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A CONSTRUCTION FOR
VERTEX-TRANSITIVE GRAPHS

BRIAN ALSPACH AND T. D. PARSONS

1. Introduction. A useful general strategy for the construction of
interesting families of vertex-transitive graphs is to begin with some
family of transitive permutation groups and to construct for each group T
in the family all graphs G whose vertex-set is the orbit V of T' and for
which T' £ Aut (G), where Aut (G) denotes the automorphism group of
G. For example, if we consider the family of cyclic groups ((01...n — 1))
generated by cycles (01 ...#n — 1) of length %, then the corresponding
graphs are the n-vertex circulant graphs.

In this paper we consider transitive permutation groups of degree mn
generated by a ‘‘rotation” p which is a product of m disjoint cycles of
length # and by a ‘“‘twisted translation” 7 such that 7p7=! = p* for some a.
The abstract groups isomorphic to the groups T' = (p, 7) are the semi-
direct products of two cyclic groups. We call the corresponding graphs
metacirculants.

We note that similar constructions apply to vertex-transitive digraphs,
though we shall restrict our attention here to graphs.

2. A family of transitive permutation groups. Let Z, =
{0,1,...,m — 1} and Z, = {0, 1, ..., n — 1} be the rings of integers
modulo 7 and #, respectively, where m = 1 and » = 2. Let Z,* denote
the group of units of the ring Z,. Let

I/={ﬂji2i€z1n and ]EZn}

where superscripts and subscripts are always reduced modulo m and
modulo #, respectively.
Leta € Z,* and define two permutations p and 7 on V by

p(vs) = W;H

and

It

7(v;%) = vaf'.
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It is easy to see that p and r generate a transitive subgroup (p, 7) of the
symmetric group on V.
Notice that p has a cycle decomposition as

0 1 — — —1
p = (7)001)10 RN vn_l) (1)()17)11 e Y)n-l) N (Z)Qm l‘Ulm Lo, ‘Z)ZL_]
so that (p) is cyclic of order » and has the m orbits V°, V', ... 6 V™!
where Vi = {vo, 0%, ..., 01} fori=0,1,...,m — 1.

Now let a be the order of @ in Z,* and let b = lcm (a, m). Then
(v;Y) = 7):‘3}" =g,

sinceb = 0 (mod m) and «® = 1 (mod 7). Hence, 7° = 1 and the order of
7 divides b. On the other hand, if 7¢ = 1, then

'1)10 = 7'6('010) = véc

so that ¢ = 0 (mod m) and «® = 1 (mod #n). This implies that b divides c.
Thus, 7 has order b and the cyclic subgroup () has order b.

It is easy to verify that {p) M\ (r) = {1} and that 7pr=' = p= The
group {p, 7) has the presentation

(oyr: pt=1=1"71017" = p%)

and so has a rather simple structure. Indeed, (p) is a normal subgroup of
(p, 7) and p — p* is an automorphism of (p) so that {p, 7) is a semi-direct
product of {p) by (r). If « — 1 € Z,* it is not hard to see that (p, 7) is
a metacyclic group.

Now suppose that we wish to construct all those graphs G having
vertex-set V(G) = V and for which {(p, 7) < Aut (G). Let p = [m/2]
and abbreviate ‘‘is adjacent to”’ by ~. An arbitrary unordered pair of
distinct vertices of G can be written as an ordered pair (v;% v,"*") for
some 7 such that 0 < 7 < u. In fact, the ordering will be unique unless
r =0ormisevenand r = m/2 = u. If (p, 7) £ Aut (G), we have
v;' ~ 9,7 if and only if v,° ~ v,”" where s = a~'(h — j). Therefore, to
construct G it suffices to specify the sets

S, =1{s€Z,:0°~0v} for0Lr =

and to determine what conditions these sets .S, must satisfy in order that
(b, 7) = Aut (G).

First, 0 ¢ Sy or else G would have loops. Since p € Aut (G), we need
Sy = —So. Further, s € S, if and only if 9° ~ 2,7 if and only if 7™(,°) ~
7™(v,7) if and only if v,° ~ vam, if and only if &™s € S,. In case m is even
(so that u = m/2), then s € S, if and only if

2 ~ v

if and only if

#(00°) ~ voue = T#(v,*)
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if and only if
pﬂaus(vo“) = o, ~ vy = p—aﬂs (vﬂps)
if and only if
—aks € .5,
Finally, if the remaining edges of G are given by

E@G) = {{v,5 0"} 0 = 7

A

g and o '(h — j) € S,},

it is then easy to see that {p, 7) < Aut (G).

3. Metacirculant graphs. We summarize the above four conditions
for the basic definition to follow.

(1)0 g Sy = —5

(2)a™S, =S8, forO0<r =<y

(3) If m is even, then a*S, = —S,

4) E(G) = {{v;, v} 0= r=u and h —j€ aiS,).

mz=1,nz2 € Z*p=|m/2], and if Sy, S, ..., S, are subsets
of Z, satisfying conditions (1), (2), and (3), then we define the meta-
circulant graph G = G(m, n,a,So, . . ., S,) to be the graph with V(G) = V
and with E(G) given by (4). We shall also say that G is an (m, n)-
metacirculant graph.

These are special cases of the ‘‘uniformly (m, =)-galactic graphs”
studied by Marusi¢ [3]. The (2, p)-metacirculants (where p is a prime)
have been discussed in [3], and earlier in [1].

It is straightforward to check that G is a well-defined graph such that
(p, 7) £ Aut (G). By the above discussion we have the following result.

TaroreM 1. The metacirculant G = G(m, n, a, So, ..., S,) is vertex-
transitive with {p, 7) < Aut (G). Conversely, any graph G’ with vertex-set V
and {p, 7) = Aut (G’) 1s an (m, n)-metracirculant.

This approach to metacirculant graphs should be viewed as a construc-
tive approach. First one chooses the number of blocks and the block sizes
(m and =, respectively). Then one chooses @ € Z,* which can be viewed
as how a block is “twisted’’ as it goes onto the next block. The sets
Soy Si, ..., S, are then chosen so as to accommodate ™. The edges are
then put in to accommodate (p, 7).

Example 1. The metacirculant G(2, 5, 2, {1, 4}, {0}) is the Petersen
graph.

Recall that if T'is a groupand 1 ¢ A = A~' C T, then the Cayley
graph K(T, A) has vertex-set T' and edge-set {{x, x86}: x € T'and § € A}.
For any Cayley graph K(T', A), the automorphism group Aut K(T, A)
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contains the left regular representation of T, thus K(T, A) is vertex-
transitive. In fact, this property is characteristic for Cayley graphs, since
by a theorem of Sabidussi [4] a graph is Cayley if and only if its auto-
morphism group contains a regular subgroup.

Suppose T is a semi-direct product of a cyclic group of order # by a
cyclic group of order m. Then Aut K(T, A) contains a regular subgroup
isomorphic to T', and this subgroup must be a semi-direct product of a
cyclic subgroup {p) of order # by a cyclic subgroup (r) of order m. Now
rpr~! = p* for some integer « relatively prime to », and thus (r) acts as
a permutation group on the m orbits of (p). Since (p, ) is regular, and
hence transitive on the vertices of K(T', A), 7 must permute the orbits of
(p) in a cycle of length m. Therefore we can label the vertices of K(T', A)
asv;%, 1 € Z,and j € Z,, so that

p = (%" . .90_1) ... (w™ oy, .. vh)) and r(v;%) = vaih.
Theorem 1 then implies that K(T, A) is an (m, n)-metacirculant.
THEOREM 2. Every Cayley graph K(T, A), for a group T which is a semi-

direct product of a cyclic group of order n by a cyclic group of order m, is an
(m, n)-metacirculant graph.
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Example 2. The metacirculant G(3, 7, 3, {1, 6}, {0}) is the Cayley graph
K(T, A) for

= {(,b:a*=1="0,aba?! = 5b?) and A = {a, b, a?, b}.

Not every vertex-transitive graph is a Cayley graph. Sabidussi [5] has
characterized vertex-transitive graphs in a way which shows their close
relation to Cayley graphs. However, it is usually not easy to compute
whether given vertex-transitive graphs are Cayley graphs.

Recently, Godsil [2] has determined those Kneser graphs K (#n, k) which
are Cayley graphs. The Kneser graph K(n, k) has as its vertices the
k-element subsets of {1, 2, ..., n}, wheren = 2k 4+ 1 and & = 2, and has
as its edges the unordered pairs of k-sets which are disjoint. In particular,
Godsil showed that the ‘‘odd graphs” O.y1 = K(2k + 1, k) are non-
Cayley. The Petersen graph is K (5, 2).

Among vertex-transitive graphs, it may be expected that the Cayley
graphs enjoy special properties. For instance, there are only six known
connected vertex-transitive graphs which are non-Hamiltonian, and these
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graphs are not Cayley graphs. It may be that all connected Cayley graphs
are Hamiltonian. If one wishes to study vertex-transitive graphs in
general, then it is desirable to have some nice constructions for families
of vertex-transitive non-Cayley graphs, such as the odd graphs.

As can be seen from Theorem 2 and Example 1, some metacirculants
are Cayley graphs and others are not. We shall investigate which meta-
circulants are Cayley graphs.

4. Metacirculants which are Cayley graphs. We now seek condi-
tions on the structure parameters of metacirculants which will result in
these graphs being Cayley graphs. One such condition is that « = 1.

TuEOREM 3. The Cayley graph K(Z,, X Z,, A) is isomorphic to the meta-
circulant G(m, n, 1, So, ..., S,) where S, = {j € Z,: (r, j) € A)} for
O0=s7=np

Proof. 1t is easy to see that the mapping (7, j) — v,’ is an isomorphism.

The circulant graph Circ (%, S) is the Cayley graph K(Z,, S) whereZ, is
the additive group of integers modulo #. Every such circulant graph is
trivially representable as a metacirculant G(1, =, 1, S;) with S, = S.
By Theorem 3, if m and #n are relatively prime, then Circ (mn, S) is
representableas G(m, n, 1, S, ...,S,) with .S, = {j (mod n): nr + mj € S}
for 0 = 7 £ u. However, if gcd (m, n) # 1, then Circ (mn, S) may fail to
be representable as any G(m, n, o, Sy, . . ., Su). This is the case for the
9-cycle Cy = Circ (9, {1, 8}), which is not any G(3, 3, a, Sy, S1).

Let F(S,) = {B € Z,*: 8BS, = S,} for 0 £ 7 £ u and let F(G) =
M=o F(S;). Clearly, F(So), F(S1), ..., F(S,) and F(G) are subgroups
of the multiplicative group Z,,*. If 3 € F(G) itis obvious that the mapping
v;' — vg;' is an automorphism of G. In addition, the identity mapping
v;' — 9, is an isomorphism of G onto G(m, n, a8, So, . . ., S.). Therefore,
ifa € F(G)andsoa™' € F(G), then v;* — v, is an isomorphism of G onto
G(m,n,aa=1,Sy,...,S,). Butaa™! = 1 (mod 7) and we obtain a corollary
to Theorem 3.

COROLLARY 4. If a € F(G), then the metacirculant graph G is a Cayley
graph K(Z,, X Z,, A). In addition, if ged (m, n) = 1, then G s a circulant
graph.

Let E, = {e € Z: a® € F(G)}. Then m € E, by condition (2) earlier
and ¢ € E (recall that a is the order of « in Z,*). We abbreviate ‘‘r
divides s by r|s. Now «a|¢(n), where ¢(n) = |Z,*| is the Euler phi
function. Since (E,, +) is a subgroup of the integers Z, we have E, =
{dx: x € Z} where d is the smallest positive element of E,. Thus, d divides
ged (a, m) = ged (a, m, ¢(n)). If ged (¢, m) = 1, which will certainly
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hold if ged (m, ¢(n)) = 1, then d = 1 so that « € F(G). In this case,
Corollary 4 gives the following two results.

COROLLARY 5. If ged (a,m) = 1, then G = K(Z,, X Z,, A).

COROLLARY 6. If ged (m, n) = ged (m, ¢(n)) = 1, then all (m, n)-
metacirculant graphs are circulant graphs.

We now improve upon the above simple observations. Assume that
ged (@, m) > 1 and let py, . .., p; be the distinct primes dividing both
aand m. Let

a=p. . . a’ and m o= pr.. L pTem’

where gecd (¢, m’) = 1 = ged (@', m). Let
A=1{i:1<1=<k and e, > f;} and
w=a []pS ifd =0

i€4
while uw = o’ if 4 = 0.

LeEmMMA 7. Let w € Z. Then ulw tf and only if for every t € Z we have
m|wt implies a|wt.

Proof. Suppose that w = uv for some v. If m|wtand 7 ¢ 4, then f; = e;
and p fi|wt so that p%|wt. Since

a H,H D% wt,

we certainly have that a|wt.
Conversely, suppose that m|wt implies a|wt for all integers ¢. Let p,%,

o; = 0, be the highest power of p; dividingwforz = 1,2, ..., k. Choose
I = m’ H piﬁ—“.
1ei<fi
Then m|wt so that alwt. If ¢; < fy, then p,/i is the highest power of p;,
dividing wt. Now a|wt, so that a’|w and p%|wtfori = 1,2, ..., k. When

e; > fi then ¢; = f, must hold and p,° is the highest power of p; that
divides both wt and w. Hence, o; = ¢, forz € A4, so u|w.

Recall that a permutation group is semi-regular if the only permutation
that has any fixed points is the identity permutation.

LEMMA 8. With u as defined above, the group {p, ™) is semi-regular and
has order m'n 11 wa D

Proof. Recall that 7 has order b = lem (a, m). We have
b= a'm' Hpiei Hpifz'
it4

€4
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so that
b/u =m' []p/"

igA
From the discussion in Section 2, it follows that
o, ™) =1{p":0=s=n—1 and 0=t = b/uj

has order nb/u = m'n 11,4 p.s. Suppose that v;i = p*r**(v,;%). Then
¢

i s ¢ itut itut
v;' = p (Vjaut) = Vjquiys.

Thus, m|ut. By Lemma 7, we have a|ut so that
a*"=1(mod#n) and j =j+ s (modn).

This implies that s = 0 (mod %) and p® = 1. Also, m|ut and a|ut imply that
blut so that 7' = 1. We conclude that p*** = 1, and so 1 is the only
element of (p, ™) having a fixed point.

THEOREM 9. Let G = G(m, n, &, S, - . ., S.), a be the order of a € Z,%,
and ¢ = a/ged (a, m). If ged (¢, m) = 1, then G is a Cayley graph for the
group {p, 7°). Furthermore, this group is abelian if gcd (a, m) = 1 and it is
cyclicif ged (a,m) = 1 = ged (m, n).

Proof. Letting a = a'p1% . .. pyrand m = m'p,’1. . . py/r as done before,
we have that ged (¢, m) = lif andonly if f; = e, 7 = 1,...,k, if and
onlyif A = #and u = o/ = ¢. By Lemma 8, if gcd (¢, m) = 1, then
(p, 7°) is semi-regular of order mn. Thus its order and degree are equal so
that (p, 7°) is a regular permutation group contained in Aut (G). There-
fore G is a Cayley graph. If gcd (¢, m) = 1, then ¢ = a so the group is
{p, 7*) and it is abelian because 7%7™% = p** = p. Furthermore, if gcd
(m,n) = 1, then (p, 7*) = {(pr?) is cyclic and G is a circulant graph.

5. Metacirculants of order ¢p. In Theorem 9 we have given sufficient
conditions for the metacirculant G(m, n, o, Sy, . .., S,) to be a Cayley
graph. We now seek necessary conditions. We specialize m and =z to be
distinct primes ¢ and p with ¢ < p. In this case, we can determine the
structure of the Sylow p-subgroups of Aut (G).

LeEMMA 10. The Sylow p-subgroups of Aut (G) have order p° > p if and
only if e = qif and only if for eachr,0 < r < p,wehave S, = B or S, = Z,.

Proof. Assume that for each 7,0 <7 < p, thatS, = for S, = Z,. Itis
clear that Aut (G) contains the p-group P of order p? that is the direct
product 19, (o) where p; is the p-cycle

pi = ('Uoi?);i . e 'U;__l).

But Aut (G) is a subgroup of the symmetric group of degree gp, and the
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Sylow p-subgroups of this symmetric group have order % Thus, P is a
Sylow p-subgroup of Aut (G) and we have e = q.

Assume that e = ¢. Then since ¢ > 1, we know that the Sylow p-
subgroups of Aut (G) have the order p¢ > p.

Finally, assume that the Sylow p-subgroups of Aut (G) have order
p¢ > p. Let P be a Sylow p-subgroup containing the automorphism p.
It is then clear that the orbits of P are V°, V!, ..., V%1 Consider P,,
the stabilizer of »,° under P. Since P restricted to any orbit is cyclic of
order p, P fixes every vertex in V°. Suppose that for some » # 0, both
S, # @and S, # Z,. Then Py must fix every vertex of V" since P restricted
to V7 is a p-group. In the same way, Py, must fix every vertex of V?",
which implies then P, fixes every vertex of 173’. Continuing in this way
we obtain Py is trivial. This implies that |P| = p, which is a contradiction.

From this contradiction, we conclude that for every 7 # 0 we have S, = 0
orS, =7,

Notice that if |[P| > p, then by Lemma 10 the metacirculant G is a
wreath product of an order ¢ circulant over an order p circulant, and so G
is isomorphic to a circulant graph of order g¢p.

LeEmmA 11. Let H be a multiplicative cyclic group of order n and x € H
be an element of order e. Then there exists a generator g of H such that
gre = x.

Proof. (L. Babai). Let H = (k). Then (x) = (h"/*) is the unique sub-
group of order e so that x = h"/¢ for some ¢ relatively prime to e. Let
n* = n/ged (n, €*) so that ged (e, n)* = 1. By the Chinese Remainder
Theorem, there is an integer 7 such that » = ¢ (mod ¢) and » = 1 (mod
n*). Then gcd (r, ) = 1so that g = h” generates H and

gn/e — hm/e — h(t+ke)n/e — hm/e = x.

TaEOREM 12. Let G = G(q, p, @, Sy, . . ., Su) where ¢ < p are primes.
Suppose that ¢*|la and for some r, 0 < r < pu, 0 < |S,| < p. Then G is a
Cayley graph if and only if oSy = Sy and there exists a cyclic permutation
6= (@otr...%-1)0fZ, =1{0,1,...,q — 1} and a sequence a,, a,, . . . ,
a,—1 10 Z, having the properties,

IfFO<r=u0=k=q—1l,and 6(k+r) = 6(k) + ¢t (mod q)
for some t such that 0 < t < p, then

Sr = a&(k)_"S, + C!‘k(ak - (lk+1) (mOd 1))

i) If0<r=m0=k=qg—1,ands(k) = ¢k +r) + ¢t (mod q)
for some t suchthat0 < t < u, then

S, = —af®+N=kS, + aF(a; — agy,) (mod p).
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(iii) For some~y € Z,, where either v = 1 or y = a*/?, we have

Y, +v"lay + .00 4 ya, ., = 0 (mod p).
(In conditions (i), (ii) the subscript on ay,, ts reduced modulo q.)

Proof. Suppose that the hypotheses of Theorem 12 hold. Using Lemma
11, we can let Z,* = (\) and a = A®?-D/% Now assume that G is a Cayley
graph, so that Aut (G) contains a regular subgroup T' of order ¢p. By
Lemma 10, The Sylow p-subgroups of Aut (G) have order p. Replacing T
by one of its conjugates in Aut (G), if necessary, we lose no generality in
assuming that (p) < T. Then there exists ¢ € Aut (G) such that T' =
(p, s)and ¢? = 1 = p? and gpo~! = p” where y¢ = 1 (mod p). If y & 1
(mod p), by replacing ¢ with an appropriate ¢/, we may assume that
v = NP~D/tgo that T' = (p, 0) where 6? = 1 = p?, gpo~ = p” and either
vy =1lory = \®D/t If y = 1, then y € F(G). Otherwise,

vy = ANP-D /€ = ()\m*l)/a)a/a = o1 =

for some integer s because ¢%|a. Since «’ € F(G), we have that y ¢ F(G).
In either case, v € F(G) so that~S, = S, for0 <7 £ u.

Now T = (p, o) is transitive and imprimitive on V(G) with blocks
Vo, Vi, ..., V%! so that (¢) acts transitively on the blocks. We may
define a cyclic permutation é on Z, by ¢(V?) = VV9(), Define a; € Z, by
a(®0") = 1y,,°Y. Then we claim

(4) o(v;) = 03, foralli€ Z and i€ Z,
To see this, note that

(c(ve)o @) ... 0@p)) ... (0@ Ne@ ™) ...c@D))

_ -1 _ v _ 0 0 0 ¢—1 ¢—1 ¢—1
= gpo =p = (vo Vy ... v(,,_m) . e ('Uo Vy e U(ﬂ_1)7),

and together with the definition of ¢ this implies (4).
Let 6 = (4021 ... 7,-1) where 7, = 0, 7; = ¢(0), and so on. From (4)
we obtain

Jlo O\ _ L di(0)
7’ (v0) = Wiagtyi-ta; pherei

Since ¢? = 1, this yields
Yiaq, + ylay + ...+ yay,, = 0 (mod p).

We now obtain conditions on Sy, ..., S, by using the fact that (4)
determines ¢ € Aut (G). Recall that y € F(G). We have yj € oSy if
and only if v¢* ~ v if and only if

kaa(k) = o(v) ~ ”(vjk) = U:((,;)J,,,k)
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if and only if

vi € a?®S,.
Therefore, &Sy = a’®Sy which implies that Sy = «°©®.S,. Now 4(0) €
{1,2,...,q — 1} modulo g and since both a? and &% are in F(S,), we

havea € F(S)), so thataS, = .S,.
Now let 0 < 7 = u. Similarly to the above we obtain yj € o~S, if and
only if

3 (k)

k)
. Uy (itay, , )

Uya,,
There are two cases to consider.
In case 1, we have ¢(k + 7) = 4(k) + ¢ (mod ¢q) for some ¢ satisfying
0 < t £ p. The adjacency condition in the previous paragraph then holds
if and only if

v(J + arer) — var € 708,
if and only if
74 ey — ax € °®S,
if and only if
7€ a'®S, + (ap — arer).
This shows that
S, = ™S, + aF(ay — agyr).

In case 2, we have ¢(k) = 6(k + r) + ¢t (mod ¢) for some ¢ satisfying
0 < t £ p. Using an argument similar to that for case 1, we obtain that

Sy = —af®NES, 4 aF(ap — ag).

This completes the argument that if G is a Cayley graph, then aSy = S,
and conditions (i), (i), (iii) hold. Suppose that, conversely, aS;, = S,
and conditions (i), (ii), (iii) hold for some appropriate cyclic permutation
¢ of Z, and sequence ag, @1, . .., @p1inZ, Lety = 1ifao+ a1 + ...
+ a,—1 = 0 (mod p). Otherwise, let y = a®/?. Define o(v;?) by (4). Then
¢? = 1 by condition (iii) and the fact that ¢ = (4¢¢; . . . 7,—1) has length q.
Furthermore, ¢ € Aut (G) as can be seen by reversing the various ‘‘if and
only if"’ statements used previously. Lastly, epe~! = p” follows from (4).
Thus (p, ) is a regular subgroup of Aut (G), which implies that G is a
Cayley graph.

This concludes the proof of Theorem 12.

CoroLLARY 13. Let ¢?lp — 1 and g¢*|la. Let Sy, ..., S, be such that
aSo # So but a°S, = S, for 0 = r < p. Suppose for somer, 0 < r < pu,
that 0 < |S,| < p. Then G(q, p, @, S, . . ., S) is not a Cayley graph.
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Proof. This follows immediately from Theorem 12.

Let ¢ be a prime. By Dirichlet’s famous theorem, there are infinitely
many primes p in the arithmetic progression 1, 1 + ¢%, 1 + 2¢2, ...,
that is, there are infinitely many primes p > ¢ such that ¢ divides p — 1.
Choose such a prime p and let p — 1 = ¢*N where gcd (¢, N) = 1. If A
generates Z,*, then choose « = N\, Sy = (a?) U (—(a?)), each S, for
0 <7 =u= (g — 1)/2 to be a union of cosets of {(a?) in Z,* together
possibly with the element 0 of Z,, and have at least one .S,, » = 1, non-
empty and not equal to Z,. Then G(g, p, @, So, ..., S,) is not Cayley
and it is easy to see how to construct many other such vertex-transitive
non-Cayley graphs by using Theorem 12 similarly.

Asaparticularexample,letg = 3,p =19, =4,5; = {1,7,8,11,12,18}
and .S; = {0}. The resulting (3, 19)-metacirculant is non-Cayley, has 57
vertices, and is regular of degree 8.

There are several problems about metacirculants that we wish to men-
tion. In [3] it is shown that the line-graph of the Petersen graph is not a
metacirculant, although its automorphism group has an element p which is
a product of three disjoint 5-cycles. Marusi¢ has also pointed out to us
that the odd graph O, of order 35 = 5.7 is not a metacirculant, though
it also has an automorphism which is a ““rotation’ p, the product of five
7-cycles. We do not know of any other vertex-transitive graphs with ¢p
vertices which are not (g, p)-metacirculants, although it seems likely that
some such graphs will exist. So the first problem is to characterize the
vertex-transitive graphs of order gp, and in particular, those which are
not metacirculants.

The second problem is to find necessary and sufficient conditions for
G(g, pya, S, ...,S,) and G(¢, p, &', S/, ..., S, ) to be isomorphic. This
was done for ¢ = 2 in [1, 3].

A third problem is to determine which (m, n)-metacirculants are
Hamiltonian.
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