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ON SOME GELFAND-MAZUR LIKE THEOREMS
IN p-NORMED ALGEBRAS

V.K. SRINIVASAN AND Hu SHAING

This paper is dedicated to the memory of

the late Professor C.T. Rajagopal

The main theorem of this paper shows that a complex p-normed
algebra which is a pre-Bezout domain is isomorphic to the field
of complex numbers, if it is a generalized unique factorization
domain. This theorem generalizes the previous result of the
authors proved by them in their paper Bull. Austral. Math. Soc.
20 (1979), 247-252. Some applications are then given.

1. Introduction

A Gelfand-Mazur like theorem in a p-normed algebra is a theorem which
asserts that a complex p-normed algebra is isomorphic to the field (¢ of
complex numbers, when the algebra satisfies some algebraic or analytical
condition. The classical Gelfand-Mazur theorem is such an example. While
every Banach algebra is an example of a p-normed algebra, not every
p-normed algebra need be a Banach algebra. In fact, p-normed algebras
need not be even locally convex. Zelazko, in a series of papers [11], [9]
and [10] extended many results that are valid for commutative Banach

algebras to the case of p-normed algebras which are commutative. Lack of
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local convexity makes these proofs completely different from the case of

Banach algebras.

It is indicated below that by using the results of ielazko, neither
the algebra I of all entire functions, nor the algebra P(x) of all
complex polynomials can be made into a p-normed algebra. The latter is a
principal ideal domain while the former is what we call a generalized
unique factorization domain. Both of them are pre-Bezout domains. This

leads us to the following conjecture.

CONJECTURE. A4 complex p-normed algebra, which is a generalized
unique factorization domain and a pre-Bezout domain, is isomorphic to the
field C of complex numbers.

In this paper we prove the above conjecture. This paper also derives

some of the results proved in the paper of Srinivasan and Hu Shaing [§].

2.

We gather all the relevant definitions and theorems which we use in

Section 3.

An integral domain A 1is a commutative ring with an identity element
1 # 0 1in which there are no divisors of zero. A Bezout domain is an
integral domain A in which all finitely generated ideals are principal.
This means given any two elements a and b of A the greatest common

divisor d exists in A with
(2.1) d=ar + bs , for some r and s of A

A pre-Bezout domain A is an integral domein in which property (2.1)
holds for pairs of elements a and b which are co-prime. Every Bezout
domain is a pre-Bezout domain, while the converse statement is not, in
general, true. In a paper still to be published Mott and Zafrullah [5]
have shown that, in a pre-Bezout domain, every irreducible element is

indeed a prime element.

A principal ideal domain is also a Bezout domain. The algebra T of
all entire functions is an example of a Bezout domain which is not a

principal ideal domain.

The next definition is a generalization of a unique factorization

domain.
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DEFINITION 2.1. Let A be an integral domain. 4 is called a
generalized unique factorization domain if, for each non-zero non-unit
element a € A , we can find a unique finite or infinite set of distinct

primes {pa} , a €S , such that

n
(2.2) (@) = N [ "‘]
Q€S pa

where {na} are unique positive integers corresponding to a , and S 1is
an indexing set.

Every unique factorization domain is trivially a generalized unique
factorization domain. However there are examples of generalized unique
factorization domains which are not unique factorization domains. The
algebra [ of all entire functions is not a unique factorization domain.
That I is a Bezout domain was proved by Helmer [2]. The statement that
' is a generalized unique factorization domain follows from the following

theorem of Helmer [2].

THEOREM 2.1 (Helmer [2], Theorem 6, p. 348). Let T be the ring of
all entire functions taken with the usual addition and multiplication.
Every non-zero non-unit f(z) € T is expressible as either a finite or a
countable infinite product of irreducible functions of T . The

representation is unique except for the order of factors and units.

While a unique factorization domain becomes a principal ideal domain
if the Bezout domain condition is added to it, such is not the case for a
generalized unique factorization domain. T 1is both a generalized unigue
factorization domain and a Bezout domain, but is not a principel ideal
domain. It is the only natural example of a generalized unigque
factorization domain known to the authors which is not already a unique

factorization domain.

DEFINITION 2.2. Let A be a complex linear algebra. A is called a
p-normed algebra if there exists a functional || || defined on A

satisfying the following conditions:

(a) ||l =20 for each z € A and || = 0 if and only if
x =0

(®)  llw+yll = flzhf + Iyl for all = and y in 4,
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(c) layll = llxllllyll for all = and y in 4 ;

(d) for a €C and z €4, Jozx| = |a|Plz] for some fixed p
such that 0 <p =1 ;

(e) A has an identity 1 , with |Jjifl =1 ;

(f) the metric d defined on A4 by the relation
d(z, y) = |lz-yll is complete.

REMARK 2.1. For the sake of convenience, we have assumed that our
p-normed algebras are complete and that they have identity elements.
Zelazko [11] considered the case of a p-normed algebra without an identity
element. Every Banach algebra with an identity can be considered to be a
p-normed algebra with p = 1 . However, there are p-normed algebras which
are not Banach algebras for p-normed algebras may not be even locally

convex.
The concept of a topological zero divisor is analogous to the concept

of the same in Banach algebras. The next theorem was proved by Zelazko for

p-normed algebras.

THEOREM 2.2 (Zelazko [101). Let A be a complex p-normed algebra
without any topological divisors of zero, other than the element 0 € A .
Then A 1is isomorphic to the field C .

The next theorem is a modification of Lemma 1.5.2 (p. 21) in Rickart

[6]. But the result is stated here for the case of integral domains.

THEOREM 2.3. Let A be a complex p-normed algebra which is an
integral domain. Then the following conclusions hold:

(1) the necessary and sufficient condition for h €4, h# 0,
to be a topological divisor of zero is that the principal
ideal (h) be not closed;

(2) if, for each h € A, h+ 0, (h) is closed, then A 1is
isomorphic to the field C of complex numbers.

THEOREM 2.4, Let A be a complex p-normed algebra, which is also a

division algebra. Then A 1is isomorphic to C .

THEOREM 2.5 (Zelazko [91, [10]1). Let A be a complex p-normed
algebra. Then
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(1) for each = € A, if x satisfies |x-1|| <1, then =z <is

invertible,
(2) every maximal ideal M is closed.

Zelazko extended many of the results which are valid for commutative
Banach algebras to complex p-normed commutative algebras. The maximal
ideal theory which is usually called Gelfand's representation theory for
commutative Banach algebras can be extended to that of commutative

p-normed algebras.

Let A be a complex p-normed algebra, which is also commutative.
Let A Dbe the space of maximal ideals of 4 . Let
(2.3) K, = (= €4 : 1imlle"| = 0)
Let the spectral radius for any x € A be defined by the relation
(2.14) lell, = (sup{[r] : Az € k. )P

THEOREM 2.6 (Zelazko [91, [101). The spectrum o(x) of an element
x € A is a compact subset of C . Further for each element x € A , the
following relation holds:

(2.5) sup |z(m) [P = izll, -
MeA

The radical of A , rad(d) , is given precisely by

(2.6) rad(4) = {z €4 : |zll; = o} .

3.

In this section we prove many results that generalize the results

stated in the paper of Srinivasan and Hu Shaing [§].

THEOREM 3.1 (Fundamental Theorem). Let A be a complex g-normed
algebra (0 < q =1) which is also a pre-Bezout domain. Let p be an

irreducible element of A . For any non-negative integer n , the

principal ideal (pn] is closed, or equivalently, pn is not a

topological divisor of zero.

Proof. We first observe that, by a result of Mott and Zafrullah [5],
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p 1is a prime, since A is a pre-Bezout domain. From now on the proof

depends on induction on n

CASE 1. For n

0 , the result is trivial.
CASE 2. Let n =1 . Consider the ideal (p) . Let {pan} be any

sequence of elements in (p) converging to an element a € 4 . To prove
that a € (p) , it suffices to show that p divides a . If p does not
divide a , then p and a are co-prime. As A 1is a pre-Bezout domain,

we can find r» and s in A such that
(3.1) pr +as =1 .

Since {pan} converges to a , it follows that
(3.2) lpa,all > 0 as n+e .

From (3.2) it follows that

(3.3) lpa,s-asll = lslli{pa,<a)ll > 0 .

The substitution of as =1 - pr in equation (3.3) yields

(3.4) I!pans+pr’—1ll +0 as n >

(3.4) implies that for sufficiently large n , say #n = ng s

(3.5) lpa,, s+pr-1f < 1 .
0

It now follows from Theorem 2.5 (1) that pa, s +pr = p(an s+r) is
0 0

invertible, thereby leading to the invertibility of p itself. The above
contradicts the primality of p . Hence p must divide a . Consequently

the ideal (p) 1is closed.

CASE 3. We now assume that for all %2 with 0<% =m , (pz] is

closed or equivalently that p7' is not a topological divisor of zero. We

m+1

is closed. Let {p an} be any sequence in

shall show that (pm+l)

1

m+
(p l) converging to an element a € A . We shall show that pm+

m+ L
divides a . If p 1 does not divide a we can write a =p7'h , Where

h and p are relatively prime, and where obviously 0=<Z <m . As A
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is a pre-Bezout domain, we can find s and ¢ such that ht + ps =1 .

Hence
(3.6) plht + pz+ls _ pl or at = pz _ pz+ls
Since lpmﬂ'an-a“ >0, it follows that
+
(3.7) Hp’” lant-atN < ||t||” [pm+lan_a) ” 50 .

Substituting for at , we obtain from (3.7) the relation

(3.8) “pz [pm+l'7’ant+ps—l] ” >0 as n »® .
There are now two possibilities. Either, for some no .
m+1 -1 ’
(3.9) “p a_ tps-1f <1,
n
0
or, for all n ,
(3.10) ”pm+l_$ant+ps-1” =1 .

If equation (3.9) holds, it follows [from Theorem 2.5 (l)) that

p[pm'tan t+s) is invertible, leading to the invertibility of p itself;

0
thus (3.9) produces a contradiction. If (3.10) holds, then set

R ., 1l/q
(3.11) A, = [Pm+l_7“ant+ps—1) / [l‘pm+l_7'ant+ps-l’| )

Then clearly ”An” =1 for each n . Now, using (3.10) and (3.8), we

obtain

” [Pi [pm+1-13an t+ps -1) ] / [ “ [ Pmﬂ_ianhps _1) “ 1/ Q) “

”pt [pM+l'7'ant+ps—l) ” + 0

i
(3.12) np An"

1A

The relation (3.12) implies however that pt (0 =72 =m) is a topological
divisor of zero, thereby contradicting the inductive hypothesis. Thus both
(3.9) and (3.10) lead to contradictions, on account of the assumption that

m+ +
P 1 does not divide a . Hence pm L divides a . Thus a ¢ (pm+1)
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This proves that (pm+l) is closed. The proof by induction is complete.

THEOREM 3.2. Let 4 be a complex p-normed algebra, which is a
generalized unique factorization domain and a pre-Bezout domain. Then A

is isomorphic to the complex field.

Proof. By Theorem 2.3 (2), it suffices to show that for any a # O ,
a €4, {(a) is closed. If a 1is a unit this is obvious. If a is a
non-zero non-unit of A4 , then, by the definition of a generalized unique

factorization domain, we can write

(3.13) (a) = N [pn“)
a€s o

n
As each [paa) is closed by Theorem 3.1 we see that (a) is closed. This
completes the proof of the theorem.

PROPOSITION 3.3. Let A be a complex p-normed algebra, which is
also a principal ideal domain. Then A <s isomorphic to the complex field
C .

Proof. We observe that a principal ideal domain is a unique
factorization domain and hence a generalized unique factorization domain.
Besides a principal ideal domain is a Bezout domain and hence a pre-Bezout

domain. The result now follows from Theorem 3.2.

REMARK 3.1. Proposition 3.3 was proved for Banach algebras by
Srinivasan and Hu Shaing in [§].

Let A(D) denote the algebra of all complex valued functions which
are continuous on the closed unit dise D = fz/lz] < 1} and which are
analytic inside the open unit disec D = {z/]|z| < 1} taken under the usual
algebraic operations. Hoffman [3] has shown that A(D) is a Bezout domain

([31, p. 88). A(D) can be turned into a p-normed algebra by defining,
for f(z) € A(D) ,

(3.14) Ifll = sup [f(&)P (0<p=1).
lz]=1

THEOREM 3.4. Let A(D) be the disc algebra mentioned above. Let T
be the algebra of all entire functions. Let C(x) be the algebra of all
formal power series in one variable x over C . Then the following
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conclusions hold:

(1) neither C(x) nor T can be made into p-normed algebras

under any norm;
(2) A(D) 1is not a generalized unique factorization domain.

Proof. (1) C{x) is a principal ideal domain. For C(x) the result
follows from Proposition 3.3. For T the result can be deduced from
Theorem 3.2, since I 1is a generalized unique factorization domain which

is also a Bezout domain.

(2) A(D) is a p-normed algebra using the norm given in (3.1L). If
A(D) were to be a generalized unique factorization domain, it would follow
from Theorem 3.2 that it is isomorphic to C , since A(D) 1is a Bezout
domain. This shows that A(D) cannot be a generalized unique

factorization domain.

REMARK 3,2. By the 'Spectral Theorem' we shall mean the statement:
'The spectrum of any element in a complex p-normed algebra is a compact
subset' (Theorem 2.6). Since T contains elements which have unbounded
spectrum, the result that it cannot be made into a p-normed algebra could
have been directly deduced from the 'Spectral Theorem'. However, the fact
that the 'Spectral Theorem' does not imply Theorem 3.2 or Proposition 3.3
follows from the example of C(x) in which every element has a bounded
spectrum. The impossibility of making C(x) into a p-normed algebra is a
consequence of Theorem 3.2 (or Proposition 3.3), and it cannot be deduced
from the 'Spectral Theorem'. That Theorem 3.2 is a true generalization of
Proposition 3.3 follows from I . The impossibility of making it into a
p-normed algebra follows from Theorem 3.2 and not from Proposition 3.3,
since T 1is not a principal ideal domain. lyer [4] has shown that I can

however be made into a Bo-algebra (a locally convex complete metrizable

algebra). Thus, while the two conditions of pre-Bezout domain and
generalized unique factorization domain make a p-normed algebra trivial,

such is not the case for B.-algebras as is illustrated by T .

0

The proofs of the next two theorems are similar to the proofs given in
the paper of Srinivasan (7], for the case of Banach algebras. We merely

state these results for p-normed algebras.

THEOREM 3.5. Let A be a complex p-normed algebra, which is also
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an integral domain. If A 1is locally finite, then A is isomorphic to
c .
THEOREM 3.6. Let (' (n = 2) be the n-dimensional linear space of

complex wn-tuples over C . " cannot be simultaneously made into an

integral domain and a p-normed algebra.
REMARK 3.3, We cannot drop the requirement of 'integral domain' in

Theorem 3.5 or in Theorem 3.6. In fact, C° (n = 2) can be made into a
p-normed algebra, though not into an integral domain. This can be done as
follows: if x = (xl, x2, ey xn) and y = (yl, yg, ey yn] , we define
multiplication by

ey = (xlyl, . xnyn)

and

el = max |z |P (0 <p=1)
1<i<n
7
c (n 2 2) becomes a p-normed algebra, but obviously has divisors of

zero.
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