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Abstract

In 2007 Chang and Yu determined all the algebraic relations among Goss’s zeta values for A = F, [6], also known
as the Carlitz zeta values. Goss raised the problem of determining all algebraic relations among Goss’s zeta values
at positive integers for a general base ring A, but very little is known. In this paper, we develop a general method,
and we determine all algebraic relations among Goss’s zeta values for the base ring A which is the coordinate ring
of an elliptic curve defined over F,. To our knowledge, this is the first work tackling Goss’s problem when the base
ring has class number strictly greater than 1.
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Introduction

0.1. Background

The study of the Riemann zeta function £(.) and its special values {(n) forn € Nand n > 2 is a
classical topic in number theory. A well-known analogy between the arithmetic of number fields and
global function fields suggests that one can replace Z by the coordinate ring of a curve defined over a
finite field and Q by its field of fractions, and study similarly defined objects. In [16], Carlitz carries
out this analogy for the case where A = F,[6] (¢ a power of a prime) and K = F,(6) (which are the
coordinate ring and function field of the curve P! over F,), wherein he defines zeta values {4 (n) which
are considered as the analogues of the Riemann zeta function. Many years after Carlitz’s pioneering
work, Goss showed that these values could be realized as the special values of the so-called Goss-
Carlitz zeta function £ () over a suitable generalization of the complex plane. Goss’s zeta functions
are a special case of the L-functions he introduced in [30] for more general rings A. The special values
of this type of L-function, called Goss’s zeta values, have been at the heart of function field arithmetic
for the last forty years. Various works have revealed the importance of these zeta values for both their
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independent interest and for their applications to a wide variety of arithmetic problems, including
multiple zeta values (see the excellent articles [54, 53] for an overview and also [46] for some recent
results), Anderson’s log-algebraicity identities (see [2, 3, 6, 36, 51]) and Taelman’s units and the class
formula a la Taelman (see [11, 24, 25, 26, 28, 43, 50] for recent progress and [10] for an overview).

For A = F,[6], the transcendence of the Carlitz zeta values at positive integers {4(n) (n > 1) was
first proved by Jing Yu [55]. Further, all algebraic relations among these values were determined by Jing
Yu [56] and by Chieh-Yu Chang and Jing Yu [23]. These results are very surprising when compared to
the extremely limited knowledge we have about the transcendence of values of Riemann’s zeta function
at odd positive integers greater than 3 (see section 3 of [44] for a description of known classical results).
Goss raised the problem of extending the work of Chang and Yu to a more general setting. For a finite
class of curves, such that the coordinate ring A has class number one, several partial results about Goss’s
zeta values have been obtained by a similar method (see, for example, [42]). However, to our knowledge,
nothing is known when the class number of A is greater than 1. One difficulty of extending these results
to rings with arbitrary class number is that one must define the zeta values as sums over ideals, rather
than over monic elements, which greatly complicates some of the calculations. Additionally, Anderson
generating functions are more complicated in this situation (see §2.1) and require more sophisticated
analysis to realize their evaluations as periods (see §3.3).

In this paper, we provide the first step towards the resolution of the above problem and develop
a conceptual method to deal with the genus 1 case. The advantage of working in the genus 1 case
(elliptic curves) is that we have an explicit group law on the curve which we often exploit in our
arguments. However, where possible, we strive to give general arguments in our proofs which will
readily generalize to curves of arbitrary genus. Our results determine all algebraic relations among
Goss’s zeta values attached to the base ring A which is the coordinate ring of an elliptic curve over a
finite field. To do so, we reduce the study of Goss’s zeta values, which are fundamentally analytic objects,
to that of Anderson’s zeta values, which are of arithmetic nature (see Section 5.3 for details). Then we
use a generalization of Anderson-Thakur’s theorem (Theorem 1.8) on elliptic curves to construct zeta
t-motives attached to Anderson’s zeta values. We apply the work of Hardouin [37] on Tannakian groups
in positive characteristic and compute the Galois groups attached to zeta t-motives. Finally, we apply
the transcendence method introduced by Papanikolas [47] (which relies heavily on [4]) to obtain our
algebraic independence result.

0.2. Statement of Results

Let us give now more precise statements of our results.

Let X be a geometrically connected smooth projective curve over a finite field IF, of characteristic
p, having g elements. We denote by K its function field and fix a place co of K of degree d., = 1. We
denote by A the ring of elements of K which are regular outside co. The co-adic completion K, of K is
equipped with the normalized co-adic valuation ve, : Koo — Z U {+00}. The completion Co, of a fixed
algebraic closure K., of K., comes with a unique valuation extending v.,, which we also denote by ve,.

To define Goss’s zeta values (our exposition closely follows [32, §8.2-8.7]), we let 7 € KX be a
uniformizer so that we can identify K., with F, ((x)). For x € f:,, one can write x = 7% sgn(x)(x),

where sgn(x) € FZ and (x) € (1 +7F,[[n]]) is a 1-unit. If we denote by Z(A) the group of fractional
ideals of A, then Goss defines a group homomorphism

[1a:Z(A) - Ky

such that for x € K*, we have [xA]a = x/sgn(x). Note that the definition of ideal exponentiation
technically depends on the choice of uniformizer 7 € K, and the choice of sign function (see [32,
Thm. 8.2.15-16]). However, in this paper, we apply it only in the case of function fields for rank 1 sign-
normalized Drinfeld modules for elliptic curves, so there is a canonical choice for each of these (see
Section 1.2).
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Let E/K be a finite extension, and let O g be the integral closure of A in E. Then Goss defined a zeta
function {o,, (.) (see [32, §8.6]) over a suitable generalization of the complex plane (see [32, §8.1]). We
are interested in Goss’s zeta values for n € N given by

Lop(m) =)

d>03€Z(0k),3COE,
deg(Ne/k (3))=d

—X
(e8]

(details of this definition are in §5.2), where Z(Og) denotes the group of fractional ideals of Of.

0.3. Carlitz zeta values (the genus 0 case).

We set our curve X to be the projective line P!/ F, equipped with the infinity point co € P! (Fy). Then
A =F,[0], K =F;(0) and Ko, = F,((1/6)), where 6 is an independent variable. Let A, be the set of
monic polynomials in A.

Since the class number of A is 1, by the above discussion, Goss’s map is given by [xA]4 = x/sgn(x)
for x € K*. Then the Carlitz zeta values, which are special values of the Carlitz-Goss zeta function, are
given by

1
la(n) = Z s €KX, neN.

acAy

Carlitz noticed that these values are intimately related to the so-called Carlitz module C that is the
first example of a Drinfeld module. Then he proved two fundamental theorems about these values. In
analogy with the classical Euler formulas, Carlitz’s first theorem asserts that for the so-called Carlitz

J—— . .
period 7 € K, we have the Carlitz-Euler relations

év},(nn)el( foralln>1,n=0 (modg-1).
b3

His second theorem states that £4(1) is the logarithm of 1 of the Carlitz module C, which is the first
example of log-algebraicity identities. Anderson extended this theory by giving many more log-algebraic
identities [3].

Many years after the work of Carlitz, Anderson and Thakur [5] developed an explicit theory of tensor
powers of the Carlitz module C®" (n € N) and expressed {4 (n) as the last coordinate of the logarithm
of a special algebraic point of C®". Using this result, Yu proved that 4 (n) is transcendental in [55] and
that the only K-linear relations among the Carlitz zeta values and powers of the Carlitz period are the
above Carlitz-Euler relations in [56].

For algebraic relations among Carlitz zeta values, we have the trivial relations coming from working
in characteristic p, which state that for m,n € N,

Za(p™n) = (La(m)P".

Extending the previous works of Yu, Chang and Yu [23] proved that the Carlitz-Euler relations and
the Frobenius relations give rise to all algebraic relations among the Carlitz zeta values. To prove this
result, Chang and Yu use the connection between Anderson F,[6]-modules and s-motives as well as
the powerful criterion for transcendence introduced by Anderson-Brownawell-Papanikolas in [4] and
the criterion for algebraic independence developed by Papanikolas in [47]. This latter criterion, which
we will also use in our present paper, states roughly that the dimension of the motivic Galois group of
a t-motive is equal to the transcendence degree of its attached period matrix.
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0.4. Goss’s zeta values on elliptic curves (the genus 1 case).

In a series of papers [34, 33, 36], Papanikolas and the first author carried out an extensive study to move
from the projective line P!/ IF, (the genus O case) to elliptic curves over F, (the genus 1 case).

We work with an elliptic curve X defined over F,, with defining equation given in (1.1) equipped with
a rational point co € X(F,). Then A = F,[6, 5] is the coordinate ring of X, where 6 and n satisfy (1.1).
We denote by K = F, (0, n) its fraction field and by H C K, the Hilbert class field of A.

The class number CI(A) of A equals the number of rational points X (F,) on the elliptic curve X,
which also equals the degree of extension [H : K]; that is,

Cl(A) = |X(Fy)| = [H : K].

For a prime ideal p of A of degree 1 corresponding to an FF,-rational point on X, we let p~! be the inverse
fractional ideal of p and consider the sum

1
gA(p9 n) = Z Cl_”’ neN.
aep™!,
sgn(a)=1

The sums {4 (p, n) where p runs through the set P of prime ideals of A of degree 1 are the elementary
blocks in the study of Goss’s zeta values on elliptic curves. When the extension E/K is trivial (i.e.,
E = K), the Goss zeta value {4 (n) can be expressed as a K-linear combination of 74 (p,n). When
E = H, the zeta value (o, (n) (which is a regulator in the sense of Taelman [0, 50]) can be written as a
product of K-linear combinations of Z4 (p, n). This is done explicitly in §5.3—5.4.

Contrary to the F,[6]-case, one main issue present in the higher genus case is that Goss’s zeta
function is fundamentally analytic in nature; it has no explicit dependence on the arithmetic of Drinfeld
modules. To overcome this problem, Anderson introduced the so-called Anderson zeta values {,(b;, 1)
(see (1.21) for a precise definition) indexed by a K-basis {bi}i"l | € Oy of H. These zeta values are also
K-linear combinations of £4(p, 1), and thus they contain the same information as Goss’s zeta values.
The crucial point is that Anderson’s zeta values are of arithmetic nature and intimately related to a
canonical rank 1 sign normalized Drinfeld A-module p (see §1.3 for a summary).

In [36], Papanikolas and the first author developed an explicit theory of the above Drinfeld A-module
p. They gave a new proof of Anderson’s celebrated log-algebraicity theorem on elliptic curves and
proved that {,(b;, 1) can be realized as the logarithm of p evaluated at a prescribed algebraic point.
In [34, 33], the first author introduced the tensor powers p®" for n € N and proved basic properties
of Anderson modules p®". Then he obtained a generalization of Anderson-Thakur’s theorem for small
values n < q. By a completely different approach based on the notion of Stark units and Pellarin’s L-
series, Angles, Tavares Ribeiro and the second author [8] proved a generalization of Anderson-Thakur’s
theorem for all n € N. It states that for any n € N, Anderson’s zeta values {,(b;,n) can be written as
the last coordinate of the logarithm of p®" evaluated at an algebraic point. !

In this paper, using the aforementioned works, we generalize the work of Chang and Yu [23] for the
Carlitz zeta values and determine all algebraic relations among Anderson’s zeta values on elliptic curves.

Theorem A (Theorem 4.3). Let m € N and {b, ..., by} be a K-basis of H with b; € B. We consider
the following set:

A={n,} U{lp(bi,n) : 1 <i<h1<n<msuchthatq—14nandp{n},

where 1, is a generator of the period lattice attached to p. Then the elements of A are algebraically
independent over K. We also classify all algebraic relations between such zeta values, and thus these
algebraic independence results are the best possible in this setting.

n fact, this theorem holds for any general base ring A; see [8].
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As an application, we also determine all algebraic relations among Goss’s zeta values defined for
function fields of elliptic curves (see also Theorem 5.3).

Theorem B (Corollary 5.4). Let m € N and L be an extension of K such that L C H. We consider the
following set:

G ={n,}U{lo,(n) : 1 <n <msuchthatq—14%nandp 1t n}.

Then the elements of Gy, are algebraically independent over K. We also classify all algebraic relations
between such zeta values, and thus these algebraic independence results are the best possible in this
setting.

Remark 0.1. We note that the conditions ¢ — 1 ¥ nand p { n are necessary, else one gets known
relations, such as

{OL(q - 1)

q-1
Tp

€ E’ §0L (pn) = gOL (n)p

We also prove algebraic independence of periods and logarithms of tensor powers of Drinfeld

modules.
Theorem C (Theorem 3.13). Suppose that uy, . ..,u,, € Mat,x(Cw) such that Expﬁ”(ui) =v; €
Mat,,«1 (E) and denote the jth entry of w; as w; ;. If7rz, Uy, ..., Wy, are linearly independent over K,

then they are algebraically independent over K.
Let us sketch our proof and highlight the advances beyond [23].

o Since we want to apply the transcendence method of Papanikolas [47] (see Section 1.6 for a summary),
we will consider the F, [¢]-modules induced by tensor powers of Drinfeld modules, still denoted by
p®" (see Section 1).

o In Section 2, we construct z-motives attached to p®" and give a description of their motivic Galois
groups. We use this description later in the paper when applying Hardouin’s work [37] (see Section 1.7
for a summary) to extensions of these motives to calculate the dimension of their motivic Galois
groups.

o In Sections 3.1 and 3.2, we construct -motives attached to logarithms of p®". Our construction uses
Anderson’s generating functions as in [ 1 8] instead of polygarithms used by Chang and Yu. This allows
us to bypass the convergence issues of polygarithms present in [23].

o In Sections 3.3 and 3.4, we present two different ways to compute periods: either by direct calculations
or by using a more conceptual method due to Anderson (see [38], Section 2.5).

o In Section 3.6, we compute explicitly the Galois groups of -motives attached to logarithms and derive
an application about algebraic independence of logarithms (see Theorem 3.13). Our calculations are
completely different from all aforementioned works and based on a more robust method devised by
Hardouin [37] (compare our methods with [23, 18] which do not use Hardouin’s work at all, or [19]
which uses her work only minimally).

o In Section 4, we use a generalization of Anderson-Thakur’s theorem on elliptic curves (see Theo-
rem 1.8) to construct a single #-motive which is simultaneously attached to all of the Anderson zeta
values we consider. Using results from Section 3, we apply the strategy of Chang-Yu to determine all
algebraic relations among Anderson’s zeta values (see Theorems 4.2 and 4.3).

o In Section 5, we derive all algebraic relations among Goss’s zeta values from those among Anderson’s
zeta values (see Theorem 5.3 and Corollary 5.4).

To summarize, we have solved completely the problem of determining all algebraic relations among
Goss’s zeta values for function fields of elliptic curves. Although in this project we work on elliptic
curves and occasionally make use of their group law, we have strived to use a general approach which
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relies on such explicit calculations as little as possible. The authors are currently working to extend these
ideas to curves of higher genus, where such a group law no longer exists. Some of the main difficulties
to be overcome in this case are developing a theory of Anderson generating functions and proving the
simplicity of the tensor powers of Drinfeld modules.

1. Background

Traditionally, proofs in transcendental number theory tend to be quite eclectic; they pull from numerous
disparate areas of mathematics. Such is the case in this paper. To ease the burden on the reader, we
collect here a review of the various theories on which the proofs of our main theorems rely. This review
is not intended to be exhaustive, and we refer the reader to various sources listed in each section. After
laying out the general notation (Section 1.1), we give a review of Anderson A-modules (Section 1.2),
tensor powers of sign-normalized rank 1 Drinfeld-Hayes modules (Section 1.3), Anderson-Thakur’s
theorem on zeta values and logarithms (Section 1.4), linear independence of Anderson’s zeta values
(Section 1.5), Papanikolas’s theory on Tannakian categories and motivic Galois groups (Section 1.6)
and Hardouin’s theory on computing motivic Galois groups via the unipotent radical (Section 1.7).

1.1. Notation

1.1.1. Elliptic curves
We keep the notation of [34, 33, 36] and work on elliptic curves. Throughout this paper, let F, be a
finite field of characteristic p, having g elements. Let X be an elliptic curve defined over F, given by

y2+c1ty+C3y=t3+czt2+04t+c6, c; €Fy. (1.1)

It is equipped with the rational point co € X (F,) at infinity, which we designate as the neutral element
for the group law on X. We set A = F, [¢, y] the affine coordinate ring of X, which is the set of functions
on X regular outside co and K = F,(¢,y), its fraction field. We also fix other variables 6,7 so that
A =F4[0,n] and K = F,(6,7n) are isomorphic to A and K. We denote the canonical isomorphism
t: K — Ksuchthat«(t) =60 and t«(y) =n.Let A = ﬁ be the invariant differential on X.

The co-adic completion K, of K is equipped with the normalized co-adic valuation v : Koo —
Z U {+0co} and has residue field F,. We set deg := —v, so that deg # = 2 and degn = 3. The completion
C. of a fixed algebraic closure K, of K., comes with a unique valuation extending v.., which we also
denote by v. We define the Frobenius 7 : Co, — C as the F,-algebra homomorphism which sends x
to x9. Similarly, we can define K., equipped with v, and deg.

We set E = (6,7) which is a K-rational point of the elliptic curve X. We define a sign function
sgn : A\ {0} — F} as follows. For any a € A\ {0}, there is a unique way to write

a= Zaiti + Z bitiy, a;,b; € Fq.

i20 i20

Recall that deg ¢ = 2 and deg y = 3. The sign of a is defined to be the coefficient of the term of highest
degree. It is easy to see that it extends to a group homomorphism

sgn : K, — F.
Similarly, we can define the sign function
sgn : K, — Fy.

For any field extension L/Fg, the coordinate ring of X over Lis L[z,y] = L ®g, A. We extend the
sign function to such rings L[z, y] \ {0} by using the same notion of leading term, namely, by writing
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a:Zaiti+Zbitiy, a;,b; € L,
i>0 i>0

and then defining sgn : L[¢,y] \ {0} — L* to be the coeflicient of the leading term. This extends
naturally to L(z, y)™ by taking quotients.

1.1.2. Tate algebras
We denote by T the Tate algebra in the variable ¢ with coefficients in C,

T= {z(; bit' € Coo[[1]] ‘ |bi|., — 0}, (1.2)

where | - |« is the norm on Cy, given by |gle. = ¢%°2(#). The Gauss norm on T is given by
1= max{[bile }

for f = Y50 bit' € T. Let L be its fraction field.
Further, we define the Tate algebra Ty as the space of power series in ¢t with coefficients in Cs, on
the disc of radius |0,

Ty = {Z bit' € Coo[[1]] ’ q'|bil, — 0}. (1.3)
i=0

Similarly, we define the norm |||l on Tg: if f = Y52, bit" € T, then
Il flle = miax{qilbiloo}-

We note that Ty C T.

1.2. Anderson A-modules on elliptic curves

We briefly review the basic theory of Anderson A-modules and dual A-motives and the relation between
them. This material follows closely to [34, §3-4], and the reader is directed there for proofs.

For R an F,-algebra, we let R[7] denote the (non-commutative) skew-polynomial ring with coeffi-
cients in R, subject to the relation for r € R,

Tr=rir.

We similarly define R[o ], but subject to the restriction that R must be an algebraically closed field and
subject to the relation

or=rig.
We define the ith Frobenius twisting automorphism of Cs[?, y] by
g g Zcijtiyj - Zc?jtiyj.
ij i

We extend twisting to matrices Mat;y; (Cw [2, y]) by twisting coordinatewise. We also define Frobenius
twisting on points P € X(Cs), also denoted by P, by raising each coordinate to the g° power. We
extend this to divisors on X in the natural way.

https://doi.org/10.1017/fms.2023.94 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.94

8 N. Green and T. Ngo Dac

Definition 1.1. 1) An n-dimensional Anderson A-module is an F,-algebra homomorphism £ : A —
Mat,, (K ) [7], such that for each a € A,

E,=d[a]l+AiT+..., A; €Mat,(Ko),

where d[a] = t(a)ld, + N for some nilpotent matrix N € Mat,, (K) (depending on a). o
2) A Drinfeld module is a nontrivial one-dimensional Anderson A-module p : A — K [7].

We note that the map a — d[a] is a ring homomorphism.

Let E be an A-Anderson module of dimension n. We introduce the exponential and logarithm
functions attached to E, denoted Expy and Logy, respectively. The exponential function is the unique
function on CZ such that for alla € A and z € C,,

Expg (dlalz) = E4(Expg(2)) (1.4)

and Expz (0) = 1d,.

The function Logg is then defined as the formal power series inverse of Expy. We note that as
functions on C,, the function Expj is everywhere convergent, whereas Logy has a finite domain of
convergence.

We briefly set out some notation regarding points and divisors on the elliptic curve X. We will denote
addition of points using the group law of X by adding the points without parenthesis. For example, for
Ri,Ry € X,

R+ Ry € X,

and we will denote formal sums of divisors involving points on X using the points inside parenthesis.
For example, for g € K (¢, y),

div(g) = (R1) - (Ra).
Further, multiplication on the curve X will be denoted with square brackets. For example,
[2] R e X,

whereas formal multiplication of points in a divisor will be denoted with simply a number where
possible, or by an expression inside parenthesis; for example, for 4 € K(¢,y),

div(h) = 3(R)) — (n+2)(Ra).

1.3. Tensor powers of Drinfeld-Hayes modules on elliptic curves

We now construct the canonical rank 1 sign-normalized Drinfeld module associated to the ring A to
which we will attach zeta values (see [36] for a detailed account). For curves of general genus, we
refer the interested reader to Hayes’s work [39, 40] (see also [3, 6, 52] or [32, §7]) for more details on
sign-normalized rank one Drinfeld modules.

For the sign function defined in §1.1, arank 1 sign-normalized Drinfeld module is a Drinfeld module
p: A — Ko[7] such that for a € A, we have

pa =t(a) +ait+ - +sgn(a)riee@,

By Drinfeld’s seminal work [27], there exists a unique effective divisor V on X such that the divisor
V() —V 4+ (8) — (o) is principal. In our setting of elliptic curves, the situation is much more concrete.
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Recall that H ¢ K is the Hilbert class field of A. Then the Drinfeld divisor is the unique point
V € X(H) whose coordinates have positive degree that verifies the equation on X

v-vi =g

We remind the reader that a divisor 3, np P on X is principal if and only if ) n,P = coonX and 3  n, =0
(see [49, Cor. I11.3.5]). Thus, in our situation, we conclude that the divisor (Z) + (V1) — (V) — (e0) is
principal, and we denote the function with that divisor f € H(¢,y) (recall H is the Hilbert class field of
A), normalized so that sgn( f) = 1. We call this the shtuka function associated to X; that is,

div(f) = (B) + (VD) = (V) = (e0). (1.5)
We will denote the denominator and numerator of the shtuka function as

_v(t,y) _y-n-m(t-0)
f= 5(1) —a ’ (1.6)

where m € H is the slope on X (in the sense of [49, II1.2.3]) between the collinear points v, _V and
E. From [36, (19)-(20)], we get deg(m) = ¢, and

div(v) = (VD) + (=V) + () = 3(c0),  div(6) = (V) + (=V) = 2(c0). (1.7)

Definition 1.2. 1) An abelian A-motive is a_E[t, v, T]-module M which is a finitely generated projective
K[t, y]-module and free finitely generated K[7]-module such that for £ > 0, we have

(t=0)"(M/tM) = {0}, (y—m) (M/TM) = {0}.

__2) An A-finite dual A-motive is a E[IL y, o ]-module N which is a finitely generated projective
K[t, y]-module and free finitely generated K[o ]-module such that for £ > 0, we have

(t=6)"(N/oN) = {0}, (y=m (N/oN) = {0}.

Note that our definitions here are in line with [15, §1.5.4], rather than the more general definition given
in [38, Def. 2.4.1].

We then let U = Spec K|t y] (i.e., the affine curve (K xr, X) \ {eo}). For a divisor D on the curve

X, we let £(D) be the K-vector space of rational functions g on X with div(g) > —D. The (geometric)
A-motive associated to X is given by

My = T(U,0x (V) = [_J L((V) +i(e0)).

i>0
We make M, into a left K[, y, T]-module by letting 7 act by
rg=rfg"", geM,

and letting K [, y] act by left multiplication.
The (geometric) dual A-motive associated to X is given by

N =T(U, 0x (=(v ")) = L(=(vV) +i(e0)) €K1, ]. (1.8)

i>1
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We make N, into a left K[z, y, o’]-module by letting o act by
og=fg"", gem,

and letting K [, y] act by left multiplication.

We find that M; and N, are projective K [¢, y]-module of rank 1, that M| is as a free K [7]-module of
rank 1 and that N, is as a free E[o-]-module of rank 1 (see [36, §3] for proofs of these facts). A quick
check shows that M (resp. N;) is indeed an abelian A-motive (resp. A-finite dual A-motive).

We now follow as in [34, §3] and form the nth tensor power of M| and of N and denote these as

Mn:MiX’":M1®f Y|

[.y] M,

t,y]

Nu = NP = Nt ®g;51 7+ Oy Nis
with 7 and o action on a € M,, and b € N,, given respectively by
ta=f"pV, ob=fp.
Observe that
M, =T(U,0x(nV)), N, =T(U,Ox(-nV"))

and that M,, (resp. N,) is also an A-motive (resp. a dual A-motive). Again, M,, and N,, are projective
K [t, y]-modules of rank 1. Further, M,, is a free K [t]-module of rank n, and N,, is a free K [o]-module
of rank n.

We write down convenient bases for M,, and N,, as free K [7]- and K [o-]-modules, respectively (see
[34, Prop. 3.3]). Define functions g; € M,, for 1 < i < n with sgn(g;) = 1 and with divisors

div(g;) = =n(V) + (= ))(«) + (G = DE) + ([ - WP+ [n =G =-DIV). (1.9
and similarly define functions h; € N,, for 1 < i < n, each with sgn(h;) = 1 and with divisor
div(h;) =n(VY) = (n+ )(0) + (j = DE) + (=[n = (j = DIVY =[] = 1]V). (1.10)
Then we have
My =K[tl{g1, . gn}s Na=K[oH{h1,..., ha}.
For g € N,,, we set m = |deg(g)/n] and define two maps
00,01 : N, — K"

in the following way. We write g in the K [o]-basis for N,, described in (1.10),

m n
g:ZZbﬁ)aihn_,ﬂ, (1.11)

i=0 j=1
then denote b; = (by;, b2, ..., bn,i) ", and set
60(g) =bo, 01(g) =bg+by+---+by,. (1.12)

o p—
We then observe that the kernel of §; equals (o — 1)N,, and that N,,/(oc — 1)N, 2L X" is an
isomorphism of F,-vector spaces. Thus, we can write the commutative diagram of F,-vector spaces
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51—
No/(1 = )N, > K"

al/ l/pf’” (1.13)

51—
N,/(1 = )N, > K",

where the left vertical arrow is multiplication by @ and the right vertical arrow is the map induced by
multiplication by a, which we denote by p&".

Definition 1.3. By [38, Prop. 2.5.8], we know that p®" induces the structure of an A-module on K"
and that it satisfies the conditions of being an Anderson A-module. In this way, to each curve X, for
fixed n, we associate a canonical n-dimensional Anderson A-module. We call p := p®! the canonical
sign-normalized rank 1 Drinfeld module associated to X, and we call p®" the nth tensor power of p.

Proposition 1.4. We recall the following two facts about the functions g; and h; from [34, §4].
1. For 1 <i < n, there exist constants a;, b; € H such that we can write

18i = 0gi + a;i8iv1 + giv2,

th; =60h; + bihjy1 + hiyo.
2. For the constants defined in (1), we have a; = by_; for | < j <n—1and a, = b;.

We can write down the matrices defining p®" using the coefficients a; € H from Proposition 1.4, for

n>2:
0 a1 0 0 O
6 ax 1 0 0 O 000 0
prl=dll+Egri=|t 1 0t |+lg 00,0 (L4
00 00O 0 a,n 1 100 0
00 0 O 0 0 an a, 10 0
00 00 0O 0 ¢

The t-action of the Drinfeld A-module p is given by
pr=0+x1T+7%, x| €B,

(see [36, §3] for more details on this construction).

Remark 1.5. We comment by way of clarification for the reader that Formula (1.14) does reduce
down to give the Drinfeld module p in the case of n = 1, but it is not intuitive how to interpret these
formulas. For example, the 1’s on the super-super diagonal turn into 72, which is not obvious just from
the formulas. For the sake of clarity, we will often state our formulas separately for the n» = 1 and the
n > 2 case in this paper. A discussion of the relationship between these cases is given in Remark 1.1 of
[34]. Additionally, the case of n = 1 is treated exhaustively in [36], and we refer the reader to these two
sources for further discussion.

The logarithm and exponential functions associated to p®" will be denoted Logg’" and Exp®",

respectively, and the kernel of Exp?" will be denoted by Af?”, which we call the period lattice of p®".
We recall the Tate algebra T in the variable 7 with coefficients in Cy, asin §1.1.2,

T= {2 bit' € Coo[[1]] ‘ bi]., — 0},
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where | - |« is the norm on C,, given by |gle = ¢%2(®) and its fraction field L. We now give a brief
review of the functions w,, EE" and G§" defined in [34, §5-6]. Let

1/(61 1)
Wy l_[f(l) e T[y]%, (1.15)

where f € H(t,y) is the shtuka function defined above, and we refer the reader to [36, Thm. 4.6] for
the definition of & € H and for details on convergence. Observe that w,, satisfies the functional equation

wﬁ,l) = fwp. Foru = (uy,...,u,)" € C, define
ES"(1) = > ExpS" (d[e]—i—lu)ﬂ’, (1.16)

i=0
G¥'(t,y) = E®"7]Ju(t)+(y+c1t+C3)E®"(t). (1.17)

Forn = 1 and u = u € Cq, we will simplify notation by setting E, () := E®'(¢) and G, (t,y) :=
Ga'(t,y).

Define M to be the submodule of T[y] consisting of all elements in T[y] which have a meromorphic
continuation to all of U = Spec K[z, y] in the sense of [29, §4.6] (we comment that the sheaf of
meromorphic functions on a rigid space is a sheaf which locally looks like L, and its affine pieces
can be glued together coherently). Now define the map RESz : M"™ — CI for a vector of functions
(2152 20)T € M™ as

RES=((z1,...,22)") = (Resz(z14), ..., Resz(z,1)) 7, (1.18)

where A is the invariant differential on E (defined in §1.1).
We define amap T : T[y] — T[y]" by

h(t,y) - 81
h([’ y) - 82
T(h(1,y)) = : : (1.19)

h(t »y ) *8n
We collect the following facts from [34, §5-6] about the above functions.

Proposition 1.6. We have the following properties:

(@) The function E2" belongs to T".

(b) The function G&" belongs to T[y]" and extends to a meromorphic function on (Cs xr, X) \ {oo}
with poles in each coordinate only at the points B9 fori > 0.

(¢) We have RESz(G&") = —(uy,...,un)".

(d) If we denote 11, = —RESz(T (wp)), then T(wp) = Gﬁ:‘, and the period lattice of Expff’” equals
AZ" ={d[a]ll, |a € A}.

(e) If p is a fundamental period of the exponential function associated to p, and if we denote the last
coordinate of 11, € Cg, by py, then p,/mj; € H \ {0}.

1.4. A generalization of Anderson-Thakur’s theorem on elliptic curves

Recall that p : A — Ce {7} is the canonical sign-normalized rank one Drinfeld module associated to
the elliptic curve X constructed in the previous section and that H is the Hilbert class field of A. Let B
(or Op) be the integral closure of A in H. We denote by G the Galois group Gal(H/K).
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We denote by Z(A) the group of fractional ideals of A. For I € Z(A), denote its Artin symbol by
or:=(,HIK) €G. (1.20)

By [32], Proposition 7.4.2 and Corollary 7.4.9, the subfield of C,, generated by K and the coeflicients
of p, is H. Furthermore, by [32], Lemma 7.4.5, we get

Ya e A, p,e€ B{t}.

Let I be a nonzero ideal of A. We define p; to be the monic element in H{7} such that

2 H(T}pa.

ael

H{t}p;

We have

ker p; = ﬂ ker pg,

acl

p1 € B{t},

deg, p; =degl.

We write pf = pro+---+ pl,deglrdegl with p; geg7 = 1 and denote by (1) € B\ {0} the constant
coefficient p; o of p;. Thus, the map ¢ extends uniquely into a map ¢ : Z(A) — H* with the following
properties (proved in [39, Prop. 3.2 and Thm. 8.5]):

1) forallI,J € Z(A),y(1J) = oy (W (D)) ¥ (J),
2) forall I € Z(A),IB =y (I)B,
3) forall x € K*,y(xA) = Sgﬂ%.

Finally, for n € N and b € B, we define Anderson’s zeta value at n attached to p as follows:

o ar(b)
Zp(b.n) _;‘wu)n € Koo (1.21)

By the work of Anderson (see [2], [3]), for any b € B, we have
exp,({p(b, 1)) € B. (1.22)

Remark 1.7. This is an example of log-algebraicity identities for Drinfeld modules. The theory began
with the work of Carlitz [16] where he proved the log-algebraicity identities for the Carlitz module
defined over F,[6]. Further examples for Drinfeld modules over A which are PIDs were discovered by
Thakur [51, Thm. VI]. Shortly after, Anderson proved that (1.22) holds for any sign-normalized rank one
Drinfeld A-module, and this is known as Anderson’s log-algebraicity theorem. For alternative proofs of
this theorem, we refer the reader to [52, §8] for the F,, [6]-case, [36] for the case of elliptic curves and
[6] for the general case.

The following theorem is a generalization of the celebrated Anderson-Thakur theorem for tensor
powers of the Carlitz module (see [5], Theorem 3.8.3).
Theorem 1.8 (Angleés-Ngo Dac-Tavares Ribeiro [8] for any n and Green [33] forn < q). Letn > 1 be
an integer. Then there exists a constant C, € H such that for b € B, there exists a vector Z, (b) € C
verifying the following properties:
1) We have Exp3"(Z,(b)) € H".
2) The last coordinate of Z,,(b) is equal to Cp{, (b, n).
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1.5. Linear relations among Anderson’s zeta values

In this section, we determine completely linear relations among Anderson’s zeta values and powers of
7, associated to an elliptic curve over F,,. In the genus O case, this was done by Yu (see [55], Theorem
3.1 and [56], Theorem 4.1). His works are built on two main ingredients. The first one is Yu’s theory
where he developed an analogue of Wiistholz’s analytic subgroup theorem for function fields, and the
second one is the Anderson-Thakur theorem mentioned in the previous section. The main result of this
section extends Yu’s work to elliptic curves.

Recall that A = F, [¢, y], where ¢ and y satisfy the Weierstrass equation (1.1). Following Green (see
[33], Section 7), we still denote by p : F, [t] — Cu{7} the Drinfeld F, [¢]-module induced by forgetting
the y-action of the sign-normalized rank 1 Drinfeld module p of the previous sections. Similarly, we
denote by p®" : F, [t] — Mat,,(Co){7} the Anderson F, [¢]-module defined by forgetting the y-action.
Basic properties of this Anderson module are given below.

Proposition 1.9 (Green [33], Lemmas 7.2 and 7.3).

1) The Anderson F|t]-module p®" : Fy[t] — Mat, (Coo){7} is simple in the sense of Yu (see [55,
56]).
2) The Anderson Fy[t]-module p®" : F,[t] — Mat,, (Co){7} has endomorphism algebra equal to A.

We slightly generalize [33], Theorem 7.1 to obtain the following theorem which settles the problem of
determining linear relations among Anderson’s zeta values and periods attached to p, which generalizes
the work of Yu.

Theorem 1.10. Let {by, ..., by} be a K-basis of H with b; € B. We consider the following sets for
m,s > 1:

R = {n},0 <k <m}U{{p(bi,n): 1 <i<h1<n<ssuchthatq-1{n},
R’ :={np,0 <k <m}U{Lp(bin): 1 <i<h1<n<s)

Then
1) The K -vector space generated by the elements in R and that generated by those in R’ are the same.
2) The elements in R are linearly independent over K.

Proof. The proof follows the same lines as Yu’s celebrated theorem [56, Th.m 4.1] (see also [33, Thm.
7.1]). We provide a proof for the convenience of the reader.

Recall that for n € N, the Anderson A-module p®" induces the structure of an F,, [¢]-module which,
by abuse of notation, we also denote by p®". Also recall that 4 is the class number of A. We consider
the product of #~-modules

n=1
qg-14n

where we view G, in the first coordinate as a trivial -module with the scalar A-action and with
exponential function expg, (z) = z.

For 1 < n < s, set Z,(b;) = (%,...,% Cnl,(b;,n))" € CZ to be a vector from Theorem 1.8 such
that Expy" (Z,(b;)) € H". For 1 < k < m, letIl; € Ck be a fundamental period of Expf?k so that the
bottom coordinate of I is a multiple of ng by a nonzero element of H (see [34, Thm. 6.7] for the exact
multiple). Define the vector
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s h

]‘[ [ 2.0 | € G(Co)

n=1 i=1
q-ltn

u=1x

[Tm)

k=1

and note Expg;(u) € G(H), where Exp is the exponential function on G, defined coord1natew1se
Suppose, by contradiction, that there is a K-linear relation among the ¢, (b;,n) and 7r . This implies

that u is contained in a d[F, []]-invariant hyperplane of G(C.,) defined over K. This allows us to apply
[56, Thm. 3.3], which says that u is in Lieg: (K) for a proper t-submodule G’ ¢ G. Then Proposition
1.9 together with [56, Thm. 1.3] implies that there exist 1 < n < s with ¢ — 1 1 n and a linear relation
of the form

h

Z ailp(bi,n) +bry =0

i=1

for some a;, b € A not all zero. Since ¢, (bi, n) € K and since H C Ko, this implies that brrj; € Keo.
Since ¢ — 1 1 n, we know that 7} ¢ K. It follows that b = 0 and hence Z?:l a;{p(b;,n) = 0. Since
a; € A, we get

h h
0= Z ailp(bi,n) = fp(z aib;, n)
=1

i=1
We deduce that Zf’zl a;b; = 0. Since {b;} is a K-basis of H, this forces a; = 0 for all i. This provides a
contradiction and proves the theorem. O

As explained by B. Angles, 2 the following result is attributed to Carlitz and Goss (see [31, Thm.
3.2.2]) which improves [7], Theorem 5.7 and [33], Corollary 7.4.

Proposition 1.11. Letn > 1,n =0 (mod g — 1) be an integer. Then for b € B, we have {,,(b,n)[nj, €
K.
1.6. Papanikolas’s work

We review Papanikolas’ theory [47] (see also [, 4]) and work with z-motives. Let f[r, o] be the
polynomial ring in variables ¢ and o with the rules

at=ta, ot=to, ca=a’0, ack.

Definition 1.12. An Anderson dual 7-motive is a left K[t,0]-module N which is free and finitely
generated both as a left K[¢]-module and as a left K[o]-module and which satisfies

(t—0)INcoN

for some integer d sufficiently large.
We consider K (¢)[o-, o] the ring of Laurent polynomials in o~ with coefficients in K (7).
Definition 1.13. A pre-r-motive is a left K (f)[o", o~']-module that is finite dimensional over K ().
The category of pre-t-motives is abelian, and there is a natural functor from the category of Anderson
dual t-motives to the category of pre-#-motives
NHM:E@%MM

where o acts diagonally on M.

2Personal communication in July 2019.
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We now consider pre-z-motives M which are rigid analytically trivial, which we describe here. Let
{m} € Mat, (M) be a K(t)-basis of M and let ® € GL,(K|[t]) be the matrix representing the
multiplication by o on M:

o(m) = dm.

We recall that T is the Tate algebra (Definition 1.2) in variable ¢ with coefficients in Cs, and that L is the
fraction field of the Tate algebra T. We say that M is rigid analytically trivial if there exists ¥ € GL, (L)
such that

D = oy,

Weset M™ =1L k(1) M on which o acts diagonally and define Hpei (M) to be the sub F, (7)-vector

space of the elements of M which are fixed by 0. We call Hgeyi (M) the Betti cohomology of M. It is
shown in [47, Prop. 3.3.9] that M is rigid analytically trivial if and only if the natural map

L ®, (1) Hpewi (M) — M"

is an isomorphism. We then call ¥ a rigid analytical trivialization for the matrix ®.
The category of pre-#-motives which are rigid analytically trivial is a neutral Tannakian category
over F, (¢) with the fiber functor w which maps M +— Hpwi(M) (see [47], Theorem 3.3.15).

Definition 1.14. The strictly full Tannakian subcategory generated by the images of rigid analytically
trivial Anderson dual 7-motives is called the category of t-motives and is denoted by 7 (see [47],
Section 3.4.10). By [38], Remark 2.4.15, this category is equivalent to the category of uniformizable
dual F, [t]-motives given in [38], Definition 2.4.14.

By Tannakian duality, for each (rigid analytically trivial) -motive M, the Tannakian subcategory
generated by M is equivalent to the category of finite dimensional representations over F, (¢) of some
algebraic group I'ys called the (motivic) Galois group of the t-motive M. Further, we have a faithful
representation I'y; < GL(Hpeyi(M)), which is called the tautological representation of M.

Papanikolas proved an analogue of Grothendieck’s period conjecture which unveils a deep connection
between Galois groups of #-motives and transcendence.

Theorem 1.15 (Papanikolas [47], Theorem 1.1.7). Let M be a t-motive and let T'yy be its Galois group.
Suppose that ® € GL,(K (1)) N Matyx, (K[t]) represents the multiplication by o on M and that
det® =c(t—0)%,c € X" If ¥ € GL,(T) is a rigid analytic trivialization for @, then the entries of ¥
may be evaluated at 6 and

tr. degEE(‘I‘(Q)) =dimIy,.

Papanikolas also shows that I'y; equals the Galois group I'y of the Frobenius difference equation
corresponding to M (see [47], Theorem 4.5.10). This provides a method to explicitly compute the Galois
groups for t-motives in many cases. This is a very powerful tool and has led to major transcendence
results in the last decade. We refer the reader to [4, 17, 18, 19, 20, 21, 22, 23] for more details about
transcendence applications.

Papanikolas proved that I'y; is an affine algebraic groupe scheme over F,(¢) which is absolutely
irreducible and smooth over m (see [47], Theorems 4.2.11, 4.3.1 and 4.5.10). Further, for any F, (¢)-
algebra R, the map

Im (R) — GL(R ®g, (1) Hpewi (M)
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is given by the tautological map

y— (1% 'm—- (y'el)-(19¥ 'm)). (1.23)

1.7. Hardouin’s work

In this section, we review the work of Hardouin [37] on unipotent radicals of Tannakian groups in
positive characteristic. Let F be a field and (7, w) be a neutral Tannakian category over F with fiber
functor w. We denote by G,, the multiplicative group over F. For an object i € T, we denote by I,
the Galois group of . Let 1 be the unit object for the tensor product and ) be a completely reducible
object, which means that ) is a direct sum of finitely many irreducible objects. We consider extensions
U € BExt! (1,Y) of 1 by Y, which means that we have a short exact sequence

0-Y->U—>1->0.
For such an extension U, the Galois group I, of U is isomorphic to the semi-direct product
I = Ry (U) > Iy,

where R, (U{) stands for the unipotent part of I';,. Therefore, with the knowledge of I'y), we reduce the
computation of Iy, to that of its unipotent part. In [37], Hardouin proves several fundamental results
which characterize R, (/) in terms of the extension group Ext!(1,)). In the next result, we keep the
same notation as above, and we remind the reader that the action of a group G on a module V is isotypic
if the module V is the direct sum of irreducible isomorphic G-modules.

Theorem 1.16 (Hardouin [37], Theorem 2). Assume that

1. every I'y-module is completely reducible,
2. the center of T'y contains G,

3. the action of G, on w())) is isotypic,

4. Ty is reduced.

Then there exists a smallest sub-object V of Y such that U |V is a trivial extension of 1 by Y [V. Further,
the unipotent part R, (U) of the Galois group Ty is equal to w(V).

As a consequence, Hardouin proves the following corollary which states that algebraic relations
between the extensions are exactly given by the linear relations. We continue with the above notation.

Corollary 1.17 (Hardouin [37], Corollary 1). Let &, . . ., &, be extensions of 1 by ). Assume that

every I'y-module is completely reducible,
the center of I'y contains Gy,

the action of Gy, on w()) is isotypic,
Ie,....Ig, are reduced.

L e

If &\, ...,E, are End())-linear independent in Ext'(1,), then the unipotent radical of the Galois
group T'e|¢...0c, Of the direct sum £, & ... & &, is isomorphic to w())".

We remark that we will apply this theorem and its corollary in §3.6 to the -motives X’ p®” and &), (b),
which are defined in §2.2 and §3.2.

2. Constructing #-motives connected to periods

From now on, we investigate the problem of determining algebraic relations between special zeta values
and periods attached to p, the canonical, sign-normalized rank 1 Drinfeld module attached to X of the
previous section. For the Carlitz module, this was done by Chang and Yu [23] using the machinery of
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Papanikolas [47] (see Section 1.6). For our setting, we will also need the results of Hardouin [37] (see
Section 1.7).

2.1. The t-motive associated to p

We follow the construction given by Chang-Papanikolas [18], Sections 3.3 and 3.4. Recall that B is the
integral closure of A in the Hilbert class field H. We consider p : F,[t] — B{t} from Definition 1.3
as a Drinfeld F, [t]-module of rank 2 by forgetting the y action. We recall

Pt :0+x1‘r+72, X1 €B
(see [36, §3] for more details on this construction). For u = u € C,,, we denote the associated Anderson

generating function E,, (¢) := El?' (1) given by Equation (1.16). This function extends meromorphically
to all of C,, with simple poles at t = 69',i > 0. Further, it satisfies the functional equation

pi(Ew(1)) = exp,(u) +1E,(1).
In other words, we have
OE, (1) +x1E (1)) + E()? = exp, (1) +tE, (t).

Now we fix an F, [¢]-basis u; = m, and up = nn, of the period lattice A, of p. We set E; := E,,, for
i = 1,2. We define the following matrices:

0 1 — E, EVY
@) = (t _ g _xi—l)) € Matro(K[1]), Y= E Eil) € Matyo (T),

)Cll

® ((1) ’_;19) € Matyo (R[1]). V= (1 o) € Matyyr (K).

Then we set
¥, = v y),
Since V-V®, = @V and YV = YO, we get
v =o,v,.

2.2. The t-motive associated to p®"

Let n > 2 be an integer. Recall the definition of p®" from Definition 1.3. By forgetting the y-action, the
Anderson A-module p®" can be considered as an Anderson Fy [7]-module given by

pf" =d[6] + Egt
(see (1.14) for explicit formulas of d[6] and Eg). For u = (uy,...,u,)" € Mat,x(Cs), recall the
associated Anderson generating function E&"(¢) given by Equation (1.16). It satisfies the functional

equation

pi(EZ" (1)) = Exp®" (w) +1EZ" (1)
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As n is fixed throughout this section, to simplify notation, we will suppress the dependence on n and
denote the coordinates of

EZ"(t) := (Eu,1s- - Eun) s 2.1

and similarly for other vector valued functions. Recall the definitions of the functions A; and the
coeflicients a; and b; from Proposition 1.4. For 1 <i < n, we set

0 1 0 1
®i_(t—9—a,-)’ ¢i_(t—9—bi).

From Proposition 1.4, we have
hipt\ _ (0 1\ hi\_ [Hh
hi+2 S \t-0 _bi hi+l - ¢l hi+1 ‘

d)ff’"=¢n...¢1=( 0 1 )( 0 1 )EMatzxz(f[t])-

We define

t—0 —b, t—0 —by
It follows that
(h1)(_1) _ (hn+1) _ (D®n(h1)
hy hn+2 L\
Now we fix u; = I, and up = d[n]II, such that {u}, u,} is a basis of the period lattice Aff" of p®",

where I1,, is defined in Proposition 1.6(d). We denote by El@” = El‘?i" fori = 1,2. When the dimension
n is fixed, we will often drop the ®»n from our notation to avoid clutter. Then

pi(EP") = Exp" () +tEP" = tEP".

If we set
0 1 0 1 —
®=0,...0,= (t _9 _an) cee ([ _9 _al) € Maty,o (K [1]),
and
Ey1 Ex
Y = ’ | € Matyyo (T), 2.2

(E1,2 Ez,z) 2x2(T) (2.2)

then we obtain
YD =@Y.

‘We define

a, 1 —
V= ( ln 0) € Mathz(K).

Note that V is symmetric and

b, 1
(=1 — [“n
ven= (%)
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We claim that
(-)Hon _ T
viEhost = @T)yv. (2.3)

In fact, recall from Proposition 1.4 that b; = a,,_; for 1 <i < n—1and a, = b{. It is clear that for any

x € Cu, we have
t-=60y 0 1)\ (0t-6\(t-60
0 1\r—6x) \1 «x 0 1)
Then the claim follows immediately:
b, 1\{ 0 1 0 1
=Dgpen = (“n
v —(10)(_9_b,,) (t_e_bl)
t—6’0 1 ) 0 1
t—@ bnl t—9—b1
0r-0 1 _ 0 1
1 =b,_1 9 bnz t—@—bl
0r-6\(t-00
1 =b,y) \1 =by 0 1

‘
1) (? )
pis

0r-0

0¢t-— ) _ (0 t—H)(O r—H)(an 1)
1 —ay 1 —ap_1J\1 —a,J\1 0
We set
per =y (X)) € Matyo (L).
Thus, we get
(T/;@n)(—l) - (I)?nq;/?n'
Remark 2.1. From the previous discussion, we have

anED +EY EO

T@n -1 — YT (I)V
(¥, =(0) E<1>+E(1> E(])

By direct calculations (see Lemma 3.3), we show that
[PE"71(0) = iy € Knl,
where u; ,, is the nth coordinate of the period u; fori = 1, 2.

Remark 2.2. As E; ; € Tfor 1 < i, j <2 by Proposition 1.6, it follows that (‘I‘/?")‘1 € Maty»(T). By
[35, Remark 3.1, Part 2], it implies that (¥5")~" € Maty»(T4).
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2.3. Galois groups

We denote by Xp®" the pre r-motive associated to p®". The following proposition gives some basic
properties of this pre -motive (compare to [18], Theorem 3.5.4).

Proposition 2.3.
1) The pre t-motive Xp®” is a t-motive.

2) The t-motive X" is pure.
3) Its Galois group Fxgxn is Resk r,, (t1CGm,k - In particular, it is a torus.

Proof. For Part 1, since Xp®” is an A-motive of rank 1, it follows from [38], Proposition 2.3.24, Part b
that Xp®” is uniformizable as an A-motive. This implies that Xp®" is uniformizable as an F [f]-motive.
Thus, Part 1 follows immediately.

For Part 2, if n = 1, then p is a Drinfeld F, [¢]-module. By [38], Example 2.2.5, we know that p is
pure. Thus, the motive N (viewed as a r-motive) is pure, which implies N, is also pure as a r-motive, by
[38], Proposition 2.3.11(e). Hence, we get the purity of Xf’”.

We now prove Part 3. To calculate the Galois group I xon associated to the t-motive X", we will

use [41], Theorem 5.1.2. We claim that the -motive Xp®" verifies all the conditions of this theorem. In
fact, it is a pure uniformizable dual F,, [¢]-motive thanks to Part 2. Further, it has complex multiplication
since Endc,, (X5") = Endc,, (0®") = A by [33], Lemma 7.3. Thus, we apply [41], Theorem 5.1.2 to the
t-motive p®" to obtain

FX,?" IRCSK/]Fq[,]Gm,K. O

Remark 2.4. 1) We note that the Galois group associated to the A-motive p®" is also equal to
Resk r, [11Gm,k (see [38], Example 2.3.29).

2) We should mention a similar result of Pink and his collaborators that completely determines the
Galois group of a Drinfeld A-module (see [38], Theorem 2.6.3 and also [19], Theorem 3.5.4 for more
details). It states that if M is the -motive associated to a Drinfeld A-module defined over K, then

I'ne = Centgr (Hy.; (M) Ende,, (M).
Proposition 2.5. The entries of ‘-P;?" are regular at t = 6, and we have
tr. degK (V5" (0)) = dimT -

Proof. By [47], Proposition 3.3.9 (c) and Section 4.1.6, there exists a matrix U € GL,(F,(#)) such
that ¥ = WU is a rigid analytic trivialization of ®@3" and ¥ € GLy(T). By [4], Proposition 3.1.3,

the entries of ¥ are entire functions in the variable ¢. Thus, in particular, the entries of WY and U~ are
regular at ¢ = 6. This implies that the entries of ‘PS’" are regular at ¢ = 6.

Further, since K (W£"(6)) = K(¥(0)), by Theorem 1.15, we have
tr. degK (¥2"(6)) = tr. degzK (¥ (0)) = dim T ysn.

The proof is finished. O

2.4. Endomorphisms of t-motives

We write down explicitly the endomorphism of Xp®" given by y € A. In [34], Proposition 4.2 gives a
formula for yg; for the basis elements g; of Proposition 1.4. Using the same strategy, and replacing the
gi by h;, a short argument shows that there exist y;, z; € H such that for 1 <i < n, we have

yhi =nh; + yihiv1 + Zihio + his.
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We deduce that there exists M, € Maty,» (K[t]) such that the endomorphism y expressed in terms of
the basis {/1, h2} is represented by M,:
hi) _ hy
i) =32

Since A = F,[t] + yF,[t], using the formulas above for any element a € A, we can find a matrix
M, € Maty,»(K|[t]) such that the endomorphism induced by multiplication by a on Xp®" in the basis

{h1, hp} is represented by M,
hi) _ hi
ofin) = 0(3)

Lemma 2.6. With the above notation, the (1,1)th coordinate M, 1|i=¢ € K*, and similarly,

Map,1l=6 = 0.
Proof. (Compare to [18], Proposition 4.1.1) Specializing the above equality at = and recalling that
h1(E) # 0 and hy(E) = 0 by (1.10), we obtain M, 1.1|=¢ = a(0) € K* and M, ».1|;=¢ = 0. O

3. Constructing -motives connected to logarithms
3.1. Logarithms attached to p

We keep the notation of Section 2.1. Following Chang-Papanikolas (see [18], Section 4.2), for u € Cs
with exp,,(u) = v € K, we consider E, the associated Anderson generating function associated to u
given by (1.16). We set

% — b, 0 —
hy = (.| € Matay (K), @, =|, 7 | € Mat3,3(K[1]).
0 hy 1
We define
(1)
—-E —(t-0)E, —v
=V u'l= € Matyy(T),
gv —E,Ez)) ( _EW ) 2x1(T)
¥, 0
Y, = o € Matz3(T).
v (g\Tle 1) 3><3( )
Then we get
(D;g\(/_l) =gv+hy,
and

vV =, v,

The associated pre-motive X, is, in fact, a --motive in the sense of Papanikolas as is proved in [19, §4.2].
Forv := expp({ »(b,1)) € H, we call the corresponding r-motive X), the zeta motive associated to

é’p (b ’ 1) .
3.2. Logarithms attached to p®"

‘We now switch to the case for n 2 and use freely the notation of Section 2.2. We fix u € Mat,x; (Cs)
with Expff”(u) = v € Mat,x; (K), and we consider E®" the Anderson generating function associated
to u given by Equation (1.16). Recall that

pi(ES" (1)) = Expy (w) + tEJ" (1) = v+ LES" (7). 3.1
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Thus, we get

Ev,iv1 0 1 Ey,i 0 Ey,i 0
’ = ’ + = ®i ’ + .
(Eu,i+2) (f -0 —ai) (Eu,i+1) (_Vi) (Eu,i+l) (_Vi)
We define the vector fy := (fy.1, fv.2)" given by
0 0 0
fV:G)n---@z(Vl)+®n---®3(v2)+---+(Vn). 3.2)

It follows that

1
Eun)" _ g(Eut) _ (fo
Ey Eup F2l

0 1 0 1
®_(t—6—an)'”(t—9—a1)

Here, we recall

and
_[E11 E2
Y = (E],2 E2,2) € Matyyo (T).
They verify
YD =er.
We set
o — , T — Y (Eu.1,Eu2)”
@v=(0 (o i) )eMat3x3(K[t])7 YV=(O (Ea, Buz) )eMatgxam. (3.3)

Then we get

YV = 0,Y,.

Now we are ready to construct the associated rigid analytic trivialization. Recall that

a, 1
v={% )
Note that V is symmetric. We set
W = diag(V, 1) = (‘6 (1)) € GLy(K),

(—=I)\—1/@T o2t 0 -
(DVZ (W ) (®V)W: ((hvlphv 2) 1) EMat3><3(K[t])s
pon

v, =w ()W) = ( O) € Mats,;3(T).

o
(gv,l, gv,Z)ngm 1

Remark 3.1. Note that by direct calculations, we obtain
(gv,ls gV,2)lP§n = _(anEl(l,ll) + E(l) E(l)

w2’ “u,l’
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Further, we will show below that gy 1(0) = u,, — v,,, where u,, and v,, are the last coordinate of u and v,
respectively (see Lemma 3.3).

Thus, we get
gD = @y,

The associated pre-motive X, is in fact a -motive because it is an extension of two z-motives (see for
example [38], Lemma 2.3.25).

3.3. Period calculations

In this section, we show explicitly how to obtain the periods and zeta values discussed in the previous
section from evaluations of the entries of the rigid analytic trivialization Wy, for fixed u and v as in the
previous section.

Lemma 3.2. Let EE" be defined as above. Then
Resg (Eu’ldl‘)

Resg(ES"dt) = : =-u.
Resg (Ey ndt)

Proof. Write w = (uy,...,u,)"T € C%. As in the proof of [34, Prop. 6.5], we have the identity
(o) . —l .
Eg" =Y 0,(dl0] - nd,) u,
=0

and we find that only the j = O term contributes to the residue. Then, using the cofactor expansion of
(d[0]Y) —11d,,)~" from [34, Pg. 26], we find that

RCS()(((_)M—_II+}"1([))dl) Ui
Resg(ES"dt) = : = |
Resg (52 +ra(1))dt) .
where r; (1) is some function in powers of (6 — r)* for k < —2, and hence does not contribute to the
residue (see [34, (57)] and preceding discussion for more details). ]
Lemma3.3. Let EE" = (Ey 1, ..., Eun)" asabove and let a; be the defining coefficients for the Drinfeld
t-module action as in Proposition 1.4. Then if we write Expff" w)y:=v=>w,...,v))7,

anEL")(0) + E{)(0) = —up + vy,
Proof. Asin (3.1), we have that
P (ES") = (d[6] + Egr) (EJ™) = Expp" (u) + (B
Rearranging terms gives

Eg(EEMY = (1 — d[6])EE" + ExpS" (u).

https://doi.org/10.1017/fms.2023.94 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.94

Forum of Mathematics, Sigma 25

Both sides of the above equation are regular at t = 6 in each coordinate, so evaluating at ¢ = 6, using
the formula for Ey and taking the last coordinate gives

1 1
anE)(0) + E{}(6) = Eun(t = 0)|_, +va.

Finally, from our analysis in Lemma 3.2, we see that Ey , has a simple pole at ¢t = 6, and thus the
right-hand side of the above equation is simply the residue at t = 6. Thus,

anE{}(0) + E)(8) = Resg(Eundt) + vy = —tty + vy. o

u,
Proposition 3.4. With all notation as above, the elements nt, and u, are contained in K(¥,(0)).

Proof. As above, we have that K (¥y(8)) = K(Yy(6)). Then note that
E(IJ) (). E") (6) e K(Yy(6))

forl <i,j 3_2 by construction. Then by Lemma 3.3, we see that the last coordinates of u;, u,, u are
contained in K (Yy(6)), where u;, u, are an [, [¢]-basis for the period lattice of p®" and u is a vector
such that Expf" (w)=ve K. From [34, Thm. 6.7], we know that the last coordinate of I, is an algebraic

multiple of 77, and thus it follows that xrj; and u,, are contained in K(¥,(0)). O

We next prove a lemma about the linear relations between the entries of f(‘{’g" (6)). Let 7, and
I, be generators of the period lattices of exp, and Exp®", respectively, as A-modules. Then recall
that {n,, nm,} and {I1,, d[y]Il,} are bases for A, and A'j‘f’", respectively, as I, [¢]-modules. Also for
u € C7, we recall the definition of Gy from 1.17 and define

—en ®n ®n

G, =-yE;"+ Enu,
and note that this equals [-1]G&", where [—1] represents the inverse of the group law on the elliptic
curve X. We will denote the coordinates of G2" := (Gy.1, - . ., Gy,,) and similarly for Gy.

Recall that ¥,, and ‘I‘g’" are the 2x2 rigid analytic trivialization matrices from §2.1-2.2. The following

lemma gives K-linear relations between the entries of these matrices evaluated at 7 = 6 and thus allows
us to find a smaller set of generators for the following fields, which notably include powers of the period.

Lemma 3.5. We have the following facts:

o forn =1, we have K(¥,(9)) = K(EY) (6), EL) (6)).

o forn > 2, we have K(¥"(0)) = K(E\ ,(6).E\,(6)).
o> P>

Consequently, for each n > 1, we have E(‘P/;@"(H)) = E(ng, W) for quantities W,, € Cy.

Proof. To ease the exposition, we will assume that p = char(F,;) > 3, so that we may assume the elliptic
curve X has Weierstrass equation given by y> = 1> + at + b with a, b € F, and such that inversion on
X is given by [~1] : (t,y) = (¢,—y). The lemma is also true for p = char(F,;) = 2, and the proof is
similar, but calculations are more cumbersome. Particularly, the negation map is more complicated, and
this requires more sophisticated analysis. Additionally, we give the full details for the case n > 2. The
details for the case for n = 1 are similar, and we leave them to the interested reader. By our definition of
Gﬁ;’, we can write

(1) (1)

y 100\ ([ Em Gy

Lo ol | =)
-y d[y],,1 | _ H,S,l
00y 1] | EDT = G

0 0-y1 m" —(y
Eym,2) \Gn, .z
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and, in particular, we note that the above matrix is invertible in Matyy4(K). By inverting the above

matrix, this allows us to write each of the Anderson generating functions EC(I[) I (fork=12asa

—(1
K-linear combination of the functions GI(]1 ) X and Gl(-[n) - Further, from Proposmon 1.6(d), we get the

formula g5 - Gr,,1 = &1 - Gn,,,2- Note that the functions g; € E(t, y). Taken together, these two facts
allow us to write the functions E (1 ) l(9) and E (1> 1. ,(0) as K-linear combinations of E;Il) 1(0)

and El(Tln) ,(6). As K(‘Pff’"(@)) = K(Y(G)) (Y is deﬁned in (2.2)), and this allows us to conclude that
E(‘P@’”(ﬂ)) = E(E(l) 1(0) E(l)z(G)) Finally, setting u = I1T,, and v = 0 in Lemma 3.3 shows that a

K-linear combination of Eg M ,(6) and E 2(9) equals the last coordinate of IT,,, which is an algebraic
multiple of IT); by Proposmon 1.6(e). It remams to take an additional linearly independent combination

of E(l) ,(0) and E“) ,(6), which we set equal to W,,, to finish the proof. O

3.4. An application of Hartl-Juschka’s work to period calculations

In this section, we maintain the notation from the previous section of u;, u; being a generating set for the
period lattice A?" and u € Cl.. We wish to apply Corollaries 2.5.23 and 2.5.24 from Hartl and Juschka
[38] (originally due to Anderson in unpublished work) to give a more conceptual method for period
calculations with an aim towards generalizing these arguments to curves of arbitrary genus. We restate
[38, Cors. 2.5.23, 2.5.24] here for the convenience of the reader, but we first translate their notation into
our setting. By definition, o acts by the matrix @?” on a Cy[1]-basis {hy, ho} of N,. Explicitly, for
z € N,, we express z = ahy + bhy with a, b € Cy[t] and we get

o (z) = o(ahy +bhy) = o—((a,b)(Z;)) - (@ b)(l)q)?n(Z;)'

Thus, we see that if we view N, as a free Cy [f]-module, then o acts by inverse twisting and right
multiplication by d>§”. Transposing, we get a left multiplication:

LD
U(Z)z(qnﬁ") (Z) . a.beF,[1.

By [45, Lemma 3.4.1], 6o extends to N, ®c_ [;] T, where Ty is a Tate algebra of functions with
radius of convergence |0|. (see §1.1.2).

Corollary 3.6. (This is [38, Cor. 2.5.23 and 2.5.24]) Let N,, and @g” be as above. Further, let w € Tze
satisfy

(c-D(w) = (@)W —w=z¢€N,. (3.4)
Then
Expy" (60(W +2)) = 6,(z).
Further, ifz = 0, then 6o(w) € A’f” and the set of all such w forms a spanning set for the periods.

So, we wish to look for vectors w € T%) which satisfy (3.4) for some z € N,,.

Lemma 3.7. For Y as in (2.2), we have

(®§")T(VTY(1))(_1) S ads
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roof. From (2.3), we have that = ) , and then substituting in gives
P From (2.3), we have that (®$" vEDY-1@TY, and th bstituting in gi

((I)?n)T(VTY(]))(—]) — ((V(_l))_l@TV)T(VTY(]))(_])
— VT@((V(fl))fl)T)(VTY(I))(fl)
-V (OY)
=vT(YM). O
We comment that VT Y () = ((‘{’f?”)_l)T € Matyy(Ty) by Remark 2.2, but to save on notation, we

shall denote P := V7Y ¢ Matyx>(Tg) and denote the columns of P by P; € T%. Thus, fori =1, 2, we
have (q);?”)TPl.(_l) — P; = 0, and therefore the vectors P; satisfy the conditions of Lemma 3.6. So we get

Exp" (60(P; +0)) = 6,(0) = 0. (3.5)

Lemma 3.8. For u € Mat,x;(Cy) with Expf?"(u) = v € Mat, (K), we let E2" be the Anderson
generating function (with coordinates denoted as in (2.1)) associated to w and let Ey . = (Ey,1, Eu2)"

and Py = VTEI(,’],Z € T26,. Then Py satisfies the conditions of Lemma 3.6; that is,
(an)T(Pu) — Py = Vva,

where fy is the vector defined in Section 3.2 and V™ f, € K[t]>.
Proof. As stated as in Section 3.2, we find that OF,, .. = El(,l,z + fv. We then calculate that
@) T(VTED Y =vTe((vE) HT(vED)TE,,.
=V OE,.
=VTEN +VT fi. O
Thus, Py satisfies the conditions for Lemma 3.6, and we can write
Expy" (60(Pu+ V' £)) = 61(VT fy). (3.6)

Proposition 3.9. For a fixed n, with all notation as above, the quantities nt; and u, are contained in
K (¥, (0)).

Proof. By definition, we have that K(¥,(6)) = K(Y(6)), and we further see that K(Y,(8)) =
K(P(09), El(llf (9), E.(llz) (0)), for P € Matyx»(Ty) defined in the proof of Lemma 3.7. Lemma 3.6 implies
that 6o(P;) for i = 1,2 is in the period lattice, and we deduce that the vectors 5o (P;) must form a gen-
erating set for the period lattice over F [¢]. This implies that some A-linear combination of 5o(P1) and
69(P3) (via the Lieff" (A)-action of A) equals I1,,, the fundamental period. Since the bottom coordinate
of I1,, is a K-multiple of 72, it implies that 772 € K(W,(6)).

We now perform a similar analysis on Equation (3.6). To proceed, we need to better understand the
vector fy := (fv.1, fv.2)" for v chosen as in Lemma 3.8.

We recall from Section 2.2 that

0 1 0 1 ap 1
®i_(t—0ai)’ ¢i_(l—0bi)’ V_(l 0)

If we denote
tr—-600
=[5
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then we have the following equalities from (2.3):
ov=vile, =X, O X=X¢;, l<i<n-I.

By the definition of fy (3.2), we find that

Vn

VT =VT®n~-®2(O) +VT®n---®3(O) +~-~+VT(0).
Vi %)
Then, in anticipation of calculating §o(VT fy), using the above equalities, we find that

(1. b))V fy = (i, hz)(VT®n : "GZ(VOI) +V70, "93(:)2) T +VT(VO ))

= (0,707 -+ O3V 4+ (0, va-)OLV + (0, vn)v)(ﬁ)

= (O, v1)Xna - g1+ (0,00 2) X1 + (0, vp1) X + (0, vn)W(Z;).

hist _ | hi
(hi+2) =9 (hi+1)'

(h1, )V fy = ((0,v) Xps - b1+ + (0, vp_2) X1 + (0, v_1) X + (0, v,)V) (Z;)

Now recall that (see Section 2.2)

Since (0,v;)X = (0, v;), it follows that

_ hp-1 ho hy hy
- (09 Vl)( hn ) + e + (0’ Vn—2) (h3) + (09 vn_l)(hz) + (Vn,o) (hz)
=vih, +---+v,h.

Thus, we find that

Vi
SoWVTR)=61(VTR) =] : |=V.

Vn
Then, returning to (3.6), we find that
Expy" (60(Pu) + V) = v = Exp" (u).

Thus, the two quantities in the exponential functions in the above equality differ by a period, so there
exists some a € A such that

6o(Py) +v=u+d[a]ll,,

where d[a] denotes the action of a under Lie(p®"). By our above analysis of 6y, we conclude that the
bottom coordinate a of §y(Py) is equal to

1 1
a= a,,El(l’l)(G) + El(l;(H) = Uy — vy +an,.

Since we have proved above that ;) € K(¥,(6)) and since v, € K, it follows that u,, € K(Wy(6)) as
well. O
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3.5. Independence in ExtlT(l, xS

Forb € Band v := Expg’"(Zn(b)) € Mat, 1 (H), where Z, (b) is the log-algebraic vector of Theorem
1.8, we call the corresponding #-motive &, (b) := Ay the zeta r-motive associated to ¢, (b, n). We also
denote by @,,(b) := @y and ¥,,(b) := ¥y the corresponding matrices. As in §3.2, we put

CD®" 0 _
= P
q)v ((hV,l . hV,Z) 1) € MathS (K[t])

We have a short exact sequence

0_>Xp®n _>-Xn(b) —1—0,

where 1 is the trivial pre---motive, equal to K [¢] with o"-action given by the inverse Frobenius twist.
We follow closely [19], Section 4.2. The group ExtlT(l, Xp®") has the structure of a K-vector
space by pushing along Xp®". With the above notation, for a € A whose corresponding matrix is

M, € Maty,»(K[t]) as in §2.4, the extension a, Xy is represented by the matrix

CD®" O _
((hvl o 1) € Mats (K1),

We will show the following proposition (compare to [18], Theorem 4.4.2):

Proposition 3.10. Suppose that uy,...,u,, € Mat,x;(Cs) with Expff’”(ui) = v; € Mat, (K). If
T Wi, -« - Wy, are linearly independent over K, then the classes of Xy, (1 <i < n) in ExtlT(l, Xp‘x’”)

are linearly independent over K.

Proof. The proof follows closely that of [ 18], Theorem 4.4.2. Suppose that there existe1, . . ., e;;, € Knot
all zero sothat N = e, X1 +. ..+ e, X, is trivial in Ext%_(l, Xp®”). We can suppose that for 1 <i < m,
e; belongs to A and is represented by M; € Matyy, (K[t]). Then the extension N = e, X| +. . . + € Xpm
is represented by hy, M1 + ...+ hy, M,, and we have

on =[P O) ¢ Mats (R[]
N — Z:?i] hviMj 1 al3x3 ’
pen 0
- P
Yy = ((2711 gv,-Mi)‘I‘f" l) € Matzy3(T).

Since this extension is trivial in Extlr(l, Xp®”), there exists a matrix

_( dy 0
(y1,72) 1

) € Matsx3 (K [1])

such that yDdy = diag(fbff", 1)y. By [47], Section 4.1.6, there exists

Id, O
5= (5% 1) € Matsa By (0)

such that y ¥y = diag(¥5", 1)4. It follows that

V1,72) + (D gwMi) = (61,62) (B ™
i=1
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Specializing the first coordinates at ¢ = 6 and recalling that by Lemma 2.6, we have (M;),(0) € K™ and
(M;)2,1(0) = 0, we obtain

m

71(0) + > 8y 1 (0)(Mi)a(60) = 61(O)[ (") 12(6) + 62(0) [(PS™) 12,1 (6).
i=1

By Lemma 3.3, we have gy, () = u;, — v;, and [(‘{’S")‘l]z(e), [(‘PE")_I]ZJ(Q) € Knj,. Since

(M;)2(0) € K* (see Section 2.4), we get a nontrivial K-linear relation between 1, u Las -+ Wnns ﬂg. By
[33], page 29 (proof of Theorem 7.1), it implies a nontrivial K-linear relation betweenuy ,, . . ., Wy, ﬂg.
Thus, we get a contradiction. O

3.6. An application of Hardouin’s work

We now apply Hardouin’s work to our context to determine the Galois groups of the -motives defined
in the previous sections. We work with the neutral Tannakian category of -motives T over F = F ()
defined in §1.6 endowed with the fiber functor w : M + Hpeyi (M). By the proof of [33], Lemma 7.2,
we know that X' p®” is irreducible. Then we consider this irreducible object Y = Xp®” and extensions of
1by Xf’". Hardouin’s work turns out to be a powerful tool and allows us to prove the proposition below
which generalizes the results of Papanikolas [47] (for the Carlitz module C) and Chang-Yu [23] (for the
tensor powers C®" of the Carlitz module).

Proposition 3.11. Let n > 1 be an integer with (q — 1) t n and b be an element in B. Then the unipotent
radical of T x,, (p) is equal to the B (t)-vector space F, (1)? of dimension 2. In particular,

dimFXn(b) = dim FXE’" +2=4.

Proof. We claim that the assumptions of Theorem 1.16 are satisfied for the #-motive X p®" since

1. By Proposition 2.3, the Galois group I xon of X p®" is a torus. Thus FX;M is completely reducible
(compare to [19], Corollary 3.5.7).

2. Itis clear that the center of I"yen contains Gy, g, (1)-

. The action of Gm,]pq (r) On HBem(Xp@") is isotypic. In fact, the weights are all equal to 7.

4. The Galois groups of -motives are reduced (see [47] and also [38], Proposition 2.6.2 for A-motives).

(9]

We apply Theorem 1.16 to the -motive X}, (») which is an extension of 1 by Xp®". Thus there exists
a sub-object V of Xp®" such that X, (b)/V is a trivial extension of 1 by Xp®”/ V. As Xf’” is irreducible,
either V=0orV = X"

We claim that V = Xp®”. In fact, suppose that ¥V = 0. We deduce that X}, () is a trivial extension
of 1 by & p‘g’”. It follows that 7, and £, (b, n) are linearly dependent over K. We get a contradiction by
Proposition 3.10 and Theorem 1.10.

Since V = Xp®”, by Theorem 1.16, the unipotent radical of the Galois group I'x, () is equal to
Hpeyi (M )(Xp®”) that is an F, [¢]-vector space of dimension 2. The Theorem follows immediately. O

As a consequence, we obtain a generalization of [23], Theorem 4.4.

Corollary 3.12. Let n > 1 be an integer. Then for any b € B, the quantities n, and {,(b,n) are
algebraically independent over K.

Proof. We find that K(¥,) = K(Yy), where Y, is defined in (3.3). Apriori, the field K(Y,) has 6
non-trivial generators given by evaluations of various Anderson generating functions. However, from
Lemma 3.5 we see that K(Yy) = E(nﬁ, W, Eu,1(0), Eu2(6)), where u = Z,,(b) is the vector from
Theorem 1.8. Finally, by Lemma 3.3 and Proposition 3.4, we conclude that for some Y, € C,, we have
E(n}')’, W, Eu,1(0), Eu2(6)) = f(nﬁ, W, {o(b,n),Y,). The corollary is then a direct consequence of
Proposition 3.11 and Theorem 1.15. O
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We obtain the following theorem which could be considered as a partial generalization of [19],
Theorem 5.1.5 in our context.

Theorem 3.13. Suppose that uy,...,u,, € Mat,x(Cs) with Expff"(ui) = v; € Mat,(K). If

7o, Wi ns - -, Uy are linearly independent over K, then they are algebraically independent over K.

Proof. By Proposition 3.10, we deduce that the classes of &y, (1 <i < n) in ExtlT(l, Xp®") are linearly
independent over K. By Corollary 1.17, the unipotent part of the Galois group of the direct sum
Ay, @ ... ® A&y, is of dimension 2n. Thus the Theorem follows immediately from Theorem 1.15. O

4. Algebraic relations among Anderson’s zeta values
4.1. Direct sums of t-motives
Let m € N,m > 1. To study Anderson’s zeta values {, (b, n) for 1 < n < m and 7, simultaneously, we
set
S:={neN:1<n<msuchthatp f nand (¢ — 1) 1 n},

and consider the direct sum ¢-motive

X(b) = @ X, (b)

nesS

and define block diagonal matrices

d(b) = @@n(b), ¥(b) = @ ¥, (b).

nes nes

Then ®(b) represents multiplication by o~ on X' (b) and W (b) is a rigid analytic trivialization of ©(b).
We would like to understand the Galois group I x () of the #-motive A'(b) and to calculate the dimension
of this Galois group.

We first have

RCSK F Gm,[{ 0
FX(b) - @FXn(b) = @( / q*[t] 1
nes nesS

For n = 1, the t-motive & (b) contains &),. It follows that X, is also contained in X'(b). We consider
Tx @) and Tx,, the strictly full Tannakian subcategories of the category 7 of f-motives which are
generated by X'(b) and X), respectively. Thus we get a functor from T, to Tx (). By Tannakian duality,
we have a surjective map of algebraic groups over F (7)

T FX(b) - F'Xﬂ = ReSK/]Fq [7] GmsK
where we have the last equality by Proposition 2.3. By Equation (1.23), this map « is in fact the projection

on the upper left-most corner of elements of I"x ;). We denote by U(b) the kernel of . It follows that
U (D) is contained in the unipotent group

v= @)

neS

We prove the following result similar to [23], Section 4.3.
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Proposition 4.1. We keep the previous notation. Then we have
Id, 0
v - [ }).
nes

Proof. In fact, the strategy of Chang-Yu (see [23], Section 4.3) based on a weight argument indeed
carries over without much modification. For completeness, we sketch a proof of this Proposition.
We introduce a Gy, 5, (1)-action on U(b) and on the direct sum of unipotent groups

_n\(1dy 0
U_GB( * l)'
nes

On the matrix indexed by n € S, it is defined by

Id, O Id, O
a- ( u 1) — (a”u 1), a e Gm’]}?q(z).

Note that this action on U (D) agrees with the conjugation of G, g, (1) on U(b).
For each n € S, we recall that

Res G 0
Fx,,<b>=( R 1)'

We denote by U, (b) the unipotent part of this Galois group. Thus

v = ()

and we have a short exact sequence
1 = Uu(b) = T'x, ) — Resk/r, (11CGmx — 1.
Since A}, (b) is contained in X (b), by Tannakian duality, we obtain a commutative diagram
Il —— U() —— Txp) — Resgp,1]Gmkg — 1
wnl o l an
I —— Un(b) — T'x, () — Resgyp, (1)Gmxk — 1.

Here the middle vertical arrow is surjective by Tannakian duality and the map y, is the character
a — a". We deduce that the induced map U(b) — U, (b) is also surjective.
We suppose now that U(b) is of codimension » > 0 in U. We identify U with the product

N 2
U=[]6x, 0
nes

Chang and Yu proved that there exist an integer n € S and a set J of r double indices ij withi € S and
J € {1,2} such that if we denote by W() the linear subspace of U of codimension r consisting of points
(x;;) satisfying x;; = O whenever ij € J, then W(;) N U,(b) & U,(b) and the composed map

Lp",
Jo 2 Wiy = U(b) — Un(b)

is surjective.
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Recall that for k € S, the action of Gm’]}?’q (1) on Ui (b) is of weight k. Since p 1 n, by [23], Lemma 4.7,
fn maps W) N Ug(b) to zero for all k # nin S. Thus, it maps W,y N U, (b) onto U, (b) which has
strictly greater dimension. We obtain a contradiction.

As a consequence, we get U(b) = U as required. The proof is complete. )

4.2. Algebraic relations among Anderson’s zeta values

As an immediate consequence of Proposition 4.1, we see that the radical unipotent of I'y () has
dimension 2|S|, and 'y (p) itself has dimension 2|S| + 2. By Theorem 1.15, we deduce the following
theorem.

Theorem 4.2. Let b € B. Then the elements of the set

{mp} U{Lp(b,n),1 < n <msuchthat pt nand (q—1) { n}

are algebraically independent over K.

We present a slight generalization of the above theorem by taking account of the p-power relations.

Let {by,..., by} be a K-basis of H with b; € B. Since the extension H/K is separable, it follows that
foranybeB,wecanwriteb:albf +.--+61th with ay,...,a; € K. Thus, we get
(b)) & an\
1 1 [ m
Gp(b,p™n) = Z P Zai(z unl ) B Zal[p(bi,n)p .
ICA Uy i=l  \IcA I i=1

Theorem 4.3. Let {by, ..., by} be a K-basis of H with b; € B. We consider the set
A={n,} U{lp(bi,n) : 1 <i<h1<n<msuchthatq—14nandp4n}.

Then the elements of A are algebraically independent over K.

Proof. The proof of Theorem 4.3 follows identically to that of Theorem 4.2. O

5. Algebraic relations among Goss’s zeta values

In this section, we investigate algebraic relations among Goss’s zeta values. This section owes its very
existence to B. Angles. In particular, the proofs of Proposition 5.2 and Corollary 5.4 are due to him. For
more details about the theory of L series and Goss’s zeta values, we refer the interested reader to [32],
Section 8.

5.1. Goss’s map

—X
We set  := t/y, which is a uniformizer of K. Set 7y = &, and for n > 2, choose m;,, € K, such that
mh=m-1. fz€Q,z= % for some m € Z,n > 1, we set

o m
=

Let F,, be the algebraic closure of F,, in K and let

Uy = {x € Koo, Voo (x = 1) > O}.
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Then E:o =n9x FZ X Us. Therefore, if x € E:o, one can write in a unique way
x =" sen(x)(x), sgn(x) e F(j, (x) € Ug.

LetI € Z(A). Then there exists aninteger 4 > 1suchthat I = xA, x € K*. Weset(I) := (x)% € Us.
Then one shows (see [32], Section 8.2) that the map called Goss’s map

[]a:Z(A) - Ky

_degt
I+ (I)n™ dw

is a group homomorphism such that

Vx € KX, [xA]a = _*
sgn(x)

Observe that for all 7 € Z(A), we have sgn([I]4) = 1.

Let E/K be a finite extension and let O be the integral closure of A in E. Let Z(Opg) be the group
of non-zero fractional ideals of O . We denote by Ng/x : Z(Og) — Z(A) the group homomorphism
such that if B is a maximal ideal of Og and P = N A, we have

OF.A
‘P

Ng/xk(B) = P[ *

Note that if P = xOg,x € E*, then Ng/x (B) = Ng/k (x)A, where Ng g : E — K also denotes the
usual norm map.

5.2. Goss’s zeta functions and Goss’s zeta values

We recall the definition of Goss’s zeta functions introduced in [32], Chapter 8. Let So, = CJ, XZ,, be the
Goss ‘complex plane’. The group action of S, is written additively. Let I € Z(A) and s = (x;y) € Sc;
we set

IS = (IyYx%ee! ¢ CX .

We have a natural injective group homomorphism: Z — Se,j = s; = (n_i, j). Observe that
5= I]ix ,

Let E/K be a finite extension and let O g be the integral closure of A in E. Let J be a non-zero ideal
of E. We have

J

0]
Vj€Z, Ngk(3)V = ?E

A

Letting s € Se, the following sum converges in C, (see [32], Theorem 8.9.2):

lop(s)=> > Negx(®

d>03€Z(0E),3COE,
deg(Ng/k (I))=d
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The function (o, : S — Co is called the zeta function attached to Og and [-]4. Observe that

Vi€Z, o)) =Lop(s) =) =

d>03e€Z(OE),3COE,
deg(Ng/k (3))=d

OE]j

A

In particular,

-1

1 —x
405(1)=l_[ 1—@ € K,
B T |4
where B runs through the maximal ideals of O.
Recall that p : A — B{t} is the sign-normalized rank one Drinfeld module given in Section 1.3,

where B is the integral closure of A in H, the Hilbert class field. By [6], Proposition 2.1, the following
product converges to an element in Uy, N KX:

_ [Fitta (O£ /B]a
La(p/Ok) = l;[ [Fitta(p(O/B)]a”

where P runs through the maximal ideals of Of.
We have the following crucial fact (see [6], Proposition 3.4) which provides a deep connection
between the special L-values and the Goss’s zeta value at 1.

Proposition 5.1. Let E /K be a finite extension such that H C E. Then
La(p/OE) = Lo (1).

5.3. Relations with Anderson’s zeta values

Recall that B is the integral closure of A in H, the Hilbert class field of K. Let z be an indeterminate over
K and recall that T, (K ) denotes the Tate algebra in the variable z with coefficients in K. Recall that

Hoo =H®K K<>07

T:(Hw) = H ®k Tz(K).

For n € Z, we set

CEED YD YR -

d>0 JeZI(B),3CB,
deg(Nu/k (3))=d

Then, by [32], Theorem 8.9.2, for all n € Z, Zg(n;.) defines an entire function on C,, and
VneN, Zg(-n;z) € Alz].
Observe that

VneZ, Zgn;z)eT,(K)
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and

.
Zdeg(NH/K (B))

Vn > 1, ZB(n;z)zl—[ 1- € T, (Keo)™.

n
B
» [EB ] A
Finally, we note that
Zp(n; 1) = {p(n).

Recall that G = Gal(H/K). Then G ~ Gal(H(z)/K(z)) acts on T, (Ho). We denote by T, (Hs)[G]
the non-commutative group ring where the commutation rule is given by

Vh,h' € T,(Hw),Vg,8' € G, hg.h'g' =hg(h')gg’.

Let n € Z. One can show (see [6], Lemma 3.5) that the following infinite sum converges in
T:(He)[G]:

deg !

Lp/Bima=3 > oo

d>01€Z(A),ICA,

degI=d
Furthermore, for all n > 1, we have
ZdegP -1
L(p/Bin:z) = ]_[(1 - —nap) € (T-(H) [G])*
P Y(P)

and foralln <0,
L(p/B;n;z) € B[z][G].
Note that
Lp(n) = L(p/B;n; 1) € (Ho[G])™.
We observe that £(p/B;n;z) induces a T,(Ko)-linear map L(p/B;n;z) : T,(Hx) — T.(Hs).
Since T,(Hy) is a free T,(Kw)-module of rank [H : K] (recall that T,(K) is a principal ideal
domain), detr_(k,.y £L(p/B;n; z) is well-defined. We also observe that £, (., n) induces a Koo-linear map

{p(.,n) : Ho — He, and we denote by detg, {,(.,n) its determinant. Recall that ev : T (Hw) — Heo
is the Ho-linear map given by

Vi €T (He), ev(f)=fle=1.
Observe that if {e, ..., ey} is a K-basis of H/K (recall that & = [H : K]), then

Hy = @ih:lKooei,

Tz(HOO) = @isz(Koo)ei'
We deduce that

detg, {p(.,n) = ev(detr, k., L(p/B;n;z)).
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By [6], Theorem 3.6, we have
detr, (k) L(p/B;n;z) = Zp(n;2).
In particular,

dethé'p(., n) = {g(n).

5.4. Algebraic relations among Goss’s zeta values

The class number CI(A) of A equals to the number of rational points X (F,;) on the elliptic curve X
and also to the degree of extension [H : K]. For a prime ideal p of A of degree 1 corresponding to
an F,-rational point on X, we denote by p, the subset of elements in p of sign 1 and consider the sum
(compare to [36], Section 6 and [33], Section 6):

1
Za(p,n) = Z o n € N.
aep™!,
sgn(a)=1

We will see that the sums {4 (p, n) where p runs through the set P of prime ideals of A of degree 1 are
the elementary blocks in the study of Goss’s zeta values on elliptic curves. For the rest of this section,
it will be convenient to slightly modify these sums as follows.

Proposition 5.2. Let n € N. For o € G = Gal(H/K), we set
1

la(o,n) ::Z —.

1
d>01eZ(A),ICA, [ ]A
deg(l)=d,

oj=o0

Then the elements {4 (o, n) indexed by o € G are algebraically independent over K.
Proof. Let o € Gal(H/K) and p be the corresponding ideal in PP such that o, = . We get

1 1 1 1
la(o,n) = Z TR Z pri WKA(D,H),

I€Z(A),ICA, -1
or=o

and

1 1 1 ]
IeI(AZ);ICA, (D" y(p)n agl’ an W(A(p,n).
e sen(a)=1

Thus, we obtain

Za(on) = ‘ﬂ(pln Z 1

[p]A I€T(A),ICA, y ()"
oj=o0

Note that ‘/’[igzln belongs to K. 1t follows that for b € B, we can express

Go(bm) = Y ag(b)alo,n)

oeG

with some coefficients a . (b) € K.
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By Theorem 4.3, if {by,..., by} C B is a K-basis of H, then the elements {,(b;,n) (1 <i < h) are
algebraically independent over K. By the above discussion and the fact that

| {p(bisn), 1 <i<h|=|{a(0,n),0€G|=[H:K],

the Proposition follows immediately. O
Let U be the p-Sylow subgroup of G where p is the characteristic of F,. We setA := G /U = Gal(F/K)
where F = HY . We write p* = |U| and set
G = Hom(G,F.) = Hom(A,F.) ~ A,
with [A| € Z}.

For § € A, we set

Z(n,0) =

I1€Z(A),ICA,
(I,F/K)=6

We see easily that

Z(n,6) = Z Za(o,n).
o=6(mod U)

By Proposition 5.2, Z(n, §), 6 € A are algebraically independent over K.
Let y € G, and we consider the value at 1 of Goss L-series attached to y given by

(U, F/K))

L(n.x) = ) x(8)Z(n.0) = T
A

deA IeZ(A),ICA
where (., F/K) is the Artin map. It is clear that for all § € A,
1 _
Zn,0) = 17 2, X7 L(nx).
x€G

The above discussion combined with Theorem 4.3 implies immediately a transcendental result for
Goss’s zeta values.

Theorem 5.3. Let m € N, m > 1. Then the special values of Goss L-series
Gp={nm,} U{L(n, x) :Xeé,l <n<msuchthatq -1+t nandp { n}.
are algebraically independent over K.

As a direct consequence, we obtain the following corollary:

Corollary 5.4. Letm € N,m > 1. Let L be an extension of K such that L C H. We consider the following
set:

G ={n,}U{lo,(n) : 1 <n <msuchthatq—14%nandp {n}.

Then the elements of Gy are algebraically independent over K.

Remark 5.5. 1) When L = K, we have shown that £4(1) is transcendental over K, which gives an
affirmative answer to an old question of D. Goss >

3Personal communication in Spring 2016
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2) When L = H, the above Theorem states that {5 (1) is transcendental over K. It answers positively
to [10], Problem 4.1 in this case. Note that our proof is highly nontrivial.

Proof of Corollary 5.4. Let p* be the exact power of p that divides [L : K] andlet N = Gal(F/FNL) C
A. We have (see for example [32], Section 8.10):

o= [] Loy

x€G.x (N)={1}

Thus, Corollary 5.4 follows from Theorem 5.3. O
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