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Special Values of Class Group
L-Functions for CM Fields

Riad Masri

Abstract. Let H be the Hilbert class field of a CM number field K with maximal totally real subfield
F of degree n over (). We evaluate the second term in the Taylor expansion at s = 0 of the Galois-
equivariant L-function ©g__ (s) associated to the unramified abelian characters of Gal(H/K). This
is an identity in the group ring C[Gal(H/K)] expressing (9(5';)0 (0) as essentially a linear combination
of logarithms of special values {U(z5)}, where U: H” — IR is a Hilbert modular function for a
congruence subgroup of SL,(OF) and {z, : ¢ € Gal(H/K)} are CM points on a universal Hilbert
modular variety. We apply this result to express the relative class number hg /hk as a rational multiple
of the determinant of an (hg — 1) X (hg — 1) matrix of logarithms of ratios of special values ¥(z,),
thus giving rise to candidates for higher analogs of elliptic units. Finally, we obtain a product formula
for ¥(z,) in terms of exponentials of special values of L-functions.

1 Introduction

Let K be a number field, hx be the order of the ideal class group Clg, wx be the
order of the torsion subgroup uk of the unit group Of, and Rx be the regulator.
The Dirichlet analytic class number formula evaluates the leading term in the Taylor
expansion of the Dedekind zeta function (x(s) ats = 0,

Ck(s) = ars” + a8 + O(52),

as a, = —hgRy/wk, where r is the rank of the finitely generated abelian group
Of. Stark’s Main conjecture [Stl, St2, St3, St4] and its integral refinements due to
Stark [St4], Tate [T], Chinburg [Ch], Rubin [R], and Popescu [P], among others,
provide a vast Galois-equivariant generalization of the analytic class number formula
with fundamental consequences for number theory. Roughly, the conjectures predict
a relationship between the leading term at s = 0 of the imprimitive Artin L-functions
Lyi/k,s(p, ) associated to a Galois extension M /K of number fields with Galois group
G = Gal(M/K), and a certain ) [G]-module-invariant associated to the unit group
O of K. In the conjectures the Dedekind zeta function (k(s) is replaced by the
G-equivariant L-function

Om/k,s(s) = ZLM/K,S(paS) )
/)6@

with values in the group ring C[G], the regulator R is replaced by a G-equivariant
regulator with values in C[G], and the rank r of Of is replaced by the local rank
function of the projective Q[G]-module (OZOAX/L ¢ of S-units in M.
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Also of fundamental importance in number theory is the second term of (x(s) at
s = 0. For example, the Kronecker first limit formula evaluates the second term of
Co(y=n)(s) ats = 0 as essentially the logarithm of the absolute value of the Dedekind
eta function. See C. L. Siegel’s book [Si] for a proof and some remarkable applica-
tions. The Rubin—Stark conjectures, and the even more general equivariant Tama-
gawa number conjecture of Burns and Flach [BF], predict nothing about the second
and higher terms of ©/; 5(s) at s = 0.

Our primary goal in this paper is to evaluate the second term at s = 0 of a
G-equivariant L-function associated to a certain group of unramified abelian charac-
ters. We now summarize our main result. Let K be an imaginary quadratic extension
of a totally real number field F of degree n over Q). Let x € G := Hom(G, C*) be an
irreducible character of G = Gal(H/K), where H is the Hilbert class field of K. Let
Soo be the set of infinite primes of K. The Artin L-function of x is defined by

Ls. (50 = J] (1 - x(@)Nija(®™) ", Re(s) > 1,
PZSoc

where o, € G is the Frobenius automorphism associated to the (unramified) prime
pin H/K. For each x € G, let

1
e = @ZX(U)'U_I

occG

be the associated idempotent in the group ring C[G]. The S, G-equivariant
L-function ©g_ : C — C[G] is defined by

Os,.(5) = Y Ls (5, X) - 1.

xea

The order of vanishing of Og__ (s) ats = 0is n—1. In fact, because L(s';_l) (0,x)=0
forall y € é, X # 1g non-trivial, the leading term of ©g__(s) at s = 0 arises from
1(<"_ 1(0), which is given by the analytic class number formula. In this case the Rubin—
Stark conjecture is proved and is of minimal interest. However, as we will see, the
second term at s = 0 is of considerable interest.
In the following theorem we summarize the main result of this paper, which is an
evaluation formula in C[G] for the second term of Os__(s) at s = 0 (for the precise
statement, see Theorem[T.9)).

Main Theorem  There exists a positive, real-analytic Hilbert modular function
U: H" — R and CM points {z,}scc on a universal Hilbert modular variety X, such
that

n!

0L = oo

> log{a,¥(z,)} 07" in CIGI.

occG

Here, the {a; },cc are positive constants which are explicitly determined.
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In the remaining part of the introduction we describe the results of this paper in
more detail.

Let H be the complex upper half-plane and z = x + iy = (z;,...,2,) € H". Let
{01,...,04} be the n real embeddings of F, a and b be integral ideals in F, (a,b) €
a x b, and define

N(a+bz) = [[ (o) +0;(b)z)).
j=1

Then the non-holomorphic Hilbert modular Eisenstein series associated to (a,b) is
defined by

/ N(y)

E(S, Z,(l,b) = Z W, Re(s) > 1,
(a,b)€axb/O)
where the sum is over a complete set of non-zero, non-associate representatives of
a x b,and N(y) = N(y(z)) is the product of the imaginary parts of the components
of z € H" (recall that (a, b) and (a’, b’) are associate if there exists a unit € in O such
that (a,b) = (ea’, eb’)).

Let dr be the absolute value of the discriminant of F and Ng/q(a) = |OF : al.
We will compute the Fourier expansion of E(s, z; a,b) and use this to prove that the
Eisenstein series has a meromorphic continuation to C with a simple pole at s = 1.

Theorem 1.1 The Eisenstein series E(s, z; a, b) has a meromorphic continuation to C
with a simple pole at s = 1 with residue

2" IRy

Res,_ E(s,z;0,0) = —— ~F
esi1 Els, 7.0, 0) drweNE/q (ab)

Furthermore, E(s, z; Of, OF) satisfies the functional equation

G(1 — $)E(s, 2,0, Op) = G(2(1 — 5))E(1 — 5,2 OF, Op),

where G(s) is the gamma factor

Gs) = d* [~ Pr(2)]"
() =dp"|7m ( 2)

We will use the Fourier expansion to compute the Taylor expansion of E(s, z; a, b)
ats =20,

(1.1) E(s,z;0,b) = E,_1s" ' + E,(2)s" + O(s"™).

The number E,_, is essentially the regulator Rp, and the function E,(z) is a multiple
of a positive, real-analytic Hilbert modular function ¥: H" — R. For F = Q,
K = Q(y/—D), and a = b = Z, this function is given by

7T .
log¥(z) = —log(2m) + ?y + Z a,l(|n|)672’r‘”‘yezmn’c,

nec’
n#0
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where

o)=Y d".

>0
dln
We will combine (LI]) with classical methods of Siegel [Si] to study the modular
and analytic properties of U(z). Let

Ip— (> PY. x
GL,(F) = {M_ (7 5) -, 3,7,0 € Fand det(M) € F }
and define the subgroup of matrices with totally positive determinant which stabilize
the lattice (a, b),

I'(a,0) = { M € GLy(F) : det(M) € 0", M - (a,b) = (a,b) }.

Here, 0" denotes the totally positive units of F. The group I'(a,b) embeds as a
discrete subgroup of GL,(RR)", which induces a discontinuous action of I'(a, b) on
H". We will determine the factor of automorphy occurring in the transformation
formula satisfied by W(z) under the action of the group I'(a, b).

Theorem 1.2 Forall M € I'(a,b),
U(M(z)) = |[N(yz + 8)| 2R/ @ (2).

Recall that the Dedekind eta function 7: H — € is a non-vanishing, complex-
valued, holomorphic function such that |7(z)| appears in the Kronecker first limit
formula. An interesting question is whether there exists a naturally defined complex-
valued function whose absolute value equals W(z). One possible approach would be
to prove that there exists an analytic function A: H" — Csuch that A(z) = log ¥ (z)+
1B(z); that is, log W(z) is the real part of a complex-valued, analytic function. It would
follow that |¢*®| = W(z).

It is well known that in one complex variable a harmonic function is the real part
of an analytic function. Let

? o?
A.:yz, _+ —
! J(@x? 8)/?)

be the Laplacian associated to each factor in the product H". We will prove that
log ¥(z) vanishes under each operator A ;.
Theorem 1.3 AjlogW¥(z) =0forj=1,...,n.

Even though log ¥(z) vanishes under each operator A, in several complex vari-
ables this condition is not strong enough to insure that log U(z) is the real part of an
analytic function (see Section[6]).

Proposition 1.4 log ¥ (z) is not the real part of an analytic function.
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Because K is an imaginary quadratic extension of F, the 2n embeddings of K occur
in complex conjugate pairs. Let ® = {7q,...,7,} be a CM type for K/F, which is a
choice of one embedding for each complex conjugate pair. We will construct for each
ideal class C € Clg a CM point

®(zc) = (ni(zc), - - -, Tulzc)) € H"

on a Hilbert modular variety Xp(ac) := H"/Tg(ac) arising from the Op-module
decomposition Ac = acw; + Opw; of a fixed integral ideal Ac € C™!. Here, ac is an
integral ideal in F, I'g(ac) := I'(ac, Op), (w1, w,) € aEIOK X Ok, and z¢ := wy /w).
We also show that the CM points {®(zc) : C € Clg} can be viewed as living on a
certain universal Hilbert modular variety X, constructed from the universal covers of
the varieties Xy (ac).

Let (x (s, C) be the Dedekind zeta function of the ideal class C € Clg. We will
establish the identity

(12)  (5,C) = — o (2"Nijo(ac)de/ /A (s, ®(z0); ac, Op).
F

|0

The Artin map yields an isomorphism G =2 Clk, from which one obtains the identity

(1.3) Ls (s,X) = Y X(C)k(s,C).

CeClg

Furthermore, for x # 1 non-trivial the orthogonality relations for group characters
yields

(1.4) L (0, = > X(C)ay(C).
CeClg

We will combine equations (L)) through (T4) to evaluate L(S’Zl (0, x).

Theorem 1.5 Using the same notation as above,

L§” (0,1) = Llog{ @2"dp//d)"E- ] ec™},

X . X
|OK +OF | CeClx

and for x # 1g,

n!

L (0, x) = m Z x(C)loge(C™h),

CeClg

where .
e(C™") = (N(y(®(20)))Ngjg (ac) ™) ™ W (@ (2c)).
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When K = Q)(v/—D), one can use the Kronecker first limit formula to express the
relative class number hy /g as the volume of the fundamental domain for a special
subgroup of the unit group O;; spanned by elliptic modular units formed from ratios
of special values of 7(z) (see [Si]). Analogously, we will combine Theorem with
the class field theory product for (y(s) and the Frobenius determinant relation to
obtain a formula for hy /hg as a multiple of the determinant of an (hg — 1) X (hg — 1)
matrix whose entries are logarithms of ratios of special values of the Hilbert modular
function ¥(z) at CM points.

Theorem 1.6 Using the same notation as above,

hu _ wi Ry ! {MWW?
hg — wi Ry |OF : OF =1 cCr e(C)
Theorem [ gives rise to the following interesting question.

Question 1.7 When n > 1 are the ratios ¢(C(C")™1)/e(C) units, or simply alge-
braic numbers, in the Hilbert class field H?

It is important to point out that other functions similar to log U(z) have been
studied. For example, Konno in [K] defined a zeta function Z(Q, a,b;s) associ-
ated to a certain positive definite quadratic form Q, meromorphically continued
Z(Q,a,b;s) to Re(s) > 1/2, and computed the constant term in the Laurent ex-
pansion of Z(Q, a, b;s) at s = 1 in terms of a function of the form log ¥(z). He then
used this to evaluate Ls__ (1, x) and express hy /hg as a multiple of a product of linear
combinations of values of log ¥(z).

Our approach using Hilbert modular Eisenstein series is different and provides
many advantages. First, it allows us to study the modular and analytic properties of
log ¥(z) using the invariance of E(s, z; a,b) under I'(a, b), and that E(s, z; a, b) is an
eigenfunction for the operators A;. Second, it leads to an arithmetic interpretation
of the points at which U(z) is evaluated as CM points on a universal Hilbert modular
variety. This is potentially interesting, given the recent work on CM values of Hilbert
modular functions by Bruinier and Yang [BY1, BY2,Y]). Third, it provides a con-
ceptually simple and direct way of evaluating L(S’i (s,x) at s = 0, which is the most
natural value to consider in the context of the Rubin—Stark conjectures.

Asai [A] showed how to define the non-holomorphic Eisenstein series for an ar-
bitrary number field K of class number 1. He computed the constant term in the
Laurent expansion of the Eisenstein series at s = 1 in terms of a function of the
form log ¥(z), and used the methods of Siegel [Si] to prove results similar to Theo-
rems[[.2]and [[3lfor log U (z). Asai also related log ¥(z) to certain Grossencharakter
L-functions.

The Rubin-Stark conjectures are actually stated for (S, T')-modified G-equivari-
ant L-functions. See [P] for a description of the hypotheses that the two finite sets of
primes S and T must satisty. The (Soo, T')-modified L-functions arising in the context
of this paper can be described as follows. Let T' be a non-empty, finite set of primes
in K. Let Ty be the set of primes in H dividing primes in T. We require that T satisfy
the following hypotheses.

https://doi.org/10.4153/CJM-2010-009-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-009-5

Special Values of Class Group L-Functions for CM Fields 163

(1) TNSoo = 2.

(2) There are no non-trivial elements in py which are congruent to 1 modulo all the
primes p in Ty.

Hypothesis (2) is satisfied if, for example, T contains at least two primes of different

residual characteristic or a prime whose residue field is large compared to the size

of MK -
For such aset T and x € G, define the complex-analytic function

(s, x) = JJ(1 = x(0p)Ngja () 7).

peT

We then define the (S, T)-modified L-function associated to x by
Ls 1(s, x) = Cr(s, x)Ls.. (5, X)-

Note that for any x € G, ¢r(0, x) # 0, and thus Ls__ (s, x) and Ls__ r(s, x) have the
same order of vanishing at s = 0. Define (r: C — C[G] by

Cr(s) = Z Cr(s, x) - ey

xe@

Then the (So, T)-modified G-equivariant L-function ©g__ r7: C — C[G] is defined
by
Os,..1(5) 1= (r(5)Os., (5) = D Ls, (5, X) - €1

xe@

Remark 1.8. The function Og_ r(s) satisfies the remarkable integrality property
Os, (1 —n) € Z[G] for all integers n > 1. This is a consequence of a more general
integrality property for (S, T')-modified L-functions due independently to Deligne
and Ribet [DR], P. Cassou—Nogues [CN], and D. Barsky [B].

We now state precisely our main result, which is an evaluation formula in C[G]
for the second terms of Os__(s) and Os__ 7(s) ats = 0.

Theorem 1.9 Using the same notation as above,

057 (0) = _m > log{ (2"dr/\/di)"e(c™))} o™ in CIGI.

|08 = OF| £

In particular,
0y 1(0) =67(0)0{” (0) in C[G].

Stark’s integral refinement of his conjecture concerns abelian extensions M /K and
their associated imprimitive Artin L-functions Ly;/k s(p, s) of order of vanishing at
most 1 at s = 0 (see [St4]). The conjecture predicts the existence of a special S-unit
enm whose construction is closely related to the solution of Hilbert’s twelfth problem
regarding explicit generation of the abelian class fields of the base field K. Tate [T]
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showed that the non-trivial solution to Stark’s integral conjecture would lead to an
explicit generation of the abelian class fields of the base field K by exponentials of
special values of L-functions.

We obtain from equation the following product formula for the special val-
ues {U(P(zc)) : C € Clk} in terms of exponentials of special values of L-functions.

Theorem 1.10 Foreach C € Clg,
U(P(z¢c)) = (2"dp/\/dxN(y(®(zc)))Nrjalac) ") fo
|0

X Hexp{ 1;1 O | X(C)L! ~ (0, X)}
xEG
2 Proof of Theorem

In this section we compute the Fourier expansion of E(s, z; a, b) and use this to prove
Theorem [I.1l We will need formulas for the Fourier coefficients of the function

f2)=> ING@+a)|™, Re(s)> 1.

aca

Let a* be the dual lattice of a, T be the trace, and vol(P) be the volume of a funda-
mental parallelotope P for a. Because the function f(z) is holomorphic on H" and
periodic with respect to a, it has a Fourier expansion

f@) =Y haly, )™,

aca*

where the Fourier coefficients are given by the formula

_ 1 —2miT(ax)
ha(y,s) = v—ol(P)/Pf(Z)e dx.

Proposition 2.1 Using the same notation as above,

_ N VA=)
) = @l 1@

and for a # 0,

_ NG Dl -
hal»s) = \/%NF/ (a)[F(S)} HK (Zﬂlaj(a)ly])NF/Q((a)) ’
where

KV(Z):/ e 7N cosh(ve)dt, t> 0,
0

is the K-Bessel function.
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Proof Let d(a) be the absolute value of the discriminant of a. Then d(a) =
deNFq ()%, so that vol(P) = \/d(a) = v/dpNg/q(a). Using the definition of f(z)
and that P is a fundamental parallelotope for the lattice a, we find that

N 1—-2s ]
ha(% s) = L |N(1 _ ix)|_25€_27r1T(ayx)dx.

VAN (a) Jpe

Define the 1-dimensional integral
) . 1
h(y,s) = / |1 —it| %e dt = /(1 +12) e dt,  Re(s) > —.
R R 2

Then using the definition of the trace we find that

ha(y,s) = JaNe () gh(ZWU](a)y],s).

Thus, to compute h,(y, s), it suffices to compute h(y, s).
For y = 0 we obtain

T(s—1
10, s) = /(1 1)t = M
R I'(s)

(see [L2, p. 272]). It follows that the zeroth Fourier coefficient is

N(y)'=2 ﬁl"(s—%) n
\/d—FNF/Q(a)[ T'(s) } ‘

ho(y,s) =
Suppose y # 0. Since 1 + ¢ is even, we can write

h(y,s):/(l+t2) _se*“ydtzzf (1+12)* cos(ty)dt.
R 0

Further, we have the formula

/000(1 +1%) " cos(ty)dt = %(%) %ﬂcos(w(% —s))I‘(l — S)KS,%(|}/|)7

where -
K,(z) = / e 20 cosh(ve)dr, t >0,
0

is the K-Bessel function (see [GR], pg. 426). It follows that

2 7/ 2N\5s

h(y,s) = ﬁ(m) COS(W(% —S))F(l = 9)K_1(yD),

https://doi.org/10.4153/CJM-2010-009-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-009-5

166 R. Masri

from which we obtain

1) [[r@roi@ys) =2"[7" cos(w (% —5))T(1—5)]"

=1
[T(ei@lyp 2Ky (27|oj@ly;) -
=1

From the identity I'(3 + s) (3 —s) = i we determine the identity

meos(m(1—5))I(1—s) = % Similarly, we determine the identity

[T(ei@lyp)* = N(y)» > Neja (@)= 2.
j=1

Substituting these identities in (ZI)) yields

2"N(y)i~* { s

ha(y,s) = TG

\/%NF/Q(Q) ] ]li[l _z( 7T|U]((l)|y]) F/Q((a)) | ]

We will need the following lemma, which can be proved in a manner analogous to
equation (&1).
Lemma 2.2 Let [a] be the ideal class of F containing a. Then
!/
Cr(25, [a™']) = Npjo (@) > [N(a)] 7%,
aga/O)
where a/ O} denotes the sum over a collection of non-zero « in a which are non-associate
modulo OF .

We are now in a position to compute the Fourier expansion of E(s, z; a, b). Using
Lemma[2.2]and the change of summation

Y =X X

(a,b)€axb/O)  aca/O) bED
b=£0

we compute
(2.2)
I
E(s,z0,0) = Y NOYIN@[™*+ Y N(y)|N(a+bz)| ™
aca/O) (a,b)€axb/O)f
b0

= NO)Nrjo (@ 2GEs [ D+ S0 ST NGYING@+ba) >

aca/O) beb

= N(y)'Ngjo (@) "2¢e(2s, [a71]) + Z' > Ny IN(a+bz)| 7.

beb/O) aca
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Write z = x + iy, so that bz = bx + i(by). Letting z — bz in f(z) yields

(2.3) Z IN(a+bz)| 7% = Z ha(by, 5)e2miT@b)
aca aca*
= ho(by7 S) + Zlha(b)/, 5)627riT(abX)'
aca*

From the formula for hy(y, s) in Proposition[2.1]

(NO)Ngjo () /al(s — 1yqn
ho(b = '
o VdNg g (0) | TG ]

Then substituting (Z3)) into (Z.2)) yields

(2.4)
E(s,z;0,b) = N(y)'Ng/a (a) " *Cp(2s, [a™'])

NOYING) VAT = D1 s .
&N (0) T X Nl

bEb/O)
+N()/)S Z/ Z/ha(by, 5)ezm‘T(mbx)
bev/0y aca”
= N(»)°Ng/a(0)"*Cp(2s, [a™'])
N 1—s T'(s — Iy,
! \/%(1\}2/@1((1) [ﬁr((ss) 2)] N/ (D)~ V¢p(2s — 1,[671)

li i .
+ N()/)S Z Z ha(b)/, s)eZmT(abx)'

beb/ O aca”

Using the definition of the trace we find that

(NN (@) o
ha(by,s) = VAN (@) gh(zwa,(ab)y,,s).

Then combining terms with fixed ab yields

(2-5) Z/ Z/h (by S)ezﬂiT(abx) — M Zla"O} s)eZWiT(dx)
beb/O aca” \/d—FNF/Q(a) aca

where the Fourier coefficients are given by the following sum of divisors:

oa(y,9) = Y [ h@rojab)y; s)Npa (b)) .
few
beb/Of
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From the formula for h,(y, s), a # 0, in Proposition 2.1} we can express the Fourier
coefficients as

(2.6)
I L Nijo((@)) o
7(r,9) = 2N 5 ;(NF/Q(@))) HK 1 @2rloab)y).
vénjor

Finally, by substituting (Z.5) into (Z.4) and using the formula (2.6), we obtain the
Fourier expansion

(27)  E(s,z0,b) = N(y)°Npjq (@) >¢s(2s, [a7'])
N(y)lfs |:\/%F(S— %)
\/d—FNF/(Q(a) ['(s)
N Z”N(y)% { 7 }"
\/d—FNF/Q(a) I'(s)

NF/(Q((Q)) 2 TiT(abx n
DY (NF/Q((b))) ¢ T(b)gK-%(Zﬂlffj(ﬂb)lm

aea* a= a

| "Neja @) p@s - 1, [671)

aca*
beb/O}

= A(s) + B(s) + C(s).

The expression provides an analytic continuation of o;(y,s) to an entire
function on C. Furthermore, by estimating 0;(y, s) on compact subsets of C, one can
show that the series Y. 0a(y, s)e*™ ™ converges uniformly on compact subsets
and hence defines entire function on C. Therefore, C(s) is entire on C.

The function (r(s, C) has a meromorphic continuation to € with a simple pole at
s = 1. Therefore, A(s) and B(s) have meromorphic continuations to C. We conclude
that E(s, z; a,b) = A + B + C has a meromorphic continuation to C.

We want to determine the poles of E(s, z; a,b). The function B(s) has a pole at
s = 1. To compute the residue, recall the Laurent expansmn Ce(s,C) = £ +0(1)
(see [L1, p. 254]), where the residue « is given by k = W2 5F— Using the expans1on
CG(2s—1,[a7 1)) = % + O(1), and T'(1/2) = +/, we find that the residue of the
pole of B(s) ats = 11is

" 2" "R

K
\/%NF/Q(GB) 2 dFWFNF/(Oz(ab).

We claim that A(s) and B(s) have simple poles at s = 1/2 with residues which can-
cel. Thus, since C(s) is holomorphic at s = 1/2, we can conclude that E(s, z; a, b) has
only the pole at s = 1 coming from B(s) with residue Res,—; E(s, z; a,b) = Res;—; B(s).

Using the expansion (¢(2s, [a™!]) = % + O(1), we obtain

Res;—; B(s) =

N(y)'? s 1 N(y)V/22""'Rp 1
A = XD E L o) = YY) L o).
NF/(Ol(a) 25— 7 \/d—FWFNF/Q(CI) s — 3
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Now, we know that I'(s) has a simple pole at s = 0 with residue 1, so

1\ " 1 1\ =7
28 (-5 = Loo(s- 1)
(2:8) T2 T TV
The functional equation for (x (s, C) is given by G(s)(r(s,C) = G(1—s)(p(1—s,C),
where G(s) is the gamma factor G(s) = d;/z (72 (s/2) ] " (see [L1, p. 254]). Using
the functional equation, one can show that (r(s,C) has a zero of order n — 1 ats = 0
with leading term

"~D(0,C) R
F ’ — Tim — (=1 _ _F
1) lims Cr(s,C) st
and therefore (r(s,C) = —fv—is”’l + O(s"). In particular,

(2.9) CG(2s—1,[07']) = —ZnWIFRF (5 - %) T O(s B %) n’

so that multiplying (2.8) and yields

N(y)l/ZznflRF 1
\/d_FWFNF/Q(a) S— %

B(s) = +0(1).

We conclude that A(s) and B(s) have simple poles at s = 1/2 with residues which
cancel.
Finally, assume that a = b = Op. By applying the functional equations

G(s)¢r(s5,C) = G(1 = 5)¢p(1 —5,C)

and K_,(z) = K, (z) in (2.7), one can show that E(s, z; O, Of) satisfies the functional
equation

G(1 — $)E(s,z; O, Op) = G(2(1 — 5))E(1 — 5,2; OF, OF).
This completes the proof of Theorem [1.1] ]

3 Taylor Expansion of E(s,z;a,b) ats =0

We now use the Fourier expansion (2.7]) to compute the first two terms in the Taylor
expansion of E(s, z; a,b) ats = 0,

E(s,z;0,b) = E,_;s" ' + E,(2)s" + O(s"™).

We will compute the Taylor expansions of A, B, and C separately.
First, observe that

N(y)Ngjg(a) % =1+ 1og(N(y)NF/Q(a)—2) s+O(),
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and arguing as in Section[2lwe determine that

27 Re oy, 2GR0, [0

"+ O(s").
WF n!

Cr(2s,[a7']) =

Then

( 27¢(0, [a™ 1))

A(s) = —2”_1&5“_1 +
n!

_ n—l& -2 n
o 2~ Flog(N(INra (@) )

+ O(s"™h).

Second, using the expansion
(3.1) (=] =5+ 06
' T'(s)

and I'(—1/2) = —2+/7, we find that

(=1)"2"7"N(y)N/q (b)

B —
2 VarNg o (0)

Cr(=1, [07']s" + O(s").

Third, using K_,(z) = K,(z) and K /,(z) = \/7/2z - e7%, we compute

N(y)—l/z

(3.2) [1&-12C7loj(ab)ly)) = =

j=1

NF/Q((Clb))_1/26_27r5(ﬂby)7

where S(aby) := E;’:l |oj(ab)|y;. Using (3.1) and (3.2)), we find that

C(s) 1 Z/ Z o —2mS(aby) IwiT(abe) ol +1)
s) = e T aovx S?’l + S?’l .
VdrNgpjo(0) =% = Nruo((a))
aca*
beb/a(‘)l_.X
Finally, from the sum A + B + C, we conclude that E,_; = —2""! ﬁ—i, and

Ex(2) = log((N(y)Ngo(a) 2)"1¥(2)),

where
on (n) —1 —1)"2" "N N, b
log ¥(z) — 2 Gl CURANDIall) ) 1))
n. \/%NF/Q(G)
+ 1 ! Z 672‘”5(“’]}/) eZﬂ'iT(abx).
VaiNea(@) 22 2= Neja((@)
aca”
beb/c;i)FX
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4 Proof of Theorem (1.2
The group I'(a, b) embeds discretely in GL,(R)",

M_}((m(a) 01(6)) ((fn(a) w(ﬁ)))
ol(y) o1(8)) T \ow(y) ou(d)) )’

which induces a discontinuous action of I'(a, b) on H",

M(z) = < o1(a)zi + 01(f5) on(@)zn + Un(5)> .

oYz +01(0) " au(V)zu + 0u(9)
From the definition of I'(a, b) we have the invariance property
E(s,M(z);a,b) = E(s,z;a,b)
for all M € I'(a, b). Then using the Taylor expansion
E(s,z;0,b) = E,_1s" ' + E,(2)s" + O(s"*)),

we see that E,(M(z)) = E,(z) forall M € I'(a,b).
Write

(4.1) E,(2) = log ¥(2) + Ey_) 1og(N(1m(z))NF/Q(a)*2) :

where we have set N(y) = N(Im(z)). Then using (41) and the invariance of E,(z)
under I'(a, b) we compute

log W(M(z)) = E,(M(2)) — E,1 log( N(Im(M(2)))Ng /o (a)?)
= Ey(2) — Ey—1 log( N(Im(M(2)))N/o (@) %)
= log ¥(2) + E,— log( N(Im(2))Ng /o (a) %)
— Ey—1 log( N(Im(M(2)))Ng/q () %)

N(Im(z)) ) '

_ log U(z) + E,_1 IOg( m

Using N(Im(z)) = ]_[']7:1 Im(z;) and the identity

Im( az + b) Im(z)

cz+d) lcz+dJ*’

we compute

B " Im(z;)
N(Im(M(2))) = H [0,z + ;0P
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so that
N(Im(z))

= : . . -2
Nmoacay ~ L1702+ o0

This yields the transformation formula

(4.2) log W(M(z)) = log ¥(z) + log( H o (y)z; + gj(5)|—25n—1) ,
j=1

Finally, exponentiate both sides of (4.2) and use the definition of the norm N( - ),
and En—l = —Zn_lRF/WF.

5 Proof of Theorem

Let o be an embedding of F, (a,b) € a x b, and z € H. It can be shown by direct
computation that

y?A(y |o(a) + a(b)z| %) = s(s — 1)y*|o(a) + o(b)z]| .
Using the relation
N IN@+b2)| 7 = [ [ 7iloj(a) + oj(b)z;| 7>,
=1
it follows immediately that
(5.1) AjE(s,z;0,b) = s(s — 1)E(s, z; a,b).

Thus, E(s, z; a, b) is an eigenfunction for the operators A ; with eigenvalue s(s — 1).
Substitute the Taylor expansion

E(s,z;0,b) = E,_1s" ' + E,(2)s" + O(s"*)

into the right-hand side of (5.1)), expand, and equate coefficients to obtain the re-
currence relation A;E; = E_, — Ex_y, for k = 0,1,..., where E; = 0 for k =
—2,—1,...,n—2.

From the definition of E,(z) we see that

log ¥ (z) = E,(2) — E,— log(N(y)NF/Q(a)_z) .
We claim that
Aj(Eu(z) = Ey—1 log(N(y)Np/q(0) %)) =0,

and hence log ¥(z) vanishes under the operators A;. To see this, note that as a con-
sequence of the recurrence relation, A E,(z) = —E,_;, and a straightforward com-
putation yields

A log(N(y)NF/@(a)_z) = —1.

The claim follows from these two facts. [ |
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6 Proof of Proposition

Leta,b € C",n > 1. Theset L = {a+ bz : z € C} is called a complex line in C". Let
Q be a domain in C". A C? function f: Q — C is called pluriharmonic if for every
complex line L the function z — f(a + bz) is harmonic on the set Q; = {z € C :
a+bzeQ}.

Ifz° € C*and r > 0, the open polydisc centered at z° of radius r is defined by

D”(zo,r):{ze(C":|zj—Z?| <rj=1,...,n}

Pluriharmonic functions are characterized as follows, (see [Kr, p. 82]).

Proposition 6.1 Let D"(z,r) C C" be a polydisc and f: D"(z,r) — R be C%. Then
f is pluriharmonic on D"(z, r) if and only if f is the real part of an analytic function on
D*(z,r).

Define the differential operators

0 g .0 0 g .0
&Z%(a—la—y) and &Z%(a*’a—y)

One can establish the following useful criterion for pluriharmonicity.

Proposition 6.2 A C? function f on S is pluriharmonic if and only if

82
=0
(921'62]( f
forall j,k =1,...,n Inparticular, the second condition holds if and only if f satisfies
the Neumann equation 00 f = 0.

It can be shown that log ¥U(z) does not satisfy the second condition of Proposi-
tion[6.2] and thus log ¥(z) is not the real part of an analytic function.

7 CM Points on Hilbert Modular Varieties

In this section we follow in part Moreno [M, Section 3.2]. Let Dk r be the relative
different. Since K is a quadratic extension of F, K = F(y/«) for some o € F. By
considering prime ideal factors, it can be shown that (\/5)31;/113 = a0k for some
ideal @ in F. The ideal class [a] is independent of the choice of .

The following lemma is due to Chevalley [C].

Lemma 7.1 Let A be an integral ideal in K. Then the relative norm Ny /p(A) lies in
the ideal class of the form a[@], a being an integral ideal in F, if and only if there exist
wp € a*IOK and wy € Ok such that A = aw; + Opw,.

Choose a complete set of representatives {a;};c; of ideal classes of F. Among
the ideal classes {a;[a]} jc; of F, choose the sub-collection {a;[a]};cs of ideal classes
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which contain the relative norm of an ideal in K. We may assume that the ideals
{a;}ies are integral.

Let C be an ideal class of K, and let A be an integral ideal in C. Then Ng/z(A) €
a;[@] for some i € I. It follows from Lemma [Z.I] that there is a decomposition A =
a;w; + Opw,, where (wy,w,) € a;l(‘_)K x Og. Up to multiplication by a unit in F,
we may assume that the imaginary parts of the components of z¢c := w,/w; under a
given choice of  real embeddings of F are positive.

Because K is an imaginary quadratic extension of F, the 2n embeddings of K occur
in complex conjugate pairs. Let ® = {7q,...,7,} be a CM type for K/F, which is a
choice of one embedding for each complex conjugate pair. Define the CM point

D(zc) = (mi(zc), ..., Tulzc)) € H".
Let I'o(a;) := I'(a;, OF), and form the Hilbert modular variety
Xo(a;) :=H"/To(a;).
There is an embedding
{C € Clx: Ng/p(C) = ai[a]} — Xo(a;)
defined by C — ®(z¢) mod I'g(a;).
Proposition 7.2 The map C — ®(zc) mod I'g(«;) is well defined.

Proof Suppose B is an integral ideal in K which is equivalent to A. Then by
Lemma[Z1l B = qw{ + Opw;, where (w{,w;) € a; 'Og x Ok. Again, we may as-
sume that the imaginary parts of the components of z5, = wj/w/ are positive. It can
be shown that there exists a matrix M € Ty(a;) such that M(®(zc)) = D(z)) (see
[M, Lemma 1]). Thus, the map is well defined. |

Let A be the ideal defined by taking the least common multiple of the ideals
{a;}ic;- Form the discrete subgroup I'o(A) < GLy(R)", and the corresponding
Hilbert modular variety, Xo(A) := H"/T'((A). Then X, := X((A) is the minimal
common cover of the varieties Xo(a;). That is, if |I| = N, there is the following
covering diagram.

/x

X
Xo(ap) Xo(az) Xo(an—1) Xo(ay)

If Y is a cover which fits into the diagram

7 S

Xo(ar) Xo(ay) Xo(an—1) Xo(ay),
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there is a cover Y — X,. Finally, using the covers X, — Xy(a;), one obtains an
embedding Clx — X, defined by C — ®(z¢) mod I'¢(A).

8 CM Values of Hilbert Modular Eisenstein Series

Let C € Clg and fix an integral ideal Ac € C™!. Then as A runs over all integral ideals
in C, the ideal A - Ac = («) runs over all principal ideals («) with («) = 0 mod Ac.

It follows that
(8.1) Ck(5,C) = Y NgjoA) = 3" Ngj(Az (@)*
AeC (a)CAc
= Ng/a(Ac)’ > Ngjo (@)™
0¢€Ac/(f)1><<

From (80]) and a counting argument, we obtain

(82) |07 : 0F1Ge(s,C) = Nejo(Acr|07 : 07| 3 Nyjnl(@) ™

a€Ac/OF

/
= Ngo(Ac) D Nijol(@)™.
a€Ac/OF

From Section [7] there is a decomposition Ac = acw; + Opw,, where (wy,w;) €
ac 'Ok x Ok and ac € {a;}. Therefore, we can express (8.2) as

’
(83)  |0g : OF[Ck(s,C) = Nijo(Ac) Z Ni /o ((awr + bwy)) ™
(a,b)Eacx Op/OF

N ! —s
=Ngo(Ac/w) > Nijalla+bz))™.
(a,b)Eacx Op/OF

We will need the following lemma.

Lemma 8.1 Let ® be a CM type for K/F. Then
Nijq((a+bzc)) = [N(a+ b®(zc))|*.

Proof For an embedding 7 of K let 7 be its restriction to F. Then

Nijo((a+bzc)) = [ [ 7j(a+ bzc)7j(a + bzc)
j=1

= H(fj(ﬂ) + 7(b)7i(2c))(Fj(a) + 7(b)T j(z¢c)) =

j=1
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= H(fj(ﬂ) + 7(b)Ti(2c))(Fj(a) + 7;(b)Ti(zc))

j=1

= [[17(@ + 7(b)r(zc)

j=1

= |N(a+b®(zc))|*. m

Using Lemma [8.T] we can express (8.3) as

!
(84) 0% 1 0F|Ck(s,.C) = Ngja(Ac/w)® > IN(@a+b®(zc))| ™.
(a,b)€acx Op/OF

We will also need the following lemma, which follows from a calculation with
determinants, (see also [M, p. 237]).

Lemma 8.2 Using the same notation as above,

Ni/a(Ac/wi) = N(y(®(2¢)))2"Ngjq (ac)de/+/dk -
Using Lemma[8.2] we can express (8.4) as
|0F : OF|¢k(s,C)

= @"Nya(a)de/Va)w S N((®(z)F|N(a + bd(zo))| >

(Ll,b)EQ(;)(O}:/O;<
= (2"Ngja(ac)dr/\/dx)°E(s, ®(zc); ac, OF) .

We now obtain the identity

(8.5  (k(s,C) = (2"Ngjo(ac)dr/\/dx E(s, ®(zc); ac, O).

1
|0 : OF |

Remark. It is important to observe that the above construction depends only on the
inverse class C~'. This can be seen by combining the argument used in section[7] to
show that the map C — ®(z¢) mod I'y(ac) is well-defined with the invariance of the
Eisenstein series E(s, z; ac, Of) with respect to the group I'g(ac).

9 Proof of Theorem[1.5

From (8.5) we obtain the identity

Ck(s,C) = %(z“dp/@m\fp/@(ac)sms, ®(zc); ac, Op).
|OK : OF |
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It follows from that
(9.1)

Ls,. (s, %) = O oo @ de/\/dk)* > X(C)Npjo (ac)E(s, D(zc); ac, O).-

CeClg

0%
Suppose that y = 1¢. Substitute the Taylor expansions
(2"dp/\/di)" = 1+log(2"dr/\/dx) s+ O(s),

Nrjo(ac)® = 1+log(Npjo(ac)) s+ O(s%),
E(s, ®(2c)s ac, Op) = Ey18" " + Ey(®(20))s" + O(s™)

into the RHS of (O.0) and differentiate both sides # times with respect to s to obtain

Ly (s, 1¢)
(0.2) = S7 (Euei log(2"dr/\/dy)

0K OF | éea
+ Ep—110g(Np/o (ac)) + Ex(®(zc))) + O(s).
Using the definition of E,(®(z¢)), we compute
(9.3)  Ey—110g(Np/a(ac)) + Ex(P(zc))
= log(Ngo (ac)™") +1og((N(y(®(2c)))Np /0 (ac) )P~ W(®(zc)))
= log((N(y(®(2c))Nejalac) ™) ¥ (D(zc))) -

Substitute ([0.3) in ([©.2)) and let s — 0 to obtain the formula for L(S’i (0,1¢).
Suppose that xy # 1g. By the orthogonality relations for group characters,
> cecy, X(C) = 0. Proceeding as above, we find that

L (s,x)
(94) —S=X
n!

1
7 > X(Of Ex11og(Npjalac)) +Ey(®(zc)} + O(s).
|0g : OF |
CeClg
Again, substitute (9.3) into and let s — 0 to obtain the formula for L(S’i (0, x).
|

10 Proof of Theorem

From class field theory there is the decomposition,

(10.1) Cu(s) = k() [ L 5:0-

xe@
X#lc
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(see [N, p. 524]). Using the functional equation for the Dedekind zeta function as in
section2lwe compute

hHRH

and lin”és*(”fl)CK(s) = —hKRK.

lims~ " V¢ (s) = —
s—0 WH s— 1% ¢

Then equating leading terms of the Taylor expansions at s = 0 of both sides of (T0.1])

yields
(102) _ huRy _ _ hxRg H L(SZ(O,X)
' WH wk . n
XEG
x#1e

Using Theorem [[5 we can express (I0.2) as

huRy hxRk |
- =- X(C)loge(C™),
wH Wk |OI>(< : |hK ! I_IG C;K
#1(;

or equivalently as,

hy  wh Rk 1
10.3 — = o)1 c-
(103) hx wKRH|oX- X1 H Z X(C)loge(C™).
GCECIK
X7‘1G

Let G be a finite abelian group and x € G. Let f be a complex-valued function
on G. The following formula is a consequence of the Frobenius determinant relation
(see [L2, p. 283]):

(10.4) 1D x@fa™ = det{f(ab N~ fla)}.

XEG acG
x#1e

Define f: Clgx — Rby
f(C) =loge(C), CeClk.

Using (10.4) we obtain the relation

I e(cCchH=
(10.5) IT > x©togec™) = det, log{ ==}
XEG CeClg
x#lc
Substitute (T0.5) into (I0.3) to complete the proof. [ |
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11  Proof of Theorem[1.9]
Define f: Clg — Rby f(C) =loge(C™"),and g: G — Cby

g0 =Y x(Of(C).

CeClg

Then

D X(ChHg) =Y X(C) D X(Of(©)

veG veG CeClg
= > fIO) Y x(CHX(C).
CeClkk xeG

By the orthogonality relations for group characters,

{hK ifC =/,

2_XCEX©O =1, ifC #C'.

xea

Thus, > & X(C)g(x) = hx f(C'), or equivalently,

(L 7€) = 1-(5(16) + X X100}

xe@
X#lg

From (I1.1)) and Theorem[L.5}

_ 1 _ 0g : OF Y
(112)  loge(C™) — > loge(C™!) = % > XOLY (0,%).
CeClg xea
X#lg

Furthermore, by Theorem[L.3

0F : ) By 1
(11.3) ML(SQ(O,IG) zlog((zndp/@) ) o 3 loge(C).

hgn!
K CeClk

Add ([IT.3) to both sides of to obtain

(11.4) log( (2%/\/@) E"’le(c*)) _ 19 : Of] 3" XOLE (0, x).

I’IKTI!
X€G
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Finally, as a consequence of (IT1.4) and the isomorphism G 2 Clg, we obtain the
following equality in C[G],

> log((2"dr/\/d)te(0™)) o

o€G

|01§ : O?| (n) —1
= DD XL 0,%) o
K% se6 ea

— 0] T;!OF | > L. x)(i > x(o)- 0_1)

XEE c€eG

0g : 05
= PO 10 (0,00 e

xeé

0F : 08| n
_ 1% : O] = F'@gclm).
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