15
QC'D,, coset models and BRST quantization

15.1 Introduction

In Chapter 9 we realized that the structure of the bosonized non-abelian massless
QC D, is that of a gauged WZW model with an additional F? term of the gauge
fields. Apart from the pure gauge term, this is therefore a special form of a
two-dimensional coset model, discussed in Section 4.6. This naturally calls for
a treatment of the system similar to that for a coset model. Using the form of
the gauge fields in terms of scalars f and f as A =if~'0f, A=1ifof ! with
f(z,2), f(z,2) € H¢, the complexification of H = SU(N¢), leads to a convenient
formulation of the model.! The main advantage of this approach is that one can
then easily decouple the “matter” and the gauge degrees of freedom.

In this chapter we point out that the F? term requires a special treatment.
The formulation of pure YM theory in terms of the f variables seems naively to
contain unexpected “physical” massive color singlet states. This result is obvi-
ously neither in accordance with our ideas of the degrees of freedom of the model
nor with the lattice and continuum solution of the theory. We show that similar
“naive” manipulations in the case of QE D> do reproduce the Schwinger model
results. Using a coupling constant renormalization we show that in the limit of no
matter degrees of freedom the coupling constant is renormalized to zero. In this
case the unexpected states turn into unphysical massless “BRST” exact states.
In the flavored QC D> case a similar analysis shows the existence of physical

Nr 2

flavorless states of mass m?* = SEe?.

This chapter is based on [96].

15.2 The action

The bosonized version of QC' Dy was shown in Chapter 9 to be described by the
action,

1 _ _ _ _
Socp, = Si(u) — o /dQZTr(iu_lauA +iudu A+ AuTt Au — AA)

2

m 2. T 2 2
—|—% d°z: Trglu+u ].—i—e—%/dzTrH[F], (15.1)

I This parameterization of the gauge field was previously introduced in [9].
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280 QC Dy, coset models and BRST quantization

where u € U(Np X N¢), Si(u) is a level kK WZW model,

_k 2 w, —1 i/ 3, _ijk —1g. 15 -1
Sk (u) = & /d zTr(0,uotu )+127_[ ; dPye " Tr(u™" 0u) (u™ 0ju) (u™ Opu),
(15.2)

A and A take their values in the algebra of H = SU(N¢), F = 0A — 0A +
i[A, A], m? equals m,uC, where p is the normal ordering mass and C' = %e”f’
with v, Euler’s constant. Apart from the last two terms which correspond to the
quark mass term and the YM term, the rest of the action is a level-one % coset
model with G = U(Nr x N¢).

We now introduce the following parameterization for the gauge fields
A=ifl'of,A=ifof~! with f(z,%2), f(z,2) € SU(Nc)°. These type of vari-
ables were used frequently in dealing with gauged WZW actions, for instance
in computing the effective action of QC D, and in the % models discussed in
Section 4.7. They may be interpreted as Wilson lines along the z and z direc-

tions. The gauged WZW part of the action, first line of (15.1), takes the form,

Si(u, A) = Si(fuf) = Si(ff).

The Jacobian of the change of variables from A to f introduces a dimension
(1,0) system of anticommuting ghosts (p, x) in the adjoint representation of H.?
The WZW part of the action thus becomes

Si(u.A) = Si(fuf) - $i(FP) + o [ @<TeulpDx+pDY,  (153)

where Dx = Ox —i[A, x]. Our integration variables in the functional integral
are if~'df and ifdf~!. This action involves an interaction term of the form
Try (p[f~10f,x]) and a similar term for p, x. By performing a chiral rotation,
like those of Chapter 14, p — f~'pf and ¥ — f~'xf with p — fpf~! and x —
fxf~', one achieves a decoupling of the whole ghost system. The price of this
is an additional Sg;\fc (ff) term in the action (here trace over H only) resulting
from the corresponding anomaly. This result can be derived by using a non-
abelian bosonization of the ghost system. A different bosonization of a (1,0)
ghost system was described in Section 6.5.
In this language the ghost action takes the form,

Son =Sy, (l1, A, A) + S (l2, A, A) + Sewist (1) + Sewist (I2),
where [; and [y are in the adjoint representation and Siyist 1S a twist term given,

Siwist = —%/dzzTr[lél_lf‘laf]. (15.4)

2 The ghost action was introduced in [8].
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Now using the Polyakov—Wiegmann formula we get,
Sgl])h = SN(‘, (fllf_) - SN» (ff_) + Stwist(ll) + SN» (fZQfT) - SN(,, (f.f) + Stwist(ZQ)
(fF) + %/dQZTI'H (79X + p'9x], (15.5)

I
\
L
=

where the last line has been transferred back to the ghost language. Notice that
unlike the ghost fields in (15.3) the new ghost fields p’ and x’ are gauge invariant.
It is interesting to note that the action given in (15.5) is non-local in terms of
the local degrees of freedom A and A. Note that had we done the right and left
rotations separately, we would have got S_sn, (f) + S—an, (f), which however is
not vector gauge invariant, but rather a left-right symmetric scheme.

The full gauge invariant action including the anomaly contribution of the anti-
commuting part now reads,

m2
Socp, = S1(u) + ! /d2zTrH [F2] o /d2z Trg [f Yuf=' + fu~ f} :

I _
+ [S‘_%F”NC)(ff) + 5 /deTrH 7oy +p’8x’]} . (15.6)

In deriving eqn. (15.6) we used a redefinition fuf — u. This does not require an
extra determinant factor. Also, as S7 )( ff) involves Try rather than the Trg
in S1(ff) of eqn. (2.4), a factor of N; appears. Note that had we introduced
the special parameterization of the gauge fields in the fermionic formulation of
QC D5, we would have arrived at the same action after decoupling the fermionic
currents from the gauge fields, by performing chiral rotation and then bosoniz-
ing the free fermions. Equation (15.6) was derived without paying attention to
possible renormalizations. The latter will be treated in Section 15.7.
At this point one may choose a gauge. A convenient gauge choice is
=ifof~! = 0. Notice that since the underlying space-time is a plane this
is a legitimate gauge. The gauge fixed action can be written down using the
BRST procedure, namely,

Sar = Sqcp, + 59 + 8 = Soep, +dprsT(bA) =
= Sqcp, + Tru[BA] + Try [bDd], (15.7)

where S, S/ and S are, respectively, the gauge fixed action, the gauge
fixing term and the ghost action. The (b,c) fields are yet another (1,0) ghost
system and B is a dimension-one auxiliary field, all in the adjoint representation
of SU(N¢). The integration over B introduces a delta function of the gauge
choice to the measure of the functional integral. In addition we integrate over
the ghosts b and c.

It is interesting to note that the QC'Ds action can be related to a “perturbed”
topological 17 L coset model. To realize this face of QC' D, we parameterize u as

ghlei\/ vorE ? " and rewrite (15.7) accordingly. The Polyakov—Wiegmann relation
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282 QC Dy, coset models and BRST quantization
implies,
S[u] = S[ghl] + % / 4’20, 00" ¢,
Slghl] = Slg] + S[I] + S[h] + %{ /d%Tr(gmgza_ﬁ + hTa, hlo_11). (15.8)

Since [ is a dimension-zero field with an associated zero central charge we have
S[l] = 0 and thus,

Sar = Sxe (0) + YN, yane) (1) + 5 / d22Try [pOX + pdx]
1 _
+ S (9) + o [ d2(0090)

’ Y e o
+ %/deTrG : [flghleWcAr-“’Jre VxR gotg|

1 5o
+ o [ @@ any) (15.9)
It is now easy to recognize the first line in the action as the action of igg%f;

topological theory.

It is interesting to note that a WZW term S_sn, (f) appears in the action
even without the introduction of quarks. We therefore digress to an analysis of
the pure YM theory in the formulation introduced above.

15.3 Two-dimensional Yang—Mills theory
Pure Yang—Mills theory has attracted much attention recently along the lines of
an underlying string theory. Here we restrict our discussion to the 2D Minkowski
or Euclidean space-time, where the rich structure of the model on a compact
Riemann surface does not show up. In terms of the parameterization introduced
in eqn. (15.6) the gauge invariant action of the pure YM theory is,

Sy, = S—ane)(ff) +55 [ A2 Try [pOX + pdx]
+2 [d?2Try [F?). (15.10)

Here again we remind the reader that the coupling constant undergoes a mul-
tiplicative renormalization. This will be discussed in Section 15.7. Let us first
discuss the corresponding equations of motion for f and f,

6f:5A—DfH—%DDF: <1+%DD>F:O,
m m

A A
5f:aA—DA—iQDDF:—<1+12DD>F:0, (15.11)
my my

where D =0 —i[A,"], ma = em/% and O = 200. In fact these two equations
are identical, as [D, D}F = 0. The equation is that of a massive gauge field with
self interaction. Note that in this approach, unlike the equations that follow from
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varying the action with respect to the gauge fields, one gets two derivatives of
F. In deriving the above, it is convenient to remember that,

38wz (f) = 5T {10300}

The YM action equation (15.10) is obviously invariant under the original gauge
transformations,

f—=fu(z2) f=vT(z2)f,
with v € SU(N¢). In addition the action is invariant separately under the holo-
morphic and anti-holomorphic “color” transformations,
f=u@f f— fu),
where u,w € SU(N¢). These are “spurious” transformations since they leave

A and A invariant. The corresponding holomorphic and anti-holomorphic color
currents are,

T = =2eli(f NS - ZfDFf7,

Tt == li(fH ) + I DFS]. (15.12)
The gauge fixed (f = 1) action takes the form,

Sy m, = S_<2NC>(f) + ei?/d2zTI‘H[((§(f*18f))2]

(&

2 A

i

Jr27r

/dQZTrH [pOX + pOX]. (15.13)

As is expected the equation of motion at present is just that of eqn. (15.11)
after setting A = 0. Naturally, the action now lacks gauge invariance, neverthe-
less, it is invariant under the following residual holomorphic transformations,

f=u@)f |- fw(z),

with the corresponding holomorphic and anti-holomorphic currents,

Jo = -Ne {A+ 22D(6A)} Jo = -Ne {ZH— 225(3,4)] ,
mA s mA

and A = ifdf~'. Notice that in spite of the similar structure, A is not related
to A which was set to zero. To better understand the physical picture behind
these currents we defer temporarily to the abelian case.

15.4 Schwinger model revisited

Since in the pure Maxwell theory there is no analog to the (—2N¢) level WZW
term of eqn. (15.10), we study instead the Schwinger model in its bosonized form,

1 _ _ _ -
S(sen) = 7~ / d*z [axax — V2OX A+ VIOX A+ S (94— DAY].
€
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284 QC Dy, coset models and BRST quantization

In analogy to the change of variables in the non-abelian case, we now introduce
the following parameterization of the gauge fields A = dp, A = 0@. In terms of
these fields the action takes the form,

d2z = = T = A =
S(sen) = /% {[BXBX —V2X00(p — @) + 6—2[83(90 —@)]* +i[pox + pax}}

In the gauge A = 0 and after the field redefinition X = X + \/ngo, the action is
decomposed into decoupled sectors,

S(sen) = S(X) + 5(%) + S(ghost)
o1 ) - ) _
S(X) = 5 /d A0X0X] S(e) = o /d { 082 &p&p} (15.14)
where 2 = % The corresponding equations of motion are,
90 {1 + %aa] =0, 90X =0.

The invariance under the chiral shifts dp = €(Z) and dp = €(z) are generated by
the holomorphically conserved currents,

2 .= - = 2 =
Jo =0¢+ Faaagp, Jo =0p+ Faaatp
To handle this type of “hybrid” current we suggest the following decomposition
of the massless and massive modes ¢ = 1 + @9 with,
0dp1 =0 [200 + p2)s = 0.

In the holomorphic quantization,

o (SE o 1 — — /1/2 B 1 _
~6(0p) —n—ma (65 T z) ¢ = -0(p2 = 1) (15.15)

A unique solution to the commutation relations [p(z,Z),I(w,w)],—, =
i0(Z — w), [¢, @] = 0 and [II,II] = 0 is,

[p1(2, 2), o1 (w, w)],_,, = mie(Z — )

[p2(2, 2), pa(w, w)],_,, = —mie(Z — w)

[p1(2, 2), p2(w, @)],_,, =0

X(2,2), X(w, )] = —mie(z — w), (15.16)

where € is the standard antisymmetric step function. Notice that the massless
degree of freedom has commutation relations which correspond to a negative
metric on the phase space. These relations can also be translated to the following
OPEs (choosing the part ¢;(z) of ¢1),

e1(2)p1(w) = log(z — w),
2 (2, 2)p2(w, @) = —log|(z — w)|* + Ok’ |2 — w]?),
p1(2) 2 (w, w) = O(2 — w). (15.17)
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It is thus clear that the model is invariant under a U(1) affine Lie algebra of level
k = —1 since Jg (2)Jg (w) = ﬁ, as Jg = dp; with no contribution from ¢,.

The physical states of the model have to be in the cohomology of the BRST
charge. Due to the fact that the current is holomorphically (and the other anti-
holomorphically) conserved, it follows that the same property holds for the BRST
charge, and thus the space of physical states is an outer product of the cohomol-

ogy of Q and Q. The latter are given by,

Q= xJ = x(i0X + 0¢1),
Q = xJ = X(—i0X + 0¢1). (15.18)
Expanding the fields i0X and Jyp1 in terms of the Laurent modes X,, and
(Ql)n with [XruXm] = n6n+7n and [(801)7“ (4,01)m] = n(5n+m we have

Q=Y %n |:an - i(@l)—n} :

Since Jy = {Q, po}, physical states have to have a zero eigenvalue of .Jy. The
general structure of the states in the 1, X, p, x Fock space is,

(X)™ (1) ()™ ()™ [vac

where obviously n, and n, are either 0 or 1. It is straightforward to realize that
only the vacuum state and states of the form (X,)"* (p1,)"/ are in the BRST
cohomology. Recall that being on the plane we exclude zero modes and thus only
the vacuum state remains. Since there is no constraint on the modes of 9, the
physical states are built solely of ws which are massive modes. This result is
identical to the well-known solution of the Schwinger model.

15.5 Back to the YM theory

Equipped with the lesson from the Schwinger model we return now to the YM
case and introduce a decomposition of the group element f so that again the
gauge currents obey an affine Lie algebra. Let us write f = f5f; which implies
that,

A=if'of =iff"of +if; (fy'0f) fi = i + o

With no loss of generality we take 0f; = 0 implying also d.J; = 0. Inserting these
expressions into Jg of eqn (15.3) one finds,

N, 9 _
Jo = ——=|Ji + Jo + —5(00J5 +i[0Js, Jy + o))
s mA

If one can consistently require that,

9 _
Jo + 72(88J2 + i[@JQ, Ji+ JQ]) =0,
my
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then, in a complete analogy with the abelian case, Jg = —%Jl. The lat-
ter is an affine current of level k= —2Ng. One can in fact show that

(15.5) can be assumed without a loss of generality. d.J; =0 implies that
Jo + 5 (88]2 +i[0Js, Ji + J3]) = u(z), where u(z) is some holomorphic func-

tion. We then introduce the shifted currents jg =Jy —u(z), jl

= J; +u(z). Now

dJ1 = 0 as does Jy, and J, obeys eqn (15.5) with Jy replacing J;. It is easy to
check that the shifts in the currents correspond to f; — v(2)f1, fo — fiv(z)™!

with u(z) = if; (v(2) " Ov(2)) fi.

Note that the equation for J, involves a coupling to J;. This is related to
the fact that, unlike the abelian case, one cannot write the action as a sum of

decoupled terms which are functions of J; and J separately.

Once the color current Jg is expressed in terms of the holomorphic current
J1, the analysis of the space of physical states is directly related to that of the
topological % model at k£ = 0. The physical states have to be in the cohomologyof

the BRST charge, which corresponds to the following holomorphically conserved

BRST current,

Q) = (JG +3 gh) = o ([A + m%p(aA)]

fcpx>

An anti-holomorphic BRST current Q(z) determines the condition for physical
states in the analogous manner to . From here on we restrict our description
to the latter. We define now the zero level affine Lie algebra current,

J(%ot) = Jg + ‘](agh) = ‘]gv' +1, fljl’(:Xbpw

and the ¢ = 0 Virasoro generator T,

1
T(z) = —— : J&J& + +p"0x",
Ne
as well as dimension (2,0) fermionic current,
1
G=——pJ&,
9NG Padq

and realize the existence of the “topological coset algebra”,

T(z) ={Q.G(»)}, Q) ={Q.j" (=)}, Ji) =1Q;

{Q,Q(2)} =0, {G,G(2)} =W (2),

W(z) ={Q,U(2)}, (W, W(z)] =0

where J# = y,p? is “ghost number current”,

1 a C (0
W(z) = Wfachapbp’ +9p" pa,
C

and

J4 b c
12N fabc GapP P -
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A direct consequence is that any physical state has to obey,
J(tot) |phyb> =0, Lo|phys> =0, Wy|phys> =0, (15.20)

where J( tot) , L, and W, are the Laurent modes of Jitot)' " the Cartan sub-algebra
currents, T’ and W, respectively. In fact the BRST cohomology of the present
model is a special case of the set of G/G models.

We therefore refer the reader to those works [9], [200], [229] and present here
only the result. On the plane where no ghost zero modes are allowed, the only
state in the cohomology is the zero ghost number vacuum state of J;.

This state can be a tensor-product with oscillators of the massive modes of J.
Unlike the abelian case, Js does not commute with J, so that in general the J,
modes are not obviously in the BRST cohomology. However, there is no reason
to believe that all the J; modes will be excluded by the BRST condition. Those
Jo modes that remain are by definition color singlets.

This result contradicts previous results on Y M,. Usually one believes that
pure gluodynamics on the plane is an empty theory since all local degrees of
freedom can be gauged away.

15.6 An alternative formulation
To get a better understanding of the subtleties of the Yang—Mills theory when
expressed in terms of A =if '0f, A=1ifdf !, and for future application, we
compare now with another formulation of the theory. A similar approach will be
used in the discussion of generalized YM theories in Chapter 16. Consider the
following functional integral,

Z = [ DADADBe!S(AA.B),
S=—[&Try[-FB+ 1B, (15.21)

where B is a pseudoscalar field in the adjoint representation. Obviously the
integration over B produces the usual Tr[F?] action. It is also easy to realize
that the action is invariant under the ordinary gauge symmetry provided that
6B = i[e, B]. In terms of the f variables after imposing the gauge f = 1 one finds,

) - 1
Sy, = S—2n¢)(f) +/d22T1"H [(ez(flaf)33> - 432} + St

where S(") = 5= [ d22Try [pOxX + pOx]. One should again bear in mind that
the coupling constant undergoes a multiplicative renormalization. This will be
discussed in the next section. Using Polyakov—Wiegmann we get,

Sy ar, (B) = Pane (B) — Ty [B]
—Siane)(vf) + S, (15.22)
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where I'y(B) = Si(v) with - 8B ZNe (jdv~!). The second line in (15.22) is
a ¢ =0 “topological system Since the underlying Minkowski space-time does
not admit zero modes we can safely integrate over the corresponding fields. We
can further pass from functional integrating over B to ivOv~!. This involves
the insertion of det% which will introduce a I'_s . (B) term with no additional
ghost terms. The functional integral (16.1) thus takes the final form,

/D L [ad%2Try [B? ])'

It is thus clear that in the present formulation there is no trace of the massive
“physical modes” discussed in the previous section.

15.7 The resolution of the puzzle

Encouraged by the result of the last section, we proceed now to reexamine the
steps that led to the unexpected massive modes in the pure Y M, theory. In
particular, we would like to check whether in addition to the implementation of
proper determinants there is no coupling constant renormalization that has to
be invoked when passing to the quantum theory expressed in the f variables.
For this purpose we turn on again the matter degrees of freedom. We introduce
Ny quarks in the fundamental color representation and explore the behavior of
the system in the limit Ny — 0. Recall that the action of this model is given in
eqn. (15.9). Starting actually from eqn. (15.1), taking the massless limit, writing
A in terms of f in the action but still with A as an integration variable, and
using the formulation presented in the previous section, the path integral of the
colored degrees of freedom now reads

Z(col) — /[DA][DB][Dh]ei’S(CUU
gleol) = Sy, (h) + % /dQZTI“H [héh—lf—@f]

+ /dQZTrH Kei(flaf)éB) - iBﬂ , (15.23)

C

where we have also gone from u to h as in Section 15.2.

It was found out that quantum consistency imposes finite renormalization on
the coupling constant of the current-gauge field interaction.®> This renormaliza-
tion is expressed in the following equality,

Z(J) = /DAef[Sk- ()t [ d*=Teg [i(F7105)T]

:/Dfeq[b* avg ( *ﬂ’”fdzzTrH[(f'*laf).f]/D(gh)eisw“

_ zF 1.+z\( szk\p j /D gh igton) (15.24)

3 The finite renormalization of the coupling was introduced by D. Kutasov in [146].
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where k is an arbitrary level and I‘k( ) = Sy (w) for L =iwdw™'. The renor-

malization factor e(k) has to satisfy - ]i<L2)N“) = k+§N(‘ .

from eqn. (15.24) that it has to be singular at the origin. It can be shown that

In addition it is clear

e(k) takes the form e(k) = 4/ k”VC . Implementing this renormalization in our
case, eqn. (15.23) takes the form,

SCOI SNF( )+S VF+2NC)(f)

[Ny +2N¢ 1 = 1
2 : F C L1 R oY
+ /d 2Try (z N . (f 8f)5'B> 4B

+ Sl (15.25)

where h = fh. After integrating the auxiliary field B the action becomes,
S(COI) = SVr ( ) +S_ 1\F+2Nc)(f)

+ /d2zTrH [(Wﬂ [B(fLaf)]? + S . (15.26)

It is now straightforward to realize that the equation of motion which follows
from the variation with respect to f is that of eqn. (15.11) where now my =

€ ZQV—; Thus, the coupling constant renormalization turns the massive modes
into massless ones in the case of pure YM theory (Ny = 0). Notice that to reach
this conclusion it is enough to use the fact that e(k) has to be singular at k = 0
and the explicit expression of e(k) is really not needed. Following the arguments
presented in Chapter 5, it is clear that these states that became massless are not
in the BRST cohomology and thus not in the physical spectrum.

A somewhat similar derivation of the triviality of the model in the Ng =0
limit is the following. We integrate in eqn. (15.25) over the ghost fields and over
f, using again the coupling constant renormalization, and find,

/D 75\1_ u)+ F jdzzTrH[B (17)]}

It is now clear that the action vanishes at Ny = 0 and hence again, on triv-
ial topology, the theory is empty. Notice, however, that the implementation of
renormalization modifies also the result of the previous section.

The final conclusion is that in both methods one finds that indeed the pure
YM theory has an empty space of physical states as of course is implied by the
original formulation in terms of A. We have demonstrated that in this formulation
it follows only after taking subtleties of renormalization into account.

15.8 On bosonized QCD,

To resolve the puzzle of the YM theory we were led to analyze the color and
flavor sectors of QC' D5. The full bosonized QC D5 includes in addition the baryon
number degrees of freedom. The corresponding action is given by equs. (15.6),
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(15.7) or by eqn. (15.9). In the past the low-lying baryonic spectrum in the strong
coupling limit Zﬂ — 0 was extracted using a semi-classical quantization. In this
chapter our analysis was based on switching off the mass term, m, = 0. This
limit cannot be treated by the semi-classical approach, as the soliton solution
is not there for m, = 0. In our case here one finds a decoupled WZW action
for the flavor degrees of freedom Sy, (g) and a decoupled free field action for
the baryon degree of freedom, in addition to the action of the colored degrees of
freedom which is given in eqn. (15.26) or eqn. (15.7). The general structure of a
physical state in this case is that of a tensor product of g and ¢ with the colored
degrees of freedom f, h and the ghosts. The structure of QC Dy which emerged
from the semi-classical quantization for m, # 0 involves g and ¢ only. In our case

here the f colored degrees of freedom acquire mass my = ec\/g while the h
degrees of freedom remain massless. In the limit e, — oo the f degrees of freedom
decouple. It is thus clear that one has to introduce the mass term which couples
the three sectors. The massless limit of QC' Dy can then be derived by taking the
limit m, — 0 after solving for the physical states. Indeed, it was shown in the
limit of e, — oo that turning on m, # 0 results in a hadronic spectrum where
the flavor representation and the baryon number were correlated. The analysis
of the spectrum of the massive multi-flavor QC D5 in the approach of this work
remains to be worked out.

15.9 Summary and discussion

In this chapter we have analyzed 2D YM and QCD theories using a special
parametrization of the gauge fields in terms of group elements. In the m, = 0
case it enabled us to decouple the matter and gauge degrees of freedom. How-
ever, this formulation led, in a naive treatment, to unexpected massive modes.
Even though we did not present a full solution of the theory we had reason-
able arguments to believe that the BRST projection would not exclude these
modes. The fact that a similar approach to QE D, reproduced the known results
of the Schwinger model, enhanced the puzzling phenomenon. Eventually, we
showed that a coupling constant renormalization, renders the unexpected mas-
sive modes into massless un-physical states. The benefit of this detective work is
the appearance of “physical” massive states in massless QCDs.
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