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GROUP C*-ALGEBRAS AND THE SPECTRUM
OF A PERIODIC SCHRODINGER OPERATOR
ON A MANIFOLD

TOSHIKAZU SUNADA

0. Introduction. The spectrum of the Laplacian or more generally of a Schrodinger
operator on an open manifold may have possibly a complicated aspect. For example, a
Cantor set in the real axis may appear as the spectrum even for an innocent looking
potential on a standard Riemannian manifold (see J. Moser [10]). The fundamental result
of the spectral theory of periodic Schrodinger operators, however, says that the picture of
the spectrum of a Schrodinger operator on R ” with a periodic potential is simple; indeed
the spectrum consists of a series of closed intervals of the real axis without accumulation,
separated in general by gaps outside the spectrum (see M. Reed and B. Simon [13] or
M. M. Skriganov [15] for instance). For brevity, such a spectrum will be said to have the
band structure. It turns out that the action of a lattice (i.e., a finitely generated subgroup of
rank n) on R” by translation imposes such a restriction on the structure of the spectrum.
It seems likely that the same is true for a general periodic Schrodinger operator defined
on a manifold with a co-compact action of a discontinuous group. For instance, if the
group acting on a manifold is abelian, the situation is much the same as in the classical
case (except for eigenvalues possibly existing, [8]). In this paper, we shall observe that
the spectrum of a period Schrodinger operator on a manifold has band structure in the
presence of a certain property of orthogonal projections in (matrix algebras over) the
reduced C*-algebra of the transformation group.

Let I be a finitely generated discrete group. We denote by C}, ,(T", K) the tensor prod-
uct of the reduced group C*-algebra of T" with the algebra of compact operators on a
separable Hilbert space, and by trr the canonical trace on C}, (T, X) (see § 1 for the
definitions). Let X be a Riemannian manifold with an isometric, properly discontinuous
I-action with compact quotient I'\ X. Let ¢ be a potential function on X which is smooth
and periodic under the I'-action.

THEOREM 1. Suppose that there exists a positive constant C such that tir P > C
for every non-trivial orthogonal projection P in C,(I", K). Then the spectrum of the

Schridinger operator —Ax + q acting in L*(X) has the band structure (possibly with de-
generate intervals, corresponding to isolated eigenvalues). Furthermore if the I'-action
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on X is free, then N(X), the number of components of the spectrum of —Ax + q which
intersects the interval (—o0, A ], has the following asymptotic estimate:

lim su CNQ)
300 P (2 ) o vOI(T\ X)A /2

IIA

)

where w, denotes the volume of the unit ball in R".

A large number of discrete groups seem to satisfy the condition in Theorem 1 (cf.
M. V. Pimsner [12]). An example of such a discrete group is the free product of a finite
number of finite groups and infinite cyclic groups (in this case, a proof using the K-theory
was given by C. Lance in [9]). It should be noted that, in the case of free groups, this is
just a consequence of the K-theoretic formulation of the Kadison conjecture established
by M. Pimsner and D. Voiculescu in [11]. For convenience of the reader (particularly, of
geometers), we shall give an elementary proof of this fact in the appendix, by modifying
slightly the elegant proof of the Kadison conjecture due to A. Connes and J. Cuntz,
outlined skillfully by E. Effros in [7].

In the proof of Theorem 1, we shall observe that, for a general discrete group I', the
operator semigroup exp(—t(—Ax + q)), as well as the spectral projection of —Ax + g
corresponding to a closed interval with end points in the resolvent set, lies in C}, (T, K).
It is interesting to note that this is derived from the finite propagation property for the
wave equation (see §2).

Throughout we shall follow the convention that the sign of the Laplacian, Ay, is such
that the spectrum of —Ay is in the interval [0, 00). The spectrum of an operator T will
be denoted by o (T)). We shall write Hy for the self-adjoint extension of the Schrodinger
operator —Ay + g on L%(X).

It should be noted that the theory of C*-algebras has also been employed in the study
of almost periodic Schrodinger operators in a somewhat different way (cf. J. Bellissard,
P. Lima and D. Testard [3]).

A discrete (graph-theoretical) analogue of periodic Schrodinger operators can be
treated in much the same way. Actually, the proof of an analogue of Theorem 1 is al-
most self-evident since the discrete Schrodinger operator itself lies in Cy4(I, K).

ACKNOWLEDGEMENTS. The author has benefitted from conversation with Profes-
sor K. Aomoto and Professor M. Takesaki during the development of this work. He also
wishes to acknowledge his debt to Professor G. A. Elliott and the referee whose com-
ments added to the clarity of this account.

1. Reduced group C*-algebras. In this section we present the rudiments of the
theory of group C*-algebras, which are needed in the next section (see J. Diximier [3],
M. Atiyah [2] and W. Arveson [1]).

Let I" be a discrete group and let C},4(I") be the reduced group C*-algebra of I'. We set
Cr T, K) = Cr (I ® K, where X is the algebra of compact operators of a separable
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Hilbert space, say V. To give a concrete description of C;,4(T", X)), we put

L = the algebra of all bounded linear operators on V,
K = the set of compact operators in L
F = the set of operators with finite rank,
L2(F, V) = LZ(F) ® V = { V-valued square summable functions}.

We regard L*(T', V) as a [-module by the left regular representation of I on LX(T) ex-
tended by the identity on V. It is known that the set

W*(T, L) = {A: LT, V) —L(T, V); A a bounded linear operator with
Ao = gAforallo €T}

forms a semifinite von Neumann algebra of type I'l,, (not necessarily a factor). We denote
by 7 the natural action of W*(T', L) on L2(T, V).

We set i
v — v 1o =pu
82(1) { 0 otherwise.
If {v;}Z, is a complete orthonormal basis, then {4 : i € N,o € I'} forms a complete
orthonormal basis of L(T, V).
Let A € W*(T', L). We define the Fourier coefficient A(c) € L at o by

A(o)v = (A8))(0).

IfA(c) =0forallg €T, thenA = 0.

Let C3(T, F) be the set of A € W*(I', L) with A(c) € F and A(c) = O for all but
finitely many o € T. We may identify C;.4(I", X) with the completion of C{(T", ) with
respect to the operator norm. Since ¥ is dense in X in the uniform operator topology, it

follows that C},4(I", X) coincides with the completion of the subalgebra
CyI, K)={A€W"I,L):A(c) € K and A(c) = 0
for all but finitely many o } .
An operator A € W*(T', L) is said to be of I'-Hilbert-Schmidt class, or THS class, if

S Al < oo,
oel

where || - ||us denotes the Hilbert-Schmidt norm. If there are operators B and C of THS
class such that A = BC, then A is said to be of I'-trace class. If A is of I'-trace class, then
A(0) is of trace class for all o. We define the ['-trace of A to be trr A = trA(1). If A < B
and B is of I'-trace class, thenso is A. If P € C}4(T, KX) is an orthogonal projection, then
P is of I'-trace class.

Let X be a Riemannian manifold with an isometric discontinuous I'-action with com-
pact quotient. To define a representation of C%4(T", K) on L*(X), fix a compact fundamen-
tal domain D in X for the I-action, and identify L*(D) with V. Then the correspondence

L*(X) — LA, V)
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given by f — ¢ with ¢(0)(x) = f(ox), x € D, is a I'-isomorphism. From now on,
identifying L*(X) with L*(T, V), we regard L*(X) as a Hilbert space on which the algebra

Cry(T, X) acts.
Consider a I'-equivariant operator A acting in L>(X) with a smooth kernel k(x, y) such

that k(x,y) = 0 for x,y € X withd(x,y) > C > 0 for some constant C. Then A €
Cy(T, X). In fact, forx € X,

AN = [ kox () dy
= % [, Kox py)fuy dy
u

=3 /ﬂ k(ax, py)p (n)(y) dy
"

=3 /@ k(n " ox, )@ (u)(y) dy.
o

Thus, the operator A(a) acting on L%(D) has the kernel function k(o x, y). Since the set
{oc €T :d(cD,D) < C} is finite, we find that A is in C3(T", X). Moreover, A is of
I'-trace class, and

trrA = /1) k(x, x) dx.

REMARK. Itis a classical fact that, if I is abelian, then the correspondence
A€ CyT, K)— F eI, X)

given by F(x) = X(U)A(a) is extended to an isomorphism of C*-algebras onto the
space of continuous functions on the character group I" of I" with values in K. Further-
more, we have

trrA = /r_trF(X)dX

where d is the normalized Haar density on I". Therefore, if P is an orthogonal projection
in C* (T, X), then trr P is an integral multiple of (#I°")~! where I'" is the torsion

red

subgroup of T".

2. Heat kernels. We keep the situation of § 1. Let ¢ € C*°(X) with g(ox) = g(x)
for allx € X and o € I'. Without loss of generality, we may assume that Hy is positive.
Consider the spectral resolution

Hy = / X dEOV).
Then

exp(—v/—1ty/Hy) = / exp(—vV—1V A1) dE())
is a unitary transformation of L*(X). For an even f € C°(R ), we find
f&/Ho) = [F/X)dE)
- / / exp(—vV— 1V ADf (1) dtdEQ))
=2 /0 * £(1) cos(ty/Hy) dt.
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It is a standard fact that f(\/H x) has a smooth kernel, which we denote by ks(x,y). We
let U(t, x, y) be the fundamental solution of the wave equation:

(;)22 +HX,X)U(z Xy) =0,

U(O’x’ )’) = 6y(x)7
U,0,x,y) = 0.

Then the support of U(, -, -) is contained in the set { (x,y) : d(x,y) < t} (a consequence
of finite propagation speed for hyperbolic partial differential equations; see, for instance,
M. E. Taylor [18]). Since k¢(x,y) = [f(t)U(t, x,y) dt, we find that kr(x,y) = 0 if d(x,y)
is large enough. Therefore, f(v/Hy) € Ci(T, ).

Note that f(1/Hy) makes sense for a rapidly decreasing function f € S(R). For in-
stance, if

f = exp(—*/ 4s),

)1/2

then fA(\/Hx) = exp(—sHy), so that kf(x, y) equals the heat kernel function kx(s, x, y).
Furthermore, exp(—sHy) is of I'-trace class and

trr exp(—sHy) = / kx(s, x,x)dx.

LEMMA 1. Foranevenf € S(R), f(\/Hx) € Cry(T, X). In particular, exp(—tHyx)
Clea(T', XD
PROOF. Let {f,} € CP(R)asequence of even functions with ||f, —f||i — 0. Then
sup fu = fI < Ifu =flli — 0.
Note that if || || < €, then ||g(+/Hyx)|| < €. Indeed,
I [ &/2)dEQOA = [ 1a/ NI dl| EC w2
e [ dlEOx|?
= |1
This implies that o
JoWHy) = f(+/Hy)
in the uniform operator topology. Smcef,,(\/Hx) € Cr4(I', X), the assertion follows.

LEMMA 2. Let Hy = [ )X dE()\) be the spectral resolution. Then each E(\) is of
I"-trace class.

PROOF. We have
E(p)‘/ dE(/\)<e’“/0 M AEN)
< eb! /0 e M dEN) = e exp(—tHy).

Since exp(—tHy) is of I'-trace class, so is E(u).
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LEMMA 3. Leta < b, and a,b ¢ o(Hx). Then E(b) — E(a) € Cry(T', X).

€

PROOF. Choose f € Co(R ) with

f= { 1 onl=[e? e,
0 outside a sufficiently small neighborhood of I.

Then
b
E(b)—E@ = [ dBO) = [ fle™)dEO\) = f(exp(—tHy)).

Given a positive €, we may choose a polynomial p on R with
sup|p —f| <e.
[0.1]
Then
(|p(exp(—tHx)) — f (exp(—tHy))|| < e.
Since p(exp(—tHy)) € Cry(T, K). this means that E(b) — E(@) € Cjy(T, K).

PROOF OF THEOREM 1. Let A > 0.Leta; < a; < --- < a, be a sequence in the
resolvent set such thata; < A and E(a;;+1)— E(a;) is a nontrivial projection for all i. Since
©(E(ai1) — E(ap)) < E(A), one has

(n—1)C < trr E(N).

This means that (—oo, A ] intersects only finitely many components of the resolvent set.
The rest of the statements in Theorem 1 are consequences of the following proposition.

PROPOSITION 1. IfT acts freely on X, then

wy vol(T\ X) /2

trr E(A) ~ 2y

as A T oo.

PROOF. We set M = T\ X and ¢(\) = trr E(\). The manifold M has a metric
induced from the metric on X. Since

exp(—tHy) = / ™ dEOV),
by taking the I'-trace of both sides, we obtain,
trr exp(—tHy) = f e dp(\).

Note the following relation between the kernel function kp(t,x,y) of exp(—tHy) and
kx(t,x,y) of exp(—tHy):
ku(t,x,y) = 3 kx(t,x,0).

o€l
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It follows that

tr(exp(—tHM)) = /MkM(t,x,x)dx =3 /@ kx(t,x,0x) dx

oel

= trr(exp(—tHx)) + c§] /@ kx(t,x,0x) dx.
Since in the asymptotic expansion as 7 | 0, all terms in the righthand side except for
o = 1 are exponentially small, tr(exp(~tHM)) and trr exp(—tHy) (= [p kx(t,x,x) a'x)
have the same asymptotic expansions. In particular, one has

/ef“ de\) ~ (@rty ™ 2vol(Myast | 0.
The Tauberian theorem (W. Feller [21, p. 446]) leads us to the assertion.

REMARK. Let P be the projection onto an eigenspace of Hy. From Lemma 3, it fol-
lows that, if the eigenvalue is isolated, then P € C}.4(T", KX). One may ask if the same is
true for embedded eigenvalues. Probably this is false in general, but it is still likely that
trr P > C for some positive constant C not depending on the choice of eigenvalues (this

is actually true for abelian covering spaces; see H. Donnelly [4]).

APPENDIX. We shall prove, in an elementary way, that, if I" is a free product of finite
groups and infinite cyclic groups, then trr P is an integral multiple of a rational number
for all projections P in C}4(I", X).

LetI' = Z*-- -xZ*xG*-- %G, = GoxGx---xG,, where Go = F;, = (ay, ..., )
is a free group on k-generators and G; is a finite group for each i = 1,...,n. We shall
identify each G; with a subgroup of I'. By adding generators of each G; to { «, ..., o },
we construct the Cayley graph associated to I'. Given o, u € T', we denote by d(o, )
the distance between ¢ and p in the graph; that is, d(o, ) is the minimum of the number
of symbols in words expressing o ' i in the generators and their inverses.

A special feature of the free product is that each element in I" is expressed in a unique
way as a reduced word, i.e., as

0102 "0ON

witho; € Gj»)\ { 1} and j(i) # j(i+1) (see, for instance, J. P. Serre [12]). From this fact,
it follows that

N
d(oy---on,1) = ) d(o;, 1),
=

provided that g - - - oy is a reduced word.

We let I'} (resp. I'7) (i > 1) be the set of elements o represented by reduced words
of the form 0,0, - - - oy with 0, € F; and o, being expressed in Fj by a reduced word
ot o (resp. oy = oot - af) (i # ion > 0). Weput I = T} U T,
and Ty = {1}.

Given o € G; (# 1), we define T} as the set of elements represented by reduced
words of the form

gy---0ON, gy = 0.
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We put ', = Uyeq,\ {1} I'y» and Ty = T\ T;. We then obtain
Fr=TyUu---UIUTIG U---UTg, (disjoint).
The following lemma is easy to check.
LEMMA 4. T = o7 U I (disjoint), and T = oT'g, U I'; (disjoint) for o € G;.
A key point in our proof is the following lemma.
LEMMAS. (I)Ifo €T} and p €T, then
dlo,p) =d(u,1)+d(o,1).
Ifo €T} and p € oIy, then
do,p) =d(u,1)+d(o,1).
(2)Leto € G.. If0 €T} andp € T, then
d@,p) >d@,1)+d(1, p) — 2d;,
where d; is the diameter of G;.
If§ € g, and p € ToU ++-U TxU (U T, ), then
d@,p)=d@®,1)+d(u,1).

PROOF. (1)Leto = afo;---0, €[] and p = afy,ul ---u; € I'; be the shortest
expressions by words in the generators and their inverses, so that d(o,1) = x + s and

d(p,1) = y+t Then

-1 —1_ —x—y

US ...o'l ai u‘...ul

is the shortest expression for o ~! u. Therefore, we have
dio,p)=do '\, )=x+y+s+t=d(o,1)+d(u,1).

If 4 € oI is not the identity element, then p has the shortest expression by a word
of the form

B

where p; € Ul G, or u; = apower of a;, j # i, or uy = o; ' Hence if afoy - - - 0y is
the shortest expression of o, then
-1 -1 _ —x
O'S .~.o‘l al ul---ul

is the shortest expression for o ~! 1. We thus have

do,pu)=d(o,1)+d(u,1).
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(2Q)Let = a6y ---0, €T} and p = o'y ---p, € T, be the reduced expressions
where 0, 0’ € G;and ¢’ # o.If we put 0” = 0 ~'0”’, then

0.8‘_[ .. .gl_la'”ﬂ] cee g
is the reduced expression of 6 ~! u. Therefore we have
d@,p) = dO'p, 1) =d@,)+d(p, 1) +d(o,0') —d(o,1) —d(a’, 1).

Since d(o,0") — d(o,1) — d(o’, 1) > —2d;, we obtain the desired inequality.

If0 =06,---0;, €lgandp =0'py---p, €U UTU (U#,l"(;j) are the
reduced expressions, then

0" 0 o7 o e

is the reduced expression of § ~' 1. Thus we have the equality

dl,p)=d@,1)+d(u,l).

We denote by g; the order of G;, and by h the least common multiple of { gi,..., .}
We now take h copies of I', which we denote by

(1), TQ2),...,T(h).

We also take a copy I'(0,m) of I foreacho € G\ {1} andm € {0,1,...,(h/ g:)—1}.
To each I'(£), we denote by I;(£), l"f(@ ). Tg.(2), Ff(f ) the subsets in I'(£) correspond-
ing to T, ['F, TG, T'E, respectively.
Consider the disjoint union
rHuU ---UTth) =To(HU ---U Ty(h)
uriu---uT(hU---U (U ---U Tp(h)
UTlg(DHU---UTg MU ---UTg, (1)U ---UTg,(h).
We put
H; = L(Tu()) @ - - & L*(Tu(h),
Hg, = L*(Tg(1) @ --- & L*(Tg,(h)),

so that
L(T()) & -+ & L*(T(h)) = Hy® H & - - & Hy ® H, @ -+ - @ H,.

For i > 1, we define the map I';/(£) — I'({) = T which agrees with the inclusion
I7(£) C T(¢) on T} (£), and agrees with the map o — oo on I'; (£). It is clear (see
Lemma 4) that this map is a bijection. Using this map, we have an identification H; =
®h - L*(T).

Letm € {0,1,...,(h/g) — 1}. We define a bijection

D: T (mgi+ HU TG (mgi+2)---UTgmgi+g)~ |J T(o,m)
seGn {1}
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in the following way. On I'} (mg; + 1), @ is defined to be the inclusion:
Clmgi+ 1) ~T: CT ~T(o,m).
On T (mgi+j),2 <j < g, we define ® by setting
O(p) = ojp € ol g (mgi +j) ~ ol CT ~T(0j, m),

where G;\ {1} = {02,...,0,}.In view of Lemma 4, we find that ® is bijection. Thus

we have a bijection

h (h/ gn—1
U FG,(E) ~ U U | ,
£=1

m=0 geG\{1}

which gives rise to an identification
Ho, = &{(h/ &)~ 1}(gi— 1) - LI,
We shall define two representations py and p; of W*(I', L) on the Hilbert space
(LZ(F(I)) @ @L2(r(h))) ®V

in the following way. The first one, py, is defined as the direct sum of the natural repre-
sentation m of W*(I", L) on L%(T", V). The second one, o1, is defined by

0 onHy®@V~C'®V,
p1 = ¢ the direct sum of copiesof 1 on H;, Q@ V= ®h - LA, V),
the direct sum of copies of 7 onHg, ® V= ®{(h/g)—1}(gi— 1)

LA, V).
From now on, we set a(o) = A(a) for brevity.

LEMMA 6. Leto €T} ({), sothatd, € H;. Then

(1) pi(A), = Z 6;(0*';1)\»_'_ Z 5;(,740[,;;)1;.
HETT(D) RET, (£)
Ifo €T, then
1 -1 -
(2) mA% = 3 5;1(:7 atuy ™ 55(0 n
RErT (L) HET (£)

PROOF. Define the unitary operator U: L*(T';, V) — L*(T", V) by

(8 ifo €THE)
Utég) = {5;0 ifo €T (0).

Then, on Lz(l"i(f), V),
m(A) = U ' (A)U.
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Therefore one has, if o € TF(£),

pi(A), = U ' p(A)USy = U™ p(A)8)

_ gyl a(oc™ p)v
~v'( % & )
KEr(e)
— UA1< Z 5a(u"u)v>+Ufl< Z 5a(a’]a,u)v>
H a;
werT () ey (£) g
— a(c™ ' p)v a(o ™ aip)v
= > o + 3, b .
Her; () per; ()

Similarly one gets the equality (2).

In particular, if o € T} and d(o, 1) is large enough, the, in view of Lemma 5 (1), we
have

a(a"u) =0, and a(a"a,p) =0
forevery p € T’ and

(@ PNy = 3 g
Hery(e)
_ Z 5:(0"u)v+ Z sato™ uyw
RETT(E) HETYOUT ()
= po(A), .

Similarly, for o € I';” with sufficiently large d(o, 1),
0) P(AYSY = po(A)S;.
In a similar way as in the proof of the above lemma, we may prove

LEMMA7. Leto =0; € G Weput £ = mg;+ 1 and {' = mg; +].
(1) If0 €T} (L) (sothatd; € Hg,), then

AOTEND IR S W
" I :
RET;(2) e, (£

(2) If0 € TG (L"), then
pi(Ay = 5;(97"77'“”4. > 5;(9’u)v.

HETS(E) wele, (£

REMARK. In the above, the operations § 'y, § "'opu, § ~'o~'u are executed in
I'(o,m).
Now if @ is as above in (1) and if d(8, 1) is large enough, then

a@ 'op) =0

for every u € T'g,(£"), and
a@@ 'p)=0

https://doi.org/10.4153/CJM-1992-011-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1992-011-3

GROUP C*-ALGEBRAS 191

for every 4 € oTg,(£) = T, () U (UL Ti(0)) U (Us T (8)) (see Lemma s, 2)).
Thus,

©) PUANS = po(A)oy.

Similarly, we find that if § € T,(£’) and d(8, 1) is sufficiently large, then we get the
same equality as (c).
Putting (a) (b) (c) together, we are led to the following lemma.

LEMMA 8. IfA € Cy(T, ), then po(A) and p\(A) coincides on the complement of a
finite dimensional space, so that the operator po(A) — p1(A) is of trace class.

It is easy to check that, for A € W*(T, L)
(po(A)6,.8)) = (a(lyv,v) o €T(¥)

and from Lemma 6 and Lemma 7, we deduce that

(p1(A)),6)) = {(a(l)v,v> _—y
n 0 o=1.

Therefore, if A € Ci(T', F), then

tr(pod) = o) = 3537 30 ((po(4) = p1(4))5;".6,')

loel'(¢)

3 o0
) =2 > {a(Dvi,vi)

If we put 4 = {A € WX, L) : po(A) — pi(A) is of trace class}, then (3) is valid for
A € A. What we have proved above is that C5(I", F) C 4.

We now let P € C;,((I', X) be a projection. Given a positive £, we may find a self-
adjoint A € Cy(T, F) such that ||[A — P|| < e. Note that the spectrum of A is located
near the two points { 0, 1}, providing ¢ is small enough. Let C be a circle in C with the

centre 1 which does not intersect the spectrum of A. Then

1 1
E=—
i e Ak
is a projection, and ||E — P|| < 1 for sufficiently small . We observe that
— _ -1 -1
po(G=A)7") = pi(@=A7") = (2= p@)  (po(d) — p1(A))(z— p1(A))

so that (z — A) " isin 4.

The function z — (z — po(A))_l (po(A) — pl(A))(z — p,(A))7l on the circle C with
value in (; is continuous. Here (; is the Banach space of operators of trace class acting
in L*(T, V). The norm || - ||, is defined by

7]y = te(T*T)"/ 2,
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In fact, it is enough to observe that, if T € (i, then for bounded operators S, Sy, U, Uy of
LX(T, V)

|STU = SoTUo||; = ||(S = So)TU + SoT(U — Up)||,
< IS = Soll ITIIUI + ISoll 1711 [} U = Uoll-

Thus the integral
1 - _
= $.(2 =) (po) = pi) (2 = pr() "z

exists and in (. This means that E is a projection in 4. Further 4 - trp(E) = tr(po(E) —
pl(E)) € Z since po(E) and p(E) are projections. On the other hand, we have

trr E = trp P.

In fact the estimate || E — P|| < 1 guarantees that the restriction E| Image P: Image P —
Image E is injective and has a dense image. The polar decompostion of E| Image P allows
us to construct a partial isometry U € W*(I', L) with E = U*U and P = UU".

We therefore have proved

PROPOSITION 2. Let I = Fy x G| x - - - x G, where #G; = g; < 00. If we put h =
lem.{gi,...,8gn}, thentrr P € h™'Z for every orthogonal projection in C.y(T', K).
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