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SCALAR EXTENSION OF QUADRATIC LATTICES II

YOSHIYUKI KITAOKA

Let & be a totally real algebraic number field, O the maximal order
of k, and let L (resp. M) be a Z-lattice of a positive definite quadratic
space U (resp. V) over the field Q of rational numbers. Suppose that
there is an isometry σ from £)L onto ©M. We have shown that the
assumption implies σ(L) = M in some cases in [2]. Our aim in this paper
is to improve the results of [2]. In §1 we introduce the notion of E-
type: Let L be a positive definite quadratic lattice over Z. If any
minimal vector of L (x) M is of the form x®y (xeL,y eM) for any
positive definite quadratic lattice M over Z, then we say that L is of
£7-type. Some sufficient conditions for E-type are given in § 1 and they
are applied to our aim in §2.

NOTATIONS. AS usual Z (resp. Q) is the ring (resp. the field) of
rational integers (resp. of rational numbers). By a positive definite
quadratic lattice L over Z we mean a Z-lattice L of a positive definite
quadratic space V over Q (rank L = dim V). For a positive definite
quadratic lattice L we denote min Q(x) by m(L) where Q is the quadratic
form of L and cc runs over non-zero elements of L, and we call an ele-
ment x of L a minimal vector of L if Q(#) = m(L). Q(aO, B(x, y) denote
quadratic forms and corresponding bilinear forms (2B(x, y) = Q(x + y)
- Q(x) -

§ 1. Let L, M be positive definite quadratic lattices over Z with
bilinear forms BL,BM respectively. Then the tensor product L®M over
Z can be made into a positive definite quadratic lattice over Z with
bilinear form B such that B(xx ® y19 x2 (x) y2) = βL(Xi, x2)BM(y19 y2) for any
α̂  e Lfyte M. Hereafter the tensor product L (x) M means this positive
definite quadratic lattice over Z. Let x (resp. y) be a minimal vector
of L (resp. M); then x®y eL®M implies m(L®M) <m(L)m(M). It is
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known by Steinberg (p. 47 in [3]) that there is an example of L, M such
that m(L ® M) < m(L)m(M).

DEFINITION. Let L be a positive definite quadratic lattice over Z.
We say that L is of ί7-type if every minimal vector of L®M is of the
form x®y (xe L,y eM) for any positive definite quadratic lattice M over
Z. Then x (resp. y) is a minimal vector of L (resp. M), and m(L®M)
is equal to m{L)m{M).

PROPOSITION 1. // LUL2 are of E-type,*} then Lx _\_L2, Lx® L2 are
of E-type.

Proof. Let I be a positive definite quadratic lattice over Z. Let
v be a minimal vector of (Li J_ L2) (x) M then v is of the form x Λ- y
(x e Lί® M,y e L2® M). Since x is orthogonal to T/, we have Q{v) — Q(x)
+ Q(y). The minimality of Q(v) yields x = 0 or # = 0. Hence v is in
Lλ<S)M or L2®M, and t; is of the form u®w (ueLι or L2,weM).
This means that Lx _|_ L2 is of £7-type. Every minimal vector of Lx ® L2

® -M" is of the form xx®y where xx (resp. y) is a minimal vector of Lx

(resp. L2®M). As j/ is of the form xz®z (x2eL2,z e M), we have
Xι® y = xx® x2® z, and #x (x) x2 is a minimal vector of Lx® L2. Hence
Lj (x) L2 is of ί7-type.

PROPOSITION 2. Lβί L δe o/ E-type. If a submodule Lx of L satisfies
miLJ = m(L), then Lx is of E-type.

Proof. Let M be a positive definite quadratic lattice over Z. Since
we have m(L)m(M) = m(L (x) M) < m(Li (x) M) < m(Lλ)m{M) = m{L)m(M),
a minimal vector t; of L ^ i l ί is one of L®M. Hence v is of the form
x®y (xe L,y e M). As 1/ is primitive in M,x is in Lγ. Therefore Lλ is
of Z?-type.

7ϊl(A)

DEFINITION. Let n be a natural number. We put μn = max .!_,
v|A|where A runs over positive definite real symmetric matrices with degree

n, and m(A) = min ιxAx.
xeZn-{0}

Ύl

LEMMA 1. If n> 40, then μn < —.
6ί!i) When we say that L is of ϋ7-type, L is assumed to be a positive definite quadratic

lattice over Z.
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Proof. It is known by [1] that

< Γ 2 +

Since Γ(x) = V2πxχ-ι/2e~x+^x) (x > O,μ(x) = -^—,0 < θ < lV we have
\ 12a; /

9 ί nn \ Ύ> ( 9
μn ^ —\<~i">) \ & -\- — I V . Γ U l J \J0) — l O g — — lOg <—\£7ΐ)

π \ 2/ 6 17Γ

Γ2 + —\ e-4/x-i+i/3a?u+4)l if f(χ) y o for x > 40, then Lemma is true.

Since fix) = log x - log 6 - log - - 1 log 2π - (1 + A) log (2 + *λ
π x \ x / \ 2)

x Sx(x + 4)'

xψ(x) = log 2π + 3 log (2 + £) - 3 -
a? + 4

3 log 22 - 3 - — > 0+
3(a? + 4)2 11

Hence we have only to show /(40) > 0. This is easy to see.

We denote by K the maximum of the number k which satisfies that

μr Ξ> A/Ψ and r < k imply r = 1.

LEMMA 2. K is not smaller than 42.

Proof. It is known that μn (1 < n < 8) is 1, V4/3, V2, V~ΐ, \/"8",

Λ/64/3, Λ/64, and 2 respectively. Hence Λ: > 8. Put

g(x) = log—(2^)^(2 + ^
7Γ \ 2

Since logμw — log \l~n < g(ri), we have only to show g(x) < 0 for 8 < x

< 42. Then x*g'(x) = f - log 2̂  - 3 log (2 + £ ) + 3 + - A - - 2x + 'f
2 V 2 / a; + 4 3(ίt? + 4)2

Putting /^(^) = x2^^^), we have

V ( a 0 = 1 - 8 J L
2

8 +

2 a? + 4 (a; + 4)2 S(x + 4)2 S(x + 4)3

1 (3x3 + 18x2 - 20x - 176) .
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Since Sx3 + 18^2 - 20a; - 176 > 0 for x > 8, we get h'(x) > 0. Moreover

h(8) is positive. Hence g\x) is positive for x > 8. #(42) < 0 is easy to

see.

Remark. Rogers' result [5] may improve the number 42.

LEMMA 3. Let A,B be positive definite real symmetric matrices with

degree n then we have Tr (AB) > n Ψ\A\ η/\B~\.

Proof. Put B = D[T] where D is diagonal and T is orthogonal. Let

a19 , an and dx, , dn be diagonals of TACT, D respectively. Then

Tr (AB) = Tr (AD[T]) = Tr (TA'TD) = £] M , > n ^

> w ̂ B ] ̂ ^ A 1 ^ = w y\A\ V\B\.

THEOREM 1. If L is a positive definite quadratic lattice over Z with

rank L < κ> then L is of E-type.

Proof. Taking a positive definite quadratic lattice M over Z, we

put a minimal vector v of L®M = 2<-i ^ ® Vt (%i ^L,yt^M). In these

representations of v we take one with minimal r. Then xιy - - ,xr and

Vi> - ">Vr is linearly independent in L,M respectively. Noting Q(y)

- Q(E ^̂  ® 2/i) - Σi. i β ( ^ ^ Xj)B(yo Vj) = Tr ((BC^, ̂ ( B ^ , ^ ) ) , we get

Q(t ) > r(\(B(xί,xj))\\(B(yi,yj))\)ι/r by Lemma 3. On the other hand Q(v)

= m(L ® M) < m(L)m(M) < m(Z[x19 , xrϊ)in(Z[y19 , #r]). Therefore

? yr]) < 2

I (B(yt, yj)) \ι/r ~ "

By the definition of it we have r — 1. This completes the proof.

Remark. In the Steinberg's example for m(L ® M) < m(L)m(M),

rank L > 292.

THEOREM 2. Lβ£ L be a positive definite quadratic lattice over Z.

If m(L) ^ 6, and the discriminant dLQ of any non-zero submodule Lo of

L is not smaller than 1, then L is of E-type.

Proof. Let M be a positive definite quadratic lattice over Z, and

let a minimal vector v of L® M be Σ ί - Λ ® 2/< ^ s ^n ^ e P r o°f of

Theorem 1 we may assume that x19 , xr, and ylf - -,yr are linearly

independent in L, M respectively. Put Lo = Z t ^ , , xr] and Mo = Z[y19

-,yrl Then m(L ® M) = Q(v) > r VdL0 VdM"0 > r VdM^. On the other
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hand m(L®M) < m(L)m(M) < 6ra(M0). Hence we get r/6 < m(M0)f
< μr. Lemma 1 implies r < 40, and Lemma 2 implies that Lo is of £7-type.
Since v e Lo (x) MQ and m(L (x) M) < m(L0 (g) Mo), v is a minimal vector of
L0(x)M0. Therefore v is of the form x®y (xeL0,y eM0), and this com-
pletes the proof.

§2. We apply the results of § 1 to our problem. Some other ap-
plications will appear in the forthcoming paper.

In this section E denotes a totally real algebraic number field with
degree n, and © is the maximal order of E. From Theorem III of p. 2
in [6] follows that trE / Q a2 > n for any non-zero element a of ©, and
moreover the equality yields a = ± 1 . Let L be a positive definite quad-
ratic lattice over Z; then we denote by ©L the tensor product of © and
L as an extension of coefficient ring Z of L to D. By definition an ele-
ment v of ©L gives the rational minimum of ©L if and only if Q(v)
= min Q(u) where u runs over a non-zero element of £)L with Q(u) e Q.
When we regard O as a positive definite quadratic lattice over Z with
the bilinear form B(x, y) = tr^/Q ##, we write S instead of £).

LEMMA. Lei L be a positive definite quadratic lattice over Z. If Q
or L is of E-type, then a vector of £>L which gives the rational minimum
of £)L is already in L.

Proof. As indicated in the introduction B denotes the bilinear form
of L. We define a new bilinear form B on OL which is defined by
B(x,y) = trE/QB(x,y) (x, ye£)L). This quadratic lattice is denoted by
(OL, β). AS Bia^y a2x2) = trE / Q a^-Bix^ x2) for at e O, xt e L, a quad-
ratic lattice (OL, B) is isometric to D ® L. Take a vector t? of ©L which
gives the rational minimum of ©L; then we have

0 φ B(v, v) = wQ(v) < nm(L) = mφ)m{L) = m(D ® L) = m((©L, J5)) .

Hence v is a minimal vector of (©L, B). Regarding v as an element of
£)(x)L, we get v = α (x) #(α e ©, a; e L), where α is a minimal vector of D,
and so α = ± 1 . This implies veL.

THEOREM. Let L,M be positive definite quadratic lattices over Z.
Assume that rank L < K or Q is of E-type. Then, for any isometry σ
from ©L on ©M over the ring ©, we get σ(L) = M.
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Proof. Lemma implies that a vector v of L which gives the rational

minimum of OL is in L, and σ(v) is also in M since σ(y) gives the ra-

tional minimum of DM. Therefore σ induces an isometry from £}vL on

Inductively we get σ(QL) = QM. σ(DL) = €)M yields σ(L) = M.

Remark 1. If n < K or n/m < 6 where mZ = {trE/Q α α e D} (m > 0),

then Theorem 1, 2 in § 1 imply that D is of Z?-type.

Remark 2. Assume that i? = EίE2 where Et is a totally real alge-

braic number field with maximal order D«. Moreover we assume that

(dElf dE2) = 1 and β* is of ί7-type (i = 1,2). Then 0 = Q, g) D2 is of E-

type.
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