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Let W be a universal class of (not necessarily associative) rings and let 4 = W.
Kurosh has given in [6] a construction for LA, the lower radical class determined
by 4 in W. Using this construction, Leavitt and Hoffmann have proved in [4]
that if A is a hereditary class (if K€ A and [ is an ideal of K, then I € A), then
LA is also hereditary. In this paper an alternate lower radical construction is
given. As applications, a simple proof is given of the theorem of Leavitt and
Hoffmann and a result of Yu-Lee Lee for alternative rings is extended to not
necessarily associative rings.

Let A = W be any class of rings. Define R,(A) to be the homomorphic closure
of A. Proceeding inductively, let § be an ordinal exceeding one and suppose the
classes R,(A4) have been defined for all « <f. If B is not a limit ordinal, define

R(A4) = {KeW|I, K/I€Ry_ (A) for some I < K}.
If B is a limit ordinal, define
Ry(A4) = {Ke WIK contains a chain {I,} of ideals such that each
IL,e |JR(4), and K = UL}.

a<p

Finally define R(4) = U R,(A), where the union is taken over all ordinals «.

The following characterization of radical classes is found in [2]. Using this
characterization, we prove that R(4) = L(A4).

THEOREM 1. Let W be a universal class and let A = W. Then A is a radical
class in W if, and only if, the following conditions are satisfied:

i) A is homomorphically closed
iy If I, K/I€A, then Ke A
iii) The union of a chain of A-ideals of a W-ring K is again an A-ideal of K.

The following lemma is obvious.

Lemma 1. If « and B are ordinals with « £ B, then R,(A) S Ry(A4).
419
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LEMMA 2. For every ordinal o 2 1, R, A) is homomorphically closed.
Hence R(A) is homomorphically closed.

PrROOF. R,(A4) is homomorphically closed. Let f>1 be an ordinal, and
suppose R,(A4) is homomorphically closed for all « < . Let K& Ry(A) and let
I < K. If Bis a limit ordinal, there is a chain {I,} of ideals of K such that I,
belongs to one of the classes R, (A) with « < § and such that K = U I,. But
{(I + 1,)/I} is a chain of ideals of K/I, and K/I is its union. Since

I+ )1 =IyInl,),

each of these ideals is a homomorphism of some I,, and thus by the induction
hypothesis each (I + Iy)/I belongs to some R,(A) with « <pf. This means
K/I e Ry(4).

Now suppose f#—1 exists. Then K contains an ideal J so that J, K/J € Ry_(A).
By the induction hypothesis, (J + I)/I and K/(I + J) both belong to Rg_,(A4),
since the former is a homomorphic image of J and the latter of K/J. Since

(R/I)/[(J + D/IT = RI(J + 1),

R/I € Ry(A4). Thus by transfinite induction Ry(A4) is homomorphically closed for
all ordinals 8. It follows immediately that R(A) is homomorphically closed.

We now show that R(A) satisfies conditions (ii) and (iii) of Theorem 1.

LemMA 3. Let Ke W and let {I,} be a chain of R(A)-ideals of K. Then
U1, is an R(A)-ideal of K.

ProoF. Since K is a set, there is by Lemma 1 an ordinal § with the property
that I, € Ry(A) for each . Let 6 be a limit ordinal exceeding f, then U [, € Ry(A).

LemMMA 4. Let Ke W, and suppose K contains an ideal I € R(A) such
that K/I e R(4). Then K e R(A).

Proor. By Lemma 1, there is an ordinal § such that I, K/I € Ry(A4). This
means that Ke Ry, (4).

THEOREM 2. R(A) = L(A4).

Proor. By Theorem 1 and Lemmas 2, 3, and 4, R(A) is a radical class in W.
By the minimality of L(A4) among radical classes in W which contain A4, it is
enough to show R(4) & L(A). This is accomplished by proving R,(4) & L(A)
for every ordinal «.

Clearly R,(A) < L(A). Let B be an ordinal exceeding one, and assume
R,(A4) & L(A) for all ordinals x<f. Let KeRy(A). If B is a limit ordinal, K
is the union of a chain of ideals from the classes R,(4), where a« < . Thus by
the induction hypothesis K is the union of L(A4)-ideals, so K € L(A) by Theorem 1.
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If B is not a limit ordinal, there is an ideal I of K such that I and K/I both belong
to Rg_((A4) € L(A). Again, K € L(A4) by Theorem 1. Thus Ry(A4) = L(A) for all
ordinals f = 1.

The referee has provided an alternate proof that L(4) = R(4), independent
of Lemma 2 as follows.

Let A, be the Kurosh classes (see [1]), then 4, = R,;(4) = R(4). Let g
be an ordinal and suppose A, & R(A) for all « < 8. Let Ke A; and let S be the
set of all R(A)-ideals of K. By Lemma 3 S, is closed under taking unions of chains,
so by Zorn’s Lemma S contains a maximal element I. If I = K we are done,
but if 0 # K/I there exists

0 # J/1 < K/I with J/IeA, = R(A).
By Lemma 4 we have JeR(A) contradicting the maximality of I. Hence

I = KeR(A) so A, = R(A) for each ordinal «. Therefore LA = U A, & R(A4).

We now give a simple proof of the following theorem which appears in [4].
Other results of the form ‘A4 has property P implies LA has property P’ may,
perhaps, be provable in a similar way.

THEOREM 3. [4] Let A = W where W is some universal class. Then if A
is hereditary, so is L(A).

PrOOF. We prove that Ry(A) is hereditary for each f = 1. This is easily seen
to be true if f = 1. Thus, assume § > 1, and suppose R, (A) is a hereditary
class for each a < B. Let K e Ry(A), and suppose [ is an ideal of K. If f is a
limit ordinal, K = U I, where {I,} is a chain of ideals each belonging to one
of the (hereditary) classes R (4), a < . But then I = U (I, N I) so I€Ry(A).

If B is not a limit ordinal, there is an ideal J of K so that J, K/J € Rg_,(A4).
Since Ry_;(A) is hereditary, I NJ and

J+D/J = IIINJ)
both belong to Rs_,(A). This implies I e Ry(A4).
The proof of Theorem 4 requires the following lemma.

LemMA 5. If P is a radical class in W and for some K'e W a subring
K < K’ is the set-theoretic union of P-ideals of K', then KeP.

Proor. If K= U I,¢P, then K/IeSP ={He WIH has no nonzero
P-ideals} for some I # K. Then for some o we have I, & I, so (I, + DI ~
IJ(IN1,) is a nonzero P-ideal of K/I. This contradiction proves that KeP.

The following theorem is proved for alternative rings in [7] by Yu-Lee Lee.
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THEOREM 4. If A, and A, are homomorphically closed, hereditary classes
of W-rings, then L(A; NA,) = LANLA,.

PrOOF. Trivially L(A, " A,) € LA, "NLA,. Since KeLA; NLA, if and
only if KeR/(A4,) "R/[(A,) for some ordinal number y. It suffices to prove
R(4;) NR(A4;) € LA; NA4,),

for each ordinal y = 1. This is clear for y = 1. Let 8 be an ordinal number
greater than 1 and suppose
R(A4;) NR,(A4;) € L(4;N 4,)

for each ordinal a < . Let K e Ry(A,) NRy(A,).

If B is a limit ordinal, K is the union of a chain {I,}, . c of ideals each belonging
to one of the classes R(A4,) for « < . Also K is the union of a chain {J;};.p
of ideals each belonging to one of the classes R, (4;)fora < . If xe K, xeJd
for some 6D and xe I, for some ye C, so xeJ; NI, for some (6,y)eD x C.
Since J;€ R, (A,) for some o < B, and since R,(4,) is hereditary (see proof of
Theorem 3), J;,N [,eR,(A,). Similarly J;, NI, e R,(A,) for some n < . Thus

JsNI,eR,(A) "R,(A,),

where u = max[n,«]. Since p<f, the induction hypothesis implies
Js NI,e L(A; N A,) so that K is the set-theoretic union of L(A; NA,)-ideals.
Thus, by Lemma 5, Ke L(4A; N A4,).

Now suppose f—1 exists, and let K e Rg(4,)N Ry(A;). Then there exist
ideals I and J such that I, K/I € Ry_{(A4,) and J, K/J € Ry_,(A;). Since Ry_,(4,)
and Rg_,(A,) are hereditary,

INJeRy_(A;)) NRy_1(4,)
so INJeL(A; NA,). Since Ry_,(4,) is homomorphically closed (Lemma 2),
Ny = I +D)JeR;-1(4,).

Since Rg_y(4,) is hereditary, (I+ J)/J, as an ideal of K/J is a member of
Ry_,(A4,). Thus

AN = I+ )TJeRy_((A) NRy_(4;) S L(A, N 4,).
Thus I NJ and I/(I NJ) belong to Ry_(A;) NRy_1(A;) © L(A; N A4,).

Thus since I NJ and I/(I N J) belong to L(A, N A4,), € L(A; N A,). Similarly,
JeL(A; N A,)sothat I + J is an L(4, N A4,)-ideal of K. Also K/(I + J) belongs
to

Ry (A4)) NRg-1(A,) = L(4; N A4,)
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since it is the homomorphic image of both K/J and K/I. Thus, since I +J and
K/(I +J) belong to L(A4; N A,), we have that Ke L(4, NA4,).

We have shown that Rg(4,) "R(4;) € L(A, N A,) which proves the
theorem.

CorROLLARY. If A;, i=1,2 ---,n, are homomorphically closed, hereditary
classes of W-rings, then L((\]-1A4) = (1}, LA,.

Proor. By induction.

It is shown in [1] that the Kurosh-Amitsur construction terminates at w,
the first infinite ordinal in case W is an associative universal class. If 4 is here-
ditary in an associative class, then LA = A;, the third step in the Kurosh-
Amitsur construction (see [3]). To see that similar properties do not hold for the
construction of Theorem 2, let W be the class of all associative rings and Z = W
the class of rings having zero multiplication. Then the classes R,(Z), n finite,
are all distinct. Jacobson has given in [S] an example of an LZ-ring K which
is not the sum (and thus not the union) of its nilpotent ideals. Therefore
K¢ R,(Z) so that LZ # R,(Z).
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