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Modelling ice-divide dynamics by perturbation methods 
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ABSTRACT. Two-d i m ensiona l, iso the r ma l, non-stat io nary, colel-glac ie r el ynam ics 
a rc a na lyse d by perturba ti on m ethods, w he n theicc creep is desc ribcd b Y,G lrn's n ow 
law. This approach a llows us to m ode l thc Ice-dl vldedy n <,t'~lC s ~~ pa ratel y lrom th a~ of 
thc O' lacier a nd to posc a si mplified problem for the ICe d I\·,de. 10 order of t h e glacler
aspe~t ra tio, a ll unknown cha racterist ics n ea r the ice di \ ·.ide can be sea rch,ed for In an 
infinite layer with paralle l boundaries, wh ose thickn ess c0 1l1C1des with that found by the 
sh a llow-ice approx im ation. The pro blem fo r th e Ice chv lde IS sta li ona r y <~ nd d?es not 
depend on the ice a nd g lacier characterist ics? such as a nmv-law consta nt, Ice thIckness 
and acc umulation rate. At the lCe dl\'lde, th e Ice upper surface cUr\'at ure IS finIte and the 
sha ll ow-ice approximation is inadequa te, 

1. INTRODUCTION 

The ice divide of a g lac ier is cha racterized by the absence of 

ice hori zonta l motion. This simplifi es the ice-age dating nec
essa ry fo r palaeocl i matic reconstructions. At th e same ti me, 

an ice divide is a specia l rcgion, whcre lo r G len's now la\\', the 

sha ll ow-ice approxima ti o n ( ~lorl a nd andJ o hnson. 1980; Hut

ter, 1983) brea ks down a nd the full system o fStokes'eCJ ua ti on s 
is to be soh-ed (D ahl-Jensen, 1989; Fowler, 1992). 

\\' hereas there arc ma ny works devoted to the numeri ca l 

solution of the problem (R aymond, 1983; D a hl-Jensen,1989; 

Szida rovski a nd others, 1989), analytical treatm ent has brought 

out difficulti es associated with ass uming simplifications, wh ich 

can be inadeq uate nea r a n ice c1i\·ide (R ee h, 1988). ;"lorl and 

andJohnson (1980) have shown that th e sha ll ow-ice approxi

mation g ives a n infinite upper-surface cu rvature for the power 

now-law exponent n > 1 \\·hen there is no slip at the bed. 

Ass uming sliding with th e " \\'eel'lman-type" law gi\'es finite 

surface curvature for n = 1. n = 2. n :::: 3 a nd m ::; 1, where 

m is th e sliding-law exponent. Hindmarsh (personal C0111mu

nica tion ) has found tha t th e inclusion of longitudinal stresses 

in the model gives finit e curvature at the ice di vide. Fowler 

(1992) sketched an asymptotic analysis, which showed that 

neither the vertical shear stress nor the longitudinal onc can 

be neglected at an ice di vide in the isotherm a l case. 

Some characteristics o f ice now near a n ice divide h ave 

been shown by a numerica l solution of the problem. R ay

mond (1983) has pointed out th at derived \'e locities a rc i n

sensitive to changes of the ice upper- surfa ce profil e. Hi s 

res ults for ice \ 'elociti es a lso show that the shallow-ice ap

proximation is \ 'alid in a n ice divide for a Newtoni an nuid 

and is not when Glen's fl ow law is used . D a hl-Jensen (1989) 

has demonstra ted numerica ll y tha t the leng th of th e ice

di\'ide (singu lar) zone is of a n orde r of a n ice thickness thne. 

Difficulti es in modelling th e ice-di v ide dynamics by 

numerical techniques a rc caused by the sm a ll ratio of the 

ice-d i\ 'ide length to tha t o f the glacier (it is o f order 0.01 o r 

less ). Therefore, th e ice motion at the ice divide is modelled 

separately from the ice motion in the g lac ier (R ay m o nd, 

1983; Dahl-Jensen, 1989). A lthough effici ent numerical tech -
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niques have been used and tes Led by many a uthors (R ay

mond, 1983; D ah l-Jcnscn, 1989; Sz idarO\ 'ski a nd others, 

1989), th e question of posing the problem a t the ice c1i\·ide is 

st ill open. \\' h a t region sho uld be considered in modelling 

the ice-di\ 'ide d yna mi cs separatel y from the glacier motion? 

\\'hat bound a r y cond itions shou ld be used? How should onc 

model the non-steady sta te? And ",hat is the int eract ion 

between th e ice divide a nclth e g lacier? 
Despite the fac t that the temperature distribution exerts 

a stron o' influence on the values of the ice \ 'Clocities 
" (:'Iorland a nd Smith, 1983; R aY111ond, 1983; Fovvler, 1992), it 

is al so necessa ry to stud y the isotherm a l case. Such an 

analys is can demonstra te th e m ain structure, wh ich wi ll 

persist in n o n-isoth erma l ice m oti on. 
In thi s work, wc stud y tu'o -dimfll siollal, lIoll -ste([((v, isothermal, 

cold-glacier d ynamics by perturbation mct hod s, when the ice 

creep is descr ibed by Glen's now law. The //lain /JlIrjJose rif this 
stud)! is 10 determine simpliJicatiolls admissible ill the v icilli~)! rif a ~)!m
lIIet;·/( ia di llirie and to address lite questioll: uJtat jJroble117 shollld be 
soll'ed to model the ia-dil'ide ((vllalllics ill the //losl sim/i/ified l{'(~JI? 

The auxili a ry ass umpti ons arc a no-sli p co ndition at the bed 

(Fowler, 1981), regu la rity of th e bed profile a t th e di\ ·ide (i. e. 

zero first-lo ng itudinal deri\'a ti\ 'C ) and absence of m ass nux at 
the bed. \ Vc a lso neglec t the bed loca l fl uctuations, whose 

amplitude is ass umed to be sm a ll in contrast with th e ice thick
ness. Exi stence ofa wea k boundary layer nea r the g lac ier sur

lace. which does not change the \ 'elocity distribution Uohnson 

and y!c N£Ceking, 1984·), is no t ta ken into acco unt in this stud y. 

Foll owing the theory of perturbation m e thods (Cole, 

1968), wc m odel th e ice-di\ 'ide dynamics by the near-field 

solution, whereas the shallow-ice approx im a tion g i\'es us 

(he far-field problem. A similar approach has b ee n appli ed 

byJ ohnso n a nd l\Idfcekin g (198LI) in model ling the bound

a ry laye r nea r th e ice-free surface. 

2. EQUATIONS 

2.1. Setting the problem 

Cons idering a two-dimensiona l g lacier, let us place the 
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on g1l1 o f a recta ngul a r ri g hthanded coord i na te system (z 
ax is is directed \'Crticall y upwa rds) at the bed at the ice 
di\·ide. L e t squa re bracke t. on a ny qu a ntity d efin e its sca le 
mag nitllde in th e glacie r. Let .9 be th e a ccele rati on due to 
g ra\'it y a nd Pi be the ice d ensit y. Table I sh ows th e notati on 
in the o ri g ina l coordina te system (variabLe) and in th a t 
scaled fo r the g lacier (scaLed) by scales (Sa lamatin a nd i\lazo, 
198.J.). This ta bl e also shows the nota ti on of the va riables in 
lhe coordina te SYStC' Ill for the ice di\'ide (divide) (sec eelion 
.J.: near-field so lution for the ice di\·ide). We sha ll a lso use the 
nota tio n for th e pa rti a l d eri\'ati\ 'e C' = of/a./; . 

Table 1. .Volalioll 

r i,riable 1)1'l1ilioll Swl, Swlnl /) il'itif 

.1' Horizonta l coo rcii ml !e [.r] .\ E. 

z Ve rtica l coordinate 
( [f]1l ) 1/ 2(11 + 1) 

Z y 
(p,y)"[.r],," I 

fJ Prl'S~ U1T p;y[z] 
Ji Excess pn'ssll rc p;g[z] 

p = p' - (J;g(( - z) n n 
C pper-slIrbcc c1 e\'a li o ll [z] L \ 

Zo Bed pro lile Iz] Z" U 
Tinll' Iz]/lf ] T T 

Tu' T :;:; . 7.,. D C\'ia lOri r sl resses ~ [1"][11"1 [1, '11 ,,] 
[:] IT l=I 

(1/. lL') \ 'd oe i! \" ITClor (ldW [:] . [fl ) (U. I \") 

I A ccumulat ion rate If] F F 
(Ill J\larg-illl"iel'''l io ll ((.1'",) Iz] Lm 

.,.",(1 ) G lacier ma rgin I·,.] ~\!II X 

:\ speC! r'Hi ll I:JlI.r] 1(J:fud) 1/ 11- 1 
/1 ' Efli'u i\'C Y i ~c()s it y '17" [,]' /' / ' 

'I Fl ow- It\ \\ Clllht a llt 

11 Flow-I;.l\\ exponcnt 1/ n 

lee fl ow, assumi ng incompress ibilit y o f t he ice, can be 

described by th e fo ll owing Stokes equa ti ons: 

op OT r ,,. OT" , 
- -;:;- + -a + -0 = Pi gf . 

u T .1' Z 

op + aT:: + 01'.,. , _ ° - uz oz Ox - . (1) 

T,..I" + T o: = O. 
, ov * ow * (OU OW) 

T,..,. = 2/-l -0 . . To: = 2/ 1, -a , T r = = I t -;:) + -0 ' . 
. X Z u Z .r 

J-l ' = 77t / 1I [2 (ou) 1 +2 (ow) 1 + (OU + ow) 2] ( 1- 11) / 2/1 

0.1' Oz OZ Eh: 

o < .r < ,C,", Zo < Z < f . 

The above se t of equ ati ons must be compl e ted by th e foli o\\'
ing bounda r y conditi ons. 

The g lac ie r upper s urf~lce Z = ((:1') is stress-free and the 

kincma ti c bo unda ry condition is used to d e termine ils 

profil e: 

2f' 
1'.c: = - p 1 + £,2 ' 

1 -e'2 oe I . 

1'.,..,. = - p--., . -a = - 'u€ + w + j . 
1 + er- t 

(2) 

fl 'i/ChillS"'-)' alld C'lllIgllIIOV: .IlodeLLing ice-divide r{Yllamics 

The no-slip condition at th e bed z = zo(:c) may be ass umed 
for th e co ld Anta rctic ice sheet. where sliding is n egligibl e 
(Fowl er, 1981): 

1i = 0. w = O. (3) 

At th e ice divide .r = 0, the m ass flux is zero a nd th e fluid 
flOl,I,' is sym m e tric: 

OW 
1i = O. -0 = O. 

:r 
(-1) 

At th e g lac ie r te rminus :t lll it is sulTicientto impose the value 
or th e glac ie r-surface c1e\'ati o n: 

(5) 

For example, ell, can be zero 10 1' a g rounded glac ie r or can be 
deri\'ed from the conditi on of hydrostatic equilibrium oflh e 
ice in th e wa te r fo r a marine g lac ier (Chug un o\ ' a nd Wil
chinsky, 1996). 

2.2. Non-dirnensionalization 

Far from th e ice divide, the ice fl ow is desc ribed by the shal
low-ice approxim ati on (?-.Ioria nd a ndJohnso n, 1980; Hutter, 
(983), where th e shea r stress is much la rger tha n the long i
tudina l stress. L e t us non-dimensiona li ze the gOl'erning 
equa ti ons with th e sca les fo und by Sa lamatin and M azo 
(1984) (sce a lso FOlder, 1992) o n the bas is o f s imil a rit y 
th eory (Ta ble I). Then, dimensionl ess system o r Equa ti ons 
(1)-(5) can be cOIl\TrLed to the fo ll owing problem for th e 
stream [unc tion '~) (U = o'lj)/oZ. TV = -o'l/.;/oX ) a nd the 
unkn OlI'l1 uppe r-surface clc\ 'a li o n L (ca pital Icttns denot e 
the dimensionless \'a ri ables) (Chug un o\' a nd \Vilchinsky, 
in press; fo r the case of' a Newto ni an fluid sce Chug un Ol' 
a ndWilchinsk y, 1996): 

St ream fun c t iOIl: 

(6) 

o < X < X /I" Zo < Z < L . 

Upper surfa ce Z = L (X. T ): 

[
8

2 ~) _ 2 02,t/J ] (1 _ 2 L,2) = -1 2 L' 02'l/.; . 
8Z2 E OX 2 E E aXOz 

(' ( OL) 
'l/.; = Jo F - uT dX. (7) 

Bed Z = Zo( X ) : 

o't/J 
1/) = 0, oZ = O. (8) 

Ice di"ide X = 0: 

(9) 
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Equatio n for the surface profile L(X. T) : 

(L - 2 ZO)2 - C = E2 .hl~ (l~i a~:z + aJ~~ Z) ) dZ 

+ 10 (L - Z(J)Z~clX 

+ 10 

[11(x. Zo)Zb+ (1+E2 Zb2)~ ~; (X , Zo)] dX. 

(10) 

Excess pressure: 

2 [ a
2
'ljJ aJ(X. Z)] 

I1(X, Z) = - E 2Ji aXDZ + oX ' 

( - (a
2

'ljJ ? [P l/J ) 
J(X, Z) = } Z ~i aZ2 - c aX2 cl Z. (11) 

td argin: 

L (X II1 ) = L m· (12) 

Equations (6) a nd (7) are deri\ 'ed from Equations (I) and (2) 
\ 'ia exclusion of the function p. Equati on (10) is a result of 
success i\"C integration of the lirst Equation (I) from z to Zo 

with respect to z and then from x to 0 wi th respect to ,c. 
The consta nt C is to be determined from Equation (12). 

Most cold g laciers arc charac terized by a \'alue of the 
parameter E « L This parameter is the typical ice-surrace 
slope and rel1ec ts conditions or the g lac ier ex istence, such 
as the glac ier lengths, the acc umulation rate and the ice 
viscosit y. 

3. FAR-FIELD SOLUTION FOR THE GLACIER 

\ Vc seck an expansion lo r the stream runction a nd the 
glac ier surface 'ljJ(g) , L (g) in the fa r field as a n asy mptotic 

sen es 111 E: 

'ljJ (g) = l/Ji:~,) + 0 (1'2) . 

L (!!.) = Lbg) + O( (2) . 

Then, rrom Equatio ns (6) (10), wc derive the solution des
cr ibing Poiseuill e fl ow (Salamatin and Mazo, 1984): 

Stream fu nction: 

'ljJbg
) = Q [(n + 2)(Z - Zo)(L~g) - ZO) /+1 

-(L6g) _ZO)"+2 + (Lbg) - Z)"+2] / (L(()"') - Zo)"+2(n+ 1) . 

Surface ele\'ati o n: 

(g) 
Lo (X m) = L II " 

(13) 

Considering the found so lution as the di stance (i'om the ice 
divide X --> 0, we obtain: 

Stream fun cti on: 

'ljJb
g
) = (F(O, T) - aLii

q
) (0. T) / aT) X 

35.J. 

. [(17 + 2)ZLi)g) (o)"+l - L~g) (0 )" "'2 

+(L~g) ( O ) - Z )"+2] / Lbg) (0)"+2(n + 1) + 0 (X 1+ 1/ 11
) . 

(14) 

Surrace elevation: 

Lbg) = [L6g) ( 0 )2 (1+ 1/ 11 ) 

( )
1/ 11 . ] 11 / 2(11 + 1) 

-2(n + 2)1 / 11 F(O) - [JLbg) (O)/ DT X 1+ 1/ 11 

+ O(X 2+ I/ II
) . 

Equations (13) a llow us to determine the upper-surrace 
profil e or the glacier far from the ice di\ ·ide. It should be 
noted that these equations describe the upper-surface 
profile with infinite curvature at the ice divide (l\ forl and 
and J ohnson, 1980; Hindmarsh, personal communication), 
where the solution breaks down. Ho\\,e\'er, it is not true for 
the stream function ilself. Because I/J --> 0 as X --> 0 and a ll 
the boundary cond itio ns are satisfied , we have l/J - l/J61!,) = 

O( E), I::j X . The solulion breaks down at leas t (or the vert ical 
veloc il y -a'lj; / aX. which is finit e at the ice di\ ·ide. There
fore, it is neccssa ry to examine the problem 101' X --> 0 
(Fowl er, 1992) to lind the solution at the ice divide. 

4. NEAR-FIELD SOLU TION FOR THE ICE DIVIDE 

4.1. Equations 

It follows rrol11 Equations (6) and (14) (ha t the shallow-ice 
approxim a lion (shea r stresses dominate longitudina l stres
ses) brea ks down when X ~ E, because a2'ljJ / aZ2 ~ E in thi s 
case (Fowler, 1992), i. e. the shear a nd longitudinal stresses 
are equally significant a t the ice di\·ide. In order to ana lyse 
the problem in the \'icinity of the ice di\'ide, we use loca l ex
pansion of the so lution. 

D enoting the ice thi ckness at the ice divide in the sca les 
orthe glac ier by L d . let us imroduce the nea r-fi eld cOOI"d in
ates and variables: 

~ = ~. y = ~. X = .£ . 73 = Zo . 
E~ ~ ~ ~ 

Rewriting Equalions (6)-(12) in the new variables and neg
lecting local bed nuclu atiolls, \~"e derive (we a lso assume 
Zb(O) = 0 because ors),m.metry) : 

a ( a
2
'lj; 0

2'1/) ) 
ay2 J.L ay2 - ae + 

02 a2'lj; 02 ( a2
,tf; a2'lj;) 

4 aya~~ aya~ - ae jJ ay2 - a~2 = 0: 

= [ (a2'lj; ) 2 ( a2'lj; _ D2'lj;) 2] (1- 11 )/ 211 
~ 4 a~ay + ay2 a~2 

o < ~ < +00, {) < y < X . (15) 

Surrace y = X(~) : 

[
a2 'lj; a2'lj;] 12 1 a2'lj; 
ay2 - ae (1 - X ) = 4X a~ay' 

'lj; = ELd l \F - aL/DT)d~ 
= ELd(F (O) - dLd/dT)~ + 0 (E2) . (16) 

Bed y = 73(~) = ZO(O)E~ + 0 (E2) = 0 (1'2) : 

'lj; = 0, ~~ = O. (17) 
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8lfJ = O. 
8y 

(18) 

Equa ti ons (15) (18) dcfln c the stream functi on "l/;. For th e 
upper-surfacc profile ,\ . it fo llows from Equa ti ons (10)-(12) 
tha t \\'C ha\'C th c fo ll o\\'ing equat io n: 

( y- .(})2/2 _ Cl = f L ,I(l+2/ 1I) [ ( \ Bdy 
./,) 

+ l ) (1 + 1'2 Z:?) I/~:~ (~ . v)d,; + I' i O 
II (V)Zbd~] 

+1' i U 

( '( - 19)Z:) cl~. 
~ = 0 : X = 1: Cl = coust. (19) 

Lt was used in deri\ 'ing Equa ti o ns (17) th a t nea r th e ice 
di\ ·ide wc have the bed profile Zu( X ) = 0 (X 2) = 0 (1'2) . 

From the bo unda ry conditions fo r th e stream fun c tion 1/1. 
it ca n be seen th a t tjJ '" E. Therefore, to a na lyse th e problem, 
let us introd ucc the normali zed stream function 

\li = NfLd(F(O) - dLd/dT) to havc a llth c deri\ ·a ti\ ·cs of 
o rdcr 1. Then. the se t of Equa tio ns (15)-(19) ta kes the foli o\\'
i ng form : 

8 \[1 = O. 
8y 

(20) 

\li =~+ O(E) . 

(2 1) 

(22) 

(23) 

II'ilchills/~J ' and C/llIgll Il0 1': "10ddLing ice-dil'ide c{Jll7amics 

4.2. EXPANSION IN f 

It sh o uld hc no ted tha t at the ice di vide a ll the unknown 
fun c ti o ns depend o n I' a nd 0

1+1
/

11
• Th erefore, \\'e scek th e 

so lutio n of Equa ti o ns (20)-(2+) as a n asy mptotic se ri es in f 

a nd 0 1+1/ 11
: 

Stream fun cti on 

Bed 

Surface 

.\ ((,1'1+1/ 11) = .\.O+fl +I/ II \ 1 + 0 (02+1/ 11 ) . 

U nknown consta nt 

For the leading-o rde r terms and fix th e first-ordcr correc
ti o n Al \\'C ha\'c the fo ll owing se t o f equa ti ons, whe re the 
strulllljill7ctioll \lio does 1I0t depend 011 /he till/{' and the glacier char
arteristics (glacier length. aCCUllllllatioll rate.jlou:-/(m' ronstont, ice 
thicklless ) : 

8 (82 \[1 [) 82 \li O) 82 D2 \lio 
Dy2 I/o 8y2 - De + .J 8y8E, I lo DyDE, 

8
2 

( D
2

\li o 8
2

\[1°) - 8e I l[) D y2 - 8e = () : 

_ [ ( D2 \liO) 2 ( 82 \[1 0 _ D1 \li O) 2] (1- 11 )/211 
110 - .J "'~D + ",.) D(:') 

V c, Y v y- c,-

o < ~ < +x. 0 < .lJ < 1 . 

Hed !J = () : 

Div ide ~ = 0 : 

Sllrf~\(' L' e!e\'ati on 

8 \[1 0 
\li o = O. ~ = o. 

vy 

D\li l) = 0 (J2 \[1 o = 0 
Dy . (Je . 

\ o(~) = Ao = 1. 

\ I(~) = L~( I +l / II)(F (O ) - dLd / clT)I / II [ t Body 
Jo 

11 1'0 82 
\li o 

- BlIl (=ody+ c IIO~(~, O ) d~] . 
. [) . , .J 

E o = B( \[I o .l. ~. y) . 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

D eri\ 'ing Equa ti o ns (29) a nd (30), in urde r to detCl'mine Ao 
a nd A I , \\ 'C lIse th e ex p a nded illiti a l cond it ion f(w th e surface 

eb 'ati o n \' : \'0(0) = 1: \ 1 (0) = O. 
The set of' Equ a ti o ns (25) C-lO) d escr ibes the ice fl o w in 

(he v ie i ni t)' of l he ice d i\ 'idc. The jJroblem for the streal7l./illl ctioll 
\li o does not depelld 011 the glacier c/w/{/cleristics ncejJt.for IheJlo1.(·
!(/It' erjJonellt n. Fo r n = 1, fo rmul a (14), d esc ribing th e sha l
low-ice a pprox im ati o n , sa ti sfi es Equ a ti o ns (2.1) (2R). To order 
O (E I+ I/ II). IVe ((I ll neg/eet the ice IIjJjJf1'-SllIj(ICf slope. H owever, 

beca use th e leading-o rder ( ('I'1ll fo r the ice-surface ele\'a ti o n 
is a consta nt, th e so luti on fo r th e g lac ier- surfac(, ele\ 'atioll 
m a tched to order 0 (0 1+ 1/ ,,) coincides ",ith the fa r-field o nc, 
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Equ ation (13), a nd still has infinite curvature a t the ice 
divide. Therefo re, it is necessar y to find the upper-surface 
elevation X to higher order o[ acc uracy to asce rtai n that 
the cUr\'a ture is linite. The ice thickness Ld is to be deter
mined by ma tching the far-field so lution and the nea r-fi eld 
onc. 

Al'ter matching, the near- a nd the far-field solutions to 

order of E2+1
/

1I
, the so lution X for the upper-surface e1e\'a

ti on has finite curva ture and ca n be written in the fo llowing 
form (sce Append ix): 

Surface 

Ice thickness a t the ice divide 

Ld = Lbg
) (0)( 1 - EhJ /"Ad; 

Al = L~g\O ) - ( I + I / " ) ( F(O) - 8L~g) (0) 18T) 1/ 11 0:3 ' 

r [ 0
1

\[1 a
2

\[1 0C ] 
C3 = J+oo /10 0/ (( 0) - /1 'X ay2 (E, O) dE 

- 10
1 

Ba I~=o dy , 
Il! QC = _E_ [(71, + 2)y - 1 + (1 _ y)"+2] . 

71,+ 1 

It should be noted that, a ltho ug h the upper-surface ele
va tion X has finite cUr\'ature, it h as a n infinite third deriva t
ive. Again, the matched to orde r O(E) stream fun ction has 
the first continuous deri\'atives (i. e. velocities ), whereas the 
second deriva ti ve with regard to X is infinite a t the ice 
divide due to infinite curvature of the outer uppe r surface. 
Thi s ca n be eliminated by finding the soluti on to higher 
order of acc uracy. To avoid th is problem, near the ice divide, 
only the near-fi eld solution should be used for de termina
tion o[ a ll the cha racteristics, whe reas in the glacier the shal
low-ice approx i mation is adequa te. It is also seen that to 
order 0 (E1+1 /1I) the ice thickness at the ice divide coincides 
with that found by the sha llow-ice approximation (fa r-field 
so lution). 

Physically, the near-field problem for the stream func
tion desc ribing the ice-di\'ide dyna mics is equi va le nt to the 
fu ll system of Stokes' equations in a n infinite layer with par
a ll el bounda ri es, when the ve rti ca l \"Clocity at the ice surface 
(f - ael at) does not depend on the hori zonta l coordinate. 
By sca ling th e spacial coordinates and the velocities on the 
layer thickness a nd the value of vertical \·elocity a t the sur
face, respectivel y, which are [ound by thc sha llow-ice ap
prox imation, the Stokes' problem is transform ed to a steady 
form. For the isothermal case considered here, the steady 
Stokes' problem is to be solved only once. The non-steady 
so lution is derived only by inverse transformati on of the 
va ri ables. 
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R esults lo r the radia l case can be der i\ 'ed by the same 
procedure as for the linea r one (pa pe l- in preparation ). In 
so d o ing, onc can find that all derived estimates as to the 
upper surface slope a nd the ice thi ckness at the ice divide 
do no t change. 

It is clear that, for the non-isothermal state, estima tes as 
to the upper surface slope and the ice thickness lI' ill no t also 
cha nge. However, the problem lo r the ice di\·ide will not be 
stead y due to the teniperature di stributio n. 

4.3. Numerical a nalysis 

Probl ems (25)-(28) for the stream functi on \[1 0 was so h-ed 
numericall y for the [lovl'-Iaw expone nt n = 3 and with dis
creti zation length equa l to 0.05. Th e results aresimila r to 
those derived by D a h l-:Jensen (1989) fo r non-isotherma l ice 
[low. Figure I presents profil es of the vert ica l \ 'e locity 
(-8 Il! o/aE) and the normalized horizontal (a \[lo/ 8y)Ir;,. 
The results arc shown [or different r;, (distance from the ice 
divide). In the vici nit y of the ice di\' ide, the profil e of the hor
izonta l velocity has an inflection. The far-fi eld soluti on for 
the vertical velocity is va lid at a di sta nce from the ice di\·ide 
o f about one ice thickn ess, whereas for the horizontal 
velocity this di sta nce is about six ice thicknesses (with suffic
ient acc uracy it can be taken as three ice th ickn esses ). 

Figures 2 and 3 present resu lts o f calcul ations for the 
norm alized longitudina l dev iatoric stress 2/La2\[1018Eay 
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Fig. I. Profiles qf the dimellsiollless normalized horizontal 
(8 \[1 01 ay) lE and vertical ( -81l! 0 18E) velocities. }l.ftll77bers 
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Fig. 2. PrQ[iles oIthe dimenslonless nOTlnali,:ed longitudinal 
deviatoric stress 2/1082\[10 1 aEayIor different dislallces.fi'om 
the ice divide. 
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Fig. 3. PrqJlles qf l/ie dillleJ7.liollless 1I0FlIlali::.ed s/iear slress 
I/U(EP wu/ fJy2 - fJ2 wo/ fJe)· 

a nd shea r stress ~Lu(fJ2 W o / fJ.l/-fJ2 W O /fJ~2) , respeniH'Iy. All 
the sresscs a rc norm a li zed by th eir a\T ragc \ ·a ILl es. The fa r

fi eld so luti o n 1'0 1' th e shear st ress is \ 'a lid a t a di stance rrom 

the ice d i\·ide orabout two ice thicknesse . . 
Fig ures 4· 6 present d istributi on o r th e hori zonta l 

(fJwo/ fJy) ( pos iti\e ) a nd \"(' r tica l (-fJwo/ fJE,) (negat i\ "C ) 

\"(' Iociti es as well as th e d e\·ialOrie shear /-Lu(D2 wo/ fJ!/
D2 wn/ De) and long itudina l 2ILO(fJ2 W O /fJ~fJy) st resses 
aga inst th e hori zont a l dista nce ( :\umbers a t th e lines show 

dista nces f'romthe bed in ice thi ckn ess. 
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Fij;. -t. Dislril!lllioll qflhe dill/msiolllf.).) 1t0ri::'OIilaL fJ wo/ Dy 
( jJosilil'e ) and I,trlical (-Dwn/ DO ( lIegaliN ) I'elo(ilies 
agaill sl Ihe Itori::,olllal di.l/ance frOIll l/ie ire dil'ide . . \ illllUers 
al lhe lilies sholl' dislalltfsjimlllile bed ill ice Ilii(kllesJ. 

5. CONCLUSIONS 

The stud y ca n 'ied out in thi s pa per shows th a t: 

In the \" ic init y or the ice c1i \ ide, to o rd e r or th e g lae ier
aspec t ra ti o, a ll unknO\\'n cha racter ist ics ca n be sea rched 

for in a n infinite layer with pa ra ll el bo unda ri es, whose 

thickness co incides with that fo un d by th c sha ll o\\'-ice a p

prox im at io n (f~1r-fi elcl so lutio n). Bound a r y conditi ons han' 

simplili ed IClrIllS, whi eh arc causcd by ncglecting the bed
a nd itT-surrace slopes as we ll as by inde pe nde ncc o rthe \T r

tical \T loc it y a t th e g lacier sur race on th e ho ri zonta l coo rd
inate. 

The proble m ror th e ice di \" ide in the sp ecia ll y scaled 

r I'ilchillskv (lnd ChllgLIIIOI': "[odelling ice-dil'ide ~Vlwlllics 
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Fig. 5. Dislribulion qf Ihe dimensionlm longiludinal dez'ial 
ori( ,)Iress 2~oD2 Wo/ DE.Dy against l/ie hori.:olllal dislallce~. 

o 

2 

3'5 

4~ -----
O ~~-.---r--,---.--r--~ 

o 1 2 3 
HORllONTAL COORDINATE .; 

Fig. 6: D islriblllioll qf Ihe dimensiollless shear slress 
{iO(fJ2 WO/ U.1/ - fY wo/ De) againsl l/ie /zori::,oll lal dis
lance ( 

"a ri ables is sta ti o na ry, does no t d e pend on th e g lac ic r cha r
acte ristics (g lac ier le ng th, acc umul at ion ra te, fl ow-l aw 
co nsta nt , icc thi ckness ) a nd ca n be sohTd se pa ra te ly rrom 
the problem fo r th e g lacier. 

The stead y solution ro und fo r the ice di\ ·ide let s us de ter
mine non-stead y cha racteristi cs o nl y by stretching sp acial 

coordina tes a nd the stream run c ti on. 

The uppc r-surrace cun'ature is fini te a t th e ice di v ide. 

The sha ll ow-ice approxim a ti on is im'a lid a t th e ice 
di\ ·ide but can be used a t a di sta nce rrom it la rge r t h a n one 

ice thickn ess lo r de termin a ti o n o r the \ 'e rtica l \ "C loe it y, a nd 

at d ista nces la rger th an six a nd two ice thickn esscs [o r find
ing th e hori zonta l ve loc it ), a ndthc shea r stress, res p ec ti vel y. 

Res ult s ro r the radia l case ca n be dcri \"Cd by the same 
procedure as fo r the linear o nc. In th at easc, a ll d e ri\-ed 

es tim ates as to the upper-surface slope a nd th e ice thickn ess 
at the ice d i\" idc d o not cha nge. 

Perturbati o n a na lys is can a lso appl y to the n on-iso

therma l case. Th e problem ro r th e ice di\ ·icle \Vi 11 be non

steady duc to the tempera t ure di st ributi o n. The rae t th at 

most g lac ie rs a rc esscnti a ll y no n-i so therm al cha nges \'a lues 
or a ll cha racte ri sti cs (1\ lo rl and a nd Sm ith , 1983; R a ym ond, 

198:l); hOlVeve r, th e kin ema tic p ec uli a riti es o r the ice di, ·idc 
scen in th c iso the rma l case will still be prese nt in the non

isotherma l case ( Da hl-Je nse n, 1989). 
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APPENDIX 

In order to match the round solutions, it is necessary to find 
\]i ", the asymptoti c fo rm of \]io, as the hori zonta l di stance 
\'ariable ~ -+ +00, \ Vc sea rch for \]i " as an asy mptotic se rics 
in (: 

Substituting \]i " into Equations (25)-(27), wc dcr i\ 'C: 

\]i x = ~ \]i -l( y) = 

~[(-n + 2)y - 1 + (1 - y) II+2] /(n + 1), (31) 

\]i o = O. 

Equation (30) can be rewritten in the form: 

It foll ows {i'om Equation (31) that: 

t [Bo - B (\]i X)] dy --> O. 
) 0 

r I B(\]i X) dy -+ 0 as ~ --> + x . 
)0 

p,x _-_._ (~, O ) d~ = _ n + T1 ~ I + l / II, l
o [i \]i x (2)1/ 11 

, t. [)y2 n + 1 

if \]i if \]i x 
p,o~(~.O) - f.1 x.---(~.0) = 0(C(2+1/1I)) . 

Dy2 8y2 

H encc, intcgral 

CO I1\ 'C I-ges as ~ -+ +00. 
E\'entua ll y Wt' obtain: 

Xt --> L~ ( I+I / II ) (F(O) 

_ clLd /dT) 1/ 11 [Cl _ (11: ;:" n ~1+1 / lI l. 

/

,0 82\]i 
~ --> + 00. Cl = eOllst = [110!O) ry 

0 
(';,0) 

. +x uy-

D2 \]i x ] t 
- ~lx 8y2 (~, 0) d~ - )0 Bol t.=Ocly . (32) 

Lct us rewrite formul a (14) ror the far-fie ld surface c1 e\'a ti o n 
via the nea r-fi eld coordinates: 

( + ,))1 / 11 
X (g,) = ), - ),-(1+2/ ")EI +I / 1I n n ~ (F (O) 

o n+l 

-8L~g\0. T)/[)T) l / n LbY ) (O r(l+ I /II)~I + I / 1I + 0((2+1/ 11) , 

), = L~g\O)/Ld = ),0 + EI+I / II)'I + 0(E2+ 1/ 1I
). 

H m'ing m a tched the far-field surface profile a nd the near
field o nc, wc deri\'C: 

II[S received 27 i ll/glls! 1996 and acce/Jled ill rel'isedJorm 1 Februal)' 1997 
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