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ON AN ELLIPTIC EQUATION OF
p-KIRCHHOFF TYPE VIA VARIATIONAL METHODS

FRrANcIsCO JULIO S.A. CORREA AND GilovaNY M. FIGUEIREDO

This paper is concerned with the existence of positive solutions to the class of nonlocal
boundary value problems of the p-Kirchhoff type

-1
——[M(/ ]Vul"dz)] Apu= f(z,u)in R, u=0o0n 90
a
and
p-1
- [M(/ |Vul? d )] Apu = f(z,u) + Mu[*Zuin Q, u=0o0n 99,
Q

where Q is a bounded smooth domain of R¥, 1 < p < N, s > p* = (pN)/(N —p)
and M and f are continuous functions.

1. INTRODUCTION

The purpose of this article is to investigate the existence of positive solutions to the
class of nonlocal boundary value problems of the p-Kirchhoff type

(P) ~[Ml)]"” Apu= flz ) in @
u=0o0n 90
and
(P)x - [M(”u"”)]p-lllpu = f(z,u) + A|u|*"%u in O
u =0 on 09,

where, through this work, Q@ C R¥ is a bounded smooth domain, f : @ x R* — R and
M : R* = R* are continuous functions that satisfy conditions which will be stated later,
Apu is the p-Laplacian operator, that is,

Au=S 2 vv—z‘l")1 <N
Pu_.z:;azi(' u'l oz » 1 <p )

i
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and [[.]] is the usual norm in Wy?(52) given by

P = [ (vap.
a

The main goal of this paper is establishing conditions on M and f under which
problem (P) and (P), possess positive solutions.

Problem (P) and (P), are called nonlocal because of the presence of the term
M (||lull?) which implies that the equations in (P) and (P), are no longer pointwise
identities. This provokes some mathematical difficulties which makes the study of such
a problem particulary interesting. This problme has a physical motivation. The oper-
ator [M (||u||P)]p_1A,u, with p = 2, appears in the Kirchhoff equation, which arises in
nonlinear vibrations, namely

ug — M (Jlull?)Au = f(z,u) in Q x (0,T)
(1.1) u=0on N x (0,T)
u(z,0) = ug(x) , w(z, 0) = u(z).

Hence, problem (P) and (P),, in case p = 2, are the stationary counterpart of the
above evolution equation.

Such a hyperbolic equation is a general version of the Kirchhoff equation

&%u Py, E [Lou2, \o%u
(1.2) pa;-(w-f-ﬁ/; la—zl d.'):)&;=0
presented by Kirchhoff [8]. This equation extends the classical d’Alembert’s wave equa-
tion by considering the effects of the changes in the length of the strings during the vi-
brations. The parameters in equation (1.2) have the following meanings: L is the length
of the string, h is the area of cross-section, E is the Young modulus of the material, p is
the mass density and P, is the initial tension.

Problem (1.1) began to attract the attention of several researchers mainly after the
work of Lions [9], where a functional analysis approach was proposed to attack it.

The reader may consult [1, 2, 4, 10, 13] and the references therein, for more
informations on (P) and (P),, in case p =2.

Motivated by papers [2, 5] and by some ideas developed in [3, 6], we prove the
existence of positive solutions to (P) and (P),. However, in this work, we use a different
approach to those explored in 2, 5, 3], because here we are working with the p-Laplacian
operator. Some estimates for this type of operator can not be obtained using the same
kind of ideas explored for the case p=2. For example, results involving uniform a priori
estimate of the Gidas and Spruck type [7] does not hold for the p-Laplacian. To overcome
these difficulties, we use comparison between minimax levels of energy.

This paper is organised as follows: in Section 2, we show the existence of positive
solutions for the equation (P). In Section 3, we show the existence of positive solutions
for the equation (P),.
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2. THE SUBCRITICAL CASE

In this section we assume that f : @ x R* — R is a continuous function and satisfies
the subcritical growth conditions

(fl) If(za t)l <€ C|t|q_11
for all z € Q and for all ¢ € R, where p < ¢ < p* = (pN)/(N - p).
We say that u € WyP(Q) is a weak solution of the problem (P) if it satisfies

[ ()™ [ 19u-2vu9- [ @ we=0

for all ¢ € W3P().
We shall look for solutions of (P) by finding critical points of the C'-functional
I:Wy?(Q) — R given by

I(u) = %ﬁ(uuuv) - /n Flz,u)dz

. ¢ t
where M(t) = / [M(s)]P~'ds and F(z,t) = / f(z, s)ds.
Note that ° °

ree= (M) [ 1varevavs- [ f@ue,

for all ¢ € WP(Q).

In order to use critical point theory we first derive results related to the Palais~Smale
compactness condition.

We say that a sequence (u,) is a Palais~Smale sequence for the functional I if

I(un) = c and ||[I'(un)|| = 0 in (W5P())’

If every Palais-Smale sequence of I has a strongly convergent subsequence, then one
says that I satisfies the Palais—Smale condition ((PS) for short).
Through this paper, we assume that M is a continuous function and satisfies:

(M) M(t) > mg > 0 for all t € R*.

We have the following lemma:

LEMMA 2.1. Assume that conditions (f;) and (M) hold. Then, any bounded
Palais-Smale sequence of I has a strongly convergent subsequence.
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PROOF: Let (un) be a bounded Palais-Smale sequence for I. Thus, passing to a
subsequence if necessary, we have

(2.1) llunll? — to

and there exists u € W,”(§) such that u, — u weakly in WlP(R). From (f;), the
Lebesgue Dominated Convergence Theorem and the Sobolev Imbedding, we see that

/ flz,un)u = / f(z,u)u and/ f(z, up)uy, — / flz,u)u.
o a o Q
Let us now consider the sequence
P, = I'(up)up + / flx, up)un — I'(ug)u — / f(z,up)u.
i o
We have that P, — 0 and
p—-1 p—-1
P = [ (al?)]” el = [ ()] [ 1900297

Moreover, from (2.1), we get M (||ua|F) = M(t,) and from the weak convergence,
we have

= [ 0unt?)] [ 19205+ [ ()] el = ()
Hence,

(D) + Po = [M(ual?)]” il = [M1(funl?)]” [ 90907
= [MUlP)] ™ [ 195293 + [ ()] sl

Consequently,
p-1 9
on(1) + P = [M(l1unl?)] f (V62 — | VU2V, Vi, — V).
!
Using the standard inequality in RY given by

(l2lP~*z ~ lyPP~*y,2 ~ y) > Colz -y if p>2
or
Colz — yP?
(Iz] + lyl)*-»
where (.,.) is the Euclidian inner product in RV (see appendix or [12]) and from (M),
we obtain

(1zIP%z — PPy, z - y) > if 2>p>1,

on(1)+ P, 2 m’,’,’”lcp/ [Vu, — Vulf.
Q

Thus, we conclude that |Ju, — u}| = 0 in W, ?(2). 0

Now, let us show a basic existence result as a motivation to our main theorem. Here,
we use the version due to Willem for the Mountain Pass Theorem (see [15, p. 12]).
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LEMMA 2.2. Let X be a Banach space, I € C'(X,R) with I(0) = 0. Suppose
that:
(H,) There exists o, > 0 such that I(u) > a > 0 for all u € X with ||lu|| =r
(Hz2) There exists e € X such that ||e|| > r and I(e) < 0.
Then there exists a sequence (u,) C X such that

I(u,) — cand I'(u,) — 0 in X'
where

O<c= }’Ig‘ Dax, I(y(t)

r={yec(01,X) :7(0)=0,7(1) =e¢}.
THEOREM 2.3. Assume that (f1) and (M;) hold. Furthermore, let us suppose
that

(f2) 0< puF(z,t) < f(z,t)t forallt > 0.
for some p € R with p < u < ¢q. Then, if
(2.2) M(t) > [M®)]" 't forall t > 0,

problem (P) has a positive solution.

PRrROOF: Note that J{0) = 0 and using the condition (2.2), we obtain
1 ——
I(u) = H(ulP) - [ Flz,u)
p i}
1 p-1
> <[] fulp - [ Pz,
p Ja

From (f;) and (M), there exists r,a > 0 such that I(u) > a > 0, for all u € W,?(Q)
with |jul| = 7. From (f;), there exists u € W3 ?(Q) such that I(u) < 0. By Lemma 2.2,
we find a Palais-Smale sequence (u,) C W,*(§2), for the functional I. We claim that
such a sequence (uy,) is bounded in W,*(f2). Indeed, using (f;) and (2.2) again, we have

C + lunll > un) = 5Tt}
Lo oo 1 AT s ([
= SWE(lwnlP) = 5 [MUal?)] kP + [ [£@s )~ Pz, )]
> (3= 2) [MQult)] unll > Cllul?

with C > 0. Hence, (u,) is bounded in W;*(R) and from lemma 2.1, there exists
u € WyP(Q) such that I'(u) = cp > 0, where

M= },xc}[f‘ :%1[3)1(] I(y(t)) and T = {'y € C([0,1]) : 7(0) = 0 and I(%(1)) < 0}.
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Using u~ as a test function, the condition (f;) and the maximum principle, we obtain
u > 0. Thus, we conclude the proof of Theorem 2.3. 1]

REMARK 2.4. As we can see in [2], to the original meaning of M, in the Kirchhoff
equation
Ut — M(||u||2)Au = f(z,u),

it should be an increasing function. Then
— u
M (u) </ M(u)ds =M(u)u, for all u>0
0

and therefore, condition (2.2) cannot be satisfied.

In what follows, we consider the existence of positive solutions of (P) where M may
be increasing. To this end, we first suppose that M is bounded. More precisely, we
assume that there exists m; = mgy and #¢ > 0 such that

(2.3) M(t) = m, for all t > t,.

THEOREM 2.5. Suppose that f satisfies (f,) and (f;). Assume, in addition, that
M is a function satisfying (M,) and (2.3) with

(2.4) ('—"i;l - Ti;l) > 0.

Then, problem (P) has a positive solution.

PROOF: We argue as in Theorem 2.3 to show the functional I has a nonzero critical
point. From (M;) and (2.3), we see that

(2.5) M(t) >mZtforallt>0
and

(2.6) M) SmEt4+mg forallt >t
where

1'n,2=

./:o [M(s)] p_lds —mi ).

Using standard arguments, we infer that I satisfies

I(u) 2 Cllull’ - Cllu||*

for all u € Wy*(f2), where here and elsewhere we may use the same letter C to indicate
(possibly different) positive constants. If ¢ > 0 is a nonzero function, we get from (f;)
and (2.6) that

tPmP!
I(tg) < —pl—-||¢||’ —t“Cll¢)|* + C <0 (¢ > 0 large).
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Thus, from Lemma 2.2, there exists a (P.S). sequence (u,) C Wy*(f) for I. We claim that
(us,) is bounded in Wy P(Q). Indeed, assume, by contradiction, that, up to a subsequence,
lunll = +o0. Thus M ({lua|]) = m, if n is large enough, and by (2.5) and (f2), we have

C + [tall > I(un) — %I’(u,.)un

mbt mi! »
> (P2 Tl
Using (2.4), we conclude that (u,) is bounded in Wy?(R), which contradicts |juy||

— +o00.

Our goal is to extend Theorem 2.5 to a large class of M, including the increasing
linear functions. This is done by using truncation arguments and a priori estimates ob-
tained via relations between minimax levels c)s and cp, related to functional I associated
to the problem

1 .
(o) —Apu= ;{_—lf(:c, u) in
u = 0 on 89,

that is,

Io(u)=% /n VP — — /ﬂ F(z,u).

ms~?
Next we prove a lemma that establishes a relation between the Wy 'P(2) norm of the
solutions of problem (P) and M (|u[?).

LEMMA 2.6. Let u be the solution of (P) obtained in Theorem 2.5. Then, there
exist C > 0 and 6 > 0 independent on M, such that
-~ 1-p
lull < & and [full” < [M(lP)] 6.

PROOF: If ||u|| < to, we choose C = to. If ||u||P > to, we have M ({|u|P) = m, and

mh!

em = I(u) - %I’(u)u P ( »

- %_l) lull? + /‘; [if(z, uw)u — F(z, u)] .

By (f;) again

M6
p o

Moreover, by (2.3) and (2.6), for all u € W'?(Q2), we obtain

I(u) = %n?(nuu") - /n Flz,u) <

= m [Io(u) + %]

(2.7) cem 2 I(u) — l—l‘l’(u)u P (

1 ,_
L=l - / F(z,u) + ms
p Q
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Thus, we conclude that

mo
mi!

(2.8) (YRS ml_lco +

By (2.7) and (2.8), we get

by , -1 mo
lulP < (e s ) (a4 3) = &7

p—mip m
By (f1)
[M ()] e = [ sz, < .
Hence "
< [M(lul)] ™ 6,
where 6 = CCW.

(8]

o

THEOREM 2.7. Suppose that f satisfies (f;)and (f;). Assume, in addition, that

M satisfies (M,) and there exists k > 0 such that

(M) ) < w8
and
(My) [ME)]7 < 5,

where 0 was given in Lemma 2.5. Then, problem (P) has a positive solution.

PROOF: Let us define the truncated function

M@ i<k
Mi(t) = {M(k) if¢> k.

Then, the assumption (M2) imply that Mj satisfies (2.4) with m; = M(k). We can apply

Theorem 2.5 to obtain a solution u; > 0 of the truncated problem
p-1

- [Mk(llull”)] Apu = f(z,u) in Q

u = 0 on 99.
From Lemma 2.6, we know that

1-p
el < [ (llullr)] 8.
This implies that if |Juk[[’ > k, so

k< [M(k)]'™s,

which contradicts (M3). Therefore, ||ux||? < k, which shows that uy is, in fact, a positive

solution of the (nontruncated) problem (P).
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3. CASE CRITICAL/SUPERCRITICAL

First of all, we have to note that because f(z,t)+ A|¢|*~2¢ has a supercritical growth
we can not use directly the variational techniques, by virtue of the lack of compactness
of the Sobolev immersions. So, we construct a suitable truncation of f(z,t) + Alt|*~% in
order to use variational methods or, more precisely, the Mountain Pass Theorem. This
truncation was used by Rabinowitz [14] (see [3, 6]).

Let K > 0 be a real number, whose precise value will be fixed later, and consider
the function gx : @ x R — R given by

0 if t<0
gr(z,t) = fz, )+t if 0KtKK
f(z,t) + AK*- 99! if t> K.

We study the truncated problem associated to gx

(T - [M("“”’)]p—lAp“ = gk (z, uj in Q
u =0 on 9.

Such a function enjoys the following conditions:
(9x.1) lgx(z, )] < (C+ AK*~9)197}
for all z € Q, for all t € R, where C > 0 and p < ¢ < p* = (pN)/(N — p) and

(gK,Z) 0< [I«GK(I, t) s 91((1', t)ta

¢
for all z € Q, for all t > 0 and where Gg(z,t) = / gk (z,€)d€.  Assuming (M)

0
— (M3) — (M3), by Theorem 2.7, we have a positive solution uy of (T),, such that
I,(u)) = c», where c is the Mountain Pass level associated to the functional

Lw) = %ﬁ(umlﬁ) - /n G (2, u2)

—~ t
which is related to the problem (T'),, where M (t) = / M(s)ds. Furthermore,
0

mp~ M(k)”“)

> fluall?

(31) I(w) - :—Llf\(uA)u,\ > (
+/";[%QK(Z,H)‘)UA - GK(IL', ’U.,\)]

To prove the main result of this section, we need the following estimate.

LEMMA 3.1. Ifu, is a solution (positive) of problem (T),, then |ju,|| < C for all
A > 0, where C > 0 is a constant does not depend on .
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PRroOF: Since Gk(z,t) 2> F(z,t) for all z € Q and for all £ > 0, one has ¢, < cy,
where cps is the Mountain Pass level related to the functional I. Furthermore

1
em 2 e = Li(w) = Ii(uy) - ;I:\("A)“A

and from (3.1)
p—1 p—1
ey > (mo M (k)
p v
From (gx,2), we get

Yl + /n [%gx(z,u,\)u,\—GK(z, u)]

PP ley =
urll € =C,
ol < (g ates)

for all A > 0. 0
Next, we are going to use the Moser iteration method [11](see [3, 6]).

THEOREM 3.2. Let us suppose that the function M satisfies (M;) — (M;) — (M3)
and f satisfies (f,)-(f2). Then there exists A\ > 0 such that problem (P)) possesses a
positive solution for each ) € [0, Ag).

PROOF: Let u) be a solution of problem (T'),. We shall show that there is K such
that for all K > K, there exists a corresponding )g for which

IuAle(m £ K forall A e [0, /\o].

This is the case one has gx(z, ux) = f(z, u,)+ A|ur|*~! and so u, is a solution of problem
(Py), for all A € (0, Ao]
For the sake of simplicity, we shall use the following notation:

Uy =u

For L > 0, let us define the following functions

w = u if ug<L
=YL if u>L,

=% and wp =uuf?

where 8 > 1 will be fixed later. Let us use z; as a test function, that is,
p—-1
[M0un)]™ [ 1vupvu9z = [ gela v
o n
which implies

M(Jlufr)™ / WPV = —p(8 — )M ([[ulP)* / WUl VU VUV,

+/gx(x, u)uu’,i(ﬁ-l).
a
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From the definition of ur, we have

P8 = DM(lulP)"™ [ - *ulVul29uTu; > 0

)

and using (9x,1) and (M), we have

/ VTP < (C+ MK ) — / wtuf?7,

Q my 0
that is,
(3.2) / PN VulP < Cyx / w7,
) Q

where Cy g = (C + AK*~9)1/m§~".
On the other hand, from the continuous Sobolev immersions, one gets

sl < Gy /,, VL’ = G, fn V(Y.

Consequently

e < Cy /ﬂ WD |Gy 1 Cy(8 1) /n LD o |7y,
which gives
(3.3) wslf. < CoBP /n LDy,
From (3.2) and (3.3), we get

lwelp. < C2fPCrk /n utufP

and hence,

fwilp. < C287Chk /n w9 P(uuf )P = CrfPCh /‘; uPul.

We now use Holder inequality, with exponents p*/[q — p] and p*/[p* — (¢ — p)], to obtain

(a-p)/p" o/ [oe —(gup ]\ P —(@-P)/P"
(3.4) lwe P < Czﬂ”C,\,x(/ up') (/ w:p /-t p)]) ’
2 0

where p < (pp*)/(p* — (¢ —p)) < p*. Considering the continuous Sobolev immersion
WP (Q) < L), p— 1 < ¢ < p*, we obtain

lwelp. < CoBPCoxllull® lwe s
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where a* = pp*/(p* — (¢ — p))-

Using Lemma 3.1
(3.5) ]wLI;. < Caﬂpc,\,Kﬁq—plelz-

Since wy, = uuhy ' < v# and supposing that u? € L*"(R2), we have from (3.5) that

f 77 pla*
(/ | u'ug'1 I”') S CyffChrx (/ uﬁ"") < 400.
) a

We now apply Fatou’s lemma to the variable L to obtain
[ulZ. < CoCrxBPIulZe..

and so

(3.6) [ulgps < (CaCik)/PPBYPlu)gae.

Furthermore, by considering x = p*/a*, we have p* = xa* and B8xa* = fp*, forall 8 > 1
so that vf € L*"(2). Let us consider two cases:
FIrRsT CASE. First we consider 8 = p*/a* and note that

u? € L*' ().

Hence, from the Sobolev immersions, Lemma 3.1 and relation (3.6), we get
[l py3/ar < (CeCrx)"/?° BY/PTCs.

and so
(3.7) [uly2ae < Co(CiCi, ) /XM
SECOND CASE. We now consider 8 = (p*/a*)?, and note again that

v? € L*(Q).
From inequality in (3.6) we obtain,

[ulp2/(asy? < Co(CiCrx) PP BYP ) (pey2/0,
which implies
[ulxsar < Co(CaCrk) " ¥P (%)% u]2qe

or,

'u'x3a' < C7(C4C,\,K)1/xzp+1/xp(x2)ﬂ/x2+l/xav'.
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An iterative process leads to
[ im+nrge € 03(040,\,1()2?;‘ & xZE=xTC
Taking limit as m — oo, we obtain

[u|Lo(n) € Ca(CsCr k)" x°*C.

00 . 2.3} ,
where o) = Y_(x™*)/pand o2 = 3 ix~*. In order to choose g, we consider the inequality
=1

=

Co(CiCr )" X"T = G [Cu(C + MK —= | "x"T < K,

mj
from which
' (r—-1)o
(C + AK"")"‘ < 5_"_'2._);.
C{'x°2CCy
Choosing Ay to satisfy the inequality
Kt/ovmp1 1
< -
Ao < [C4x02/01081/0161/”‘ C] K*—9
and fixing K such that
[ L. C] >0
T
we obtain
|UA|L°°(Q) <K Ve [0, /\o]
and the proof of the theorem is over. ‘ 1|

APPENDIX

LEMMA 3.3. Letz,y € R" and let {.,.) be the standard inner product in RV.

Then
(lzfP~2z — lyIP 2y, 2 — y) > Cplz — ylP ifp > 2
or
_ _ Colz —y® .
P2z — lylP iy, r-y) > 22— — if2>p> 1.
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PROOF: By homogeneity we can assume that |z|] = 1 and |y| < 1. Moreover by
choosing a convenient basis in RV we can assume

z =(1,0,0,...,0) , y=(y,¥,0, O)a.nd\/yl-'ryg 1.

(i) Case 2 > p > 1. It is clear that the inequality is equivalent to the next one

V3 }(1— Vi+yi 2">C
>

e J (1 —
{(1 (v} +y2)‘2")’2)( w+ W +)P2 [ (Q-n)+43

But
) N .
- >1- > (p-1)(1- <y <
i o T 2 P D mwi s <l
or y
1= e > 11—, > (p— D1 — 1) if 41 <0
(\/yf+1_/2)2°” ~
then

} (1 + (7 + y2)(2 —p)/2
N2+
(ii) Case p 2> 2. The inequality is equlvalent to prove

P-D{Q-wn)+4 2p-1.

(1~ 0@} + 3D 221 — ) + 130 +5)D2
(A= wp)2 +y3)e? 2

Denoting ¢ = |y|/|z| and s = (z,y)/(|z|ly]) then, we must show that the function

1— (P 1 +t)s+tP
f(t,9) = (1 - 2ts + t2)p/?

is bounded from below. Direct calculation shows that fixed t, B_f =0if

Js
p—2
1— (Pt +t)s+tP = ! +1(1 — 2ts + t2),
we have
flt,s) = P2 41 . #2+1 1
' p(1 — 2ts + t2)e-2)/2 > poict {+1p2 > 2p’
which concludes the proof of lemma. 0
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