QUASI-HOMEOMORPHISMS AND LATTICE-EQUIVALENCES
OF TOPOLOGICAL SPACES

YIP KAI-WING

(Received 3 August 1970)

Communicated by P. D. Finch

1

In his paper [1], Thron introduced a concept of lattice-equivalence of
topological spaces. Let C(X) denote the lattice of all closed sets of a topological
space X. Two topological spaces X and Y are said to be lattice-equivalent if there
exists a lattice-isomorphism between C(X) and C(Y). It is clear that for any
continuous function f:X — Y, the induced map ¢, : C(Y)— C(X), defined
by y (F) =f~(F), is a lattice-homomorphism. Furthermore, if h: X > Y is a
homeomorphism then y,: C(Y) - C(X) is a lattice-isomorphism. Thron proved
among others that for Tp-spaces X and Y, any lattice-isomorphism s : C(Y) = C(X)
can be induced by a homeomorphism f: X — Y in the above way.

Finch [2] proved that for a lattice isomorphism : C(Y) — C(X) there is a
homeomorphism h: X — Y such that y =4, if the following conditions are
satisfied :

(i) toeach x in X there is at least one y in Y such that

F=y )
(ii) to each y in Y there is at least one x in X such that
x=y(7)
(iii) if for each x in X and each y in Y
X,={:¢=x¢eX}
Yy = {’7:'7=)7,nEY}
then
y o=@ =X =5
(Here lXxl denotes the cardinal number of the set X ).
In this paper, we shall study a necessary and sufficient condition for a con-

tinuous function f: X — Y so that the induced lattice-homomorphism v ,: C(Y)
— C(X) is a lattice-isomorphism.
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A continuous function f: X — Y from a topological space X into a topological
space Y is said to be quasi-homeomorphism if the following conditions are
satisfied :

(i) For any closed set Cin X, f~'[f(C)"]=C.
(ii) For any closed set F in Y, f[f~Y(F)]~ =F.

It is clear that any homeomorphism is a quasi-homeomorphism.
The main theorem of this paper is the following:

THEOREM 1. A continuous function f: X - Y induces a lattice-isomorphism
Y, C(Y) = C(X) if and only if fis a quasi-homeomorphism.

PROOF. Necessity: Let i ,: C(Y)— C(X) be a lattice-isomorphism and '
its inverse, we have then

(i) For any closed set Cin X, ¢, [y;'(C)] = C, and
(ii) For any closed set Fin Y, ¢ [y (F)]=F.

Therefore, it is sufficient to show that for any closed set C in X
¥ (C)=f(C).
Let B =y '(C), we have C =y (B) = f " !(B). So we get
O =fI/'B]=f(X)NB<=B.
Since B is closed in Y.
f(C)” cB” =B =y;'(C).
To prove the inverse inclusion, let D = f(C)~. It is clear that
Y (D) =f~1(D)=f"[AC)" 1=/ [AO)]=C.
Therefore f(C)™ =D =y '[y(D)] > ¢ '(C).

Sufficiency: Let f be a quasi-homeomorphism. We now prove that y, is a
lattice-isomorphism. We define y: C(X)— C(Y) as follows:

W(C) = £(C)~ for C e C(X).

It is clear that s is order preserving and hence a lattice-homomorphism of C(X)
into C(Y). Follows from the definition of a quasi-homeomorphism immediately,
(i) Yoy (F)=F forall Fe C(Y)and
(i1) Yy oy(C) = C for all Ce C(X).

This proves that . is a lattice-isomorphism.
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We shall study in this section some of the properties of a quasi-homeo-
morphism.

THEOREM 2. Let f: X = Y be a quasi-homeomorphism. Then we have the
Sfollowing:

(i) For two closed sets Fy and F, in Y, if f~Y(F ) =f~1(F,) then F| = F,.

(i) For two closed sets Cy and C, in X, if f(Cy)™ =f(C,)” then C, = C,.

(iii) f(X) is dense in Y.

PRrOOF. (i) and (ii) follow from Theorem 1 immediately. We now prove (iii).
It is clear that

ST ]I=X =71 (D).

By (i), f(X)~ = Y and hence f(X) is dense in Y.

The following example illustrates that the quasi-homeomorphism is not a
symmetric concept, i.c., there may be two topological spaces X and Y, so that the
existence of a quasi-homeomorphism f: X - Y does not imply the existence of
a quasi-homeomorphism from Y to X.

ExaMPLE. Let X be an infinite set with the co-finite topology. Put
Y =X U{ow}, where oo is an object not in X, with topology t©={¢} U
{A < Y:Y\Ais a finite subset of X}. It is easy to verify that f: X — Y, defined
by f(x)= x is a quasi-homeomorphism.

We shall show that there is no quasi-homeomorphism from Y to X. Suppose
g: Y — X is a quasi-homeomorphism from Y to X. By definition, for all closed
sets Cin X, g[g~*(C)]™ = C. Let x5 = g(c0). {x,} is a closed set in X, therefore

glg™ ' (x0)]™ = {xo}.
But g~!(x,) is a closed set in Y and oo € g7*(x,), then g~'(x,) = Y, by theorem
2(iii) we have
gle™ (x0)]” =e(M)~ = X.
The contradiction shows the non-existence of quasi-homeomorphism from Yto X.

To conclude this note, we prove the following:

THEOREM 3. For Ty-space X and Y, a quasi-homeomorphism f: X - Y is a
homeomorphism if and only if it is closed.

ProoF. The necessity is obvious. We shall show the sufficiency. First of all,
if f'is a closed gquasi-homeomorphism then we obviously have

(i) For any closed set C in X, f~1[ f(C)] = C and

(i) For any closed set F in Y, f[f~'(F)]=F.

It follows from (ii) that f(X) =Y.
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It remains to show that fis injective. Let x,, x, to be two distinct points in X,
We shall show that f(x,) 5 f(x,). Since X is T,, we may assume that x, ¢ {%,}.
By (i) we have

f_l[f('fZ)] = jZa
where %, = {%,}. Suppose f(x,) = f(x,). We would have f(x,)ef(¥,) and hence
x; €fTIf(X)] = %,.

The contradiction proves the injectivity of . The proof of the theorem is complete.
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