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CONGRUENCE-FREE REGULAR SEMIGROUPS

by W. D. MUNN

(Received 11th May 1984)

A semigroup is said to be congruence-free if and only if its only congruences are the
universal relation and the identical relation. Congruence-free inverse semigroups were
studied by Baird [2], Trotter [19], Munn [15,16] and Reilly [18]. In addition, results
on congruence-free regular semigroups have been obtained by Trotter [20], Hall [4]
and Howie [7].

It was shown in [15] that if E is the semilattice of a congruence-free inverse
semigroup, other than a simple group, then there is a congruence-free inverse semigroup
Tjg with semilattice (isomorphic to) E and such that each congruence-free inverse
semigroup with semilattice E is isomorphic to a full inverse subsemigroup of T£. For E
as above, T | can thus loosely be described as the "greatest" congruence-free inverse
semigroup with semilattice E. The main purpose of the present paper is to extend this
result from inverse semigroups to regular semigroups. Here we replace semilattices by
regular biordered sets, as defined by Nambooripad [17], and make use of his work
(equivalent to that of Hall [3]) on the analogue for regular semigroups of the inverse
semigroup TE introduced by the author in [13].

The first section provides a brief review of some properties of group congruences on a
regular semigroup S and of the "hypercore" of S, a concept introduced by T. E. Hall
and the author in [5]. In the second section, for a regular biordered set E, we define T%
to the hypercore of Nambooripad's semigroup TE [17]. It is shown that if E is the
biordered set of idempotents of a congruence-free regular semigroup which is not a
simple group then Tf is a congruence-free regular semigroup with E as its biordered set
of idempotents (to within isomorphism) and that each congruence-free regular semi-
group with this biordered set of idempotents is isomorphic to a full regular subsemi-
group of TJ. An example is given in the third section to show that there need not exist
a "least" congruence-free inverse semigroup with semilattice £, where E is the semilattice
of some congruence-free inverse semigroup. The paper ends with a short fourth section
which provides sufficient conditions for A to be congruence-free, given that S and A are
full regular subsemigroups of a regular semigroup T with S £ A £ T, that S and T are
themselves congruence-free, and that T is not a simple group.

The principal results were announced by the author at a conference on semigroups
held at Oberwolfach, W. Germany, in May 1981. In the version presented there, the
hypercore of a regular semigroup was defined as the limit of its core series (see [5,
Theorem 3]).
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1. Preliminaries

The notation and terminology is based on that of Howie [6]. In particular, the set of
idempotents of a semigroup S will be denoted by E(S), the set of all inverses in S of an
element a of S by Vs(a), and the subsemigroup generated by a nonempty subset A of S
by </l>. By the greatest {least} subsemigroup of S with a given property & we mean a
subsemigroup A with property ^ such that A^B [\4s8] for all subsemigroups B with
property SP. If such an A exists then it is, of course, unique.

Now let S be a regular semigroup. It is well known and readily verified that a
congruence p on S is a group congruence (that is, S/p is a group) if and only if
p 3 £(S) x E(S). From this it follows that S possesses a least group congruence a(S),
namely the congruence generated by £(S) x E(S) [10]. As in [5], the <r(S)-class
containing £(S) will be called the core of 5 and denoted by core (S). A subsemigroup T
of S is termed

(i) full if and only if E(S) s 7;
(ii) unitary if and only if

(Vf e T)(Vx e S) [*x e T=>x e T] and [x£ e T=>x e T],

(iii) self-conjugate if and only if

(W e T)(Vx e S) (Vx' e Ks(x)) x'tx e T

As is easily seen, there is a least self-conjugate subsemigroup of S containing a given
subsemigroup T of S. It will be denoted by Ts. Thus S has a least full self-conjugate
subsemigroup, namely <£(S)>S. Similarly, S has a least full unitary self-conjugate
subsemigroup and, in [8], Feigenbaum showed that this coincides with core (5).
Evidently <£(S)>s£Core (S).

The following lemma [8; 9, Corollary 2.2] provides a characterisation of a(S) in
terms of the least full self-conjugate subsemigroup of S. It generalises an earlier result
[12; 6, Theorem V.3.1] on inverse semigroups.

Lemma 1. Let S be a regular semigroup. Then, for all a, beS,

(a,b)e<r(S) o (3u,i;e<£(S)>s) au = vb. •

In [5], T. E. Hall and the author introduced the concept of the hypercore, hyp(S), of a
semigroup S. Let 6^s denote the set of all subsemigroups A of S with no non-universal
congruence p such that A/p is cancellative. Then, assuming that ys±0 (which is
certainly true if E(S) =£ 0), hyp(S) is the subsemigroup of S generated by the union of all
A in y s . From [5, Theorems 1 and 2] we obtain a result that is the key to the
developments in Section 2 below:

Lemma 2. Let S be a regular semigroup. Then hyp (S) is a full unitary subsemigroup
of S contained in core(S) and is the greatest regular subsemigroup A of S such that
core (A) = A. •

Another description of the hypercore of a regular semigroup is given in [5, Theorem 3].
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2. The semigroup T%

Recall that a semigroup S is termed "fundamental" if and only if the only congruence
on S contained in Jf is the identity. For S regular, S is fundamental if and only if it has
no idempotent-separating congruence other than the identity congruence [10; 6,
Proposition II.4.8].

For ease of reference we restate part of [3, Corollary 6] at this stage.

Lemma 3. Every full regular subsemigroup of a fundamental regular semigroup is
fundamental. •

The set of idempotents of a regular semigroup is a regular biordered set, in the sense
of Nambooripad [17]. Now let £ be a regular biordered set. Then there exists a regular
semigroup TE with the following properties ([17]; see also Hall's earlier paper [3] for an
equivalent result):

(i) £(T£)^£ (qua biordered sets);
(ii) TE is fundamental;

(iii) if S is a regular semigroup and E = E(S) then there is a homomorphism 6:S-*TE

such that E9 = E(TE) and flog^c,^.

We denote hyp (TE) by T£.
If £ is a semilattice then TE and T* coincide with the similarly-designated semigroups

introduced by the author in [13] and [14]. (It should be noted that in [17] the notation
T% is used for an altogether different concept.)

We say that a regular semigroup S can be fully embedded in a regular semigroup T if
and only if there is an injective homomorphism G:S-*T such that SO is a full
subsemigroup of T.

Theorem 1. Let E be a regular biordered set.

(i) T£ is a fundamental full unitary regular subsemigroup ofTE and core(T*) = T*.

(ii) / / S is a fundamental regular semigroup with E(S) S £ and core(S) = S then S can be
fully embedded in T|.

Proof, (i) By Lemma 2, T | is a full unitary regular subsemigroup of TE and core(TE) =
T|. But TE is fundamental and so. by Lemma 3, T% is fundamental.

(ii) Let S be a fundamental regular semigroup with £(S)^£ and core (S) = S. Then
there exists a homomorphism Q:S-*TE such that (a) E(S)6 = E(TE) and (b) d°9~lcj^.
Evidently SO is a regular subsemigroup of TE. Moreover, by (b), since S is fundamental,
6 is injective. Hence core(S0) = S0 and so, by Lemma 2, SO&T%. Also, by (a), E{S8) =

) = E(T*E). •

The principal result of this section (Theorem 2) will be obtained by combining
Theorem 1 with the following lemma.
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Lemma 4. Let A be a regular semigroup such that

(i) A is fundamental,
(ii) core (A) = A,

(iii) A contains a congruence-free full regular subsemigroup.

Then A is congruence-free.

Proof. Let p be a congruence on A other than the identity congruence. Since A is
fundamental there exist e, feE(A) such that (e,f)ep and e=ff. By hypothesis, A
contains a congruence-free full regular subsemigroup B. Write T = p n (B x B). Then i is
a congruence on B; also T is not the identity congruence, since it contains (e,f).
Consequently z = BxB and so BxB<=,p. In particular, E{A) x £(/!)£p, which shows
that p is a group congruence. But core {A) = A; that is a(A) = Ax A. Hence p = AxA.
Thus A is congruence-free. •

Theorem 2. Let S be a congruence-free regular semigroup which is not a simple group
and let E denote E(S). Then T£ is a congruence-free regular semigroup and S can be fully
embedded in T%.

Proof. By Theorem l(i), T£ is a fundamental regular semigroup with core(T£)= Tf.
Since S is not a group, | £ |>L Hence S is fundamental and core(S) = S. Thus, by
Theorem l(ii), S can be fully embedded in Tf. The hypotheses of Lemma 4 are therefore
satisfied when A = T% and so T% is congruence-free. •

This theorem generalises an earlier result on inverse semigroups [15, Corollary 1.8].
Note that if S = S° above then T% coincides with TE.

3. A counterexample to a conjecture

Let £ be the regular biordered set of idempotents of some congruence-free regular
semigroup which is not a simple group. Theorem 2 can be interpreted as showing that
there is a greatest congruence-free regular semigroup S with E(S) = E, namely T%. It is
natural to conjecture that there is also a least such semigroup.

For certain choices of £ a least congruence-free regular semigroup S with E(S) = E
does indeed exist. It can be shown, for instance, that if S is a congruence-free (or, more
generally, fundamental) completely 0-simple semigroup then S = TE(S) and so S is
uniquely determined by E(S). Again, consider a congruence-free idempotent-generated
regular semigroup S. (Examples of such semigroups have been given by Howie [7]; see
also Hall [4].) Let E = E(S). Then, since S can be fully embedded in T£, S^<£(r|)>. Now
let A be any congruence-free regular semigroup with E(A)^E. Then A is isomorphic to
a full regular subsemigroup A' of T | and hence <£(TJ)>£^'. Thus S can be regarded as
the least congruence-free regular semigroup with regular biordered set £.

The conjecture is false, however, even in the inverse case, as will be demonstrated by
the example below. First, we recall some definitions [2,14] concerning a semilattice
£ = E°. We say that E is disjunctive if and only if for all e, f e E with e 41 f there exists
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geE such that exactly one of eg and fg is 0. The domain and codomain of an element a
of the inverse semigroup TE will be denoted by A(a) and V(a) respectively. An inverse
subsemigroup A of TE is said to be 0-subtransitive if and only if for all e, f e E\O there
exists a e A such that A(a) = Ee and V(a) £ Ef. Further, E is termed 0-subuniform if and
only if TE is itself 0-subtransitive. Baird [2] and Trotter [19] have shown that E is the
semilattice of a congruence-free inverse semigroup (with zero) if and only if E is
0-subuniform and disjunctive; moreover, if S is any congruence-free inverse semigroup
with semilattice E then S is isomorphic to a 0-subtransitive inverse subsemigroup of TE

and every 0-subtransitive inverse subsemigroup of TE (including, of course, TE itself) is
congruence-free. Some analogous results for congruence-free regular semigroups with
zero were subsequently obtained by Trotter [20].

Example. Let F2 denote the free monoid generated by two symbols a, b: thus F2

consists of all words in a, b together with the empty word 1. The length of a word
w e F2 will be denoted by l(w). We define a partial order ^ on F2 by

u ̂  v <=> v is an initial segment of u

and extend it to a partial order ^ of F2 by requiring that O^w for all u e F " . Then
(F2, ^ ) is a lower semilattice, with least element 0 and greatest element 1. We denote it
by E. The principal ideal of E generated by weF2 will be written as [w]. As noted by
Baird [2], E is 0-subuniform and disjunctive; thus TE is a congruence-free inverse
semigroup with zero.

To show that there is no least congruence-free inverse semigroup with semilattice E it
suffices to show that TE contains no least 0-subtransitive inverse subsemigroup. Suppose
that TE does contain a least such subsemigroup S. Choose yeS such that A(y) = E and
V(y)=££. Then V(y) = [w] for some w=/=l. Let n = l(w) + l and let uuu2,...,u2n denote the
elements of F2 of length n. Now define <x; e TE (i = 1,2,..., 2") by

K( \ 17 Til \ r I \UiX

A(a,.) = E, V(a,) = [«,], xai = < '
[0 i f x = 0,

and let A denote the inverse subsemigroup of TE generated by E(TE) and the elements
a 1 , a 2 v ,«2»- Note that, for all a.eA\0 and all xeA(a)\0,

/(x) = /(xa) (modn).

Hence, in particular, y$A: for leA(y)\0, f(l) = 0 and /(ly) = /(w) = « - l > 0 .
We now show that A is 0-subtransitive. Let p,qeE\O ( = F2). Choose reF2 such that

l(qr) = 0 (modw). Then there exist meN and j l J i 2 , . . . , i m e{l ,2 , . . . ,2 ( I } such that qr =
utiui2...uim. Hence la.ijximi...OLii = qr. Let ep denote the identity mapping on [p] and
write P = £pajma,m_ t... a^. Evidently ft e A and
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Thus A is O-subtransitive. But y£A and so SgA. This contradicts our assumption that
S is the least O-subtransitive inverse subsemigroup of TE. Hence no such subsemigroup
exists.

4. A convexity question

In this section we concern ourselves with the following question. Suppose that T is a
congruence-free regular semigroup, other than a simple group, and that S, A are full
regular subsemigroups with S £ A £ T and S congruence-free. Under what conditions is
A congruence-free?

We show that A is always congruence-free when T=T° and provide a sufficient
condition for this to hold when T =j= T°.

Theorem 3. Let T be a congruence-free regular semigroup, other than a simple group,
and let S, A be full regular subsemigroups such that

(i) S^A^T,
(ii) S is congruence-free,
(iii) <£>S = <£>T if T^T°, where E = E(S) = E(T).

Then A is congruence-free.

Proof. Since T is fundamental, so also is A, by Lemma 3. We proceed to show that
core (A) = A. This is immediate if T= T°; for then A = A°. Hence suppose that Tj= T°.

Note first that <£>s = U?°=i S,, where S1 = <£> and, for ieN, Si + 1 is defined
inductively as the subsemigroup of S generated by all elements of the form x'ax, with
aeSh xeS1 and x'eVsi(x) [11, p. 493]. Using this, and the corresponding results for A
and T, we see from (i) that <£>s£<£>Ac<£>r . Hence, by (iii), <£>X = <£>T. Now let
(a,b)sAxA. Then, since core(T) = 7̂  we have that (a,b)ea(T) and so, by Lemma 1,
there exist u, ue<£>r such that au = vb. Since <£>'4 = <£>T it follows from Lemma 1
that (a, b) e a(A). Thus o(A) = A x A; that is, core (A) = A.

The result now follows from Lemma 4. •

It is easily verified that if, in addition, S is [O-]bisimple then A is [O-]bisimple.
Since condition (iii) is automatically satisfied if T is an inverse semigroup « £ > r then

reducing to £), we obtain the following corollary—which can also be deduced from the
results in [15, Section 1].

Corollary. Let T be a congruence-free inverse semigroup, other than a simple group,
and let S, A be full inverse subsemigroups such that

(i) SsA^T,

(ii) S is congruence-free.

Then A is congruence-free. •

Finally, we remark that nothing new arises if we replace the adjective "inverse" by
"orthodox" in the hypotheses of the corollary: for, as shown by Bailes [1, p. 498], every
congruence-free orthodox semigroup S with |S|>2 is an inverse semigroup.
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