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A NOTE ON GENERALIZED DIRECT PRODUCTS 
OF GROUPS 

MARLENE SCHICK 

In [1] Tang proved that the generalized direct product of a finite set of 
cyclic groups amalgamating subgroups which satisfy certain compatibility 
conditions always exists. In the proof, Theorem 4.1 is made use of. However, 
this theorem is not correct since we can construct examples of groups which 
satisfy the conditions of Theorem 4.1, but whose generalized direct product 
does not exist. Therefore, a modification of this result as pointed out by 
Professor Tang is given here, together with the resulting modification of the 
proof of the result stated above. 

The terminology and notation are identical to those of [1] and we freely 
refer to the results of that paper. 

THEOREM 1 (Modification of Theorem 4.1 of [1]). Given a group amalgam 
consisting of groups Gif 1 ^ i ^ n, subgroups Hij Ç Z(Gt) and isomorphisms 
Qi:f : Hfj —> Hji, if the GDP I of this amalgam exists so does the GDP II of 

I I I GijHij^ji = G 

and Gn amalgamating Hin with Hnifor i = 1, 2, . . . , n — 1 under isomorphisms 
ein : Hin-*Hni. Conversely, if G = (n^ iGi )* , - ; -^ , - exists and the GDPII P 
of G and Gn amalgamating Hin with Hni by isomorphisms Bin exists such that 
for each i = 1, 2, . . . , n — 1 d r\ {Hjn, 1 ^ j ^ n — 1} = Hin, then P is 
the GDP I of the given group amalgam. 

Proof. The first part of the theorem follows as in the proof of Theorem 4.1 
of [1]. 

Conversely, P contains subgroups Gu 1 ^ i ^ n and [Gu Gf\ = 1 for each 
i T* J, 1 ^ i, j ^ n by the definition of P. Also, G * C\ Gj = Htj for i ^ i , 
1 ^ i, j ^ n — 1 by the definition of G Q P as a GDPI. Since it was assumed 
that Gi H {Hjn, 1 ^ j ^ n — 1} = Hin in P , we have Gtr\Gn = Hin for all 
i = 1, 2, . . . , n and thus P is the GDPI of the given group amalgam. 

THEOREM 2 (Theorem 5.4 of [1]). The GDPI of cyclic groups Gu 1 ^ i ^ n, 
amalgamating subgroups Htj Q Z(Gi) by the isomorphisms Qtj \ Hij-^ HH 

always exists if the compatibility conditions given in [1] are satisfied. 

Proof. In view of the proof of Theorem 5.4 of [1] and Theorem 1 above we 
need only show that Gi Pi {Hjn, 1 ^ j S n — 1} = Hin. Since Gn is cyclic 

Received November 24, 1971 and in revised form, March 1, 1972. 

115 

https://doi.org/10.4153/CJM-1973-010-2 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1973-010-2


116 MARLENE SCHICK 

and isomorphic to {Hjn, 1 ^ j S n — 1J in 

K=(IÎG) 

we may assume that {Hjn, 1 ^j ^n} = {y}. Then Hjn = {3/̂ } for 
1 ^ J ^ n — 1 and there exist ŝ  such that y = yisi+*2s2+...+ Zn-isn-i# Clearly 
i?** £ G i H {Hjn, I Sj un}, li yk £ d then y iSi*+ + «»-i».-i* = yt. This 
implies that G* H {iï^, 1 ^ j ^ ^ — 1} C {Gj H 21^, 1 ^ j ^ w — 1} and 
thus GiC\ {Hjn, 1 £j ^ n - 1} = { G , n f l * , 1 ^ j ^ » - 1}. Now we 
note that GiC\Hun C GiC\Gj. The induction hypothesis asserts that the 
GDPI i£ of Gi, G2, . . . , Gw_i exists. Therefore Gt P\ i J ^ Ç £T^ = i J ; i . 
Applying the compatibility condition (ii) of [1, Definition 2.2], i ï ^ Pi Hjn = 
iJi;- P\ iJ iw C Hîn for 1 ^ j ^ w — 1. It follows immediately that 
Id r\ Hjn, I ^ j ^ n — 1} = Hin. This completes the proof. 

It may be noted that a similar result no longer holds for slightly more 
complicated group amalgams. In particular it is possible to construct an 
example of 4 free abelian groups of rank 2 with cyclic subgroups satisfying 
the compatibility conditions whose GDPI does not exist. 
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