) (x) "/’—rm(—xj dx = 8ubm;—j-1

~o

Proof. Let T'(x, & \) denote the function which is given by ¥(x, Ay (g, %)
for £ < x and by 7(&, M)y (x, \¥) for x < & This is trivially an entire function
of M and G(x, £, \) — TI'(x, £ ) is of class C? as a function of x or £ Thus if
C, is a circle with centre at \;, enclosing no other points of the spectrum of
L we see that

GO = 5§ (= PTG &N — T & V] dn

From this we see that G,(?(x, £) is of class C? as a function of x or £ and
from this it is easily seen that as a function of x, I(G,(?) — N:G,(® = Gpa(?,
and as a function of £
PG - N6 - G,
where
G,(ni3+1 = (.

From these equations it follows that G,(¥ can be given in the form (3.5) by
functions x,® and ¢,? satisfying (3.4).
Now we also have

i 1 _
GO =55 (= N)TGE 5N,

from which we see, by taking the radius of C; sufficiently small, that
|G, P (x, £)| < K exp [— 74x — £]/2]. Using this and an induction we find that
x;? and ¢, are both bounded by K exp [— 7,x|/2]. In order to prove (3.6)
we note that

(LXJ“), 1Pr(k)) = )‘i(XJ‘(i): k[/r(k)) + (X;ﬁly llfr(k))
and
(Xj(i): L*¢r(k)) = )\f(X(ji)y ¢1(k)) -+ (Xj(i)y ‘pgk—)l y
so that
O\i - N)(X(ji)y \ng)) = (X;i), ¢§’°_)1 - (Xgi)h ﬁk))

From the fact that x_;9 = ¢_;® = 0 it follows that (xo?, ¥o®) = 0 for
k ¥ i so an easy induction yields (x,?, ¥,®) = 0 if & ## 4. To deal with the
case k = ¢ note that

J
a-n(- > @0 - M) = )

and thus
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J

- ZO )= AT = f_ G(x, & N)x5” (§) dg,

k=

as the right hand side is the unique L? solution of /(y) — Ay = x;(? and the
left hand side is such a solution. Thus

F)
= 2 x" @A =2

k=0

=2 =27 ) G x5 @) dE + Flx, \)
= —co
where F(x, \) is analytic at A = \;. From this we have

mi—p

)
2 6" @G Yt

= — ©) (0 = p>it]
f Gy " (%, £)x;” (8) dt {ngl_p(x) p<jt+1l

As

() (9
Xo y--'1Xﬂ:i-—1

are easily seen to be linearly independent we have

@ p>i+1
(xS, W, ) = 10 p<i+1l  E#Ej+1—p
1 p<j+1 Ek=j+1-p

Combining this with the result for functions corresponding to different
characteristic values we have (3.6).
We might remark that it can be shown that

j
X (x) = kZO agi—)k %l d)\k y1(%, M)aans

for suitable constants a;‘?, and a similar result for ¢ ;(¥.

4. The Expansion in Case I. In order to obtain an expansion analogous
in form to that which holds when L is self-adjoint, we must modify the integral
in (3.3) so that it involves only solutions of [(y) = Ay for A > 0. The obvious
way to do this is to evaluate the limit as § — 0, but this may lead to two
difficulties:

(i) n(8) may become infinite and the discrete portion of the expansion may
diverge.

(ii) The integral in (3.3) may not exist for § = 0 if W has real zeros.

Although the convergence difficulties do not arise, #(8) may become infinite
even if L is self-adjoint. We shall construct two examples, both with g(x) = 0
for |x| > &, to show that W can have real zeros of sufficiently high order that
the integral in (3.3) will not exist even as a principal value for § = 0.

As g(x) = 0 for |x| > b, W(s) = — e*®[y,/(— &, s) + isy1(— b, s)] and if
W is to have a zero of order m at s = s, we find that we must have
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¥ (= b, s0) + isyi” (= b, s0) + (= b, 50) =0,  k=0,1,...,m—1

where
yi(x, 5) = ZO ¥ (%, s0)(s — s0)" and i (%, s0) = 0.

Example 1. Third order zero at s = 0. We set y:(x,0) = ¢¥® so that
g(x) = 10" (x) — [6'(x)]? for x| < b and require that § € C*, §(—b) = —3m,
8(b) = 2w, 6™ (— b) = 6™ (8) = 0 for n > 0, and [2,sin 26(x)dx = 0.

Example 11. Second order zero at s = 1. We set yi(x, 1) = e®f(x) so that
glx) =14+ f"(x)/f(x) for |x| < b and require that f(x) % 0 for |x| < b,
F®@) = f®(—=0) = (= )f(—b), f€ C and

[F(= B2 = — 1+ 20 [2,[f(x)]%dx.

Here we may obtain an explicit f(x) as a polynomial if we do not require that
g € C® at x = = b, that is, set

463 (x) = b(2 — 4b) [a(x — 8)2+ (x + 8)2] + x(1 — 4b) [a(x — 8)2— (x+b)?%]
and choose a so that
a? = — 1+ 20 [2,[f(x)]%dx.

Thus, even if g is a C® function of compact support, the integral in (3.3)
may still not exist for § = 0. We shall now add the assumptions of Case I
that, for sufficiently small |s|, |[IW(s)| > K|s| and that W has no real zeros
except possibly s = 0.

With these assumptions 7(8) must remain finite as 6 — 0 and we shall
suppose that 7(8) = n (its maximum) for § < &. Thus for § < §, the integral
in (3.3) is independent of §, and for § < %8, the integrand is bounded by
K(o? + 1)~ where K is independent of §. Thus we may set § = 0 in (3.3) to
obtain

mi

@) e =3 X 6w H0 - )

p=

1 (“[cK(x,& 0) — oK (x, & — 0)]

7 Jo o — A
LEMMA 4.1. We have
oK(x, Ey 0’) - JK(xy ga - 0')

do.

2i5°
= —WT&S%VZ(——J [yi(x, o)y1(¢, — o) + y2(x, 0)ya2(E, — o).
Proof. From the definition of K(x, £, ) we have
O'K(x: Ey U) - UK(xy E, —0')

— g {W(— 0)y1(x, a)y2(£: O-) - W(J)yl(xy - 0)3’2(57 - ‘7), E<x
W(@)W(— o) \W(= o)y, 0)y2(x, o) — W(o)yi(E, — o)yalx, — o), x < &
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If we denote v;(x, &= o)y, (%, & o) — y/(x, & o)y;(x, & o) by W(y:(Z£o),
¥;(% 0)) and note that

W), 31(= ) = = Wslo), ya(— o)) = = 2,
then
yolt, o) = W(Qf - (e — o) _W(yzHI;Vo();y;;~ 7)) yalt, — o)
and
i, — o) = T LE )y, (0 ) — L2 (o, + o).
Thus

W(— o)yi(x, 0)y2(§, 0) — W(o)yi(x, — 0)y2(§, — o)
= 2ioy1(x, 0)y1(§, — 0) — W(ya(+ o), y1(— 0))y1(x, 0)y2(¢, — o)
— Wyi(= o), yoa(+ o))ni(x, 0)y:(&, — o) + 2i0y2(x, 0)y2(§, — o)
= 2io[y1(x, o)y1(§, — o) + y2(x, 0)y:2(§, — 0)].

A similar computation yields the same result for x < &.

CoROLLARY 4.1. G(x, &, N\) can be written in the form

(42) Gx, £\ = — ;_: Z ZO xf”(x) N =)

where
¢i(x,0) = Wcza—)yi(x, o) and 6,(x,0) = W—:(;Syi*(x, o).
Here * denotes the corresponding quantity associated with the adjoint equation.
Proof. As
yit(w,0) = o = [RCE =D G0 0) ag

it follows immediately that
y*(x, o) = yi(x, — 0).
Similarly
y2*(x, 0) = y2(x, — 0)
SO
W*(o) = W(— o)

and using these relations with Lemma 4.1 in (4.1) we obtain (4.2).
We are now in a position to prove an expansion theorem.
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TaEOREM 4.1. If f € L? for p > 1 then
mi—1

(4.3) flx) = ; Z P i

ra-n2 [T [ 3 00 4oy

almost everywhere, for any N not in the spectrum.

Proof. If f € L? for p > 1 it is easily seen that if X is not in the spectrum
of L then

J 6t s s @

exists and is the unique Z? solution of /(y) — Ay = f. Using (4.2) to calculate
the integral and applying / — X we immediately obtain (4.3).

The last term of (4.3) is not in a very convenient form, but in order to
simplify it we must impose some restrictions on f. If f € L! then the order
of integration in the last term may be inverted, and setting

10 = | 5@ 0 o) ds

we obtain
(44) f(x) = ;”: mi- Xj(i)(x)(f, '//5’:3—]—1)
Fu-n2 J' Z ¢ (xt;tf)jzg\(f)da.

We define D; to be the class of functions f € L' with derivatives which
are absolutely continuous on every finite interval and such that I(f) € L.
Then for f € D; choose — a? < 0 not in the spectrum of L and set & = I(f)
+ a?f. Then it is easily seen that f and f’ approach 0 as x approaches 4= = so

[T i ar = @ 40 [ s 0 ) e
and thus
) < K6 +ay™ [ hwas,
So for f € D, the operation of  — \ in (4.4) may be perfomed under the

integral sign to obtain

mi—1

@5 @ = X X 000 W) + 2 [ e o)fia) do.

We also have an analogue of the Parseval equality, and a corresponding
expansion theorem associated with L*.
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THEOREM 4.2. As well as (4.5) we have, for f € D,
n mi—1

@8) 1) = X 400 ) + 2 [T el o)f o) do

i=
where

j#@) = [ 1@ 9, )
and if f,g € D,

an Go=3% X G600 +2 7% 1o i

i=

I

m1—1

-2 T G0 + 2 [T S o) de

i=1
Proof. The proof of (4.6) is analogous to that of (4.5) and to obtain the
two forms of (4.7) we note that if f € D; it is in L? as well as L! and take
the inner products of (4.5) and (4.6) with g. In doing this the order of inte-
gration in the last term can trivially be inverted to obtain the results.

5. The Expansion in Case 1I. Here we may assume that for some ¢ > 0,
e®1%lg(x) € L', but it is a consequence of this about the zeros of W(s) which
we use. If e*®lg(x) € LY; y1(x, s), y2(x,s), and thus W(s) are analytic for
7 > — %a. In conjunction with Corollary 1.1 this implies that W has only
a finite number of zeros in 7 > 0, and this is the assumption we make.

Suppose that the real zeros of W are o1, 0o, ..., 0, and perhaps oo = 0,
arranged so that 0 = o¢? < 012 < ... < ¢,2 Choose 7 so that7 < 2(o;412—04?)
fori =0,1,...,¢ — 1 and so that » < min [Im(\#)]? for all A, in the point
spectrum (A, Ag, ..., N\,). We define the contour C by 7 = f(¢) where

fle) =0 for |62 — 02| > r (j running from 0 to ¢ or 1 to ¢ according as
W(0) is or is not 0), and f(¢) = (r* — (¢* — o2))! for |o? — ¢,2| < 7. Now
if & < min[Im(\*)] the integral in (3.3) along 7 = 6 is equal to the integral
along C.

As the portion of C lying along 7 = 0 is symmetric about 0 we may trans-
form it to an integral over L = {g|c > 0, |¢? — 0,2 > r} with the same
integrand as (4.1). The sum of the integrals over the indentations about o
and — o; can be transformed by a change of variable into % #¢,G(x, &, u)
(u — N)~'du where C; is the circle of radius  about ;2. Note that G(x, &, u)
is discontinuous where C; crosses the real axis. This proves

THEOREM 5.1. Under the hypothese of Case 11 we have:

(5.1) Glx, N) = — Z Z Z X W3 (E) (N — A
2f _ (xv 6)0___(_£r ‘T) do + Z 1_ G(x E, [J,)

271 c; M A
The only change from (4.2) is that the integral in the second term is taken
over L rather than over [0, ), and an extra sum is introduced. The other
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results carry over in the same way, replacing [0, ) by L and adding a new
summation. We shall merely indicate the forms these sums must take by
considering a sample term

1 G & p) g
27 c; M— A
In expanding f € D; we have

(L =) fmf(f) G(x Er ﬂ)d dt

2w

=@ -Ngpd o s s da

2m§ f G(x, & w)f(§) d du,

] —co

and in the analogue of the Parseval equality we have

3l g<x>§ |7 6t & wr© dedua

Cj¥Y —co

~omi$ | S Gk wr @) de s an

The formulas arising from L* are the same with G replaced by G*.
A transformation of

1w =55 $ [ 6 e e aean

yields

o (wirent 2
Hj(x) =[L - szl_t otn} (U2 - sz)t ;1 éx (%, 0)fi(0) do

ojl— =
where ¢ is sufficiently large that (s? — ¢,;2)'K(x, &, s) is continuous at == oy,
but one cannot carry the (unbounded) operator [L — ¢,2]~* under the integral
sign. In particular cases one can also evaluate the limit as » — 0 in terms
of the principal value of f‘i;’ ... do and a sum of terms which appear to involve
characteristic functions, but do not.
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