
DERIVABLE NETS 

T. G. O s t r o m 

( r ece ived F e b r u a r y 23 , 1965) 

Up to a dual i ty , the known finite p ro j ec t i ve p l a n e s which 
a r e not t r a n s l a t i o n p l anes a l l a r e equiva lent to affine p l anes 
which conta in the type of s t r u c t u r e defined below to be a 
" d e r i v a b l e ne t " . (Insofar a s the known finite p l a n e s a r e 
c o n c e r n e d , th i s m e a n s tha t the in t ima te connect ion be tween 
p ro j ec t ive g e o m e t r y and l i nea r a l g e b r a s t i l l holds for non-
D e s a r g u e s i a n p l a n e s . ) 

An affine plane which con ta ins a d e r i v a b l e net i s ca l l ed a 
d e r i v a b l e p lane . (The p r e c i s e s ense in which we a r e us ing the 
w o r d " con t a in " wil l be expla ined below. ) T h e r e h a s been no 
comple t e d e t e r m i n a t i o n of a l l d e r i v a b l e p l a n e s . A s t ep in the 
de r iva t i on of such a d e t e r m i n a t i o n would be the d e t e r m i n a t i o n 
of a l l t r a n s v e r s a l s of a d e r i v a b l e ne t . One of the c o n s e q u e n c e s 
of our r e s u l t s i s tha t finding a l l of the t r a n s v e r s a l s of a d e r i v 
able net i s r e l a t e d to finding the dual t r a n s l a t i o n p l anes which 
conta in the net and a r e of d imens ion two in the s e n s e of 
Andre» [ l ] . 

A co l l inea t ion of a d e r i v a b l e plane which c a r r i e s the 
inc luded d e r i v a b l e net into i t se l f wi l l induce a co l l inea t ion of 
the ne t . A l a r g e c l a s s of d e r i v a b l e p l anes has the p r o p e r t y 
tha t i t s m e m b e r s can admi t no co l l inea t ions which do not 
induce co l l i nea t i ons of the c o r r e s p o n d i n g d e r i v a b l e n e t s . F o r 
such p l a n e s , the co l l inea t ion group of the plane i s a subgroup 
of the co l l inea t ion group of the de r ivab l e ne t . We have d e t e r 
m i n e d the c o m p l e t e co l l inea t ion g roup of a d e r i v a b l e ne t . 

Th is w o r k w a s suppor ted (in pa r t ) by g ran t No. GP 1623 
f rom the Nat iona l Sc ience Founda t ion . 
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Thus m u c h of the t heo ry of d e r i v a b l e p l a n e s d e p e n d s upon 
the t h e o r y of d e r i v a b l e n e t s and t h e i r t r a n s v e r s a l s . B e s i d e s the 
r e s u l t s a l r e a d y ind ica ted (and r e l a t e d to t h e m ) we obtain r e p r e 
sen t a t i ons of d e r i v a b l e n e t s and t h e i r t r a n s v e r s a l s in t e r m s of 
A n d r e ' ' s c o n g r u e n c e [1] and B r u c k ' s s p r e a d s [2 , 3]. 

2 
In g e n e r a l , a ne t of o r d e r n and d e g r e e k i s a set of n 

po in ts and kn l i n e s with n po in t s on each l i ne . The l i n e s fall 
into k p a r a l l e l c l a s s e s , so tha t the two l i n e s in the s a m e 
p a r a l l e l c l a s s have no po in t s in c o m m o n , whi le l i nes in d i f ferent 
p a r a l l e l c l a s s e s have exac t ly one point in c o m m o n . Each point 
l i e s on exac t ly one line of e a c h p a r a l l e l c l a s s ; two po in t s l ie on 
at m o s t one l ine . A ne t of o r d e r n and d e g r e e n + 1 i s an 
affine p lane . 

2 
Defini t ion. A ne t of o r d e r q and d e g r e e q + 1 i s said 

to be d e r i v a b l e if and only if it i s i s o m o r p h i c to the net N 
d e s c r i b e d below, 

JLet F be a field of o r d e r q. Le t V be a t w o - d i m e n s i o n a l 
v e c t o r space ove r F . The po in t s of N a r e o r d e r e d p a i r s 
(x ,y) w h e r e x and y be long to V. F o r e a c h a in F and 
each b in V, the set of po in t s (x, y) such that y = xa + b 
is a l ine of N. (The ind ica ted o p e r a t i o n s a r e v e c t o r addi t ion 
and mu l t i p l i c a t i on by a s c a l a r . ) F o r each c in V, the set of 
po in t s such tha t x = c i s a line of N. T h e r e a r e no o the r l i nes 
of N. 

It wi l l be convenien t to le t t , 1 r e p r e s e n t b a s i s e l e m e n t s 
of V, so tha t e ach e l e m e n t of V m a y be w r i t t e n in the f o r m 
ta + (3, w h e r e a, p be long to F and e a c h point (x, y) m a y be 
w r i t t e n ( tx , -f x . ty -f y) w h e r e x , x . y . y^ be long to F . 

1 2 1 2 1 2 1 2 
In g e n e r a l , we sha l l denote e l e m e n t s of F e i t h e r by s m a l l 
G r e e k l e t t e r s o r by x , x . y , y . y 1 2 y l y 2 

We shal l say tha t N is con ta ined (or inc luded) in an 
affine p lane TT if (1) The po in t s of N and TT a r e i den t i ca l and 
(2) E v e r y l ine of N i s a l ine of TT. 

2 
A t r a n s v e r s a l of N i s a se t of q d i s t i n c t p o i n t s , no 
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two of which lie on a l ine of N. Thus if IT i nc ludes N, e v e r y 
line of 7T is e i t h e r a l ine of N or a t r a n s v e r s a l of N. 

Definit ion. Let x-*f(x) be a 1 - 1 c o r r e s p o n d e n c e 
be tween the e l e m e n t s of V. Then we sha l l say tha t f(x) i s a 
t r a n s v e r s a l function if, for e v e r y d i s t inc t c , d in V the 
v e c t o r s f(c) - f(d) and c - d a r e independent . 

T H E O R E M 1. If T is any t r a n s v e r s a l of N, then t h e r e 
i s a t r a n s v e r s a l function f(x) such tha t T c o n s i s t s of the set 
of po in t s (x, y) for which y = f(x). C o n v e r s e l y , e v e r y t r a n s 
v e r s a l function def ines a t r a n s v e r s a l . 

Proof. T h e r e i s a n a t u r a l 1 - 1 c o r r e s p o n d e n c e be tween 
the l ines x = cons t an t and y = cons tan t such that two l i ne s c o r 
r e s p o n d if t h e i r point of i n t e r s e c t i o n i s on T. Thus we have a 
1 - 1 m a p p i n g x-*f(x) such tha t (x, y) i s on T if and only if 
y = f(x). Now two poin ts (c , d) and ( r , s) with c ^ r a r e on a 
l ine y = xor + b if and only if d - s = (c - r)a. Thus > 
f(c) - f(r) and c - r m u s t be independent if y = f(x) i s to be 
a t r a n s v e r s a l . C o n v e r s e l y , if f(c) - f(r) and c - r a r e 
independent for a l l c h o i c e s of c, r c ^ r and f i s 1 - 1 , 
then y = f(x) m u s t be a t r a n s v e r s a l . 

LEMMA 1. If f(x) i s a t r a n s v e r s a l funct ion, then 
f(x)a + x(3 + b i s a t r a n s v e r s a l function for each n o n - z e r o a 
in F , e a c h (3 in F , and e a c h b in V 

Proof. The proof is a l m o s t i m m e d i a t e f r om the definit ion 
of a t r a n s v e r s a l function and the p r o p e r t i e s of a v e c t o r space . 

T H E O R E M 2. If T i s a t r a n s v e r s a l of N, then t h e r e 
i s an affine plane TT which con ta ins N and h a s T a s one of 
i t s l i n e s . 

Proof. The poin ts of TT wi l l , of c o u r s e , be the poin ts 
of N. The l i ne s of TT wi l l be the l i ne s of N t o g e t h e r with 
the t r a n s v e r s a l s given by the t r a n s v e r s a l funct ions 
f(x)a + x|3 + b . 

Let us e x a m i n e the i n t e r s e c t i o n s of two such t r a n s v e r s a l s : 

y = i(x)a + x(3 + b and y = f(x)y + xô + c . 
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The x c o o r d i n a t e of any point of i n t e r s e c t i o n m u s t sa t i s fy 

f(x) (a - y) + x(p - 6) + (b - c) = 0 . 

If a = y and p = ô t h e r e i s no solut ion u n l e s s b = c -
i. e. the l i n e s a r e p a r a l l e l . If a ^ y the left hand side of the 
above equat ion i s a t r a n s v e r s a l function and t h e r e m u s t be 
exac t ly one va lue of x for which t h i s t r a n s v e r s a l function 
t a k e s on the va lue z e r o . If a - y but p / 6, we obvious ly 
get a unique solut ion for x. 

Thus we get one p a r a l l e l c l a s s for e a c h cho ice of a / 0 
2 

and p, which g ives us q - q p a r a l l e l c l a s s e s . The q + 1 
2 

p a r a l l e l c l a s s e s in N give us a t o t a l of q + 1 p a r a l l e l 
c l a s s e s . L i n e s in d i f ferent p a r a l l e l c l a s s e s i n t e r s e c t in 

2 
exac t ly one point . The q d i s t inc t l ines of any one given 
p a r a l l e l c l a s s conta in a l l of the po in t s of the p l a n e , so e a c h 
point l i e s on exac t ly one l ine of e a c h p a r a l l e l c l a s s and e a c h 
p a i r of d i s t i nc t po in t s l i e s on exac t ly one l ine of TT. It fol lows 
tha t we do indeed have an affine p l ane . 

T H E O R E M 3. Le t Z be the t w o - b y - t w o m a t r i x wi th 
v , v in the f i r s t r ow , x , x in the second r o w . Let A y l y 2 1 2 1 
and A be n o n - s i n g u l a r t w o - b y - t w o m a t r i c e s and let A be 

any t w o - b y - t w o m a t r i x . Let Z ' =A Z A + A . Then t h e r e 7 y 1 2 3 
i s a co l l inea t ion of N such tha t the g e n e r a l point (tx + x , 

ty + y ) i s c a r r i e d into (tx1 + x ' , ty ! + y ! ) w h e r e y ' , y ' , 

x' , x ! a r e the e l e m e n t s of Z ' . 
1 2 

Proof. The proof i s a m a t t e r of d i r e c t c a l c u l a t i o n which 
we wi l l l eave to the r e a d e r . It m a y be helpful to c o n s i d e r the 
following c a s e s : 

(1) A and A a r e the ident i ty 

(2) A i s the iden t i ty and A i s the z e r o m a t r i x 

(3) A i s the iden t i ty and A i s the z e r o m a t r i x . 
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In subsequen t d i s c u s s i o n the c a s e s (1), (2), and (3) above 
wi l l be r e f e r r e d to a s co l l i nea t i ons of t y p e s (1), (2), o r (3) 
r e s p e c t i v e l y . Note that the co l l i nea t ions of type (1) a r e t r a n s 
l a t i o n s , whi le the co l l i nea t i ons of type (2) m a y be w r i t t e n in the 
f o r m (x, y) -* (x.a + y p , xy 4- yô) . 

The co l l i nea t i ons of type (3) a r e of the g e n e r a l f o r m 
(x, y) -* (xp, yp) , whe re p is an a u t o m o r p h i s m of addi t ion in V. 

T h e r e i s one m o r e type of mapp ing which wi l l give a co l 
l inea t ion of N and wi l l be r e f e r r e d to a s a co l l inea t ion of type 
(4): 

( t x l + x 2 , ty + y ) - (t(x cr) + x^cr , t(y (r ) + y a-) , 

w h e r e cr i s an a u t o m o r p h i s m of F . The next s e r i e s of 
L e m m a s lead up to the r e s u l t tha t e v e r y co l l inea t ion of N i s 
the p roduc t of co l l i nea t i ons of t ypes (1) - (4). 

LEMMA 2. The set of points (tx + x , ty + y ) for 

which x . =y . = 0 i s the set of points in a D e s a r g u e s i a n sub-

plane of N. The l i nes of t h i s subplane have equa t ions of the 

type y = x y + p y , P € F o r x = a, or e F . 

Proof. Let TT denote the set of po in ts and l i n e s in — 0 

L e m m a 2, then TT i s the D e s a r g u e s i a n plane c o o r d i n a t i z e d 
o 

by F . C l e a r l y , TT i s a subplane of N. 
o 

LEMMA 3. Let p be any co l l inea t ion of N which f ixes 
e a c h point of TT and a l s o f ixes one add i t iona l point . Then p 

o 
i s the ident i ty . 

Proof. If TT is po in twise fixed, each p a r a l l e l c l a s s i s o 

fixed. Suppose tha t (to + (3 , to + (3 ) (a and a not both 

z e r o ) i s fixed. Then the l i nes x = to? + (3 , y = to + 6 and 

t h e i r i n t e r s e c t i o n s with each of the l ines y = xy + p y , p € F 

a r e fixed. We soon get tha t a l l l i ne s in the p a r a l l e l c l a s s e s 
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x - c o n s t a n t a n d y = c o n s t a n t a r e f i x e d a n d f i n a l l y t h a t a l l p o i n t s 

a r e f i x e d . 

L E M M A 4 . L e t p b e a n y c o l l i n e a t i o n of N w h i c h c a r r i e s 

IT i n t o i t s e l f . T h e n p i s t h e p r o d u c t of c o l l i n e a t i o n s of t y p e s 

(1) - (4 ) . 

P r o o f . N o t e t h a t a l l c o l l i n e a t i o n s of t y p e s (Z) a n d (4) 

c a r r y TT i n t o i t s e l f a n d t h a t t h e c o l l i n e a t i o n s of t y p e (1) i n c l u d e 
o 

a s u b g r o u p t r a n s i t i v e on t h e p o i n t s of TT . F u r t h e r m o r e , TT 
o o 

i s D e s a r g u e s i a n a n d t h e fu l l c o l l i n e a t i o n g r o u p on TT i s i n d u c e d 
o 

b y c o l l i n e a t i o n s of t y p e s ( 1 ) , ( 2 ) , a n d (4 ) . H e n c e t h e r e i s a 
c o l l i n e a t i o n cr s u c h t h a t a* i s t h e p r o d u c t of c o l l i n e a t i o n s of 

- 1 
t y p e s (1 ) , (2) a n d (4) a n d per f i x e s e a c h p o i n t of TT . S i n c e 

o 
- 1 - 1 

po" f i x e s t h e l i n e x = 1, t h e i m a g e of ( l , t ) t i n d e r per 
m u s t b e ( l , t a + p) f o r s o m e a, p . F u r t h e r m o r e ( l , t a + p) 
c a n n o t be in TT , s o a. ^ 0. 

o 

N o w c o n s i d e r t h e c o l l i n e a t i o n s of t y p e (3) of t h e f o l l o w i n g 

s p e c i a l f o r m : 

( t x i + x ^ , t Y 1 + y 2 ) " M t x <* + x (3 + x , t y ûf + y p + y^) • 

N o t e t h a t TT i s p o i n t w i s e f i x e d , w h i l e ( l , t ) -> ( 1 , ta + (3). We 
o 

m u s t h a v e a ± 0 f o r t h e t r a n s f o r m a t i o n t o b e n o n - s i n g u l a r . 

A p p l y i n g t h e p r e v i o u s L e m m a , w e c o n c l u d e t h a t t h e r e i s a 

- 1 - 1 
c o l l i n e a t i o n T of t y p e (3) s u c h t h a t per T i s t h e i d e n t i t y . 

T h i s p r o v e s L e m m a 4 . 

L E M M A 5. L e t P b e a n y p o i n t j o i n e d t o ( 0 , 0 ) b y a 

l i n e of N . T h e n t h e r e i s a c o l l i n e a t i o n of t y p e (3) w h i c h c a r 

r i e s P i n t o s o m e p o i n t of TT . 

P r o o f . If P = ( t x + x , t y + y ) i s j o i n e d t o t h e o r i g i n , 
1 2 1 2 

t h e n e i t h e r x = x = 0 o r t h e r e i s s o m e X in F s u c h t h a t 
1 2 

v = x \ . v = x X . C h o o s e a a n d v s o t h a t y l 1 y 2 2 Y 
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x a + x y = 0 = y en + y y . Then choose the ( n o n - s i n g u l a r ) 
1 Lt i Lt 

m a t r i x A so tha t a and v a r e the e l e m e n t s of the f i r s t 
2 Y 

co lumn. 

THEOREM 4. E v e r y co l l inea t ion of N is the p roduc t 
of co l l i nea t ions of t ypes (1) - (4). 

Proof. Le t p be any co l l inea t ion of N. Le t p c a r r y 
the or ig in into the point P , (0 ,1) into the point Q. Then 
t h e r e i s a co l l inea t ion cr which i s the p roduc t of co l l i nea t i ons 

-1 
of t ypes (1) - (3) such that per f ixes (0 ,0) and (0 ,1 ) . 
Since IT is the only subplane of o r d e r q which con t a in s 

o 
-1 _ 1 

(0 ,0) and ( 0 , 1 ) , po- c a r r i e s TT into itself. Hence pcr 
o 

is the p roduc t of co l l i nea t ions of t ypes (1) - (4). F ina l ly , p 
i t se l f is the p roduc t of co l l inea t ions of t y p e s (1) - (4). 

R e p r e s e n t a t i o n in T e r m s of S p r e a d s and C o n g r u e n c e s 

The following r e p r e s e n t a t i o n is e s s e n t i a l l y due to B r u c k . 
We sha l l give what a m o u n t s to a r e s t a t e m e n t of s o m e of the 
m a t e r i a l in h i s Saska toon l e c t u r e s [2] so a s to c lar i fy the 
r e l a t i o n s to the specif ic f o r m of r e p r e s e n t a t i o n of d e r i v a b l e 
n e t s a s given e a r l i e r in t h i s p a p e r . As an example of the 
a d v a n t a g e s of looking at th ings in m o r e than one way, we note 
tha t T h e o r e m s 2 and 3 w e r e d i s c o v e r e d by the au tho r in studying 
the r e p r e s e n t a t i o n to follow. 

Let V denote the v e c t o r space c o n s i s t i n g of q u a d r u p l e s 

of e l e m e n t s of F . Le t W be the two d i m e n s i o n a l s u b s p a c e of 
V g e n e r a t e d by (1 , 0, 0, 0) and (0, 1, 0, 0). Le t us se t 

up a 1 - 1 c o r r e s p o n d e n c e be tween the points of N and two 
d i m e n s i o n a l sub space s of V independent of W a s fol lows: 

The point (tx + x , ty 4 y ) c o r r e s p o n d s to the two-

space g e n e r a t e d by (x , x , 0, 1) and (y , y , 1, 0). T h e s e 
1 Ù x ù 

t w o - s p a c e s independent of W wil l be ca l led , r p o i n t - s p a c e s " . 
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C o n s i d e r the set of po in t s on the l ine y = xy + b , w h e r e 

b = t p +(3 . T h i s a m o u n t s to having y = x v + p , y = x y + (3 . 

The p o i n t - s p a c e s c o r r e s p o n d i n g to poin ts on y = xy + b a r e 
p r e c i s e l y t hose which con ta in the o n e - d i m e n s i o n a l s u b s p a c e of 
V g e n e r a t e d by ((3 , (3 , 1, - y ) . The set of po in t s on the l ine 

"X J. £r 

x = ta + a c o r r e s p o n d s to a set of p o i n t - s p a c e s i n t e r s e c t i n g in 
1 2 

the o n e - s p a c e wi th b a s i s (a , a , 0, 1). Note tha t e v e r y one -

space independent of W h a s a b a s i s of the f o r m (p , p , 1, -y) 

or (a , a , 0, 1). x 1 2 

We have e s t a b l i s h e d the following t h e o r e m : 

T H E O R E M 5. Let W be a fixed t w o - d i m e n s i o n a l sub-
space of V . Let the t w o - s p a c e s independent of W be ca l l ed 

p o i n t - s p a c e s ; let the o n e - s p a c e s independent of W be ca l l ed 
l i n e - s p a c e s . Then t h e r e i s a o n e - t o - o n e c o r r e s p o n d e n c e be tween 
the points of N and the p o i n t - s p a c e s , b e t w e e n the l i ne s of N 
and the l ine s p a c e s . The c o r r e s p o n d e n c e i s such tha t the set 
of poin ts on a l ine c o r r e s p o n d s to the se t of p o i n t - s p a c e s inc lud
ing a l i n e - s p a c e . 

COROLLARY 1. Two poin t s of N a r e not jo ined by a 
l ine of N if and only if the c o r r e s p o n d i n g p o i n t - s p a c e s a r e 
independent . 

Proof. Two d i s t i nc t t w o - d i m e n s i o n a l s u b s p a c e s of V 
r 4 

e i t h e r a r e independen t ( i . e . , have only the ident i ty in c o m m o n ) 
or i n t e r s e c t in a o n e - s p a c e . In the l a t t e r c a s e , the o n e - s p a c e 
m u s t be independen t of W (and thus a l i n e - s p a c e } if the two-
s p a c e s a r e independent of W. 

COROLLARY 2. C o r r e s p o n d i n g to e a c h t r a n s v e r s a l of N, 
2 

t h e r e i s a set of q + 1 t w o - d i m e n s i o n a l s u b s p a c e s of V which 

a r e p a i r w i s e independent . 

2 
Proof. A t r a n s v e r s a l to N is a set of n = q points of 

N, no two of wh ich a r e jo ined by a l ine of N. The c o r r e s p o n d 
ing p o i n t - s p a c e s , t o g e t h e r wi th W, f o r m a set of q^ + 1 two-
s p a c e s which a r e p a i r w i s e independent . 
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We now wish to look at A n d r e ' s " c o n g r u e n c e " [ l ] and 
the " s p r e a d s " of B r u c k and Bose [2, 3]. 

Definition (Andre ' ). A c o n g r u e n c e of a g roup G i s a 
c l a s s of subg roups of G (ca l led the componen t s of the c o n g r u 
ence) such tha t (1) Each e l e m e n t of G d i s t inc t f r om the iden t i ty 
be longs to exac t ly one component and (2) Each pa i r of d i s t inc t 
componen t s g e n e r a t e s the whole g roup . 

Defini t ion. (Bruck and Bose ) [3]. Let E be a p ro j ec t i ve 
space of d i m e n s i o n 2 r - 1. Let S be a co l lec t ion of ( r - 1 ) -
d i m e n s i o n a l p ro j ec t ive s u b s p a c e s of S . Then S is a s p r e a d 
if e a c h point of S is conta ined in exac t ly one m e m b e r of S. 

Now for r > 2, S can be r e p r e s e n t e d by a v e c t o r space 
of d i m e n s i o n 2 r . The points of 2 a r e r e p r e s e n t e d by one -
d i m e n s i o n a l s u b s p a c e s of the v e c t o r s p a c e , the ( r - 1 ) - d i m e n s i o n a l 
p ro j ec t i ve s u b s p a c e s a r e r e p r e s e n t e d by r - d i m e n s i o n a l 
v e c t o r s p a c e s . Thus d is jo in t ( r - l ) - d i m e n s i o n a l p ro j ec t i ve 
s p a c e s c o r r e s p o n d to v e c t o r s p a c e s having only the z e r o v e c t o r 
in c o m m o n . Two r - d i m e n s i o n a l v e c t o r s p a c e s which have only 
the z e r o v e c t o r in c o m m o n wi l l be independent and wil l g e n e r a t e 
the whole v e c t o r s p a c e . On the o the r hand, A n d r e ' has shown 
tha t any g roup which a d m i t s a cong ruence m u s t be i s o m o r p h i c 
to a v e c t o r s p a c e of even d imens ion over some skew field. 
Thus the concep t s of s p r e a d and cong ruence a r e exac t ly equiv
a len t . 

COROLLARY 3. The t w o - s p a c e s of C o r o l l a r y 2 a r e the 
c o m p o n e n t s of a c o n g r u e n c e on V . E a c h t r a n s v e r s a l of N 

c o r r e s p o n d s to a s p r e a d in t h r e e - d i m e n s i o n a l p ro j ec t i ve space 
ove r F . 

T H E O R E M 6. A s s o c i a t e d wi th each t r a n s v e r s a l T to N 

i s a t r a n s l a t i o n plane IT. The points of TT a r e the e l e m e n t s of 

V . The l ines of IT c o n s i s t of the sub space W, the point-

s p a c e s c o r r e s p o n d i n g to the points of T, and the c o s e t s of 

t h e s e s u b s p a c e s . 

Proof. T h e o r e m 6 c o m e s i m m e d i a t e l y f rom A n d r e ' ' s 
connec t ion be tween t r a n s l a t i o n p lanes and c o n g r u e n c e s [ l ] . 
We note in p a s s i n g tha t the r e l a t i o n be tween s p r e a d s and t r a n s -
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Iat ion p l anes is e s s e n t i a l l y equ iva len t to the r e l a t i o n be tween 

c o n g r u e n c e s and t r a n s l a t i o n p l a n e s . 

T H E O R E M 7. The t r a n s l a t i o n p lane of T h e o r e m 6 i s dual 
to the plane of T h e o r e m 2. 

Proof. Let TT be the plane of T h e o r e m 2 and let TT 
1 F 2 

be the plane of T h e o r e m 6. (S t r ic t ly speak ing , what we have 
i s a dual i ty be tween the p r o j e c t i v e v e r s i o n s of t h e s e two p l anes . ) 

4 
We sha l l se t up a 1 - 1 m a p p i n g be tween the q affine 

4 
points of TT and a set of q l ines of TT . We sha l l show tha t 

2 1 
t h i s m a p p i n g p r e s e r v e s inc idence in the s ense tha t c o l l i n e a r 
affine poin ts m a p into c o n c u r r e n t (or p a r a l l e l ) l i n e s . We sha l l 
then be ab le to extend our m a p p i n g so tha t the points a t infinity 
of TT a r e m a p p e d into the r e m a i n i n g l i nes ( including the l ine 

at infinity) of TT . 

F i r s t , h o w e v e r , we m u s t obta in a m o r e expl ic i t r e p r e 
sen ta t ion for the l i n e s of TT . A s in T h e o r e m 2, le t the t r a n s -

2 
v e r s a ! T be r e p r e s e n t e d by y = f(x) and let f(x) = tf (x) + f (x), 

1 2 
w h e r e f and f be long to F . Le t c = ty + v . C o n s i d e r 

the componen t of the c o n g r u e n c e (line of TT ) c o r r e s p o n d i n g to 

the point (c , f (c) ) of TT . T h i s i s the t w o - s p a c e g e n e r a t e d by 

(y » y 9 » 0, 1) and (f (c) , f (c) , 1, 0). It i s r e a d i l y e s t a b l i s h e d 

tha t an e l e m e n t (a , a , a , a ) of V b e l o n g s to t h i s componen t 
1 2 3 4 4 

if and only if ta + # = ca + f(c)a . F o r each fixed (ô j , 6 . 
1 2 4 3 1 2 

0, 0) t h e r e wi l l be a c o s e t such tha t ta + a = ca + £(c)a + d, 
1 2 4 3 

w h e r e d = tô + 6 . T h u s , for e a c h c , d the se t of v e c t o r s 
1 2 

(a , a , a , a ) such tha t ta, + ex = ca + f(c)<2 + d i s a line v 1 2 3 47 1 2 4 3 
of TT . F o r e a c h fixed c, the q^ p o s s i b l e c h o i c e s for d wi l l 

Z 2 
d e t e r m i n e a c o m p l e t e se t of q l i n e s in a p a r a l l e l c l a s s . 

B e s i d e s t h i s , we have the l i nes c o n s i s t i n g of the componen t 
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W and i t s c o s e t s . W c o n s i s t s of t hose v e c t o r s in V for 
4 

which a -a - 0. We wil l have a c o s e t ( p a r a l l e l l ine) for e a c h 
3 4 

fixed choice of a? and a . 
3 4 

We now look at the following mapp ing f rom the affine 
points of TT to the l ines of IT : 
v 2 1 

(a , o r . <z , a ) -> y = f(x) a + x# - (ta + a ) v 1 2 3 4 y 3 4 v 1 2 

The se t of points of TT such that to- + a - ecu + f(c) » + d r 2 1 2 4 3 

t h u s m a p s into a s e t of l i ne s of TT having the g e n e r a l f o r m 

y = f(x) a + a - [cor 4- f(c) a + d] . 

T h e s e l ines a l l go th rough the point (c , -d) in IT . With the 

excep t ion of W and i t s c o s e t s , we have ve r i f i ed that co l l i nea r 
po in ts do indeed m a p into c o n c u r r e n t l i ne s . 

E a c h point (6 , 6_, 0, 0) in W m a p s into a l ine 
1 2 

y = - ( tô + ô ). The se t of points in W m a p s into the se t of 

p a r a l l e l l i nes of the f o r m y = cons tan t , which m a y be thought 
of a s i n t e r s e c t i n g in a point at infinity. 

I f ^ l ' Ô 2' ^i' X2^ a n d ^i' ^2' ^i' ^2^ a r e t w o 

poin ts in the s a m e cose t of W, t h e i r i m a g e s a r e the p a r a l l e l 
l i ne s 

y = f(x) \ + x \ - ( tô , + 6_) 
1 2 1 2 

and 

y = f(x) W x \ 2 - (tV + v 2 ) • 

Thus aga in , the se t of points on any line r e p r e s e n t e d by a c o s e t 
of W wil l m a p into a p a r a l l e l c l a s s - i. e. , the set of l ines 
i n t e r s e c t i n g in s o m e point at infinity. 
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In effect, we have shown tha t our m a p p i n g induces a 

mapp ing f r o m the affine t ines of IT to the poin ts of IT . 

Not ice tha t the p a r a l l e l c l a s s of the line of TT given by 

ta + a - ca + f(c) a + d i s d e t e r m i n e d by c. T h u s we m a y 

m a p the c o r r e s p o n d i n g point a t infinity into the l ine x = c in 
TT . F i n a l l y , we m a p the l ine at infinity of TT into the point 

at infinity c o m m o n to a l l of the l ines x = cons t an t in TT and 

the point at infinity c o m m o n to W and i t s c o s e t s into the l ine 

at infinity of TT . Our dual i ty i s then c o m p l e t e l y e s t a b l i s h e d . 

COROLLARY. The plane of T h e o r e m 2 i s a dual t r a n s 
la t ion p lane . 

R e m a r k s : While we have shown tha t each t r a n s v e r s a l 
to N can be embedded a s a t ine in a dual t r a n s l a t i o n plane 
which con ta ins N, it is by no m e a n s t r u e tha t e v e r y p lane 
conta in ing N i s a dual t r a n s l a t i o n p lane . Indeed, it fol lows 
f r o m a c o n s t r u c t i o n due to the au tho r [4] tha t e v e r y t r a n s v e r s a l 
to N can a l s o be embedded in a s e m i - t r a n s l a t i o n plane which 
con ta ins N. 

The t r a n s l a t i o n plane of T h e o r e m 6 is ac tua l ly of d i m e n 
sion two over what A n d r e ' [ l ] c a l l s the k e r n e l (Kern) and what 
B r u c k and B o s e [3] ca l l the left o p e r a t o r skewfie ld . We do 
have , then , a c o m p l e t e equ iva l ence be tween t h e s e two p r o b l e m s : 
(1) D e t e r m i n e a l l t r a n s v e r s a l s of a d e r i v a b l e net , (2) D e t e r m i n e 
a l l t r a n s l a t i o n p l anes which a r e of d i m e n s i o n two ove r t h e i r 
r e s p e c t i v e k e r n e l s . The equ iva l ence be tween t r a n s v e r s a l s 
a r i s i n g out of the co l l i nea t i ons of N m a y be m o r e conven ien t 
to handle than the r e l a t e d p r o b l e m of d i f ferent c o o r d i n a t e 
s y s t e m s for the s a m e t r a n s l a t i o n p lane . 
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