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Abstract

We consider the time behaviour associated to the sequential Monte Carlo estimate of the
backward interpretation of Feynman—Kac formulae. This is particularly of interest in the
context of performing smoothing for hidden Markov models. We prove a central limit
theorem under weaker assumptions than adopted in the literature. We then show that the
associated asymptotic variance expression for additive functionals grows at most linearly
in time under hypotheses that are weaker than those currently existing in the literature.
The assumptions are verified for some hidden Markov models.
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1. Introduction

Feynman—Kac formulae provide a very general description of several models, such as hidden
Markov models (HMMs), used in statistics, physics, and many other fields; see [1]. For a
measurable space (X, B(X)), f: X — R (bounded for now), the Feynman—Kac formula
associated to the n-time marginal, n > 1 is: n,(f) = ¥, (f)/y. (1) with, for i a probability
measure on X, G, : X — Ry (bounded),n >0, M,,: X x B(X) — [0, 1],n > 1,

n—1 n
va(f) = /x f(xn)[gcp(x,,)}mxo)gMp<xp_1,dxp>. (1)

We take n9p = w. In the context of HMMs, n, represents the predictor, equivalently, the
conditional distribution of the signal given the observations up to time n — 1. In many practical
applications, such as the smoothing problem in HMMs, one is interested in the formula for
F,: X"t - R (bounded for now),

Jsner Fa o, -, ) [ Tpzg G pGep)lia(dxo) [Ty Mp(xpi, dixp)
St (T G pGep)1ia(dxo) [Ty Mp(xp1, i)

In practice n,(f) and Q,(F,) are unavailable analytically and we must resort to numerical
approximation procedures in order to compute it. We remark that Q, (F},) is of interest, not
only for smoothing for HMMs, but many other application areas; see, for instance [3]. In this
article we focus on the numerical approximation of Q, (F,) and simultaneously 1, (f). The
latter task is often achieved quite well using sequential Monte Carlo (SMC) methods.

Qn(Fn) =

@
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SMC methods are designed to approximate a sequence of probability distributions of increas-
ing dimension. The method uses N > 1 samples (or particles) that are generated in parallel,
and are propagated via importance sampling and resampling methods. Several convergence
results, as N grows, have been proved (see, e.g. [1], [7]) along with the stability in time of the
error of the algorithm [5], [12] in the context of filtering for HMMs. These latter results are of
particular importance due to the temporal sequential nature of the inference; we do not want
the errors over time to accumulate.

As noted above, SMCs can be very useful for approximating n,(f). However, it is well-
known due to the path degeneracy problem (see [8]) that the standard SMC approach of cost
O (N) per time step for approximating Q, (F,,) performs very badly. For example, consider the
central limit theorem (CLT) for the standard SMC approximation of Q,, (F,), call it Q,I,V ’S(Fn)
with Fy,(xq, ..., Xy) = Z;=0 fp(xp), fp: X — R (additive functionals—this is of particular
interest in application areas),

VNIQYS(Fy) — Qu(F)l = N(0,025(F,)),

where ‘=’ denotes convergence in distribution as N — 400 and N (0, on (F )) is a one-
dimensional Gaussian distribution with O mean and variance U,, (F ). Poyiadjis et al. [11]
showed that, under strong assumptions, Gn (Fn) > ¢(n), with ¢(n), O (n?).

One SMC approach designed to deal with these aforementioned issues is that of the forward
filtering backward smoothing algorithm (FFBS) of [8] and [10] and in particular the SMC
approximation of the backward interpretation of Feynman—Kac formulae, written as (@,’1\’ (Fp).
This is a ‘forward only” approximation of the FFBS algorithm, which is of cost @ (N?) per time
step. Several convergence results for this algorithm (and FFBS), including a CLT are proved in
[3], [7], and [9]; the assumptions used are fairly strong and do not always apply on noncompact
state-spaces X. The @ (N?) cost per time step is counterbalanced by the time-behaviour of (an
appropriateley defined) an error in approximating Q, (F,) for F,, additive; it can be no worse
than linear in time (see, e.g. [9]), versus the O (n?) for standard SMC. For instance, Del Moral ef
al. [3] showed that for F,, additive, as v/N[QYN (F,) — Q,(Fy)] = N (0, 62(Fy)), under some
strong hypotheses: onz(F,,) < c(n + 1) with ¢ < 400 not depending upon . In this paper we
weaken the hypotheses previously used in the literature (such as [3], [7], and [9]). A related
idea, the forward filtering backward simulation algorithm in [7], has cost @ (N) but we do not
consider it in this paper.

In the analysis of SMC algorithms, time-stability is often posed as follows. Writing n N
as the SMC approximation of 1, (f), we have under minimal assumptions that VN [nn (fH)—
N ()] 2N (0, 192( f)). In the literature an often proved result, under additional assumptions,
is that 19,%( f) < c where ¢ does not depend upon n. The time-stability of an SMC has been
addressed in many papers (e.g. [2]), but, only recently have the assumptions been weakened,
for example, in [S] and [12]. The assumptions used in the early work of Del Moral et al.
[2] relied on very strong mixing assumptions associated to the underlying Markov chain of
the Feynman—Kac formula. Significant efforts were made to weaken this assumption (see [5]
and [12]). We use similar assumptions to [12] in order to weaken the assumptions used in
[3] and [4] to provide the framework for our approach. First, proving a CLT for the SMC
approximation of the backward interpretation of Feynman—Kac formulae (Theorem 1), that is
VN [Qflv (F,) — Qu(F)] LY (0, an(Fn)). Secondly, providing a linear-in-time bound on the
associated asymptotic variance expression when the function is additive (Theorem 2), that is
for F,(x0,...,xp) = Z;:O fr(xp), a,f(Fn) < c¢(n + 1) where ¢ does not depend upon 7.
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This paper is structured as follows. In Section 2 we state our notation, the algorithm, and
estimates along with our assumptions. In Section 3 the CLT is proved. In Section 4 we prove
O’nz(Fn) < c(n+1). In Section 5 we verify our assumptions. The appendices contain technical
results for the proofs of the CLT and asymptotic variance.

2. Preliminaries

2.1. Notation

For a kernel M: X x B(X) — R4 and o-finite measure p on (X, B(X)) uM(-) =
f o H(dx)M (x, ). For a function ¢: X — R and kernel M (respectively signed measure w),
M(p)(x) = fx o(y)M(x,dy) (respectively u(p) := f(p(y)/L(dy)). For a given function
V:X — [1,00), we denote by Ly the class of functions ¢: XX — R for which ¢y =
sup, o l9(x)|/V(x) < +00. When V = 1 we write ||¢]loc := sup,cx [¢(x)|. We also denote,
for a probability measure u, lullv := supy <y In(@)]. The probability measures on X, are
denoted by #. For u € & such that u(V) < 400, we denote u € £y. Throughout c is used
to denote a constant whose meaning may change, depending upon the context; any (important)
dependencies are written as c¢(-). The bounded, real-valued and measurable functions on a
space Z are written as By (Z). The notation xg., = (x, ..., X,) is used, with k < n.

Recall (1) which is defined in terms of potentials G, and Markov kernels M,,. Throughout
the paper it is assumed for a o -finite measure A on X (typically Lebesgue) and each n > 1 that
My, (xy—1, dx,) = Hy(xp—1, xp)A(dx,) where H, : X2 — R+,Withfx H,(xp—1, xp)A(dxy,) =
1 for all x,—1 € X. A semi-group for n > 1 is defined as

On(xp—1,dxy) = Gu_1(xn—1) My (x4—1, dxp,)

withfor0 < p <n, f: X = R, Qp(f)x) == ff(xn)]_[zsz Qg4 (x4—1, dx,) with the
convention Q, , = Id, the identity operator. We use this semi-group notation for operators
that are introduced later on. Sometimes we abuse the notation and write Q, (x,—1, X;) =
Gp—1(xn—1)Hy(xp—1, x). We write the d-dimensional Gaussian distribution with mean y and
covariance ¥ as Ny (u, ¥) and if d = 1 we drop subscript d. We end by noting that throughout
this paper for every n > 0, |G, |00 < 400.

2.2. Algorithm and estimate

The SMC algorithm samples from the joint law

N n N
P, N, M) = (]"[ no(dX6)> [TIT®rmp-x)),
i=1 p=li=1

where xq (x N) e XN (0 < q < n), nn = (1/N)Z, 1 x,, and the operator
CD J — P is deﬁnedby<1> (u)(dy) w(Gu_1My)(dy)/ u(G,—1). The estimate of v, (f)

We let F X” — R in order to study the SMC approximation of (2). Now the backward

interpretation (see, e.g. [3]) is

Qu(Fy) = / o Fyu(x0: p)nn (dxp) My (x5, dx0: n—1),
xn
where

n
Moy G, dxo: 1) = [ | Myon,, (g, dxg 1), 3)
g=1
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For
Gq—l (xq—l)Hq (xq—l , xq)nq—l (dxq—l)

Ng—1(Gq—1Hy (-, xq))
we write :M,]lv in (3) for when 7y, ..., n,— are replaced by n(l)v, el nfl\’ - The SMC app-
roximation of Q, (-), written as QN(~) is (@N (dxo:n) = m, N(dx,) ]_[q M N (xq, dxg—1).
If F,,(xp: ) = Zp —0Jp(xp), fr: X — R, then settmg FN = fo the (9(N2) appr0x1mat10n
is QY (Fy) = n)Y (FN), where FY (x) = f(x) +n)_ [ (QnC, ) EN ) /01 (Qu (-, x)).

2.3. Assumptions

Mg,y 1 (xg, dxg—1) =

)

We make the following assumptions.

(A1) There existsa V: X — [1, co) unbounded and constants § € (0, 1) and d > 1 with the

following properties. For each d € (d, +oo) there exists a by < +o00 such that for all
X € X, sup,=; On(e")(x) < ! ™IVOHhilica® where €y = {x € X: V(x) < d).

(A2) It holds that i € P, withv =e".

(A3) For every a € (0,3), sup,=; Guo1 () Hy(x, ) /1n—1(Gno1 Hy (-, ¥)) € Lie, with
v(x, y)* = v(x)*v(y)*.

(A4) With d asin (Al) foreach d € [d, 00), G,—1(x)H,(x,y) > Oforallx,y € X,n > 1
with0 < de A(dy) < +ooand thereexisté; > Osuchthat,inf,>1 G,—1(x) H,(x, y) >
€, forall x, y € Cy4. In addition vy(dy) := A(dy) I{Cd}(y)/fcd r(dy) € P,

(AS) Withd asin (Al), and €; as in (A4) for each d € [d, 00) there exist 6; € [€;, 00) such
that, sup,,~| Gu—1(x)Hy, (x,y) < & forallx,y € Cq

(A6) It holds that sup,,~ sup,cy Gn(x) < +00.

Assumptions (A1), (A2) and (A4)-(A6) are Assumptions (H1)—-(HS) of [12], except slightly
modified to our density notation. Assumption (A3) appears to be needed under our analysis,
but can be verified in practice. Under the other assumptions of this paper, « as in (A3) could
be verified if H, € L35 and (infyec, Gu—1(x) Hy (x, y))’1 € L, with g1, B2 > 0 and
o = B1 + B2. A discussion of the unmodified assumptions and comparison to the assumptions
of [6] can be found in [12].

3. Central limit theorem

The asymptotic variance in the CLT for the forward only smoothing (respectively FFBS) is,
under some conditions, given by [3, Theorem 3.1] (see also [7]):

2 Dpa(F) 7T
2(Fy) = ([h n{P () — WL ) ” ) 4
02 (Fy) pZ:Onp pnd Ppn(Fn) D1 )
for the predictor. The operators are for 0 < p < n,
Qp,n(l)(xp) Dp,n(Fn)(xp)
hp.n = T Py (Fy = N o
P =0y ) PG = D)

Dy (Fy)(xp) = f Mp(xp, dxo: p—1)&pn(xp, dxp+1:n)Fn (x0: n)
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and
n—1

@p,n(xps dprrl:n) = 1_[ Og+1(xg, dqurl)- )]
q=p

With the conventions that Dy, = &g, and D, , = M. Note that if Q,(F,) = 0, onz(F,,) =
Z']’):O n ,,(h%,’ 2Py, 2(F.)?). We obtain the CLT under weaker assumptions than considered by
[3] and [7], but only for bounded functions; we note that (A1) and (A3) need not be time-
uniform, but in order to connect with the next section, we make them time-uniform. Indeed,
we can pose (Al) as @, (v) < c(n)v!~?. We use [E{-} to denote expectation with respect to the
particle system.

Theorem 1. Assume that (Al)—(A3) hold. Suppose that for eachn > 0, 1/G,, € L3572, with §
as in (Al), then for any n > 0, F, € Bp(X" 1), VN[QN — Q,1(Fy) > N(O, 02 (Fn)).

Proof. By translation, we can assume that Q,(F,) = 0. For notational convenience, we
introduce the rescaled quantity

. Dy, (Fp)
Dy u(Fy) = _—pninl
NMp Qp‘n(l)
and its empirical analogue
AN Dy, (Fy)
DY (Fy) = —L
npQpn(l)

for DY, (Fy) = [ M} (xp,dx0: p-1)@p.n(Xp, dXpy1:0) F(x0: ). From De Moral et al. [3,
p. 965] and Equation (5.3) of[3, p. 962], it follows that

n -N(l)
N _ p
VNIQy — Qul(F) = JNPXZ% SN0

[ = ®,(y_DIDY, (F)).

where we have set )7,9’(1) = y,l,v(l)/yp(l). Since the quantity )7,9’(1) converges to one
in probability (e.g. Proposition 1), from Slutsky’s lemma we show that we can ignore the
7, (1)/7,Y (1) term for proving the CLT. The proof consists of exploiting the decomposition

fOr ﬁ;’\’ln = f)ljyn(Fn) - lA)p,n(F‘ﬂL

> VNI = @, (N _DIDY ,(Fu))

p=0
=N (Z[nﬁ — @, _DIEN)+ D Iy - cbp(n,QVl)](bp,n(Fn))).
p=0 p=0

and prove that the first term on the right-hand side converges to 0 in probability while the second
term converges in law towards a centred Gaussian distribution with variance ag(Fn).

As G, € By(X) (foreach p > 0), F;, € Bp(X), and ﬁp,n(Fn) € Bp(X) for0 < p < n; by

Corollary 9.3.1 of [1], the sequence v/N ([ =101 (Do.n (Fn)). - - . [y =®u (0 )1(Dn (Fa)))
converges in law towards a centred Gaussian vector with covariance matrix

diag(var,, (Do n (Fy)), - . ., vary, (Dy n(Fy))).
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It follows that Z’;=0 \/ﬁ[ng — <I>p(nN71)](ﬁp,Q(Fn)) converges in law towards a centred
Gaussian distribution with variance Zj:o vary; (D n(Fy)); this is just another way of writing
0 (Fy). )

In the last part of the proof we show that the term Z?;:o \/N[ng — q’p(”gfl)](F;]Xn)
converges to 0 in probability; this quantity has zero expectation and by the first inequality
of [3, p. 965]

n 2 n
E{(Z VNI - d>p(ng1)](ﬁﬁn)) } <Y B, N_DAEY, 1)

p=0 p=0

(where ¢ < 400 does not deEend on N). It thus remains to verify that for any index0 < p <n
the quantity E{®, (7711;]_1)([F,1;\,7n]2)} converges to 0 as N — oo. We use the decomposition
O, _DAFN 1P = np(LFY 1) + [, ) — @,(np-DI(FY, 1) and treat each term

separately. As G, € By (X) (for each p > 0), F, € Bp(X), and ﬁlj)\,/n(Fn) € Bp(X) for 0 <
p < n;it folAlows from the dominated convergence theorem, Fubini’s theoEem, and Lemma 1
that ]E{r;,,([F,I,\”n]2)} converges to 0. For dealing with the second term, as F,I)\fn(Fn) € Bp(X),

we note that E{l[%(nﬁ.ﬁl) — CDP(np,l)]([I:"l],\”n]zN} is upper-bounded by (¢ does not depend

on N)
c/E
x

By assumption (A3) and the boundedness of G ,_1 for every fixed x,, € X Proposition 1 applies
to the function G,_1 H) (-, xp) and G _1; it follows that for every fixed x, € X the function

M1 (Gp=1Hp (. %p)  0ypei(G o1 Hy(- %))
ny_1(Gp-1) np-1(Gp-1)

Adxp) (6)

1 D

Ny 1 (Gp-1Hp(Xp))  ny 1(Gpoi Hp(:, X)) 2
Np-1(Gp—1Hp(-, xp))

1 (Gp-1) Np—1(Gp-1)

(7

From Lemma 3, we show that for A-almost everywhere (a.e.) with fixed x, € X (7) is also
uniformly integrable; consequently for A-a.e. with fixed x, € X (7) converges in expectation
to zero. In addition, by Lemma 3, (6) is upper-bounded by

c fx () Np-1(G po1 Hp (-, xp)A(dx,).

Application of Fubini’s theorem and repeated use of Corollary 1 allows us to show that
fx v(x,,)z"‘np_l(Gp_al(~, Xp))A(dxp,) < c, where ¢ < 400 depends on p but not N. Thus,
by the dominated convergence theorem, we have shown that the term in (6) goes to zero, which
completes the proof.

4. Control of the asymptotic variance

We now consider the asymptotic variance when F, (xg. ,) = Z?,:O frxp), fp: X — R
Contrary to Theorem 1 we will not assume that the f}, are bounded; let || f ||y« = sup p=0 I fpllve-

Theorem 2. Assume that (Al)—(A6) hold. Then if || fll,e < 400, a € (0, %) there exists a
¢ < 400 which only depends upon the constants in (Al) and (A3)—(A6) such that foranyn > 1:
02 (Fp) < cll flloe(n + 1).
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Proof. Consider the term hp, ,, (X){Pp n (Fy)(x) — 0p(Dp n(Fy))/0p(Dpn(1))} in (4). We
have the simple calculation

Np(Dpn(F)  (8x ®@np —1p ®8:)(Dpn(Fr ® 1))

P n Fn - - ’
pa(F) @) =2 1p(Dpn(1) Dpn (1))

where D, = D, ® D, , and the ® notation is used to denote operators/functions on the
product space. Let 17, , := (6x ® np — 1p ® &) then using the additive nature of the functional
F,, we derive

ﬁp,xDp,n(Fn ®1)

p—1 n
= Npx(Qpun(DHMpy(fg ® 1)) + Z Mp.x, (Qp.q((fg ® Qg (1)),
q=0 q=p
where Mp.; = Mp,npfl» e, Mq+1,,7q.

We consider first for p > 1,

hp,n(x) pi]_ _ _
UP(DP»H(I))Dp,n(l)(x) qgonp,x(gp,n(l)Mp;q(fq ®1))
‘Mpin(g ()M (f) () — Mg (fi)]) ®)
1 (Qpa(h)) 2" (@rr DIHalls palF)D-

By Proposition 3 the right-hand side is upper-bounded by c|| f ||y« v(x)?*. Then, we consider
(which covers the p = 0 case)

np(Dp,n(l))Dp,n(l)(x) —

hp n(x) . _ = =
= : X 1 n 1 . 9
Np(Qpn(1))Qpn(1)(x) ;:p: Npx(Qp,g(fg ®1)Qgn(1))) ©))

hpn " B B
') Z Np,x(Qp,g((fg ® 1D Qg,n(1)))
q=p

By Proposition 2, the right-hand side is upper-bounded by c|| s« v(x)3®. Thus, we have
proved that a,%(Fn) < c|| fllve Z;:O Np (v6°‘). We conclude by noting that ¢ € (0, %) and
using Proposition 1 of [12].

5. An example

An example where our assumptions can hold, is that of [12, Section 3.2], with some minor
modifications. Let X = R% with n >0, X,+1 = X, + W,. Let W, be independent and
identically distributed (i.i.d.) ~ Ny (0, 14, ) with I the d, x d, identity matrix. We can take
V(x) = 1 +x"x/2(1 + &), 8o > 1. The observation model is taken as Y,|X, = x ~
Na, (H (x), ozldv) where H: % — R%: thatis, G, (x) is the dy-dimensional Gaussian density
with mean H (x) covariance 14, and is evaluated point-wise at the observed y,. It is assumed
that the actual observations lie on a space Y, C R%, with ¥, compact. If H is bounded such
that 1im,— oo Sup| - [(3)x T (1 + 81)/(o(1 + 80)) + (3)05 supyey, |¥|supj—y ATH (x) —
(H(x)TH(x))/(2oy2)] < 0 with §; € (0,1) then we can verify all of the assumptions,
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0 200 400 600 800 1000
Time

FIGURE 1: Estimate of the asymptotic variance. The function is Fj(xp. ) = ZZ:O xp and an SMC

algorithm is computed with N = 10000, 100 times for each time point. The y axis is rescaled for

presentation purposes and the dotted line is a least squares estimate of a linear regression of o2 against
time.

including 1/G,—1 € £, using the work of [12], apart from (A3). This holds if for
o € (0, %)infyex((infxecd H, (x, y))v(y)*) > 0. This is because 1n,_1(Cy) can be shown
to be lower-bounded uniformly in n (see the proof of [12, Lemma 8]) and G,—_1 is (uniform
in n) upper and lower-bounded if Y, is compact (which it is). Simple calculations show that
infyex ((nfrec, Hy(x, y)v(y)¥) > 0, can hold if 03 > 4 and then taking 1 < §p small
enough.

Another observation model (with the above hidden Markov chain and v(x)) for which we
can verify the assumptions of this paper can be found in [12, Section 3.1.1]. Here, we set
Y. =Y ={0, 1}% and write B(p) as the Bernoulli distribution with success probability p, the
observation model is ¥, | X, = x ~ B(p(x1)) @ - - - @ B(p(x)) where p(x) = 1/(1 +e~).
It is easily shown that 1/G,—; € «£,5 and all the other assumptions apart from (A3) easily
follow. Assumption (A3) will follow by the above calculations and the fact that (treating G,
as a function of the observations also) G, (x;y) < 1 and inf(, yyeyxc, Gu(x;y) > 0. To
illustrate the linear growth bound for this example (d, = 1), we generate 1000 data points
from the model and estimate the asymptotic variance, using an SMC algorithm for the function
Fo(x0.0) = Z’;,:O xp. The results, shown in Figure 1, demonstrate the expected linear in time
increase.

Appendix A. Technical results for the central limit theorem

Note that 7" is the natural filtration of the particles at time n.

Lemma 1. Assume that (Al)—(A3) hold. Suppose that foreachn > 0,1/G, € L5, withé asin
(Al). Let p > O then for A-a.e. x, € X and any F € By (X" 1), [D,IX,, — Dy nl(F)(xp) 20.
Proof. By [3, Lemma 6.1], we have

p
[Dp = Dpnl(F)Crp) = 3 (M v = My g o, )1 SpgnFN G, (10)
q=0
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where for u € 2,0 < g < p. It holds that

M(dxq)@q,p—l(xqa d-xq+lip—l)Qp(-xp—l7 Xp)

l/«Qq,p—l(Qp(', xp))

Mpgu(xp, dxg:p—1) =

b

where @ ,1 is defined in (5) and

Szlav,q,n(F)(xqtp) = A GQp,n(xp’ dxp—t—l:n)M([]V(xq, dxo. q—l)F(xO: n)

q+n—p

see (3) for a definition of M (1]\’ . We note that

sup  |S] L (F)(xg:p)| < ¢l Flloos (11)

—q+1
Xg:p€EXP™Y

where c¢ is a finite constant that may depend on p, n but not on N. We will show that each
summand on the right-hand side of (10) will converge to 0 in probability.
It is first remarked that by (A1), (A3), and Proposition 1,

N Qp('axp) ) D ( Qp("xp) )
T Q“"l(nw(Qp(-,xp)) = a1\ 0, ()

N Qp('v-xp) D Qp('v-xp)
q)q("q‘l)[Q‘“"](np_l(Qp(.,xp»)] M Qq”"l(np_l(gp(-,xp>>>

and

so it is enough to show that

Qp(.,xp)S;V’q’n(F))} LY (12)

Np—1(Qp (-, xp))

We have via the Jensen and the (conditional) Marcinkiewicz—Zygmund inequalities that

Qp( xp) Sy g n(F)
E{’[ng—®q(n5_1)][@q,p1< npp_l(;p(p.’,q)},,)) )]H

Qp<-,xp)ijq,,<F>) 1
a0 ,
@r 1( (0o )

[ny — ®q<n5_1)][@q,p_1(

2}1/2

c
<—E
~ JN {

From (11) it follows that

Q,,(-,xpmgq,n(m) 1 2}‘/2
EllQ, ,— X
” “p 1( 10y )X

0, xp) ) 1 2}1/2
FllooEy Qq.p1\ - — 5 57 )X '
<c|F| {Qw l(np_l(Qp("xp)) )

Then by assumption (A3) and repeated application of Corollary 1, we have

E OpC,xp) 1o aR 1\2a,1/2
Qg.p-1 m (Xq) < cv(xp) {U(Xq) |
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For E{v(X ;)20‘}, Jensen’s inequality and application of Lemma 2 yields

QpCoxp)SY,  (F) .
S R L Gt | B s

Thus, we have shown that (12) holds, from which we conclude the proof.

Lemma 2. Assume that (Al) and (A2) hold. Suppose that for eachn > 0, 1/G, € L5 with §
as in (Al) then for any n > 0 there exists a ¢ < +00 such that for any N > 2, E{v(X,ll)} <ec.

Proof. We proceed via induction. The n = 0 case follows as 9 € #,. Thus, we assume
for n — 1 and consider n, E{v(X,ll)} = E{n}]f_l (Q,,(v))/nflv_l (Gn-1)}. Now, consider

-1 1 1
N

s 77n—1< 5) Z H

v v Gn—l

So, we have that ]E{v(X,i)} <|I1/Gp-1 ||U5H'Z{r;flv_l (On (v))nfl\’_1 (v%)}. Now, via the multiplica-
tive drift 0, (v) < cv' 79, so

1 1
v ol @)

MG = |

G (13)

1 .
E{ny_ 1 (Qn()my_ (0°)} < CE{m<Zv<X DAY v(Xh )1—5v<x;1>5>}
i#]

N — _
= C(E{U(X,ll_l)} + T]E{U(X}z_l)l %(Xﬁ_l)“})
< 2cE{v(X,_p),
where we have applied Holder’s inequality to obtain the last line; the induction hypothesis

completes the proof.

Lemma 3. Assume that (A1)—(A3) hold. Suppose that for eachn > 0, 1/G,, € L2 with § as
in (Al), then there exists a 1 > k > 0 such that for any n > 1 there exists a ¢ < 400 such that
for A-a.e. x, € X,

14« }

E”[nﬁl(Gn]Hn(-,xn)) ~ nn_1(Gn_1Hp(~,x,,)):| 1
nN (Guo) Mn—1(Gn1) Mn—1(Gn_1 Hy (-, X))

< cv(x,) %,

where o is as in (A3).

Proof. We have

Eﬂ[nﬁ_lmn_]fln(-,xn» ~ nn1<Gn1Hp<~,xn)>] !
M1 (Gn-1) M-1(Gn-1)  10n—1(Guo1 Hu (. Xn))

c( 1 +E{ nN (Gu1Hy (-, xp)) ‘”})
- nn—l(Gn—l)H_K ’

n,liv_l (Gn-1Nn-1(Gp—1H, (-, xp))
Then by the application of assumption (A3), we obtain
I+x
E{ } (14)
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NN (Gt Hy (-, X))
NN (Gue)Nn—1 (Gt Hy (-, xn))

Tl,ﬂv,l(v“)
nN [(Guo1)

14«
} < cv(xn>“+“>“ﬂ<:{
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We will now show that (see the right-hand side of (14)) E{|n"Y_, v*)/nY_|(G,_D|'T*} < ¢
for some 1 > « > 0. From the proof of (13) in Lemma 2, we can show in a similar manner
that E{|nY ) /0" (Go—DI'™} < cEf{n) ,¥)nY (¥?)}1*%}. From Minkowski’s

n—1

inequality, we have E{{U,]QV_ 1 (v"‘)nfl\’_l (CRE B upper-bounded by

1 ) 14k 1/(14k)
N2+ (E{ {Z ”(XZI)(HW} }

1

) ) 1+xy 1/(1+x)\ 14K
+E{{Zv(xi,_l)%(xg_l)3/2} } )

i#]
= m(NE{v(X}H])(a+5/2)(1+x)}1/(1+,()

+ N(N _ I)E{v(xlil)a(l-H()v(Xzil)5(1+K)/2}1/(1+K))1+K.

For0 < k <min{l/6—1,1/Q2a)—1, 1/(e¢+65/2) — 1}, we will show that the two expectations

in the above equation are upper-bounded by a constant. For E{v(X ! )@+H/2U+031/0+0) [y
canapply Jensen’s inequality followed by Lemma2. ForE{v(X} )@(1H0y(x2 )oU+/231/ (0
we can apply the Cauchy—Schwarz inequality to obtain the upper-bound

E{U(X,ll_l)za(l'“{)}1/2(1+K)E{U(X5_1)3(1+K)}1/2(1+");
the two terms are controlled via Jensen’s inequality followed by Lemma 2. Hence, we can

deduce that ]E{|r;£lv_1 (vl/z)/n,}:/_1 (Gn_1)|'**} < ¢ for some k > 0 which concludes the proof
of the lemma.

Proposition 1. Assume that (A1) and (A2) hold. Suppose that for eachn > 0, 1/G,, € L3,
with § as in (Al) then for any ¢ > 0, f € L 1/0+0, n > 0, nrjl\’(f) 2 N (f).

Proof. The result is proved by induction. The n = 0 case follows by the weak law of large
numbers for i.i.d. random variables; ng € #,. Thus, the result is assumed for » — 1 and we
consider n. We have

Y — na1(F) = ) — @, N_DICH) + [@u () — mal(f). (15)

First, we deal with the second term on the right-hand side of (15). We have the standard
decomposition

(D, () = na1(f)

1 1
= [ }n,’f’](Qn(f)) +

— N
G i GD UARET A ()]

Nu—1(Gn-1)

By Corollary 1, Q,(f) € £,1/0+0) (recall that for any n > 0, |G,llc < +00), so by the

induction hypothesis it follows that [(ID,,(nflV_l) — 1) 20.

We now deal with the first term on the right-hand side of (15). We can use [4, Theorem A.1],
which can be applied using Lemma 2. We have to verify Equations (25) and (26) of [4]. In the
notation of this paper, they read:

(i) supy P(@,(n)_D(f]) = k) > Oask — oo.
Q) (/N EUF @D L poyynse) | FY )= 0forany e > 0.
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We see that (i) follows from [, (nn D= m1(f) 2 0. For (i), set0 <k <o AS/(1—=6), we
easily see that (1/N) Y1 B{LF )| 1 riyynze) | FN} < @all) 1)(|f|‘*”)/(eN)” As
On(|fI'T) e L J1/(1+e) bY construction, it follows that & (nn 1)(|f|1+“)/(eN)K — 0 which
completes the proof

Appendix B. Proofs for the asymptotic variance

We provide the proofs which are used for Theorem 2. This is broken into three sections:
controlling the forward (9) and backward (8) part of the asymptotic variance and the technical
results used to achieve this. We write £, g, as the expectation with respect to the inhomo-
geneous Markov chain {X plp=0 on X := X? with initial dlstrlbutlon # ® n and transition
Hp(p1.%p) Hp (yp—1. yp)A(dxp) @ A(dyp). Also, M4 = 3170 160 (X Ly Ky ).

B.1. Controlling the forward part

Proposition 2. Assume that (Al), (A2), and (A4)—(A6) hold. Then if || f |y« < +00, o € (0, %)
there exist a ¢ < 400 and p € (0, 1) which depend only upon the constants in (Al) and
(A4)—(A6) such that for any x € X,

hp n(x) - _ = =
. X 1 21
np(Qp,n(l))Qp,n(l)(x);np’ (@rq((fg ® DQqn(D)))

p(l —p"_p)}

— (16)

< c||f||vav(x>3“{1 +

Proof. We break up our proof into three parts where we deal with controlling the summands
on the left-hand side of (16).

(i) The g = p case of (16). We have
Tpx(Qp.g(fg ® DQqn()) =2 ((fp @ DQpn(1)).

Then as f), € Lo, we have

8x ® np((fg @ D0 p (1)) < I f lev()* Qp a1 )1 (Qp.a(1)). a7

Thus, by using a similar argument to (17),

ﬁp,x((fp ® I)Qp,n(l)) <cll flly Qp,n(l)(x)[v(x)anp(Qp,n(1)) + np(anp,n(l))]~

Hence, we have
ipn(x) Tox(fp @ 1O pn(1))
1p(Qpa(D) @ (D) PP S

hp,n(x)
< cll fllwe (@)

W) np(Qpa(1) +1p(v* Qpn(1N]. (18)

Now for the first term on the right-hand side of (18) we have

hpn(x)

(0. (1) * 2a
np(Qp,n(l))v(x) Np(Qpn(1)) < cv(x)™,
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where we have used Propositions 1 and 2 of [12] and Lemma 7, namely,

sup sup ||hpnllve < +00.
n>10<p<n

For the second term on the right-hand side of (18) we have, for any r € [d, 00),

hp,n(x)/ np(Qp,n(l)) np(va Qp,n(l)) = hp,n(x)np(vahp,n) =< Cv(x)anp(vza)’ where
We use sup,,- | SUPo< <, lhpnllve < +oo. By Proposition 1 of [12] it follows that

SUp >0 IIUp(UZ“)Ilva < +o0, thus, hp,n(x)/np(Qp,n(l))np(va Opn(l)) =< cv(x)“.
Thus, for the g = p case, we have established that
hp.n(x)

o R1)0, (1) < w0 (x)%%. 19
np(Q,;,n(l))Qp,n(l)(x)np’ (fr®D0p (1) <cl|l fllvev(x) (19)

(i) The g = n case of (16). Wehave 77+ (0p,q((f3®1) Qg.n (D)) = 1px(Qpn((f@ D).
Then, we can apply the proof of Theorem 1 of [12] to show that there exists a p € (0, 1)
(which depends upon the constants in (A1)-(A6)),

ﬁp,x(Qp,n((fp ® 1)) Vp e (X) ay n—p
1@y QD) = M e P
where vy 4.0 (X) = v(X)*||Apnllve/ hpn(x). Thus, we have established that for g = n,
px (Qp.n((fp ® 1)) o« o nep
hp’"(x)np(Q,,,n(l))Q,,,n(l)(x) <cll fllvev()*u@)p" . (20)

(iii)) The p < g < n case of (16). Using almost the same calculations as Theorem 1 of [12]
(which relies on the proofs of [6]), we have for arbitrary d, 8 € (0, 1),

fpx(Qp.qg((f3 ® DQg.n(1)))

_ ol . _ e
< 2| fllve |:E6X®np { 1_[ Gq (Xs)l_)(Xq)a Qq,n(l)(xq) 1{1‘;1,‘{42/3((1*17)} Py e }
s=p

q—1 _
_ - - - _ _ M4
+ Eax@mp { l_[ Gq (X‘Y)U(Xq)a Qq,n(l)(Xq) I{Mﬁ,q<ﬂ<q—p)} Py e }:| , (2D
s=p
where pg =1—(¢;/ 6;)2. We begin by considering the first term on the right-hand side

of (21), when multiplied by the term outside the summation on the left-hand side of (16).
As in Theorem 1 of [12] as pg < 1, we have

hp,n(x)
Np(Qpn(1)Qpn(1)(x)

_ ot 3 d
x E5x®ﬂp { 1_[ Gy (XS)U(Xq)a Ogn(D(Xg) I{Mg,qzﬁ(q—p)} Py P }
s=p
< pﬁ(q—p)h () Qp,q(va Qqn(l))(x) np[Qp,q(va Qq,n(l))] .
- P Qp,q(Qq,n(l))(x) np[Qp,q(Qq,n(l))]
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Then, we can apply Lemma 4 to show that

hp,n(x)
np(Qp,n(l))Qp,n(l)(x)

q—1 _
— - - - M4
x E3x®ﬂp{l_[ Gq(X)V(X* Qqn(M(X) Yz >p(g—p)) Pa p’q}
s=p

Blg—p)

< cll fllep P o(x).

Now consider the second term on the right-hand side of (21), when multiplied by the
term outside the summation on the left-hand side of (16). We have
_ 12 o5 o _ _
i (OB, 01, {12 Gy (X8 (X Qqn (DX ) Lista g py)
Qp,n(l)(x)np(Qp,n(l))
< c(d, o, Bn@* ) (x)* exp{—(q — p)c(d, a, B)1},

where we note that d was arbitrary and we have applied Lemma 5. Then, we can make
d larger so that we have for p < g < n,

hp,n(x)

i, (0 DO, ,(1 v p? Pu(x)3, (22
np(Qp,n(l))Qp,n(l)(x)n”’ (Op.q((fg ® DOy n(1))) < cll fllvap? Pv(x) (22)

where p € (0, 1) depends upon the constants in (A1)—(A6) as well as «.
Then combining (19), (20), and (22), we have proved that for any x € X,

B pn(x) =~ _ - -
- X 1 n 1
np<Qp,n<1>)Qp,n(1)<x>q;,”’”’ (@pq((fg ® DQqn(1)))

n

< cunfnuav(xﬁ“[l + Y pq“’]

g=p+l1
from which we conclude the proof.

B.2. Controlling the backward part

Proposition 3. Assume that (Al)—(A6) hold. Then if || f ||y« < 400 fora € (0, %) there exists
a ¢ < 400 which depends only upon the constants in (Al) and (A3)—(A6), such that for any
xeX,p>1,

hpn(x)

p—1
m qgo np(Qp,n(l)[Mp:q(fq)(x) - Mp:q(fq)]) = C”f”v"‘v(x)za- (23)

Proof. Consider the summand in (23),

Np(Qpn(DIMp:g (f)(x) — Mp:q(f)])
Mp. v¥ _M; e
=||f||uw)p<[Qp,n(1)v(x)“v“][[ pig Fg N 1) () = Mg (fy /I £ )]D_

v(x)%v¥
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Then applying Lemma 6, we have

1p(Qpn(DIMpg (f)(X) = Mg (FOD) < €l flloa p P17V, (0 p n (D) 0(x)%.

Thus, (23) is upper-bounded by c|| f lveh p,n (X)0p (hp nv*)v(x)¥. Then, we have

2
N o1 (00 ) < €l e[ sup sup 1 palus | 001 (020 (0)*

n>10<p<n
2 2a
< clfllw[sup sup Wpallve ] sup linp 0 ).
p=0

n>10<p<n

From Propositions 1 and 2 of [12] it follows that

2
[sup sup pallue]” suplinllee < +o0

n>10<p<n p=0

from which we conclude the proof.

B.3. Technical results

Lemma 4. Assume that (Al), (A2), and (A4)—(A6) hold. Then for any o € (0, %) there exists
a ¢ < +o0o depending only on the constants in (Al) and (A3)—(A6), such that for any n > 1,
O0<p<g<nxelX:

Qp.g (¥ Qg.n(1)(X) Np[Qp,g (W Qg n (D] _
Qp,q(Qq,n(l))(x) np[Qp,q(Qq,n(l))] N

Proof. Note that throughout ¢ denotes a generic finite constant that may depend upon «, but
whose value may change upon each appearance. Define the Markov semi-group 7 4 (x, dy) =
Op.q(x,dy)/Qp4(1)(x). Then, we have

0 p.q(v*Qgn(1))(x) NplQp g (¥ Qg.n(1))]
Qp,q(Qq,n(l))(x) Up[Qp,q(Qq,n(l))]

N Tp,q(vahq,n)(x) np[hp,qu,q(Uahq,n)]

= h[,,,,(x) .

Tp,q(hq,n)(x) np[hp,qu,q (hq,n)]

We will consider the right-hand side of (24). First, the term

hpn(x) cv(x)3.

hpn(x)

(24)

hpn) QD) Cpa (MO T2, s
Ty q(hgn)(x) B l_[n_l A Op.n(1)(x)

s=p S

’

where Ay = n,(Gy) and we have used, recursively, Lemma 1 of [12]. Then by cancelling,
it clearly follows that i, ,(x)/ Ty 4(hg n)(x) = hp 4(x). Hence, combining our calculations
together and returning to (24), we have established that

Qp,q(va Qq,n(l))(x) np[Qp,q(Ua Qq,n(l))]
Qp,q(Qq,n(l))(x) np[Qp,q(Qq,n(l))]
Nplhp,qTp.q(Vhgn)l

zhl’vq(x)TP,q(v hq,n)(x) ﬂp[hp,qu,q(hq,n)] . (25)

hp,n(x)
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We now focus on the term 1/n,[hp 4 Tp,q(hg »)] in (25). We note that for any x € X,
Op.q(D(x) Qpn(D(x)

M2, % Qpg(ME Tz As
By Lemma 10 of [12] for any arbitrary d € [d, 0o) it follows that

inf inf inf hp,(x) >0
n>10<p=<nXec,

hp,q(x)Tp,q(hq,n)(x) =

=hpa(x).

and so for any d as stated, and by using the above calculation, it follows that

nf inf inf (0]

i
n>10=<p=nxecy

np[hp,qu,q(hq,n)] > np[l{Cd} hp,n] = Up(Cd)[

Now, by using the proof of Lemma 8 of [12], we have for large enough d that there is a finite
¢ > 0 such that

;}I;fO np(Cd)[rllI;ti O<u;f§n xlfcfd hpn(x)] = c.

Thus, returning to (25), we have

0p,q (0" Qgn(1)(x) nplQp.q(v* Qgn(1)]
0p.q(Qqn()(x)  1nplQp.q(Qgn(1)]
< chpg(X)Tpg(W*hgn)CONplhpgTp.q(W*hgn)l. (26)
Now, using the above arguments, we have SUP,> 1 SUP| <4 <p lhg nllve < 400, so, we have

forany x € X Tp g (v hg n)(x) < cTp 4 (v*¥)(x), where ¢ does not depend upon p, g, n. Then
using Theorem 1 of [12], we arrive at Equation (61) of [12], thus,

hp,n(x)

Up.q.2a (x)

Tp,q(vahq‘n)(x) <c s
”hp,q ”1;206

27)

where vy 4.24(x) = v(x)2| hp.qlly2e / hp 4 (x) and we are invoking Lemma 7. Hence, returning
to (26), we have

Qp,q (v® Qq,n(l))(x) np[Qp,q(va Qq,n(l))] 3o .
h, T hy )] (28
010 Qan(IE) 1y g @an(Dy] = L M0 lpgTpqWFhgn)] (28)

We now turnto nplhp, 4Ty o (vV¥hg )] on the right-hand side of (28). By using (27), we have
Nplhp.gTp.g(W¥hgn)] < cnp(v*¥), where ¢ depends on « only. Using Proposition 1 of [12]
(noting again Lemma 7 and that o € (0, %)), we can thus conclude that
Qp,q(va Qqn(l))(x) np[Qp,q(va Qqn(l))]

Qp,q(Qq,n(l))(x) np[Qp,q(Qq,n(l))]

which completes the proof.

Lemma 5. Assume that (Al), (A2), and (A4)—(A6) hold. Then there existsad € [d, 00) (which
can be arbitrarily large) such that for any o € (0, %), B € (0, 1) thereexistsa0 < c(d, o, B) <
~+o00 such that forany,n > 1,0 < p < g <n, x € X,

@) Es, 0, (T, Go (XX Cyn (D) Liga i)}

Qp,n(l)(x)np(Qp,n(l))
< c(d, @, Hr**)v(x)** exp{—(g — p)c(d, a, B)}.

hp,n(x)

hp,n(x) =< Cv(x)%t,
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Proof. Throughout c denotes a generic finite and positive constant that depends upon «, 8, d,
but whose value may change upon each appearance. The dependencies of ¢ are omitted in the
proof in order to simplify the notation.

We can rewrite the above equation as

(B, 00, {TTEZ) Gs (XI0(X)* Qg (DX ) Lzt g}
0 p.n (D) (Qpa(1))
hpn@Es, e T2, G XDI0X ) hgn(X) Vjza <pig—py)
N 0p.q(hg) () 1p(Qp.q(hgn)
Now consider the i, ,,(x)/ QO .4 (hg ) (x) term in (29). We have

(29)

hpn()  QpaMWILZ A 1
Qp.gthgm)(®) 120 A Qpn(D@)  T12) A

Now, using Propositions 1 and 2 of [12], it follows that A := infs>0 A; > 0 and, thus, by the
above calculation it follows that i, ,,(x)/ Q.4 (hg,n)(x) < 1/A97P. This leaves us with

hpn (0 Es, o AT, Gs (XD)I8(X)* Qqn(D(Xg) Lt <pig—pn))
Qpn(D()Np(Qpn(1))
Es,o, ([T112) Gs (X010(X) R X) Visg piq—pp))
= AT, (Qpg g ) |

We next consider the 1/1,(Qp.4(hg,,)) term on the right-hand side of (30). Pick a fixed
r € [d, d). Then by repeatedly applying (A4), we obtain

(30)

np(Qp,q(hq,n)) = np(Qp,q(Cr)) ’1211 inf inf hq,n(x)

0<g<n Xec,

> 1p(Cr) (e, v (C))? P inf inf inf hy ,(x).

n>10<g<nxeC,

Now, by Lemma 10 of [12] it follows that inf, > info<4<s infx.., fgn(x) > 0. For r and,
hence, large enough d it follows that inf ,> 1, (C;) > 0 by the proof of Lemma 8 of [12]. Now
fix r from here on in. Thus, we have shown that for r, large enough d,

@) Es, 0, (T, Go (XX Cyn (D) Liga i)}
0 (D @)NH(Qpn(1)
Es o, ([TT12) Gs (X0I0(X) R X) Lisag | <piq—pp))
‘ (he 0, (C)P '

=

3D

Now to complete the proof, we note that as h, , € Ly« and sup,; SUP)<g <n g nllve <
~+00, by Propositions 1 and 2 of [12] and Lemma 7, the upper-bound of the right-hand side of
(31) is equal to
Es,o, (112, Gs(XO10(X) ™ Laa g py)

(05 v (C))a~P

c
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Then by the proof of Theorem 1 of [12], we note that

q—1
E(Sx@ﬂp { |:1_[ Gy (Xs):|5(Xq)3a I{M;iq </3(q—p)}}

S=p
ds(g —p)(1—p)  3ds
2 + T}

< cp(@*)(x)* exp{—
Hence, we have proved that for r, large enough d,

hpn s, e ATTIZ, Gs (XDI0X ) QgD (X Vit <piq—py)
Qp,n(l)(x)np(Qp,n(l))

dé(l —
< cp)p(x)* exp{—(q - p)[%

3dé

+log(d) + log(erlur<cr>>] + T}'

On noting that r is fixed, we can increase d to ensure that the result holds.

Lemma 6. Assume that (Al)—(A6) hold. Then for any a € (0, %), p>14qe{0,...,p—1}
there exists a ¢ < +00 which depends only upon the constants in (Al) and (A3)—(A6) such that

sup |Mp:q(f)(i5) — Mg (f)(2)] < c,o(”_q_l),
(x,2)exX | fI=v® v(x, )%

Proof. We start by using Lemma 4.3 of [3], which provides the neat reversal equation:
nq(qu,pfl [Qp(', x)])
nq(Qq,pfl[Qp(" x)])

First, we focusonthe g € {0, ..., p—2} case. We note that using a similar proof to Lemma 1
of [12] it follows that for any ¢ : X — R,

My (f)x) = forallx € X. 32)

p—2
1q(Qq.p-1(9)) = (]‘[ As>np1<<p). (33)
s=q
Using the representation (32) and the identity (33), we have
Mp:q(f)(x) - Mp:q(f)(z)

v(x, 2)¥

_ (ng ® nq)(f{Qq,p—l [Qp(, x)]Qq,p—] [OpC, D] — Qq.p—] [Op(, Z)]Qq,p—l[Qp('s )1
TE=2 3502110 6 D)0y 110p (-, D5, 2

(34)

Consider the argument of the function that is operated on by (175 ® 14), when excluding f
on the right-hand side of (34). This can be written as (6; ® &; — 8; ® 8,)(Qq,p-1(Qp (-, X) ®
0,(-,2))). Then by (A3) as Q,(y, x)/np-1[Qp(:, x)] € L, and via decompositions and
calculations in [6] (see, e.g. the proof of Theorem 1 of [12]), we obtain

(8 ® 8 — 8 ® 8:)(0yq, p—1(Qp (-, x) ® Qp(-, 2)))
Np—110p ¢, X)Inp-1[0p (-, 2)]

where ¢ depends on SUp > | 1Qp/np—11Qplll5« and

< c(8s ® 8 Ry, p—1 (VM) V(x, 2)%,

Ri(3.d5) = 0,(%.d5) — 16, (V) (e7)va ® va(d5)
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with x = (x1, x2) € X, y=01,»m) € X, and ﬁqyp,l = Ié,ﬁl ...Iép,l. Using Theorem 1 of
[12], we have
_ ~ ) = ~
85 ® 8 R p—1 (@) < cpf "V Dy o1 (395, 1)

[Sd(l

+ce><p{—(p—q—1) 5

h _ 219,1} + %}ﬁ(s, e,

where ¢ does notdepend upond, andd > d, B € (0, 1) are arbitrary and oy = (1 — (¢, /€, ).
Thus, returning to (34), we have established that

Mp:q(f)(x) - Mp:q(f)(z)

v(x, 2)*

p—2 -2
= C(H )Ls) (qu ® qu)<va {pﬁ(p_q_l) Qq,pfl(ﬂa)

s=q
[(Sd(l

+6Xp{—(p—q—1) 3 2 —2bd]

3éd
+ T} }) (35)

We split the right-hand side of (35) into the sum of two expressions:

p—2 -2
c(l_[ As) (1g @ ng) W pf P77V 0y p 1 (%) (36)

s=q
and
p—2 -2
éd(1 — 36d
c(]_[ As> (ng ® w)(v“ eXP{—(P —q - 1)[ ( 5 D 2bd} + 7}5“>- (37)
s=q

We start with (36) and rewrite it as

pﬁ(p q— l)nq(v qu l(v ) nq(qu I(Ua))

[T= [T=
By Theorem 1 of [12], we have the upper-bound,
ol " g 0 T, p-1mp—1 @) + 5P PTD (00 Dng Ty, p-1mp—1 ()

+ PP () e, v ),

where ¢ < 0o, and p € (0, 1) that does not depend on d. As SUP, > 1 SUP| < p<g+1 g, p—1llve <
~+o00 by Proposition 2 of [12] and by Proposition 1 of [12], we have that sup = [Imp—1 W) ||y <
400, it follows that c,o’3 p=a= nq (vz"‘)nq (v¥) is the upper-bound on (36), where again ¢ does
not depend on d. Noting that o € (0, ) and applying Jensen’s inequality and Proposition 1 of
[12], we have the upper-bound, cpﬁ 4= for ¢ independent of d.

Now, turning to (37), by Proposition 2 of [12] it follows that inf ,>9 A, = A > 0, and, by
the above argument sup ,~.1 [[17p—1 (v®)||,e < 400, hence, we have

cexp{—(p —q — D[($)8d(1 — B) — 2b, +21og(W)] + (3)8d},
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the upper-bound on (37). Thus, combining this upper-bound with that of c,og R (36)
and recalling that the sum of these terms are upper-bounded on the left-hand side of (35), we
have established that

Mp:q(f)(x) - Mp:q(f)(z)

v(x)¥v(z)*

< c[p;?(’""‘” + exp{—(p —g- 1)[&2_@ b+ 2log@>} + %”

whereg € {0, ..., p—2}, cdoes notdepend upond and d > d is arbitrary. Asd is arbitrary, we
can conclude that for large enough d, thereis a p € (0, 1) such thatforany g € {0, ..., p —2},

o el X = el < cpP=a7b,
(x,2)€X | fl=v® v(x)*v(2)*

with ¢ < +o00.
For the ¢ = p — 1 case, we have by definition of the backward kernel,

Mp,np,l(f)(x) - Mp,r]pfl(f)(z)
v(x)%v(z)*
np—l(pr(‘vx)) np—1(pr(', 2))

N Np—1(Qp( NV V(@D 0p—1(Qp(, DV(X)* V()™

By (A3)as Q,(y,x)/np-11Qp(-, x)] € L« and as v > 1, we have

Mp,np—1 (f)(x) - Mp,n,,_1 (f)(Z) <
v(x)*v(2)* -

enp—1(v*%).

Using o € (0, %) and Proposition 1 of [12], we conclude the proof.

Appendix C. Additional technical results

The following result is Lemma 3 of [12] and is included as it is frequently referred to in the
text. A resulting corollary is also given.

Lemma 7. Assume that (Al), (A2), and (A4)—(A6) hold with v the drift function in (Al), (A2),
(A4), and (AS5). Then for any a € (0, 1) the statements of (Al), (A2), (A4), and (AS) also hold
for the drift function v* and with a-dependent constants

Corollary 1. Assume that (Al) holds and that for every n > 0, |Gpllcoc < 400. Then for
any a € (0,1), n > 1 there exist constants §(n) € (0, 1) and d(n) > 1 with the following
properties. For each d(n) € (d(n), +00) there exists a bg(n) < 400 such that for all x € X
0n(e*V)(x) < exp((1 = 8(n)V (x) 4 ba(n) Lc,ym)) (x)), where Cq(n) = {x € X: V(x) <
dn)}.
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