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Abstract

We show that shortfall risks of American options in a sequence of multinomial
approximations of the multidimensional Black—Scholes (BS) market converge to the
corresponding quantities for similar American options in the multidimensional BS
market with path-dependent payoffs. In comparison to previous papers we consider
the multiassets case for which we use the weak convergence approach.
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1. Introduction

In this paper we deal with multinomial approximations of the shortfall risk for American
options in the multidimensional Black—Scholes (BS) (complete) model. It is well known that
in a complete market an American contingent claim can be hedged perfectly with an initial
capital which is equal to the optimal stopping value of the discounted payoff under the unique
martingale measure. In real market conditions an investor (seller) may not be willing for various
reasons to tie in a hedging portfolio the full initial capital required for a perfect hedge. In this
case the seller is ready to accept a risk that his portfolio value at an exercise time may be less
than his obligation to pay and he will need additional funds to fulfill the contract. Thus, a
portfolio shortfall comes into the picture.

We deal with a certain type of risk called the shortfall risk, which is defined as the maximal
expectation (with respect to the buyer exercise times) of the discounted shortfall (see [13]). An
investor whose initial capital is less than the option price still wants to compute the minimal
possible shortfall risk and to find a portfolio strategy which minimizes or ‘almost’ minimizes
the shortfall risk. In this paper we allow only admissible self financing portfolios, i.e. portfolios
with nonnegative wealth process. This corresponds to the situation when the portfolio is handled
without borrowing of the capital.

For discrete-time markets such as the multinomial models, the above problems can be solved
by a dynamical programming algorithm. For continuous-time models such as the BS model,
these problems are much more complicated.

We prove that, for American options, the shortfall risk in the multidimensional BS model
can be approximated by a sequence of shortfall risks in an appropriate multinomial model. This
type of result has a practical value since the shortfall risks in the multinomial models can be
calculated via a dynamical programming algorithm. Our main tools are the extended weak
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convergence theory that was developed in [1] and the tightness theorems that were obtained
in [12]. Since we use the weak convergence approach, we could not provide error estimates
of the above approximations. Thus, two problems remain open. The first problem is to obtain
error estimates of the above approximations. The second problem is to find explicit formulae for
optimal or ‘almost’ optimal hedges in the BS model. It seems that both of the above problems
require new tools.

To date, shortfall risk approximations have been studied only in the one-dimensional BS
model (see [5] and [6]). For this case, it was proved that the shortfall risk in a BS market
is a limit of the shortfall risks in an appropriate sequence of Cox—Ross—Rubinstein (CRR)
markets. Furthermore, the authors obtained error estimates and a dynamical programming
algorithm for ‘almost’ optimal hedges. The main tool that was used in the above papers was the
Skorokhod embedding tool of independent and identically distributed random variables into
one-dimensional Brownian motion. This tool cannot be applied to multidimensional Brownian
motion.

The main results of this paper are formulated in the next section. In Section 3 we derive
auxiliary lemmas that will be essential in the proof of the main result. In Section 4 we complete
the proof of the main result of the paper. In Section 5 we analyze the multinomial models
and provide a dynamical programming algorithm for the shortfall risk and the corresponding
optimal portfolios.

2. Preliminaries and main results

First we introduce the multidimensional BS market. Consider a complete probability
space (R, PY) together with a standard d-dimensional continuous in time Brownian motion
(W) = (Wi(@), ..., Wd(t))}?io and filtration IFIW =o{W(s) | s < t}. We assume that the
o -algebras contain the null sets. A BS financial market consists of a savings account B(¢) with
an interest rate r, assuming without loss of generality that » = 0, i.e.

B(t) = B(0) > 0,

and of d risky stocks SV = (S1 ey S};V) given by
d
sY (1) = $;(0) exp(Za,,W () + (b — - Z ) ) S;(0)>0, (2.1)
j=1 j=1

where b € R is a constant vector and o € M, (R) is a constant nonsingular matrix.

Let T < oo be the maturity date of our American option, and let 77 [ 71 be the set of all
stopping times with respect to & W which take values in [0, T]. Denote by (D([0, T1; RY), 8)
the space of all cadlag functions, i.e. right-continuous functions with left-hand limits, equipped
with the Skorokhod topology (see [2, Chapter 3]). Let F: [0, T'] x (D([0, T']; RY), §) — R4
be measurable functions such that there exists a constant C > 0 which satisfies

sup F(t,x) <C sup |x(t)] forallx € D([O, T]; RY). 2.2)
0<t<T 0<t<T

Furthermore, we assume that, for any ¢ € [0, T] and x, y € D([0, T]; Rd),
(i) F (-, x) is aright-continuous function with left-hand limits;
(i) F(t,x) = F(t,y) if x(s) = y(s) forany s < ¢;

(ii1) if x is continuous at 7 then F is continuous at (x, #) (with respect to the product topology).
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Next, consider an American option with a payoff process given by
YW@ = Fa, sV, 0<t<T.

From the assumptions above, it follows that {Y W (1)} ,TZO is a cadlag adapted stochastic process

and that EW[supoftsT YW (#)] < co. Denote by P" the unique martingale measure for the
above model. Using standard arguments, it follows that the restriction of the probability measure

P" to the o-algebra F," satisfies

dp¥
M(t) = —

1
w _ _ - 2,
PV ‘}“ —exp( Sl1Pe <9,W(r>>),

where § = b(c ")~!. Here || - || and (-, -) denote the standard norm and the scalar product of
R, respectively.

A self-financing strategy 7 with a horizon T and an initial capital x (see [15, Chapter 7]) is a
d-dimensional progressively measurable process m = {)/(t)}tT:0 which satisfies

T
f (y (@), SW(t))2 dt < oo almost surely (a.s.).
0

For a strategy 7, the portfolio value process {V” (t)},T=0 is given by

t

V(1) = x +/ (y(u), dS¥ (u)).
0

Recall (see [11]) that stochastic integrals with respect to the Brownian motion have a continuous
modification and so, for any self-financing strategy , the corresponding portfolio value process
is a continuous process.

A self-financing strategy 7 is called admissible if V™ (t) > 0 for all r € [0, T]; the set
of such strategies with an initial capital no bigger than x will be denoted by 4" (x). We set
AV = =0 AW (x). For an admissible self-financing strategy 7, the shortfall risk is given by
(see [13])

Ry = sup EY[V(@) - VT (@),

o~
w
T€Tg 7

which is the maximal possible expectation with respect to the probability measure P of the
(discounted) shortfall. The shortfall risk for an initial capital x is given by

R(x)= inf R(m).

meAW (x)

Next, we introduce the sequence of multinomial markets that we use to approximate the short-
fall risk in the BS model. The same markets were used in [8] in order to approximate European
option prices in the d-dimensional BS model. Let A € M4 (R) be an orthogonal matrix such
that its last column equals (1/+/d + 1, ..., 1/+/d + l)T. Let Qe ={1,2,...,d + 1}°° be the
space of finite sequences w = (w1, w3, ...); w; € {1,2,...,d + 1} with the product proba-
bility P¢ = {1/(d + 1), ..., 1/(d + 1)}*°. Define a sequence of independent and identically
distributed random vectors 5(1), 5(2), ...by

D) = Vd+ 1(Au1. Av2. - Awa). i €N
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Let 57,,% =o{t® | k<m},m >0 (.‘FOS = {9, Q¢}). Denote by ’]}5 the set of all stopping
times with respect to the filtration {?‘,f };:io with values from O to m.
For any n, consider the n-step multinomial market which consists of a savings account
B™(t) given by
B™(t) = B(0) > 0

and of d risky stocks $&" = (Sf’", s Sj’”) given by the formulae Sl.é’"(t) = S;(0) fort €
[0, T/n) and

k
‘. biT w\ kT k+ DT
Si"(t):si(O)]_[l(1+—+,/ 501,5'”) —st<———— k=1....n
m=

n

(2.3)
We assume that n is sufficiently large such that the terms in the above product are positive a.s.
The market is active at the times 0, T/n, 2T /n, ..., T. It is well known that this market is
complete, and we denote by Pn the unique martingale measure. Define the stochastic process

{(M® 1)}y by

pé
dpé kT k+ DT
M<”)(t)—dpg A 7sz<%,k=o,1,...,n. (2.4)

Clearly {M™ (kT/ ")};c=0 is a martingale with respect to the probability measure Pé and the

filtration {F, ,f }:=0' Explicit formulae for M ) (¢) were obtained in [8]. Consider an American
option with the adapted payoff process

Y& (k) = F<]£, sf’">, 0<k<n.
n

A self-financing strategy 7 with an initial capital x and a horizon n (see [15, Chapter 5]) is a
sequence 7 = (y(1),..., y(n)), where the y (k) are ?k ,-measurable random vectors. The
portfolio value V7 (k), k =0, 1, ..., n, is given by

k—1

V”(k)=x+z<y(i+1), (sf(w> S§”<ZT>>>. 2.5)
n n

i=0

We call a self-financing strategy 7 admissible if V™ (k) > 0 for any k < n. Denote by A% (x)
the set of all admissible self-financing strategies with an initial capital no bigger than x, and
let A5" = =0 A% (x). The definitions for the shortfall risks in the multinomial markets
are similar to the definitions in the BS model. Thus, for the n-step multinomial market, the
shortfall risks are given by

Ry(r) = max E[(Y¥"(1) = V7 (1))¥] and Ry(x)= inf Ri(x),

TeT; TEAEN (x)

where ES is the expectation with respect to P%.

The following theorem is the main result of the paper and it says that the shortfall risk
R(x) for an initial capital x of an American option in the multidimensional BS market can be
approximated by a sequence of shortfall risks with an initial capital x of American options in
the multinomial markets defined above. This result has a practical value since, for any 7, the
shortfall risk R, (x) can be calculated via a dynamical programming algorithm, which is given
in Section 5.
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Theorem 2.1. For any x > 0,
lim R,(x) = R(x).
n—od

The proof (which is given in Section 4) consists of two parts. In the first part we prove
that the inequality R(x) < liminf,_ » R,(x) holds and in the second part we prove that
R(x) > limsup,_, ., Rn(x) holds. In the first part we take a sequence of ‘almost’ optimal
portfolios {m,}° ; for the multinomial markets and consider their limit in some sense that will
be explained explicitly in Section 3. From the limit process we construct a portfolio 7 in the BS
model such that R(7) < liminf,_, o R, (7,) = liminf,_, o R, (x). The second part is proved
by a reversed operation. Namely, we take an ‘almost’ optimal portfolio v in the BS model
which has some smoothness properties. The existence of such a portfolio will be proved by
applying density arguments. From this portfolio we construct a sequence of portfolios {7, }floz]
in the multinomial models which satisfies lim sup,_, o, Rn(77;) < R(7).

3. Auxiliary lemmas

Let I C [0, T] be a dense setin [0, T'], and let 77 C T[(‘)}V T be the set of all stopping times
with a finite number of values which belongs to /.

Lemma 3.1. Foranyw € AV,

R(m) = sup EV[(¥V(z) — V7 (x))T].

TeT]
Proof. Choose ¢ > 0. There existsa t € ’J”[(gv T such that

R(m) <EY[(YY(x) = VT ()] + . 3.1

For any n, there exists a finite set 1, C I for which Uzel,, (z—1/n,z4+1/n) 2 [0, T]. Leta,
be the maximal element of /,,. Define v, = min{t € I,, | t > t}1{7,<q,) +an 1{z,>q,}> Where
1p = lifanevent D occurs and 1p = 0 otherwise. Clearly, t, < a, a.s. and, fort € I, \ {a,},
we have {t, <t} ={r <t} e J‘T,W. Thus, 7, € J7. Furthermore, |7, — 7| < 2/n and so
7, — T a.s. From (3.1) and the assumptions on F', we obtain

R(m) <& +E"[lim (Y¥(z)) = V7 (z)) "]
=+ lim EV[(Y" (7)) — V7 (1) "]

<e+sup EV[(YW(x) - vT (2],

TeT]
and the result follows by letting ¢ | O.
The next lemma provides a general result for the shortfall risk measure.

Lemma 3.2. Let x > 0. Forany e > 0, there exists 0 < ¢ € C((D([0, T]; R9Y, 8)) such that
the martingale given by Q(t) = EW[Iﬁ(SW) | ?IW], t < T, satisfies

+
00) <x and R(x)> sup EW|:<YW(T) — &> i| —e. (3.2)

T€To.r) M)
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Proof. Lete > 0. Set K = EW[supofth 1/M(t)] <ooand § = ¢/(2(K + 1)). There
exists a w € A(x) such that R(w) < R(x) + §. The process ®(¢) := VT ()M (), t <T,isa
supermartingale with respect to PY . Introduce the regular martingale

() =EW[ sup YV ()M (u) ‘ ﬁW], t<T.
0<u<T

The process W(¢) := ®(¢) A ['(¢) is a supermartingale of class . By Doob’s decomposition
theorem, there exists a continuous martingale {U (t)}tT:0 such that U(0) = V(0) < ®(0) = x
and U(t) > W(t) a.s. forallr < T. Clearly, I'(r) > YW (r)M(t), and so

w,. Y@ - v W Tt
(Y (1) _M(t)) =" ") =-V"@) a.s.
forallt < T. Thus,

wl(vw,_. U@\" wl(vw, . Y@ +}
Sl?v]E [(Y © M(r)> }5 sup B [(Y ® M(r)) G-

TEJ[O,T]

= sup EW[(YW(‘L') - Vﬂ(f))+]

w
‘EE?EOJ-]

< R(x) + 6.
Next, choose a sequence 0 < ¥, € C((D([0, T'; Rd), 4)), n > 1, such that
lim EY |y,,8") —Uu@)| =0 and EY v, (sV) <EY U(T) < x, neN. (34)
n—o0

Set 0™ (1) =EY [y, (S") | "1, ¢ < T, and introduce the set C, = {supy, <7 |U ()
— Q™ ()| > 8}. From (3.3) we obtain, for any 7,

(n) +
sup EW|:<YW(‘E)— o (T)) }

T€T0 ) M)
U)\" 1
< sup EW|:<YW(‘L’)—£> i|+8EW|: sup —i|
e W M(7) o<t<T M (1)
€To.1)
+EW[1cn sup YW(Z)]
0<t<T
€ w 14
<R&®)+S4E [1cn sup Y (r)]. 3.5)
2 0<t<T

By using Doob’s inequality for the continuous submartingale {|U () — Q™ (¢)| },TZO, it follows
from (3.4) that lim,_, o P(C,) = 0. This together with (3.5) gives, for sufficiently large n,
SUPreT V), EY[(YW(z) = 0" (2)/M(x))*] < R(x) + &, as required.

Given a probability space (€2, ¥, P), consider a cadlag stochastic process S = {S;: & —
Rd}t@:O, ©® < oo. Denote by 5 = {?,S}t@:o the usual filtration of § i.e. the smallest right-
continuous filtration with respect to which S is adapted, and such that the o-algebras contain
the null sets. Let "]'[g’@] be the set of all stopping times with respect to 3 which take values
in [0, ®].
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In [12] the authors introduced the Meyer—Zheng (MZ) topology on the space D([0, ®]; R).
This topology will be denoted by (ID([0, ®]; R), MZ). The MZ topology is in fact the topology
of convergence in measure, it is weaker than the Skorokhod topology, but, for the MZ topol-
ogy, any sequence of positive uniformly L'-bounded supermartingales is relatively compact
(see [12]). This fact together with the following lemma will be essential in the proof of
Theorem 2.1.

Lemma 3.3. Let (Q, F,P) be a probability space, and let S™: Q — (D[0, ©]; R?) be a
sequence of stochastic processes such that S — S a.s. on the space (D([0, O); RY), 3).
Assume that, for any n, {V(")(t)}?zo is a (one-dimensional) cadlag, positive supermartingale
with respect to the filtration ,‘?’[gf@], and that V™ — V a.s. on the space (D([0, ®]; R), MZ)
with respect to the MZ topology. Set

O =E[V() | F51, 1<86.

Then the process {Q(t)}o<;<p is a cadlag, positive supermartingale with respect to the filtra-
tion F5.
Proof. First, let us show that {Q(#)}¢<;<e is a supermartingale, i.e. for any s < ¢ < © and
D e F5,
Elp V(s) > Elp V(¢). (3.6)
Chooses < s’ <f,¢ > 0,and0 < & < min(s’—s, ©—1). Let0 < ¢ € C((D([0, O]; RY), 5))

be a continuous bounded function such that ¢ (x) depends only on the restriction of x to the
interval [0, s’]. From the definition of the MZ topology we obtain

lim sup E /8 1P (S)YVD (" +u) Ac)— ¢(S)(V(s' +u) Ac)|du

n—oo =0

&
< ||¢||oolimsupE/ (VD +u) = V(' +u)| Ac)du
u=0

n—o0o

+climsupE/€ 1p(S) — ¢(S™)| du
u=0

n—oo

=0.

Thus,

1 &
lim - E/ d SV (" +u) Ac)du
u=0

n—>o00 g

%E/e SV +u) Ac)ydu.  (3.7)
u=0

Similarly,

lim lEfg PSDYVD (1t +u) Ac)du = %E/g dS)(V(i+u) Ac)du.  (3.8)
u=0 u=0

n—»oo g
For any n, {V™ () A c}szo is a supermartingale with respect to }'[gfg]; this together with (3.7)
and (3.8) gives

&

éE/S SVt +u) Ac)du < %E S (S)(V(s' +u) Ac)du.
u=0 u=0

By taking ¢ | 0 we obtain E¢(S)(V(#) A¢) < E¢(S)(V(s") A ¢). From density arguments
and the fact that D € o{S, | u < s’}, it follows that E1p(V (s') Ac) > E1p(V(¢) A ¢), and,
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by letting s’ | s and ¢ 1 oo, we obtain (3.6). Finally, since the map ¢t — E Q(t) = EV(¢) is
right continuous, we find (see [11]) that Q has a cadlag modification.

In [8] it was proved that
(85", M™y = (S", M) on the space (D([0, T]; RY), 8) x (D([0, T]; R), ).  (3.9)

We use the notation S" = S to indicate that the sequence S, n > 1, converges weakly
to S (see [2, Chapter 1]). We will use the concept of ‘extended weak convergence’, which
was introduced in Aldous [1, Chapter 5]. The original definition was via prediction processes.
For the case where the stochastic processes are considered with respect to their usual filtration,
Aldous proved that the extended weak convergence is equivalent to a more elementary condition
which does not require the use of prediction processes (see [1, Proposition 16.15]). We will
use the above condition as the definition of extended weak convergence.

Definition 3.1. A sequence S™: Q, — D([0, T]; RY), n > 1, converges in the extended

weak sense to a stochastic process S: Q — D([0, T']; Rd) if, for any k and continuous bounded
functions /1, ..., ¥ € C((D([0, T1; RY), 8)),

(S, gD gy = s, HD L HBY  on (D([0, TT; RYTE), 8),

where, foranyr < T,1 <i <k,andn € N,
H™ = E,[y;(s™) | #5”1, neN, and HY =E[y:(S) | 5.

Here E,, denotes the expectation with respect to the probability measure on €2,, and E denotes
the expectation with respect to the probability measure on 2. We will denote extended weak
convergence by S™ = S.

Lemma 3.4. We have S5 = SW.
Proof. Define the map G: (D([0, T]; RY), 8) — (D([0, T]; RY), 8) by

(G(x1, ..., xq))(@) = (exp(x1(2), ..., exp(xq(t)).

Observe that G is a continuous map with continuous inverse (the inverse is defined only on
functions (x1, ..., xg) € D([0, T]; R?) which satisfy minj<;<4 info<;<7 x; (t) > 0). Let

{X(1)=(n$/(@),...,In SdW(t))}tT:O
T

and (X" (1) = I S;" (@), ... InS5" ()},

n e N.

From (3.9) and the fact that G has a continuous inverse, it follows that X W — X. For any n,
the process X ™ has independent increments and the process X is a continuous process with
independent increments. From Corollary 2 of [9] we obtain X M = X, and so (since G is
continuous) & = gW.

Remark 3.1. In [9] the authors dealt with one-dimensional stochastic processes. It can be
shown by using the same arguments as in the original proof that the results (Theorem 1 and
Corollaries 1-2 of [9]) can be extended to stochastic processes which accept values in R?,
deN.
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4. Proof of the main result

In this section we complete the proof of Theorem 2.1. Fix x. We start with the proof
of the inequality R(x) < lim,_, - R,(x). Here and in the sequel, for the sake of simplicity,
we will assume that indices have been renamed so that the whole sequence converges. Let
7, € A5 (x), n € N,be a sequence such that

1
R,(m;) < R,(x) + — foralln € N. 4.1)
n

For any n € N, define the stochastic process {Z(")(t)},zio by ZM (1) = V™ (k)M ™(t) for
kT/n <t < (k4 1)T/n and k < n, and by Z®(t) = V™ (m)M"™(T) for t > T. From
(2.4), it follows that {Z® (t)},zio is a cadlag martingale with respect to P¢ and the filtration

ne 2T n, n,& .
{?'IS s}t:O, where we set J’C;S - }'TS for + > T. From [12], it follows that the sequence

Z®W neN,is tight on the space (ID([0, T']; R), MZ). We can extend all the processes in (3.9)
to the interval [0, 2T7], letting their paths be constants on the interval [T, 2T]. From (3.9) we
find that the sequence (Sg’", M®, Z(")), n € N, is tight on the space

(D0, 2T1; RY), 8) x (D([0, 2T ]; R), 8) x (D([0, 2T]; R), MZ).

Thus, there exists a subsequence such that (SEn, M™, Z(”)) = (8", M, Z) for some stochas-
tic process Z which satisfies Z(0) < x. Next, from the Skorokhod representation theorem
(see [7]), it follows that, without loss of generality, we can assume that there exists a probability
space (€2, ¥, P) on which

(SEM M™ 7™y 5 (Y M, Z) as. 4.2)
on the space
D([0, 2T1; RY), 8) x (D([0, 2T]; R), 8) x (D([0, 2T]; R), MZ).

From Lemma 3.3, it follows that the process Q(t) := E[Z(¢) | }}SW], t < T, is a cadlag
supermartingale. The process V (¢) := (Q(t)AL'(t))/M(¢t), t < T,isacadlag supermartingale
of class D with respect to the martingale measure f’W (" (¢) was introduced after (3.2)). From
Doob’s decomposition theorem and the martingale representation theorem, we find that there
exists a portfolio m € A(x) such that

Vi) =V0)<Q00)=Z0)<x and V*(¢)>V() forallt <T. “4.3)
From [12], there exists a subsequence Z ™) and adense set I C [0, T] such that, for anyt € J,

lim_ ZW@)y = Z(@1) as. (4.4)

Choose ¢ > 0. From Lemma 3.1 we find that there exists a stopping time t which accepts a
finite number of values {t; <, < --- < t,,} C I such that

R(n) < e +E[YV(r) = V()] (4.5)

From Lemma 3.2 of [3] and (4.2), it follows that there exists a sequence o, € TF[SETH] n>1,
of stopping times with values in the set {t] < f, < - -+ < t,,,} which satisfy

lim 0o, =7 a.s. 4.6)
n—oo
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Set 1, = max{k | kT/n < 0,}, n > 1. Observe that, for any k < n, {r, < k} = {0, <
(k+1D)T/n} € Tks, thus, for any n, t, € T, 7s . Furthermore,

T, T
n

— On

1 T
<- and z(">(a,,)=z<"><r"—) for all . 4.7)
n n

From (2.2), it follows that the random variables Y%"(z,), n € N, are uniformly integrable.
Thus, from Jensen’s inequality and (4.1)—(4.7), it follows that

R(x) < R(1)
<e+EYY () - V()]

[(ow,. Q@©\"
§8+E_<Y () M(r)>i|

Z(7) +' W}
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_ YW Z(1)
_8+E_< © - M(r)”

r Z(n) T +
=¢+E| lim (Y5 (x,) — 27 (@I /n)
| 1> M®™ (taT/n)

= e+ lim E[(Y¥"(z,) - V7 (5,))*]

< e+ lim R,(x). (4.8
n—0oo

Since ¢ > 0 was arbitrary, we conclude that R(x) < limy,— o0 R, (x).

Next, we show that R(x) > lim,_, o R, (x). Choose ¢ > 0. From Lemma 3.2, it follows
that there exists al 0 < ¢ e C((D(0, T1; RY), 8)) such that the stochastic process H(t) =
EV[y(SY) | #5"1, t < T, satisfies H(0) < x and

w w H(r)\" _
R(x) > suE) E |:<Y (T)__M(r)> i| e. “4.9)

T€T

For any n, define the stochastic process H™ (1) = E5[y(S™%) | ,?;S"’E], t < T. From
Lemma 3.4 we obtain

(85", H™y = (S, H) on the space (D([0, T]; RY), 8) x (D([0, T]; R), 8).  (4.10)

Since the process H is continuous, lim, o, H" (0) = H(0). Thus, we will assume that n is
sufficiently large such that H™ (0) < x. Observe that the process H™ (kT /n)/M™ (kT /n),
0 < k < n, is a martingale with respect to f’n and the filtration {f”kg};‘:(); thus (since the
multinomial markets are complete), there exists a 7, € AE(x) such that

yrng = LG/
~ MWET/n)’ =
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We find that, for any #, there exists a stopping time o, € ‘Tf which satisfies

E§[<Y5*”(a ) — H(")(o‘nT/n)>+:| - Es[(yé’"(t) B H(")(IT/n))+i| _l
W M@ (0, T /) o MO (T /n) n

, 1
Z Rn(ﬂn) - -
n
> R, (x) — l 4.11)
n

From (3.9) and (4.10), the sequence (S5", H™, M™ 5, T/n) is tight on the space
(D0, TT; RY), 8) x (D([0, TT; R), 8) x (D([0, T]; R), 8) x [0, T].

Thus, there exists a subsequence such that (S5, H® M™ 6,T/n) = (SV, H, M, v) for
some random variable v < T'. From the Skorokhod representation theorem we can assume that
there exists a probability space (£2, ', P) on which

(S“, H® pm®™, #) — (SY,H,M,v) as. (4.12)
on the space (D([0, T]; R9), 8) x (D([0, T]; R), $) x (D([0, T]; R), ) x [0, T]. Observe that
the joint distribution of (S W H, M) in (4.12) remains as the original one. From Lemma 3.3
of [3], it follows that, for any t < T, {v < ¢} and ?TS v are conditionally independent given
5—}5 W, and, for any uniformly integrable cadlag stochastic process {<I>(t)}tT=0 adapted to the
filtration Jf[g‘v;],

Ed(v) < sup Ed(1). (4.13)

re'f‘[gﬂ
Finally, by using (4.13) for the process ®(t) := W@ — H@)/M@)™", (4.9), and (4.11)-
(4.12), we obtain
H® (0, T/n)\ "
M(n)(UnT/n)> :|
- E[ lim (YS’”(G,,) — w)q
n— 00 M® (o, T/n)

+
)
(v)

< R(x) + ¢,

lim R,(x) < lim ES[(Y&"(%) —
n—oo n—oo

which completes the proof.

Remark 4.1. An interesting question is whether Theorem 2.1 is valid for the game options
introduced in [10]. Let F, G: [0, T] x (D([0, T]; RY), 8) — Ry such that F' < G satisfy the
assumptions following (2.1). Set

HY(t,5) = G(t, SV) 1oy +F (s, S") 1<y, 1,5 €10, T1,
and

kT IT
HS " (k, 1) = 0(7, Sf’") Ty +F(7, Sf’"> ly<ty, neN,0<k,l<n.
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The terms H"Y (¢, s) and H5"(k, [) are the payoff functions for the BS model and the n-step
multinomial model, respectively. For game options, the shortfall risk is defined by (see [4])

R®x)= inf inf sup EV[(HY(0,7) = V7 (c AT)T], (4.14)
AV ) o cert
and
R®(x)= inf min max ES[(H5"(0,7) — V™ (0 A T))T].

TEAS(X) geTt 1Tt

The question is whether the equality R (x) = lim,_, oo R,(zg)(x) holds. Following the proof
above, it can be shown that R®(x) > limsup,_, o, R (x). The inequality R®(x) <
liminf,_, 5 R,(lg)(x) is more difficult to prove because of the additional inf (in (4.14)) which
destroys the convexity that was used in (4.8) (by applying Jensen’s inequality). At present, it
is not clear whether the weak convergence approach can be applied here.

5. Analysis of the multinomial models

In this section we provide a dynamical programming algorithm for the shortfall risks and
the corresponding optimal portfolios in the multinomial models. Similar analysis was carried
out in [4] for game options in multinomial markets with one risky asset.

Definition 5.1. A function ¢ : R4 — R, is a piecewise linear function vanishing at oo if there
exists a natural number n such that

n
I/f()’) = Zl[ai,apr])(ciy +di),

i=1
where c1,...,¢p,d1,...,dy € R,and a; <ar < -+ < ap41 < 00.
Let J = {vD, ..., v@*tD} ¢ R? such that

d+1
span{v(l), e v(dH)} =R? and, there exist Pls---» Pd+1 > 0, Zpiv(i) =0. 5.1

i=1

Define the set K; = {u € R? | (u,v®?) > —1,i =1,...,d + 1}. Observe that K; is a com-
pact convex set.

Lemma 5.1. Let Y1, ..., Y4+1: Ry — Ry be continuous, nonincreasing, and piecewise
linear functions vanishing at co. Define ¥ : Ry — Ry by

d+1

¥(y) = min Zl Ui (1 + (u, vD))).

Then  is a continuous, nonincreasing, and piecewise linear function vanishing at oo.

Proof. Clearly, v is a nonincreasing function. There exists a natural number n such that

n
E : (@) ) ;

1/’1()’)2 l[ﬂ_]',dj+1)(cjl y+d]l )5 l =15"'7d+17
j=1
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where cE’) dj(.i) €Rand 0 = a1 < a2 < -+ < app1 < oo. Define Iy = [ax, axt1),
k=1,...,n,and I, 1 = [ay41,00). Set A; = 1 +sup, g (u, v)), i <d+ 1. Note that, for
any y1, y2 € Ry,

d+1

W) — o)l <Y sup [P (1 + (1, v0)) = 9 2 (1+ (u, v @)

i=1 uek
d+1

< |y —y2|ZA max |c(’)|
i=1

Thus, ¥ is a continuous function. Next, we prove that i is a piecewise linear function. Fix
y > 0, and introduce the set Ly = {a;/y — 1,...,ay41/y — 1}. Forany 1 <a <d + 1 and
B e{l,...,n+ 1}t define the sets

LY ={weR| 0w wyeLy,ie(l,....d+1}\{a}}

and
K ={ueR! | y(1+ (D, u) € Ip, forall j < d +1}.

Set LO) = U‘”] LY. There exists a finite sequence of real numbers i, . . ., Cm, €1, - - - » €m
(which does not depend on y) such that any v € L) is of the form v = gckl + er /Yoy Chyt
ery/y) ki, ... kari, ..o g € {1,...,m}. Note that, for any j, K/3 CKjyisa compact
convex set. Furthermore, the extreme p01nts of K arein LY. For eachp e {1,...,n+1}9+1,
the function @) : Kéy) — R, whichis %wen by ¥ ) = Y i (y(1 + (v (’), u))), is an

affine function. Since ge(y, . pi1jet1 K5 = Ky, we obtain

Y(y)=  min min ¥ ()
Befl,..., n+1}d+1ueK;3>)

= min min ¥ (u)
Bellnt Y e g L)

= min ¥P®).

uek jNLY
Thus, there exists a finite sequence of real numbers f1, ..., f#, &1, - - ., & such that, for any
y >0,
v(y) = fiy+sgi

for some i (which depends on y). From this together with the inequality ¥ (y) < Zd'H Yi(y)
and the fact that ¢ is a continuous function, it follows that ¥ is a piecewise linear function
vanishing at oo.

Next, fix 7 and consider the n-step multinomial model. For any 7 € 45", define a sequence
of random variables {U™ (k)};_, by

U™(n) = (Y5"(n) — V™ ()™, (5.2)
and, for k < n,

U™ (k) = max(ES[U™ (k + 1) | F51, (Y57 (k) — VT (k)H).
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Applying standard results for optimal stopping (see [14, Chapter 1]) to the process (Y& (k) —
VTkNt, k=0,1,...,n, we obtain

U™(0) = max ES[(Y5" (v) — V™ (1)) "] = R, (). (5.3)

€T,
Set
@) / 1 n,i T r @) T .
w =+d+1(Ai, ..., Aia), w"' = —b+,/—wo ", i<d+1,
n n
J={wP, . wdD) and g, = {whh L w4,

where the matrix A and the vector b were introduced in Section 2.

Definition 5.2. Let 0 < k < n, and let X be a nonnegative ?ks-measurable random variable.
Define the set

n T T
Al({ )(X) = {Y ‘ Y = X(] +<p, ;b+\/;§'(k+l)aT>>,

p: Qe — Ky, is ?kg—measurable}.

Note that if V7 (k) = X and V™ (k 4+ 1) = Y for some = = (y(1), ..., y(n)) € A5" and
k < n, then, from (2.3) and (2.5), Y = X(1 + (p, Th/n + (VT/m)E* D5 T)), where

x> kT kT
= M(m(m 1>S§’”<—), o vatk + 1)55"(_>).
X n n

Clearly, if X = 0 then (i is admissible) Y = 0. Since we require ¥ > 0 to be satisfied for all
poss1ble values of €D then in view of the independency of p and é(k“) we conclude that
A % (X ) is the set of all possible portfolio values at time k + 1 provided that the portfolio value
at time k is X.

Forany 0 <k <n,let qb,i"): Jk — R such that

g ED, . ED) = vE k). (54)

Define a sequence of functions Hk("): Ry xJ ks Ry, k = 0,1,...,n, by the following
backward relations. For any u", ..., u" e Jand y € Ry,

HM (y,u®, o u™y = @0 @, u®) =yt (5.5)

and, for k < n,

Hk(")(y, u®D o u®)y

= max<(¢,£")(u(1), u®y -t

d+1 T T
171 uflsrllff Z Hk@l( (1 + <u, ;b +4/ ;w(’)0T>>, u® e w(’))>>.

(5.6)
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Observe that J,, (for sufficiently large n) satisfies (5.1). Thus, from Lemma 5.1, it follows (by
backward induction) that, for any k¥ < n and u® u® ey, H(")( u, . u(k)) is a

continuous, nonincreasin and piecewise linear funct10n vanishing at co. These facts allow us
to define the functions {h TRy x J ks K T tie k=0

h,((")(y, u® o u®)

d+1
T T .
= argmin H™ yl1+{u, =b+,/—wPeT LuD o u® @),
k+1
MEKJn i=1 n n
Namely,

d+1
T T . .
min H™ yl14+{u, b+ —=wDc ")), u®, ... u® w®
k+1
ueky, i n n

1

d+1
S (o (14 0, T ) )
i=1
5.7
forany y € Ry and u® o u® e,
Let x > 0 be an initial capital. Define 7 = 7 (1, x) € A5"(x) by

VE0) = x,

# 7 () /7 ) wy T T sy T G-8)
Vik+ 1) =VTk)( 14+ (h (VT (k), &, ... & ),;b+ ;E o
for0 <k <n.
Theorem 5.1. Foranyn € Nand x > 0,
Ry(x) = Ry (7 (n, x)) = HJ" (x).

Proof. Fixn € Nand x > 0. Let w € A5"(x) be an arbitrary portfolio. Define 7 =
7 (n, x). First we prove by backward induction that, for any & < n,

HP (V7 h),eD, .. W)y <UT(k) and H (VT k), D, ... £0) = U k). (5.9

For k = n, we obtain from (5.2) and (5.4)—(5.6) that relations (5.9) hold with equality. Suppose
thatrelations (5.9) hold for k+1; we now prove that they hold for k. Let p: Q¢ — K, bean F, ,f -
measurable random vector such that V7 (k+ 1) = V™ (k)(1+ (p, Tb/n+ (JT/n)e* D TY).
From the induction assumption we obtain

ES[UT (k+1) | F; 5]
> Ef[H<”>(V”<k+ 1), M, .. g0 gkt g8

d+1 T T
_ § : (n) T / (@) (1) k) (@)
=77 H, 1<V (k)(1+<,0,nb+ nw o >>,E R ) )

ar! T [T
(n) b - 2O T ey k) (@)
d_’_luér}(f] E Hk+1<V (k)<1—|—<u,nb+ nw o >>,§ T R )

(5.10)

v
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Define p = h,i")(Vﬁ (k), 5(1), e, S(k)). From (5.7)-(5.8) and the induction assumption, it
follows that

ESUT(k+1) | 5]
= ESHP (VA 4+ 1), D, ... g® g&ktDy | 5

1 T IT
28 7 ~ @) 5T (€] (k) 0@
= - V k 1 ) _b - 9 LRI ] ’
d 11’—1 k+l< ()< <p” n" a>)§ s )

| d+1 T T

_ : (n) 7 @ T (0 (k) (@)

= f H V k 1 ,_b - ) RN ’ .
d—i—lugll(jn 2 k+1( ()( +<u " +,/nw o >> & EW w >

(5.11)

Combining (5.2), (5.4)—(5.6), and (5.10)—(5.11), we find that (5.9) holds. Next, by using (5.9)
for k = 0 and (5.3), it follows that, for any & € AE(X),

Ry() = UT(0) = HYY (V™ (0)) > H" (x) = UT(0) = R, (7).
Thus, R, (x) = R,(7) = Hé")(x), as required.
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