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Abstract

A(G) denotes the near-ring of all continuous selfmaps of the topological group G (under com-
position and the pointwise induced operation) and A44(G) is the subnear-ring of A(G) con-
sisting of all functions having the identity element of G fixed. It is known that if G is discrete
then (a) A,(G) is simple and (b) A(G) is simple if and only if G is not of order 2. We begin a
study of the ideal structure of these near-rings when G is a disconnected group.
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1. Introduction

Let G be a topological group. A#°(G) denotes the collection of all continuous self-
maps of G, and A;(G) denotes that subset of A4(G) which consists of all maps
which have the identity of G as a fixed point. Under the pointwise operation on
A(G) which is induced by the binary operation on G, and under the usual com-
position of functions, A°(G) is a near-ring and 44(G) is a subnear-ring of A(G).
In Berman and Silverman (1959) and Nébauer and Philipp (1962) it was shown
that if G has the discrete topology then 44 (G) is simple (that is, contains no non-
trivial near-ring ideals, see Pilz (1975), p. 15) and A#7(G) is simple provided G is
not of order 2. It is then natural to ask whether A#°(G) or A,(G) is simple when
G is endowed with some topology other than the discrete topology. In this paper
we answer the question when G is disconnected, and obtain the results of Berman
and Silverman (1959) as special cases. We show that if G is disconnected then
H5(G) is simple if and only if G is discrete. Moreover, if G is disconnected and
A(G) is simple then G is totally disconnected.
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We also begin the study of the ideal structure of these near-rings. We find a class
of disconnected groups with the property that if G is a totally disconnected group
in this class then A4, (G) contains a unique minimal ideal. And if G is in this class
but is not totally disconnected then A4°(G) contains a unique maximal ideal. This
class of groups properly contains those infinite groups that have proper, open,
disconnected subgroups as well as those groups that are 0-dimensional subgroups
of locally compact, Hausdorff groups. We call this class the class of f-locally pre-
compact groups. We do not know whether every infinite totally disconnected
group is f~locally precompact.

In Section 2 we consider near-rings on groups with quite general properties. In
Section 3 we introduce the notion of a compatible decomposition as a tool to
obtain our most important theorems. In Section 4 we examine some properties
of f-locally precompact groups and prove that every infinite, totally disconnected,
Jflocally precompact group has a compatible decomposition. We finish the paper
with a number of examples. We will assume throughout that all groups are
Hausdorff and that our near-rings are right near-rings.

2. General properties
The following lemma will be used to shorten upcoming proofs.

LemMmA (2.1). Let (N, +, *) be a near-ring with identity 1. A subset I of N is an
ideal of N if and only if

a) (1, +) is a subgroup of (N, +),

b I-Ncl and

(c) for each ie I and each m,ne N, m(n+i)—mnel.

PrOOF. Any ideal in a near-ring satisfies conditions (a) through (c). Conversely
suppose [ satisfies these three conditions. We need only prove that (I, +) is a
normal subgroup of (N, +). Since n+i—n =1-(n+i)—1-n, it follows that I is an
ideal.

If X is any set and xe X we will let (x> denote the constant function which
carries all of X onto x and we will let id denote the identity function. We will
let 4+ denote the (not necessarily commutative) binary operation of each group.

LEMMA (2.2). Let G be a topological group, let #(G) be a near-ring of selfmaps
of G under pointwise addition and composition, and let U be a filterbase of sets on
G with the property that h~(U)e% for each Ue¥ and each he #(G).

(@) The set I={fe M(G): U< f~1(0) for some Ue¥} is an ideal in #(G).

(b) If Ocint U for each Ue¥ and idel then G is discrete.
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Proor. We first prove (a). Suppose f,gel. Then there exist U,, U,e% such
that U, = f~'(0) and U, = g~'(0). Since % is a filterbase there exists U, € % such
that U, € U, n U,. Then

UssUinU, ' 0)ng'(0) = (f—9)~*(0).

Therefore f—gel. Next suppose fel and 2| he #(G). Then U < f~1(0) for
some Ue®. Since h='(U)e# and h~'(U) € h~'(f~1(0)) =(foh)~1(0), fohel.
Finally, suppose fel and g,, g, € #(G). Since

10 s @gi°@2+)—91°92)710),

it follows from Lemma (2.1) that I is an ideal in #(G).

Suppose now that ide’ and Oeint U for each Ue#. Since idel, {0} e and
Oeint {0}. Therefore {0} is an open set in G, and since any topological group is
homogeneous, G is discrete.

In Magill (1967) a topological space X is defined to be an S*-space if X is T,
and if for each closed subset F of X and each p¢ F there exists ye X and a con-
tinuous selfmap f of X such that f(x) =y if xe F and f(p) # y. We will say that
a topological group G is an S*-group if the topology on G is that of an S*-space.
Since any T, group is Hausdorff, each S*-group is Hausdorff.

THEOREM (2.3). If G is an S*-group and Ay (G) is simple then G is discrete.

PROOF. Let % be the filterbase of all open sets about 0 and let
I={fe #(G): U< f~1(0) for some Ue%)}.

Since h~}(U) e % for every Ue% and every he H;(G), it follows from Lemma (2.2)
that 7 is an ideal in A4(G). Let xe G and x # 0. Since G is Hausdorff there exist
disjoint open sets U, V such that 0e U and xe V. Since G is an S*-group there
exists yeG and a continuous selfmap f of G such that f[G—V]={y} and
f(x) # y. Since U € (f—<{¥)»)~1(0), f—<{y)el, and I is a nonzero ideal. From this
it follows that since A;(G) is simple, ide and by Lemma (2.2)(b), G is discrete.

THEOREM (2.4). If G is the additive group of a topological division ring then
H(G) is simple.

PrOOF. Suppose [ is a nonzero ideal in A°(G). Then there exists fel and
x,y€ G such that f(x) =y and y # 0. Then {y) = f-{x) €l. Since y has an inverse
and each multiplicative left translation is continuous, {1)el. We seek a function
g such that go(id+{1))—ge-id =id. That is, we seek a function g such that
g(x+1)—g(x) = x for each xeG. In the language of finite differences (see Wylie
(1975), for instance) we seek a solution for the difference equation Agy(x) = x.
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The antidifference of the right-hand side is the desired solution and is given by
g(x) =3x(x—1). Since id =go(id+{1))—g-idel it follows immediately that
H°(G) is simple.

The following Lemma has a direct proof which will not be given.

LemMA (2.5). If N is any near-ring, M is a subnear-ring of N, and I is an ideal in
N then M 1 is an ideal in M.

Let G be a discbnnected group. Henceforth we will let C denote the connected
component of G which contains 0. Let P(C) denote the set { fe /(G): R(f) = C}
and Py(C) = P(C) n H5(G), where R(f) denotes the range of f.

THEOREM (2.6). tIf G is a disconnected group then P(C) and Py(C) are ideals in
N(G) and Ny (G) respectively.

PRrOOF. It is well known that C is a normal subgroup of G (see Hewitt and Ross
(1963), p. 60), and that the connected components of G are precisely the cosets of
C in G. One may use a direct proof to show that P(C) satisfies (a) and (b) of
Lemma (2.1). To prove that (c) is satisfied let e P(C) and f, g e #'(G). Then for
each xe G, g(x)+h(x)—g(x)e C and g(x)+4(x)eg(x)+ C. Since f is continuous it
maps connected sets to connected sets. Therefore f(g(x)+Ah(x)) and f(g(x)) are in
the same connected component of G. Hence f(g(x)+A(x))—f(g(x)) € C and P(C)
is an ideal in A47(G). It follows directly from Lemma (2.5) that Py(C) is anideal
in A (G).

CoRrOLLARY (2.7). If G is a disconnected group and A(G) is simple then G is
totally disconnected.

ProoF. Since P(C) is an ideal in A°(G) and id¢ P(C) it follows that if #7(G) is
simple then P(C) = {<0)}. This implies that C = {0} and hence that G is totally
disconnected.

We will let M, denote the set fe A#,(G): f~'(0) contains a clopen set about 0},
where a clopen set is one which is both open and closed.

THEOREM (2.8). If G is a disconnected group then M, is an ideal in Ny(G) such
that Mo'—Po(C) ?é Q.

PROOF. Let % denote the collection of all clopen sets about 0. Then % is a
filterbase and A~ '(U)e¥ for every Ue % and every he A5(G). Since

My ={fe #(G): U< f~'(0) for some Ue¥},
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it follows from Lemma (2.2) that M is an ideal in A (G).

To prove that My—Py(C) # & let ae G— C and let U and V be disjoint clopen
sets such that 0e U, ae ¥V and Uu ¥V =G. Let g be given by g(x) =0 if xe U and
g(x) =a if xe V. It then follows that g e M, — Py(C).

By making use of Theorem (2.3) we obtain the following.

COROLLARY (2.9). If G is an S*-group or is disconnected and if A,(G) is simple
then G is discrete.

ProoF. The case when G is an S*-group has been dealt with in Theorem (2.3).
Suppose that G is disconnected. Then by Theorem (2.8) M, is a nonzero ideal in
A3(G). Therefore if A;(G) is simple then M, =A,(G) and ide M,. It then
follows from Lemma (2.2) that G is discrete.

LEMMA (2.10). Let G be a disconnected group. If U is a clopen set about 0 and
acU—C, there exists a clopen set V about 0 such that V< U, V4+a< U and
VnV+a=.

Proor. Since a¢ C there exist disjoint clopen sets U, and U, such that 0eU,,
acU, and U, u U, =G. Let

V=UnU-anU;n(U,—a).
It then follows directly that V= U, V4+ac Uand VA V+a= .

LemMMa (2.11). If G is a disconnected group and I is an ideal in A"(G) such that
I-P(C)+# O, then

(a) I contains all constant functions, and

(®) if | G/C|>2 then (In H(G))—Po(C) # .

PrOGE. Since I—P(C) # J there exists fel and a,beG such that b¢C and
f(@) =b. Then <b) =f-<a)el. Let 0 # ze G be arbitrary, let U and U’ be dis-
joint clopen sets such that OeU, beU’ and Uu U’ =G. Let f; be given by
fi()=01if xe U and f,(x) =z if xe U’. Then f, € 4,(G) and

(2) =f1°(K0>+(b>)—f1°<0>€l
Therefore I contains all constant functions.

To prove (b) we first consider the case when C is open. Let be G—C and
de G—(Cu C+b), and let g be given by

g(x)=—-dif xeC+d and g(x)=0if x¢ C+d.
We proved above that (b) e . Since C is open, g € #5(G) and the function
h=go-(id+{b))—goidel
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For each xe C, h(x) = g(b)—g(0) =0. Therefore heln A,(G). Since b¢ C,
d+b¢C+d and W(d)=0-g(d) =d¢C,

which implies that h¢ Py(C). Therefore he (I n N5(G))—Py(C).

Now suppose that C is not open and that b¢ C. By Lemma (2.10) (with U= G)
there exists a clopen set V about 0 such that V' n V+b = (J. Since a connected
set cannot contain a proper clopen subset, V¢ C and there is an element
eeV—C. Let f, be given by f,(x) =0 if xe V and f,(x) =e if x¢ V. Moreover,
let f; be given by f3(x)=x—>b if xeV+b and f;(x) =0 if x¢ V+b. Then
Saf3€ 45(6),

Jo =(f32(d+L(bD)—f30id) o fre(I 0 A5(G)) — Po(C),

and the proof is complete.

In the proof of the following lemma we make use of the fact that an ideal 7 in
A5 (G) is closed under composition on the left by members of A4 (G). If fel and

ge Ao(G) then gof=go({0>+f)—g-<0>el

LeMMA (2.12). Let G be a disconnected group.

(@) If Iis an ideal in Ny(G) such that I—Py(C) # &, then I contains all functions
whose range is finite.

(b) If | G/C | >2 and I is an ideal in A {G) for which I— P(C) # &, then I contains
all functions whose range is finite.

ProoF. The proof of (a) is by induction. Since 1—Py(C) # J there exists fel
and a,be G such that b¢ C and f(a) =b. Let U and U’ be disjoint open sets such
that Oe U, aeU’ and Uu U’ =G. Then the function f; given by fi(x) =0 if
xe U and fi(x) =a if xe U’ is in AH(G). Let f, =fof,. Then f,el and f,(x) =0
if xeU and f5(x) =b if xe U’. Therefore I contains at least one function whose
range consists of exactly two elements. Let ge A4;(G) be such that |R(g)| =2
and let 0 # ce R(g). Then g~—1(0) and g~'(c) are nonempty, disjoint clopen sets
whose union is G. Let g, be given by g,(x) =0 if xeg~!(0) and g,(x) =a if
xeg~*(c). Moreover, let ¥ and ¥V’ be disjoint clopen sets such that OeV, be V'
and VU V' =G, and let g, be given by g,(x) =0 if xe V and g,(x) =c if xe V".
Then g,,9 ,€ #;(G) and g =g,°f,°¢,. Since ideals in A (G) are closed under
composition on the left by members of A5(G), gel and I contains all functions
g such that | R(g)| < 2.

Suppose I contains all functions g such that | R(g)| < n where n > 2, and let
he 4;(G) be such that R(k) = {0 = ay,ay, ..., a,} where a; # a; if i # j. Let h, be
given by h,(x) =0 if xeh~*(0) and h,(x) = a, if x¢ h~'(0). Then

|R(h)| =2, |R(h—hy)|=n
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and by the induction hypothesis, #, and A—h; are in I. It follows that A€ l. There-
fore all functions 4 such that | R(h)| < n+1 are in I, and by induction I contains
all functions whose range is finite.

For the proof of (b) suppose that I is an ideal in A(G) such that I-P(C) # .
It follows from Lemmas (2.5) and (2.11) that I~ A5(G) is an ideal in AL (G)
which is not a subset of Py(C). If ge A(G) and R(g) ={ay,ay,...,a,}, where
g(0) =a,, then g—{a,) is in H,(G) and by (a) above, g —<{ayy eI n H5(G). By
Lemma (2.11) {a,) €[ and it follows that g =(g— {ay>)+<ay) €l Thus I con-
tains all functions whose range is finite.

3. Compatible decompositions

The collection of all left cosets of an open, disconnected subgroup of a topological
group G forms a partition of G whose members are clopen sets. Such a partition
enables us to obtain more information about the ideal structure of A°(G) and
A5(G). The following Definition sets forth the essential properties which we will
require of these partitions. We leave it to the reader to verify that the collection
of left cosets of an open, disconnected subgroup satisfies this Definition.

DErNITION (3.1). A partition F of a topological group G which consists of
clopen sets is called a compatible decomposition of G if there exists a subset X
of G which indexes the partition and ae G— C such that

(a) 0e X,

() x, x+aeF, for each xe X,

(c) there exists a symmetric clopen subset U, of F, such that —z4-xe U, for

each ze F, and each 0 # x€ X, and

(d) there exists be G such that Fy nb+F, = (.

We will say that a subset I of a near-ring (¥, +, -) with identity is a left ideal
if ] satisfies (a) and (c) of Lemma (2.1). Note that a left ideal in A5 (G) is closed
under composition on the left by members of A5 (G).

LemMa (3.2). Let G be a disconnected group having a compatible decomposition
and let I be a left ideal in Ny (G) such that I—-Py(C) # &. If feI and U is a clopen
set about O then there exists gel such that g(z) =0 if zef~*(U) and g(z) =z if
z¢f~4(U).

PROOF. If f~1(U) = G there is nothing to prove. So suppose f~*(U) € G and #
is a compatible decomposition of G. Then there exists X = ¢ and ae G—C such
that X indexes & and conditions (a)(d) of Definition (3.1) are satisfied. Let f; be
given by f;(z) =0 if ze U and f,(z) =a if z¢ U. Since U is a clopen set about 0,
fi€ 43(G) and fiofel. Then f,of(z)=0 if zef~'(U) and fyof(z)=a if
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z¢f~1(U). Let f, be defined as follows. For each ze€ G there is a unique x& X for
which ze F,, and we let f,(z) =x. Then for each xe X, f,[F,] = {x}, and since
each F, is a clopen set, f,€ A,(G). Since a¢ C, x and x+a are in different con-
nected components of G for each x e X. Therefore there exist disjoint open sets 4,
and B, of F, such that xe 4,, x+aeB, and A,uU B, =F,. Let

A=F,u(U{4,:0#£xeX}) and B= {J{B,:0# xeX},

and let g, be given by ¢g,(z) =0 if ze 4 and g,(z) =z—a if ze B. Since 4 and B
are nonempty, disjoint open sets whose union is G, g, is continuous. Since
fiof€l, the function g, =g, o(fa+f1°f)—g1°f; is in L If zef~}(U) U F, then
g,(2) =0. If z¢f~}(U) U F, then ze F, for some 0 # xe X and

9:(2) =g,(x+a)—gy(x) = x.

Let U, < F, be a symmetric clopen set such that —z+xe U, for each ze F,
and each 0# xeX, and let A,(2) =0 if zeF,uf~*(U) and h(z)=z if
z¢ Fy uf~1(U). Moreover, let f3(z) =0 if ze U, and f,4(z) =z if z¢ U,. Since
g, €1 the function

g3 =f3°((—id+g,)—g,)—f3°(—id+g,)
isin I. If ze F, u f~1(U) then g,(z) = 0 and therefore g;(z) = 0. But if
2¢Fo Uf~(U)
then ze F,—(F, v f~Y(U)) for some 0# xe€X and (—id+g,)(z) = —z+xeU,.
As a result, f30(—id+g,)(z) =0 and g;(z) =f;5°(—id)(z) = —z since —z is not
a member of the symmetric set U,. Therefore by = —g;€l.
If Fy = f~1(U) then A, is the desired function g. Suppose then that
Fo—f"'(U) # @
According to (d) of Definition (3.1) there exists be G such that Fy,nb+F, = .
Let the function f, be given by f,(2) =0 if ze U and f,(z) =b if z¢ U. Then
faofeland fyof(z) =0if zef~Y(U) and f, o f(z) = b if z¢f~1(U). Let f5 be given
by f5(2) =z if ze Fo—f~1(U) and fi5(z) =0 otherwise, let g,(z) =0 if ze F, and
gs(2) =z—bif z¢ F,, and let
hy =gao(fs+fas f)—gacfs.
If zef~Y(U) then f, o f(z) =0 and h,(2) =0. If z¢ F, uf~(U) then
hy(2) = g4(0+b)—g,(0) =0
since b¢ F,. Finally, if ze Fy—f~*(U) then h,(z) = g,(z+b)— g4(z) = z. Therefore
hy(2) =z if ze Fy—f~'(U) and h,(z) =0 otherwise. By letting g = h,+h, we
obtain the desired function. Since, h, h, €1, gel and the proof is complete.

Recall that M, = {fe A,(G): £~'(0) contains a clopen set about 0}.
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THEOREM (3.3). If the disconnected group G has a compatible decomposition then
M, < I for every ideal I in Ny(G) for which I—Py(C) # &.

PROOF. Let fe M, be arbitrary, let I be an ideal in A5 (G) such that I—Py(C) # &,
let U be a clopen set about 0 such that U < f~1(0), let ae G— C and let £, be given
by fi(z) =0 if ze U and fi(z) =a if z¢ U. According to Lemma (2.12), f, el
Since G is disconnected and ae G—C, U =f[ (V) for some clopen set V in G,
and according to Lemma (3.2) the function g, which is given by g(z2) =0if ze U
and g(z) =z if z¢ U, is a member of I. Therefore fo gel. One may readily verify
that fog =f. Thus feland M, < I.

If G is a totally disconnected group then Py(C) = {<0)}. Therefore we have the
following.

COROLLARY (3.4). If G is a totally disconnected group having a compatible
decomposition then My, < I for every nonzero ideal I in Ny(G).

If G is a discrete group then {0} is a clopen set about 0 and id e M,. Therefore
M, = H3(G). Any infinite discrete group has a proper open subgroup and there-
fore, by the remarks preceding Definition (3.1), has a compatible decomposition.
It then follows from Corollary (3.4) that if G is an infinite discrete group then
H5(G) is simple. If G is a finite discrete group it follows from Lemma (2.12) that
A5(G) is simple. Thus we obtain one of the results given in Berman and Silverman
(1959).

COROLLARY (3.5). If G is a discrete group then Ay (G) is simple.
Combining this result with Corollary (2.9) we have the following

COROLLARY (3.6). If G is an S*-group or is disconnected then A (G) is simple if
and only if G is discrete.

LeEMMA (3.7). Let G be a disconnected group, let v: G — G/C be the natural map

and let ¢: /' (G) > A (G/C) be defined so that for each fe /' (G), the following
diagram commutes:
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Then
(a) ¢ is a near-ring homomorphism with kernel P(C), and
(b) if C is open then ¢ is onto.

ProoF. For each xe G and each fe A (G), (/) (x+C) =f(x)+C. If
x+C=y+C

then x and y are in the same connected component of G. Since f is continuous, it
carries connected sets to connected sets and it follows that f(x) and f(y) are in
the same component of G. Therefore f(x)+ C =f(y)+ C and it follows that ¢ is
a well-defined map. Since

P(f+9) x+C) = (f +9) () +C = f(X)+g()+C = (f(X)+C)+(g(x)+C)
= o(f) (x+C)+¢(g) (x+C) = (p(/)+9(9)) (x+C)
and
o(fo9) (x+C) =f(g(x)+C = o(f)(g(x)+C) = o(f) > (g) (x+C),

¢ is a near-ring homomorphism. It is easy to see that ker ¢ = P(C).

Now suppose that C is open. Let k: G/C — G be such that vok is the identity
on G/C and let ge A (G/C) be arbitrary. For each xeG let f(x) = k(g(x+C)).
Since R(k) n(x+C) is a singleton for each x e G, the restriction of f to each coset
of C is a constant function. Since each coset of C is the (homeomorphic) image of
C by a translation of G, each coset of C is open in G. Therefore f~1(x) is open in
G for each xe G and fe 4(G). But '

e(f)(x+C) =f(¥)+C =k(g(x+C))+C =g(x+C)
since k(g(x+C))eg(x+C). Thus ¢(f) =g and ¢ is onto.

THEOREM (3.8). Let G be a disconnected group.

(@) If G/C is an infinite set and G has a compatible decomposition then P(C) is the
unique maximal ideal in A °(G).

(b) If | G/C| =n>2 for some natural number n then P(C) is the unique maximal
ideal in ¥ (G).

(©) If|1G/C| =2 then K ={fe #/(G): R(f) is a subset of some coset of C} is the
unique maximal ideal in /(G).

ProoF. Suppose first that G/C is an infinite set and that G has a compatible
decomposition. Let ae G—C. According to Lemma (2.10), there exists a clopen
set ¥ about 0 such that VN V+a = . Define f,(x) =x if xe V and f,;(x) =0 if
x¢V, and define f(x) =x—a if xeV+a and f,(x) =0 if x¢ V+a. Since V is a
clopen set about 0, f; and f, are in A(G). Suppose I is a proper ideal in A(G)
and that I—P(C) # (. Then according to Lemma (2.11), {a) €I and the function

g =(f20(id+<ad)—f0id) o f;
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is a member of 1. If xeV then g(x) =x and if x¢ V¥ then g(x) =0. Therefore
g =f1€l. By Lemmas (2.5) and (2.11) I n A4,(G) is an ideal in A4 (G) such that
I~ A (G)—Po(C)) # . Since G has a compatible decomposition it follows
from Theorem (3.3) that id—f, e My = In A,(G) < I. Therefore id—f; and f;
are in /, from which it follows that I = .4°(G). Since we assumed I was a proper
ideal this is a contradiction. Thus 7 < P(C) and P(C) is the unique maximal ideal
in A(G).

Now suppose that G/C is finite. Then C is the intersection of a finite number of
clopen sets and therefore is open. Since the natural map v: G — G/C is continuous
and open, G/C is discrete and the map ¢: #(G) = A(G/C) is a surjective near-
ring homomorphism. If G/C is not of order 2 it follows from Lemma (2.12) that
any nonzero ideal in A#(G/C) contains all functions having finite range. Since
G/C is finite, this implies that A(G/C) is simple. Therefore P(C) =Kker ¢ is the
unique maximal ideal in A47(G), and (b) is proved. To prove (c) suppose G/C is
of order 2. One can show by checking all possible cases (see also Nobauer and
Philipp (1962)) that the set J of both constant functions is the only ideal in
A(G/C). Then K = ¢~'(J) and is the unique maximal ideal in A(G).

If G is a totally disconnected group then P(C)={<0)} and we obtain the
following partial converse of Corollary (2.7).

COROLLARY (3.9). If G is a totally disconnected group which is either finite and
not of order 2, or is infinite and has a compatible decomposition, then A/ (G) is
simple.

If G is an infinite discrete group then G has a proper open subgroup, and by
the remarks preceding Definition (3.1), G has a compatible decomposition. We
thus have another of the results presented in Berman and Silverman (1959).

COROLLARY (3.10). If G is a discrete group having more than two elements then
N(G) is simple.

4. f-locally precompact groups

If % is a uniformity on a set X (see Kelley (1975), Chapter 6) and Te%, T[x] is
defined to be the set {y: (x,y)eT}, and a topology on X is obtained from % by
defining a set ¥ to be open if for every x e V there exists Te# such that T[x] = V.
Moreover, a subset 4 of X is said to be precompact (or totally bounded) with
respect to the uniformity % if for each Te% there exists a finite subset F of 4
such that 4 = U{T[x]: xeF}.

Let G be a topological group. We will say that S is a neighbourhood of 0 if
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Oecint S. For each neighbourhood S of 0 let L(S)={(x,y): —x+yeS}. The
collection & of all such L(S) is a uniformity on G and is called the left uniformity
for G. If L(S)e.# and xeG then

L) [x] = (p: (v, DELS)) = {y: —x+yeS} =x+5,

the translation of S by x. The topology obtained from % is the original topology
on G. Therefore a subset 4 of a topological group G is precompact (with respect
to %) if for every neighbourhood S of 0 there exists a finite subset F of A such
that 4 < (J{x-+S: xe F}. In other words, A is precompact if for every neighbour-
hood S of 0, the cover {x+S: x€ 4} has a finite subcover.

DEFINITION (4.1). A subset 4 of a topological group G is precompact with respect
to the neighbourhood S of 0 if the cover {x+S: x€ A} has a finite subcover.

Therefore a subset 4 of G is precompact if it is precompact with respect to
each neighbourhood of 0. If U is an open set about 0, 2U denotes U+ U, 3U
denotes U+ U4-U, etc.

DerFINITION (4.2). A disconnected group G is f~locally precompact if there exist
symmetric open sets W,, W,, W, W, about 0 such that

(@) 2W;,., = W, foreach i =1,2,3,

(b) W, and W, are clopen sets,

(c) W, is precompact with respect to W,, and

@) G-2w, # &.

Note that if G has a proper open subgroup H, then by taking W, = H for each
i=1,2,3,4 it follows that G is f-locally precompact.

THEOREM (4.3). If G/C is infinite and G is f-locally precompact then G has a
compatible decomposition.

Proor. If G has a proper, disconnected, open subgroup then by the remarks
preceding Definition (3.1) G has a compatible decomposition. On the other hand,
if C is open then G/C is discrete and infinite. It then follows that G has a proper,
disconnected, open subgroup. We therefore assume that G has no proper open
subgroups. Let W,, W,, W, and W, be open sets about 0 which satisfy conditions
(a)~(d) of Definition (4.2).

Since G has no proper open subgroups, 2W;— W, # (J foreach i =1,2,3,4. Let
2 be the collection of all subsets 4 of G— W, such that if x,ye 4 and x # y then
(x4 W) n (y+W,;) = &. The collection A is nonempty. For if xe W,~W, and
W; nx+W; # & then w = x+w’ for some w,w € W, and since W; is symmetric,
x =w—w e2W,; = W,. Since x was assumed to lie in W, — W, this cannot happen.
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Since G is f-locally precompact there exists be G—2W,. By an argument similar
to the one just used to show W; nx+W; =& for xe W, — W,, one can show that
W, nb+W, =. Also, b¢C. (If it is, then W, n C is a nonempty clopen subset
of C and b¢ W, n C. Therefore C is disconnected, which is a contradiction.) Now
since Wy;nx+W; = for any xe Wy —W,, (b+W;)n(b+x+W;) =. There-
fore, {b,b+x} €U for any xe W, —W,. Moreover, U is partially ordered by set
inclusion. Using Zorn’s lemma one can prove that 2 contains a maximal element
Y. From the maximality of Y it follows that {x+ W,: xe Y} is an open cover of
G—W,. (For if ze G— W, then there exists x€ Y such that (z+ W) n(x+W;) # &.
Then there exist w, w’ € W, such that

z4+w=x+4+w and z=x+4+w-—-wex+2W, <x+W,

since W, is symmetric.) Therefore {W,} U {x+W,: xe Y} is an open cover of G.

We now assert that this cover is neighbourhood finite (see Dugundji (1966),
p. 81). In order to prove this it is enough to show that for each ze G, the set
A, ={xeY: @+ W) n(x+W,) # &} is finite. If 4,=F we are done. So
suppose x€ A,. Then there exist w, w’' € W, such that

z+w=x+w and x=z+w-wez+2W,cz+W,.

Therefore A, = z+W, and —z+A4,c W,. f x,ye —z+ A4, and x # y then there
exist x’,y’ € 4, such that x = —z+x" and y = —z+4y'. Now A4, < Y and therefore
x'+W)n (' +W;) =, As a result,

x+W3)n(+W3)=(—z+X"+W3)n (—z+y +Wy)
=xX'+W)n(+W;)=.

Using Zorn’s lemma we find a maximal subset Y’ of W; such that —z+A4,< Y’
and (x4 W;) n(y+W,) = & whenever x and y are distinct members of Y’. Now
W, is precompact with respect to W,. Therefore there is a finite subset X of W,
such that {x+W;: xe K} is a cover of W,. We claim that for each xe K, x+ W,
can contain at most one member of Y'. For suppose that y',y" € Y n (x+W5)
for some xe K and y' £ y”. Then there exist w’, w”e W, such that y' =x+w' and
y’ = x+w". Since W, is symmetric —w’, —w"e W, and

x=yl_wl =yll_wlle(yl+W3)n(yll+W3).

This is a contradiction. It then follows that Y’ is finite. Therefore —z+4, is
finite, A, is finite and the cover is neighbourhood finite.

Let X =Y u {0} and let V, =W, — U{x+W,: xe Y}. It is well known that if
{4,: a€T} is a neighbourhood finite family of sets in a topological space then
cl (U{4,: 2eT}) = U{cl 4,: aeT}. Therefore J{x+W,: xe Y} is a clopen set,
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from which it follows that ¥}, is a clopen set. For each xe Y let

B, ={ye Y: y+ W) n(x+ W) # &}.

Since W, < W,,
B . cA. ={yeY: x+W)n(y+W,) # &}.
Since we proved above that A, is finite for each xe G, B, is finite and
Ve=(x+W)— U{y+W,: ye B,—{x}}

is a clopen set for each xe Y. We now assert that ¥" = {V,: xe X} is a neighbour-
hood finite cover of G. For let ze G be arbitrary. If ze V,, then since V, is disjoint
from all other sets in ¥”, there is a neighbourhood of z, namely V,,, which intersects
only finitely many sets in ¥". On the other hand, suppose z¢ V,. If ze x+ W, for
some x € Y then x+ W, is an open set about z which intersects only one set in ¥7,
namely V,. If z¢ x+ W, for every xe Y then since z¢ V, and {x+W,: xe Y} is a
cover of G—V,, there is some x€ Y such that ze x+ W,, and therefore

ZEX+W2— U{y+W4' yeBx—{x}} = Vx'
Since
{xeY: +Wo)nV,# B} S {xeY: @+ W) n(x+W,) # &} =4,

and 4, is finite, z-+ W, is an open set about z which intersects only finitely many
sets in ¥". Therefore ¥~ is an open, neighbourhood finite cover of G.

Let < be a well-order for X having 0 as least element and let F, = ¥,,. For each
xeY let F,=V,— U{V,: y<x}. For each xe Y, (J{V,: y<x} is a clopen set.
Therefore F, is a clopen set for each xe€ X. We claim that {F,: x€ X} is a partition

of G. For suppose x,ze X and x # z. Without loss of generality we suppose that
z<x. Then

Fanz E(Vx- U{Vy y<x}) A Vz
== (Vx_ U{Vy y<x}) n(U{Vy: y<x}) =z°
And if ze G is arbitrary let x be the least element of X such that ze V,. Then
zeV,— U{V,: y<x} =F,. Thus {F,: xe X} is a partition of G by clopen sets, it
is indexed by X and O€ X.

We now assert that y+ W, < F, for every ye Y. Suppose to the contrary that
there is some ye Y such that y+ W, £ F,. Since {F,: xe X} is a partition of G
there exists ze X such that z 3 y and (y+W,) N F, # &. If z=0 then

F,a(+W) s (Wi— U{x+ Wi xe YD+ W) =D
which is impossible. Therefore z€ Y and ye B, —{z}. Consequently

y+Wes U{x+W,: xeB,—{z}}
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and

B#0+WInF, s (y+W)nV,
S (U{x+W,: xeB,—{z}Dn(z+W,— U{x+W,: xeB,—{z}}) = &.

This is a contradiction. Thus y+W, = F, for every ye Y. Now if yeY and
O+W)n W, # & then it follows that ye2W, = W,. But Y< G—W,, and it
follows that (y+ W,) n W, = ¢ for each ye Y and

W, € Fo=W;— U{y+W,: ye Y}.

Since W, = W, < F,,, it follows that x+ W, < F, for every xe X.

Since G has no proper open subgroups, G is not discrete. Since W, is clopen and
C is not open, W, & C, and hence there exists an element ae W,—C. Since
x+W, < F, for each xe X, and since x, x+aex+ W, for every xe X, it follows
that x, x+aeF, for every xe X. Therefore, (b) of Definition (3.1) holds. To show
that (c) holds let Uy, =W,, let xe Y and let zeF,. Since F, = x+W,, zex+ W,
and —x+zeW, = U,. Recall from earlier in the proof that since G—2W, # &
there exists be G— C such that W, n b+ W, = & and since F, = W,,

Fo nb+Fo = g.

Thus {F,: xe X} is a compatible decomposition of G.

LeMMA (4.4). If G is a subgroup of some locally compact group, then there is a
neighbourhood U of 0 such that if V is a neighbourhood of 0 and V < U then V is
precompact.

ProoOF. Suppose G’ is a locally compact group which has G as a subgroup
and K is a compact neighbourhood of 0 in G'. Let U=Kn G and let ¥V be any
neighbourhood of 0 such that ¥ = U. Let W be any symmetric neighbourhood
of 0 in G. Then there exists a symmetric neighbourhood W' of 0 in G’
such that W' nG=W. If zecl;. V then (z+int W')nV # & and there exists
x€(z+4int W) V. Therefore —z+xeint W', Since W' is symmetric, int W’ is
symmetric, and —x+zeint W’. Therefore zex+int W’ and {x+int W’': xe V}
is an open cover of clg V. Recall that we are assuming all our groups to be
Hausdorff. Since K is a compact subset of a Hausdorff space it is closed in G’
and V < K. Therefore cl;. V < K. Since any closed subset of a compact space is
compact, clg. Vis compact and there is a finite subcover {x, +int W, ..., x,+int W'}
of clg. V. If ze V then

zexy+int W' and —xtzeint W' c W’

for some k=1,2,...,n. Then —x,+ze W' ~nG=W and zex,+ W. Therefore
{x;+W,...,x,+ W} is a finite cover of V.
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A topological space X is said to be 0-dimensional if there is a basis for the
topology of X which consists of clopen sets. A group G is 0-dimensional if the
topology on G is 0-dimensional.

THEOREM (4.5). If G is an infinite, O-dimensional group which is a subgroup of
some locally compact group then G is f-locally precompact.

PRrOOF. Let 0 # be G. According to Lemma (2.10) there is an open set W’ about
0 such that W' nb+ W' = . According to Lemma (4.4) there is an open set U’
about 0 such that any subset of U’ which is a neighbourhood of 0 is precompact.
Let W, be any symmetric open subset of U’ n W’ which is a neighbourhood of 0.
Since G is O-dimensional there exist symmetric clopen sets W,, W;, W, about 0
such that 2W,,; < W, for each i=1,2,3. Since W, < U’, W, is precompact, and
in particular W; is precompact with respect to W,. And since W, = W',

Wl () b+ Wl = z.
Thus G is f-locally precompact.

THEOREM (4.6). Suppose ¢ is a continuous homomorphism from a topological
group G onto a topological group H. If H is f-locally precompact then G is f~locally
precompact.

PrOOF. Suppose W,, i =1,2,3,4, are symmetric open sets about 0 in H which
satisfy conditions (a)«(d) of Definition (4.2). Foreachi=1,2,3,4 let V; = o~ 1(W)).
One may use a direct proof to show that the V; satisfy conditions (a)~(d) of
Definition (4.2). Thus G is f-locally precompact.

For information on the free topological group generated by a topological space
see Hewitt and Ross (1963), p. 72.

COROLLARY (4.7). If X is any disconnected, completely regular space, then the
Jree topological group F(X) is f-locally precompact.

PRrROOF. Let U and ¥ be nonempty, disjoint, open sets whose union is X, and
let Z denote the additive group of integers with the discrete topology. Letg: X - Z
be given by g(x) =0 if xe U and g(x) =1 if xe V. Then g is continuous and its
extension G: F(X)— Z is a continuous, surjective homomorphism. Since Z has a
proper open subgroup, it is f~locally precompact and by Theorem (4.6) F(X) is
J-locally precompact.

The natural map v: G— G/C is a continuous homomorphism. Therefore
Theorem (4.5) can be strengthened as follows.
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CoROLLARY (4.8). If G/C is an infinite, O-dimensional group which is a subgroup
of some locally compact group, then G is f-locally precompact.

If © denotes the topology on a group G and 7’ is a finer topology for which
(G,1") is a topological group, then (G,7") is f-locally precompact if (G,1) is,
because the identity map is a continuous homomorphism. Any direct product of
groups with the product topology is f-locally precompact if at least one of the
factors is, because each projection map is a continuous, surjective homomorphism.

THEOREM (4.9). Suppose H is a disconnected subgroup of G and that W, i =1,2,3,4
are symmetric open sets about O in G such that

(@) 2W; ., = W, for eachi=1,2,3,

(b) W, and W, are clopen sets,

(c) W, is precompact with respect to W,, and

(d) H-2W, # &.
Then H is f-locally precompact.

ProoF. For each i=1,2,3,4 let V;=W;n H. It then follows directly that
2V,., €V, for each i=1,2,3 and that ¥, and V, are clopen sets. And since
2V, = 2W,, H-2V, # . Since W, is precompact with respect to W,, there is a
finite set K = W, such that {x+ W,: xe K} is a cover of W;. Let K’ be the set of
all members x of K such that (x+W,)n H # J. For each xe K’ choose one
b.e(x+W,) n H. We claim that {b,+V;: xeK'} is a cover of V. For let ze V.
Then there exists xe K such that zex+ W,. Since ze H, (x+W,)n H # ¢ and
xeK'. Since b, e x+ W, there exist w, w' € W, such that z=x+w and b, =x+w'.
Then z =b,—w+web,+2W, < b,+W,. And since z, b,e H,

—bx+z€ W3 ﬁH=V3.

Therefore ze b,+ V;. Thus H is f~locally precompact.

5. Examples

There are infinite, 0-dimensional groups which are f~locally precompact but are
not subgroups of any locally compact groups. Let Q denote the additive group of
rational numbers with its usual topology, and let Q%° denote the additive group
of all rational sequences endowed with the product topology. Q™ is not a sub-
group of any locally compact group. Suppose it is. Then according to Lemma (4.4)
there is some neighbourhood U of 0 with the property that any subset of U which
is a neighbourhood of 0 is precompact. However if U is any neighbourhood of 0
in Q¥ there exist n,,n,,...,n,€ N and open intervals U,, U,, ..., U, about 0 in Q

15
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such that ¥V =p_ (U, )n...Ap.'(U,) is a subset of U, where each p,, is a
projection map. Choose n¢ {n,,...,n,} and let W be any bounded interval about
0 in Q. Then ¥ is not precompact with respect to p, (W) and therefore is not
precompact. Thus Q% is not a subgroup of any locally compact group. Since Q
is a 0-dimensional subgroup of the additive group R of real numbers with its
usual topology and R is locally compact, Q is f-locally precompact. Since each
projection map is a continuous, surjective homomorphism, by Theorem (4.6) Q*°
is f~locally precompact.

Not every totally disconnected group is an S*-group. Let E denote the additive
group consisting of all rational sequences in /,, where the topology on E is the
subspace topology inherited from the topology on /, induced by its usual norm.
In Hewitt and Ross (1963), p. 65, it is proved that E is totally disconnected and
that U=En {xel,: [ x|l <1} contains no closed and open neighbourhood of 0.
If E were an S*-group there would exist a continuous selfmap fof Eand 0 # ye E
such that £(0) =0 and f(x) =y for every x¢ U. Since E is totally disconnected
there is some clopen set ¥ which contains 0 but not y. Then f~*(¥V) is a clopen
subset of U, which is a contradiction. Thus E is not an S*-group and Corollary (2.9)
does indeed generalize Theorem (2.3).

Not every infinite disconnected group is f~locally precompact. Suppose G is an
infinite, disconnected group such that G/C is of order 2. Using the fact that C
cannot contain a proper subset which is clopen in C, it can be shown that G has
no proper open disconnected subgroups, and that if U is any open set about 0
such that Un b+ U = J for some be G—2U, then U cannot properly contain any
clopen sets about 0, and hence G cannot be f-locally precompact.

Unfortunately, we do not know whether every group G with the property that
G/C is infinite is f~locally precompact.
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