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Abstract

For positive integers k and n, the shuffle group G i, is generated by the k! permutations of a deck of kn cards
performed by cutting the deck into k piles with n cards in each pile, and then perfectly interleaving these cards
following a certain permutation of the k piles. For k = 2, the shuffle group G >, was determined by Diaconis,
Graham and Kantor in 1983. The Shuffle Group Conjecture states that, for general k, the shuffle group G rp
contains Ay, whenever k ¢ {2,4} and n is not a power of k. In particular, the conjecture in the case k = 3 was
posed by Medvedoff and Morrison in 1987. The only values of k for which the Shuffle Group Conjecture has
been confirmed so far are powers of 2, due to recent work of Amarra, Morgan and Praeger based on Classification
of Finite Simple Groups. In this paper, we confirm the Shuffle Group Conjecture for all cases using results on
2-transitive groups and elements of large fixed point ratio in primitive groups.

1. Introduction

For a deck of 2n cards, the usual way to perfectly shuffle the deck is to first cut the deck in half (see
Figure 1) and then perfectly interleave the two halves. There are two kinds of such shuffles according to
whether the original top card remains on top or not (see Figures 2 and 3). Note that these two shuffies
are permutations of the 2n cards. To exactly know what permutations of the cards can be achieved by
performing a sequence of these two shuffles, one needs to determine the permutation group generated
by these two shuffles. In 1983, Diaconis, Graham and Kantor [8] completely determined this group for
all n (see Theorem 1.1). Moreover, at the end of [8], they suggested a more general problem: For an
integer k > 2, if a deck of kn cards are divided into k piles with n cards in each pile, then there are
k! possible orders of picking up the piles to perfectly interleave. Therefore, there are k! such ways to
perfectly shuffle the kn cards, and one may consider the group generated by these k! permutations.

Throughout this paper, for a positive integer m, we set

[m] ={0,1,...,m—1}.

© The Author(s), 2024. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the Creative
Commons Attribution licence (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and reproduction in
any medium, provided the original work is properly cited.

https://doi.org/10.1017/fms.2024.121 Published online by Cambridge University Press


doi:10.1017/fms.2024.121
https://orcid.org/0000-0002-8031-2981
https://orcid.org/0000-0002-0871-2059
https://orcid.org/0009-0004-2341-6153
https://orcid.org/0000-0003-4409-6764
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/fms.2024.121&domain=pdf
https://doi.org/10.1017/fms.2024.121

2 B. Xia et al.

00— 00— —n
1— 11— —n+1
. —_ . o
2n — 1— n—1— —2n-—1

Figure 1. Cut the deck.
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Figure 2. Out-shuffle.
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Figure 3. In-shuffle.

For a deck of kn cards, the card in position i+ jn, where i € [n] and j € [k], refers to the (i + jn)-th card
from top to bottom with the top one being the O-th card. We may also think of them in & piles such that
the j-th pile consists of the cards in the positions jn, 1+ jn,...,n—1+ jn, where j € {0,1,...,k—1}.
The standard shuffle of the kn cards, denoted by o, is performed by picking up the top card from each
of the piles 0, ...,k — 1 in order and repeating until all cards have been picked up; that is, o is the
permutation of [kn] defined by

(i+jn)? =ik+j forall i € [n] and j € [k].

Let 7 € Sym([k]) be a permutation of the k piles. Then 7 induces a permutation p, of the kn cards by
keeping the order of the cards within each pile, so that

(i+jn)f"=i+j"n forall i € [n] and j € [k]. )
The card shuffle p, o is to first perform p, and then o; that is,
(i+jn)f 7 =G+, "n)? =ik+ 7 forall i € [n] and j € [k].

The subgroup of Sym([kn]) generated by p.o for all T € Sym([k]) is called the shuffle group on kn
cards and denoted by G r,; that is,

Gikn = (pr0o | T € Sym([k])) = (o, pr | T € Sym([k])).

In this terminology, what is suggested at the end of [8] is to determine the shuffle group G ix.
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For a positive integer m, let C,,, A,, and S, be the cyclic group of order m, alternating group on
m points and symmetric group on m points, respectively. In 1983, Diaconis, Graham and Kantor [8]
completely determined G 2, as follows.

Theorem 1.1 (Diaconis-Graham-Kantor). For G = G 2y, the following hold:

(@) Ifn =0 (mod 4), n > 12 and n is not a power of 2, then G = Cg’l <Ay,

(b) Ifn=1(mod 4), then G = C} = Ap.

(¢) Ifn =2 (mod 4) and n > 6, then G is the imprimitive wreath product C3 S,,.

(d) Ifn =3 (mod 4), then G = C;“l > S, is the Weyl group of the root system D,,.

(e) If n =2 for some positive integer m, then G is the primitive wreath product Co ! Cy41.
(f) Ifn =6, then G = C$ «PGL(2,5).

(g Ifn=12, then G = C2ll > M1, where M1, is the Mathieu group on 12 points.

In 1987, Medvedoff and Morrison [13] initiated a systematic study of the shuffie group G , for
general k. They showed (see [13, Theorem 2]) that, if n is a power of k, then Gy i, is the primitive
wreath product of Sy by the cyclic group of order log; (kn); that is,

Gk,k”’ =Sk ZCm. (2)

Moreover, based on computation results, Medvedoff and Morrison conjectured in [ 13] that G3 3,, contains
As, if n is not a power of 3, which is essentially a conjectural classification of G3 3, (see the Remark
after Conjecture 1.2). Similarly, they made a conjecture for k£ = 4 in the same paper, which states that
G445 contains Ay, if n is not a power of 2, and G4 4, is the full affine group of degree 4n if n is an odd
power of 2. The latter part of this conjecture, that is,

G4’22f+1 = AGL(ZZ + 1, 2), (3)

was confirmed in 2005 by Cohen, Harmse, Morrison and Wright [7, Theorem 2.6]. This leads them to
the following conjecture.

Conjecture 1.2 (Shuffle Group Conjecture). For k > 3, if n is not a power of k and (k,n) # (4,27) for
any positive integer f, then G, contains Ajp.

Remark. From the definitions of o and p+, it is not hard to see that G i, is a subgroup of Ay, if and
only if either n = 2 (mod 4) and k = 0 or 1 (mod 4), or n = 0 (mod 4) (see, for example, [13, Theorem
1]). This implies that G, is precisely determined if we know that G x, contains Ag,. Therefore, the
above Shuffle Group Conjecture is in fact a conjectural classification of the shuffle groups G i, for all
k>3andn > 1.

Among other results, Amarra, Morgan and Praeger [1] recently confirmed Conjecture 1.2 for the
following three cases:

G) k>n;
(ii) k and n are powers of the same integer £ > 2;
(iii) k is a power of 2, and n is not a power of 2.

Note that (ii) and (iii) together imply the validity of Conjecture 1.2 whenever k is a power of 2. We also
remark that the Classification of Finite Simple Groups (CFSG) comes into play in the study of shuffle
groups in [1]. In fact, CFSG was already applied in an unpublished result of William Kantor (see [11]
and [13, Page 13]) to prove that G x, > A, if kK > 4 and k does not divide n.

In this paper, we prove Conjecture 1.2 for all k and n (see Theorems 1.3 and 1.4). Our approach is to
reduce the proof of the conjecture to that of the 2-transitivity of Gk, by considering the fixed point
ratio of certain element therein. This approach makes use of some deep classification results (depending
on CFSGQG) in group theory — for example, the classification of 2-transitive groups and primitive groups
with elements of large fixed point ratio [4, 10, 12]. Our reduction theorem is as follows.
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Theorem 1.3. If G i, is 2-transitive with k > 3, then either k = 4 and n is an odd power of 2, or G kn
contains Agn.

By Theorem 1.3, we can determine G i for k > 3 if it is shown to be 2-transitive. This is the case
when # is not a power of k, as the following theorem states.

Theorem 1.4. The shuffle group Gy i, is 2-transitive if k > 3 and n is not a power of k.

The combination of Theorems 1.3 and 1.4 completely solves Conjecture 1.2 affirmatively. Now that
Conjecture 1.2 is confirmed, it together with [13, Theorem 2] and [7, Theorem 2.6] leads to (see the
remark after Conjecture 1.2) the following complete classification of shuffle groups.

Theorem 1.5. If k > 3, then the following hold:

(a) If kn = k™, then Gy iy, is the primitive wreath product Sy U C,.

(b) If k =4 and kn = 2" with m odd, then Gy, i, is the affine group AGL(m, 2).

(¢) If n is not a power of k and either n is odd or both n/2 and k(k — 1)/2 are odd integers, then
G, kn = Skn-

(d) In all other cases, G kn = Akn.

The remainder of this paper is structured as follows. In the next section, we will give definitions
and some technical lemmas that will be used in Section 3. After this preparation, Theorem 1.3 will be
proved in Section 3, and the proof of Theorems 1.4 will be given in Section 4. Finally, in Section 5, we
conclude the paper with some open problems on the so-called generalised shuffle groups introduced by
Amarra, Morgan and Praeger [1].

2. Preliminaries

For a finite group G, let Z(G) denote the centre of G, let O, (G) denote the largest normal p-subgroup of
G for a prime p, and let C (g) denote the centraliser of an element g in G. The socle of G is the product
of the minimal normal subgroups of G, denoted by Soc(G). The fixed point ratio of a permutation g on
a finite set Q, denoted by fpr(g), is defined by

|Fix(g)|
fpr(g) = ,
where Fix(g) = {@ € Q | a8 = a}.

Lemma 2.1. Let g be an element of PGL(d, 3) acting on the set of 1-dimensional subspaces of the
vector space Fgl Then
35 +30-2

f] =—

pr(®) = —7 7
for some nonnegative integers s and t.
Proof. Let ¢ € GL(d,3) such that g = §Z(GL(d, 3)) € PGL(d, 3). Note that a 1-dimensional subspace
(v) of ]F;’ satisfies (v)8 = (v) if and only if v is v or —v. Therefore,

Fix(g) = {(v) | v € F{\ {0}, v& =v} U {(v) | v € F{ \ {0}, v& = —v},

and hence,
Fpr(g) = [Fix(g)| CS S 3432
Ty vervopl T 5 T o1
where s and ¢ are the dimensions of the 1-eigenspace and (—1)-eigenspace of g, respectively. O

https://doi.org/10.1017/fms.2024.121 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.121

Forum of Mathematics, Sigma 5

LetV = FZ be a d-dimensional vector space over F,, where d > 3 and g is even, and we fix an
ordered basis of V and associate each element of SL(V) with its matrix under this basis. For an involution
g € SL(V), denote by r(g) the number of Jordan blocks of size 2 in the Jordan canonical form of g.
Note that two involutions A and B in SL(V) are conjugate in SL(V)) if and only if r(A) = r(B). For an

integer ¢ with 1 < £ < d/2, denote
Ir
Ap = Iy o ),
Iy I,

where /; is the j X j identity matrix. It is clear that A, is an involution in SL(V) with r(A;) = £. We
call A, the Suzuki form of the conjugacy class of A, in SL(V).

For & € {+, -}, let O%(2m, q) be the general orthogonal group of & type on the space F>", where m
is a positive integer and ¢ is a prime power. For convenience, we set the notation Sp(0, ¢) and O®(0, q)
to be the trivial group. The following lemma is a consequence of [2, Sections 7 and §].

Lemma 2.2. For each involution g € O¢(2m,2) < Sp(2m, 2), we have

|Csp2m,2) (&)] _ [Sp(2m — 2r,2)| - |02(Csp(2m,2)(8))]
|Co=2m,2) (&)l 102(2m —2r,2)| - |02(Cos (2m,2)(8))]

for some positive integer r < m.

Proof. Write G = Sp(2m,2) and H = O¢(2m, 2). Since g € G, we see that there exists a basis of IF%’"
as in (1), (2) or (3) of [2, (7.6)] such that g is in Suzuki form under this basis. For convenience, we say
that g has form ay, b, or cg, if the basis is chosen as in (1), (2) or (3) of [2, (7.6)], respectively.

First assume that g has form a, (in this case, £ is even). It follows from [2, (7.9)] that there exists a
homomorphism from Cg (g) onto Sp(¢,2) x Sp(2m — 2¢,2) with kernel O,(Cg(g)). Therefore,

ICc ()l
102(Cs(g))]

Moreover, [2, (8.6)] shows that there is a homomorphism from Cg (g) to Sp(£,2) x O¢(2m — 2¢£,2)
with kernel O,(Cg (g)), and so

|Ch ()]
|02(Ch (2))]

= |Sp(£,2) x Sp(2m — 2¢,2)|.

= |Sp(£,2) x OF (2m — 2¢,2)|.

Asa consequence,

ICc ()l _ 1Sp(2m =2£,2)| - 102(Cc(g))]
ICu(g)l 10%(2m —2£,2)| - [02(Cr ()]

Now assume that g has form b, or c, (in this case, € is odd or even, respectively). Similarly, we
derive from [2, (7.10) and (7.11)] and [2, (8.7) and (8.8)] that

Co@ i) i ICh ()]
[02(Ca(g)] ~ 1PU— 121X Sp@m =261 =16 TE o]
or
Co@ ., i ICh (@)l
[02(Co (g)] ISP =2:2)xSp@m =262} = 16 TE T
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It follows that

ICs(8)l _ 102(Cs(e)l _ ISp(0,2)] - 102(Ci(8))]
ICu(g)l  102(Cr(g)l 102(0,2)] - |02(Cr(g)]

This completes the proof. O

3. Fixed point ratio and shuffle groups

In this section, we prove the reduction theorem (Theorem 1.3), which reduces the proof of Conjecture 1.2
to that of the 2-transitivity of G . Recall from (1) that for v € Sym([k]), the permutation p, € G kn
maps i+ jntoi+ jTnforalli € [n] and j € [k]. This leads to the following result on the fixed point
ratio of p., an observation that is the basis of our argument throughout this section.

Lemma 3.1. For each v € Sym([k]), we have fpr(t) = fpr(p<). In particular, if T is a transposition,
then fpr(p;) = (k = 2) /k.

A permutation group G on a set Q is said to be primitive if the only partitions preserved by G are
{Q} and {{a} | @ € Q}. It is well known and easy to see that every 2-transitive group is primitive. An
affine primitive group is a subgroup of AGL(d, p) that contains the socle of AGL(d, p), where d is a
positive integer and p is prime.

Lemma 3.2. Suppose that G i, is an affine primitive group with k > 3. Then either k =3 and n = 1,
or k =4 and n is a power of 2.

Proof. Let G = Gy kn, and let V be a d-dimension vector space over FF,, such that G < AGL(V),
where d is a positive integer and p is prime. Then kn = |V| = p?. By (1), there is a transposition
7 € Sym([k]) such that p, fixes the zero vector O in V. It follows that p, € Gy < GL(V). Since
Fix(p;) = {v € V | v?* = v} is a subspace of V, we have |Fix(p.)| = p/ for some nonnegative integer
f- Thus, as 7 is a transposition, we derive from Lemma 3.1 that

-2 Fix(p-)| _ p/ 1
— = = — = =
k pr(pT) |V| pd pd,f
Since k > 3, this implies that either k = p = 3, or k = 4 and p = 2. For the latter, n = |V|/k = 29 % isa
power of 2. Now assume that k = p = 3. Thenn = |V|/k = p?/k =39, and so (2) gives G = S3 1 Cy.
Since G is affine, we conclude that d = 1, which indicates that n = 3971 = 1. O

A group is said to be almost simple if its socle is a nonabelian simple group. It follows from the
well-known Burnside’s Theorem [5, §154, Theorem XIII] that 2-transitive groups are either affine or
almost simple.

Proof of Theorem 1.3. Let G = Gg i, be 2-transitive with k& > 3. If G is affine, then according to
Lemma 3.2, either k =3 and n = 1, or kK = 4 and n is a power of 2. The former leads to G = G3 3 = 53,
which satisfies the conclusion of the theorem. For the latter, since G is 2-transitive, we conclude from
(2) that n is not a power of 4, and so n is an odd power of 2, again satisfying the conclusion of the
theorem. Thus, we may assume that G is almost simple for the rest of the proof.

First assume that k > 4. Take a transposition 7 € Sym([k]). By Lemma 3.1, we have

k-2 1
> —.
k2

fpr(p7) =
Then since G is 2-transitive, it follows from [10, Theorem 1] that either G > Ay, or

1 1
fpr(p.) = 3 + m for some r > 3. “4)
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The former satisfies the conclusion of the theorem. Now suppose that (4) holds. It follows that

fpr( )<1+;—‘—‘<—

PP = - 1) ~7° 5
This together with fpr(p;) = (k — 2)/k implies that k < 5. Thus, k = 4, which in turn yields
fpr(p;) = (k = 2)/k = 1/2, contradicting (4).

In the following, assume that k& = 3. For convenience in the coming discussion, we first calculate
G3 3, for n < 92 by computation in Magma [3]. It turns out that, for these values of n, if n is not a
power of 3, then G333, contains As,. Note by (2) that if n is a power of 3, then G3 3, is not 2-transitive.
Thus, in the remainder of the proof, we assume n > 92.

Suppose for a contradiction that G does not contain As,. Since n > 92, it follows from the list of
almost simple 2-transitive groups (see [6, Table 7.4]) that Soc(G) is a simple group of Lie type, say,
over . In the following, we divide the proof into four cases accordingto g > 4,9 =4, g =3 org = 2.
Take a transposition 7 € Sym([3]). We have fpr(p,) = 1/3 by Lemma 3.1.

Case 1: ¢ > 4. In this case, fpr(p;) = 1/3 > 4/(3¢). Then since G is a 2-transitive group on
3n > 276 points, it follows from [12, Theorem 1] that Soc(G) = PSL(2, q) and fpr(p,) is either
2/(g+1) or (qo+1)/(q + 1), where g9 = g'/" is a prime power for some integer r > 2. This together
with fpr(p,) = 1/3 implies that 1/3 = 2/(q + 1) or 1/3 < (4/g + 1)/(g + 1). However, this leads to
g <9, and hence, 3n = g + 1 < 10, a contradiction.

Case 2: ¢ = 4. In this case, we see from [6, Table 7.4] that G is a subgroup of either PT'U(3, 4)
or PI'L(d,4) with d > 2, which together with n > 92 implies that G < PI'L(d, 4) with d > 3. Then
according to [9, Proposition 3.1], the fixed point ratio of a non-identity element in G is less than

RN LU0 R N DS SR H B
274 4d-1 4 7 4d-1 T 40 42 T3

contradicting fpr(p,) = 1/3.
Case 3: g = 3. Recall that G is a 2-transitive group on 3n > 276 points. Then we see from [6, Table
7.4] that G is a subgroup of PGL(d, 3) with d > 6. It follows from Lemma 2.1 that

35 430 -2

1
3d_1 :fpr(p‘l')zg

for some nonnegative integers s and ¢. This yields
3(3° +3'=2) =39 -1,

which is not possible.
Case 4: g = 2. In this case, we see from the list of almost simple 2-transitive groups that either
G =PSL(d,2) withd > 3, or G is the group Sp(2m, 2) for some m > 3 with point stabiliser O*(2m, 2).
First assume G = PSL(d,2) with d > 3. Then G can be viewed as GL(d, 2) acting on the set of
nonzero vectors. In this way, Fix(p,) = {v € Fg | v¥ = v} \ {0}, and so |Fix(p)| = 2" — 1 for some
nonnegative integer r < d. It then follows from fpr(p,) = 1/3 that

1 2" —1
3 = fpr(p) = m
This yields
3.2 =2942. (5)

Since the right-hand side of (5) is congruent to 2 modulo 4, we deduce 3 - 2" = 2 (mod 4), and thus,
r = 1. However, this leads to 6 = 2< + 2, contradicting d > 3.
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Now assume G = Sp(2m, 2) for some m > 3 with point stabiliser O¢(2m, 2), where £ € {+, —}.
Note that p, is an involution with nonempty fixed point set. Let H be a point stabiliser of G containing
p+. According to [2, (8.5)], two involutions in H are conjugate in G if and only if they are conjugate in
H. Hence, (p-)" = (p+)¢ N H. Then by [4, Lemma 1.2(iii)], we have

[(p)9 N H| _ [(p)™] _ |H|-IC(pr)| _ [0°(2m.2)| |Cs(ps)]
1(p)C] [(p)Cl |Gl ICr(po)l  1Sp(2m,2)|  |CH(po)|

fpr(ps) =

This in conjunction with Lemma 2.2 implies that

0°(2m.2)| Sp(2m ~2r,2)|  [05(Cg(p-)|
Sp(2m.2)] " 10°(2m —2r.2)] " [02(Crr ()]

tpr(p-) =
for some positive integer r < m. According to whether r = m or r < m, we deduce that

1 - 102(Cs(po)l or 2mir71(2m7r+81)' |02(Ci (p)l
2m=1(2m +el)  |02(Ch(po))] 2m-1(2m+gl)  |02(Ch(po))|

fpr(p7) =

Since fpr(p,) = 1/3 and both |02 (Cg (p)| and |O2(Cpy (p+))| are powers of 2, it follows that

1 1 2M=r 4 el
- = or .
3 2Mm4el 2m 4+ g1

The former is not possible as m > 3. For the latter, we obtain
3.2 +£2=2"=0 (mod 4),

and thus, m — r = 1, which in turn leads to m = 3 and & = +. However, this implies that
3n = |Sp(6,2)]/|0*(6,2)| = 36, contradicting n > 92. m|

4. 2-transitivity

We will prove Theorem 1.4 in this section. Throughout this section, let n = k°¢ where s and ¢ are integers
satisfying s > 0, # > 1 and k 1 ¢. For a nonnegative integer m and a positive integer £, we use [m]? and
[m] } to denote the remainder and quotient of m divided by ¢; that is,

with 0 < [m]? < ¢ — 1. For every x € [kn] (note that 0 < x < k**'1), we write [x]] in base k as
follows: [x]} = kSxs + -« + kx| +xo, where x; € [k] for every i € [s + 1]. Therefore, x can be uniquely
written as

x=(kxg+---+kx; +x0)t + [x]?.

For convenience, we identify x with (xs, ..., x1,x0; X) where X = [x]? , and sometimes we mix the two
notations when doing addition. For example,

(Xgyonosx3,0, 1, 152 = 1) + k2142 = (xs,...,x3,1,1,2;1).
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Recall (i + jn)? = ki+ j foralli € [n] and j € [k]. One can obtain inductively that

s i—1
(Xgs X1, %0; X)7 = (Z kx|t + kX + Z K
=i =0

i—1
= (Xgis -y X1, %0, 0, ..., 0;0) + k' X + Z K xg (6)

J=0

for all i € [s +2] (when i = s+ 1, the tuple (x5—;,...,%1,%0,0,...,0;0) in equation (6) is to be
understood as 0). In particular,

(s 501,205 X) 7 = (Kot o0, [KX 4515 KX+ x,17), (7)
and thus,
(Koo X120 X) 7 = ([xot + X190, Xs, ..., 215 [xot + X1,). ®)
Recalling from (1) that (i + jn)P* =i+ j"n, we have
(X o s X1, X0 X)P7 = (K5 't + -+ kxy +x0)t + X +xin=(x{,x5-1,...,x1,%0;X) (9
for every (xg,...,x1,x0; X) € [kn]. By (6) and (9), it is clear that
(xS’ e ,xl,XO; X)U-IPTO-_I = ('xS’ s 5xS*i+l7~x;-_l‘axS*l'*l7 e ,x1’x0§X)- (10)
Consider the subgroup H := (o, pr | 7 € Sym([k—1])) of G kn, Which is contained in the stabiliser
of kn — 1. Our strategy for proving Theorem 1.4 is to prove that H is transitive on [kn — 1]. We use
(i, j) € Sym([k]) with i # j to denote the transposition swapping i and j. For each x € [k], let (0, x)
denote the permutation of [k] sending x to 0 and O to x while fixing [k] \ {0, x} pointwise. In particular,
(0, x) coincides with the above notation for a transposition if x # 0 and is the identity permutation if
x = 0. This somewhat cumbersome notation avoids discussing whether x = 0 in the following.

Let x = (x5, X5-1,...,X0; X) € [kn]. Write a; = O’ip((),l)O'_i forevery i € [s+ 1]. By (10),

i — (0.1) .
= (-xS, e 9xs—i+19xs,l' s Xs—i—lse - ,XO,X).

X

Set 8 = 0~ pro € H for t € Sym([k — 1]). Using (7)-(9), it is straightforward to check that
xPr = x+ ([xot + X197 = [xot + X]Y.

We will use the above two formulas for a; and 5., repeatedly without any reference. Let

Tx)={ie[s+1] |xi=k—1}]

Lemma 4.1. If T(x) = 0, then x € 0H,

Proof. 1t follows from T'(x) = 0 that x; # k — 1 for i € [s + 1]. This combined with (10) shows
i o e o™ x(0x) ,xéO’XO);X) =(0,...,0;X) =X € [1]

and []7, > p0.x) o~ e H. So it suffices to prove that [r] € 0¥. We achieve this by showing that
xf contains an integer less than x for each x € [¢] \ {0}.
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Let x € [r] \ {0}. If [x]0 = O, then x” = x/k < x. If [x]® # O and [x]? # k — 1, then
xPr = x = [x]0 < x, where T = (0, [x]?). If [x]? = k — 1 and [¢]? # 1, then [r+x]? ¢ {0,k — 1}, and so
there exists 7 € Sym([k — 1]) such that ([¢ +x]2)’ = [t +x]2 — 1, which leads to

x WP = (f4 xS = (t4x - 1) =x—1<x.

If [x]) = k — 1 and [7]{ = 1, then [z +x]? = 0, and hence,

k
x@Ponaso™ = (ry )Bonas T Sy xy BT = (x+ )7 = (x+ 1) /k < x.

Therefore, [t] € 0, as desired. O

Lemma 4.2. Let x = (xg,X5-1,...,X1,%0;X) € [kn —1]. If 1 < T(x) < s, then there exists
V= (Vss Vs—1s---» Y1, 0: Y) € xH such that either T(y) =0, or yo =0, yy =k = L and T (x) > T(y).
Proof. Let € be the smallest integer such that x, # k — 1. Write

O_—/,’

X7 =z2=(252Z5=1» - -+ 21,20 Z).

Applying (8) repeatedly, we derive zs_¢ = Xg, Zs—f—1 = Xs—1,---,21 = X¢+1, 20 = X¢. Since xg = -+ =
xe-1 = k — 1, it follows that T'(x) > T(z). If T(z) = 0, then we confirm the lemma by taking y = z. In
what follows, assume T'(z) > 0.

Since zo = x¢ # k — 1 and k > 3, there exists 7 € Sym([k — 1]) such that |z] — zo| = 1. Set

o if [zof + Z]) # k — 1
Ho= oSpro57hif [zot + Z]g =k-1.

Then by (8) and (10), we obtain

(120t + 210,200 oz [0t + Z0L)  if ot + 219 # k= 1

70 =
([zgt+Z]2,zs, Lz [zgz+Z],1) if 2ot +2]0 = k — 1.

If both [zof + Z]} and [z + Z]) are equal to k — 1, then it follows from |z§ — zo| = 1 that k divides 7, a
contradiction. Thus, [z{7 + Z]g # k — 1if [zot + Z]g =k — 1. Consequently, T'(z#°) = T(z).

Let j be the smallest integer such that z;,; = k — 1. Since, in particular, none of zi,...,z;- is
equal to k — 1, along the same lines as the above paragraph, we can take up,...,u;-1 € H such that
RO = (W, w1, ..., wi, wo; W) with wo = zj, wi = z;41 and

T(HoH1Hi-1y = ... = T(ZH0H1) = T(zM0) = T(2).

Let w = zHoH1Hi-1 and y = w? POw 7 Since wy = z; # k—1and wy = z;41 = k — 1, it follows
from (10) that

. oS oS _ .
y =W, Ws_1,..., Wi, wg; W)7 POwp) = (Wgy...,wa2, k—1,0;W)

and T(y) = T(w). This together with o pou; Wi 10°p0,w) 0 € Hand T(x) 2 T(z) = T(w)
completes the proof. O

Lemma 4.3. If T(x) = s + 1, then x" contains an integer less than x.

Proof. Since x; = k — 1 forevery i € [s + 1], we have

x=(k-Dk +-+k+Dt+X =K =D+ X =5 - (1 - X).
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Observe that (6) implies

s+1

N
xT T = TX (k- I)Zki =X+ 1) - 1.
i=0

Since x = k%'t — (t = X) = kn — (t — X) < kn — 1, it follows that X < ¢ — 1, and so,

x_xo_.wl :k‘H'lt—(Z‘—X)—ks+l(X+1)+1=(ks+1 —])(I—X_l) > 0.

s+1
Thus, x > x" . O

Now we are ready to prove Theorem 1.4.

Proof of Theorem 1.4. Recall our notation that n = k%t with s > 0,7 > 1 and k { ¢, and H is the
subgroup of Gk, generated by o and p, for all 7 € Sym([k —1]). Then H is contained in the stabiliser
of kn — 1 in G . Since Gy kn is transitive, it is 2-transitive if H is transitive on [kn — 1]. Thus, it
suffices to prove that [kn — 1] € 07, Let

X = (Xg,Xs-1,...,x1,X0; X) € [kn —1],

where X € [t] and x; € [k] fori € [s+ 1]. Recall that T'(x) = |[{i € [s+ 1] | x; = k — 1}|. We show
x € O for all x € [kn — 1] by induction on T'(x). The base case T(x) = 0 has been confirmed by
Lemma 4.1. Now let 7(x) > 1 and suppose that y € 07 forall y € [kn — 1] with T(y) < T(x). We will
complete the proof by constructing y € x* such that T'(y) < T(x).

If T(x) = s+ 1, then since x is finite, we derive by using Lemma 4.3 repeatedly that there exists
y € xH with T(y) < T(x). In the following, we assume that 1 < T(x) < s + 1. By Lemma 4.2, we can
further assume x = (xy, ..., x2, k — 1,0; X). The proof proceeds in two cases.

Case 1: [t]g k-1

Letz=(xg,...,x0,k—1,0;Z),where Z=X+1-[X+ 1]2 = 0 (mod k). We first show in the next
paragraph that z € x7.

If [X]g # k — 1, then letting T = (0, [X]g), we have

xPr= (g x2, k = 1L,0; X = [X])) = gy o0,k = LO; X+ 1= [X+1])) =z

Now assume [X]g =k —1. Then [t+X],(<) # k—1and [t+X]2 - [t],? = —1.Letting 7 = ([t]g, [t+X]2),

we have
x®PBrs = (xg ... x0,k —1,0; X)¥Pras
= (xg, ..., X0,k —1, l;X)ﬁT”S
= (X5 oo X0 k= L, ;X + [1] = [t + X]0) ™
= (xg,...,x0,k—1,0; X+ 1)
= (X5 s X2, k= 1,0, X + 1= [X +1]D)
= (Xgy..., %2,k —1,0;2).
Therefore, z = (xg,...,x2,k—1,0;2Z) € xH.

In view of (8), we obtain that

277 = (0%, x0 k— 1 Z2/K) = ([(k = Dt + Z/k12,0,x5, ..., x2; [(k = Dt + Z/k]})
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and that, with W .= (k = 1)t + (Z +1 - [t]g)/k,
-2 -2
ZQSO- =(x.§‘9~-"x2’k_1s];z)0—
-1
Z+t—-[1]°\7

= | (R x oz k= s —— k) =0Wﬁiﬂ%%p.wmﬂWE)

If [(k— 1)t+Z/k]2 +k—1lor [W],? # k — 1, then taking y = 27" ory= 7%, respectively, we have
y €z = x" and T(y) = T(x)—1 < T(x). This completes the proof for the case [(k—l)t+Z/k]2 + k-1
or [W],(() + k-1
Next assume [(k — 1)7 + Z/k]l? =k-1= [W]l((), or equivalently, r — 1 = Z/k (mod k) and
(r- [t]g)/k =0 (mod k). If Z/k = 1, then [t]l? = 2, which together with the assumption of Case 1
implies that k > 3, and hence, B(0,2) € H. Thus, taking
y= Z%ﬁ(o,z) aso?

= (xS9 cees X2, k - 19 1; k)ﬁ(o,z)afs(TJ

= (Xgyosdo k=1, 15k —2) @7

=(Xg,...,x2,k—1,0;k — 2)‘772

= (k=2,%5,... %2,k —1;0)7

= (k =2,k =2,x5,...,x2; [(k = D1]p),

we have y € z = xH and T(y) = T(x) = 1 < T(x), as desired. Similarly, if Z/k > 2, then as
[t +2]0 = [1]0 ¢ {0,k — 1}, taking 7 = ([1]%, [1]? — 1), st = (k — 2,k — 3) and

y= Zasﬁrasfr’lﬁy(rasa"z
= (xg,...,%0,k=1,0,Z — l)(’ilﬁ*“m‘aﬁ2
= (k= 1,x5, ... %0,k = 1;Z/k — 1)Buoaso™
= k=1, xg, ... 00,k = 1:Z/k —2)T7"

= (Xgsoosxn k=1L, LZ—k—1)""

o1

Z+t-[t]°
= [t—l]g,xs,...,xz,k—l;Tk—

=([W =110, [t = 1), gy ... 05 [W = 1]})
= (k=2 [t =10, xg,...,x2; [W = 1]}),

wehave y € 2 = xH and T(y) = T(x)—1 < T(x), as desired. If Z = 0, then [¢]{ = 1, which implies that
ZWPOD = (xg, .. x0,k = 1,1;00P00 = (xg,.. ., x0,k = 1,052 = 1),
and then the previous two sentences show that there exists y € (z*B00)H = xH with T(y) < T(x).

Case 2: [1]) =k — 1.
Recall that x = (xg,...,x2,k —1,0; X). Let

u=0,xg,...,x0,k—1;U) and v=(0,xg,...,x2,k—1;V),

where U = (X — [X]g)/k andV=_(+X+1- [X],?)/k. We first show that u, v € x™.
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If [X]0 = k — 1, then [ + X]? = k — 2, and it follows that

xasﬁ(k—2,k—3) s B0,k 0! = (X, ..., x0, k= 1,1; X),B(k—z,k—3) B0, k-2) 0!
= (goosdn, k= 1,1 X = D) @Por2 e
=(xg,...,X2,k—1,0; X — I)B((’v’<*2)‘f1

= (Xgy s X k= 1,0;X —k+1)7
=(0,xg,...,x0,k—1;U)

=Uu.

If [X]? # k — 1, then letting 7 = (0, [X]Y), we have
P = (g k= L0 X - [X]9)7 =

Hence, it always holds that u € x® . If [1 + X]) = k — 1, then [X]? = 0, and thus,

Ao = (e k= L0 X 4 1)
=(Xg,...,x0,k—1,1; X+ 1)‘771 =(0,x5,..., 0,k —=1;V) =v.

If [t + X]) # k — 1, then as [ + X]{ = [X]? — 1, we obtain by taking 7 = (0, [ + X]?) that

xaBrot - (Xgy.0nrx0,k—1, I;X)ﬁf‘fl
= (oo k=L, X = [+ X197 = (0,x5,. ..o x0, k= 1;V) = v,

Therefore, v € xH always holds as well.
Now we have proved u,v € x7 . If [(k — 1)t + U],? # k — 1, then since

w” = ([(k = Dt +U10,0,x5, ..., x2s [(k = D + UL,

13

it follows that u®~ € xH with T(u‘f]) =T(x) =1 < T(x). Similarly, if [(k — 1)t + V]g # k — 1, then
v e xH with T(v”il) =T(x)—1 < T(x). This completes the proof for the case [(k — 1)t+U]2 #k-1

or [(k—Dt+V]) #k— 1.
Next assume [(k — 1) + U]2 =k—-1=[(k- 1)t+V]2. Since X — [X]g <X<t-1,

W7 = (g, k= 1,0;X — [X]0)
= (oo x k=L, X = [X]D7 = (k= Lxg,...,x0, k= 1;V = 1),

Moreover, we deduce from [(k — 1)t + U] = k — 1 that U > [U]] = k — 2 > 1, which implies V > 2
and 0 < X — [X]{ — k < — 1. This combined with [(k — 1)t + U]} = k — 1 = [(k — 1)1+ V] yields

that
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u("aso'_lﬁ(k—z.k—})U'aso'_2 =(k—-1,x5...,00,k = 1;V — 1),B(k—2,k—3)0'(ls0'_2

2

=(k-1,x5,..., %0,k =1,V =2)7%7
= (g2 k= 1,1, X = [X]0 = k)57
= (Xgr o2, k= 1,0,X = [X]0 = k)7

= (0, %, .., 0,k = ,U-1)7"

= (k=2,0,x5,...,x0; [(k = Dt +U~-1]}).

As a consequence, with y := U4 Buakn oaso o yH oo xf, we finally obtain that T(y) =
T(x)—1<T(x). O

5. Open problems on generalised shuffle groups

Shuffle groups on kn cards can be considered in a more general way by restricting the permutations on
the set of & piles to a subgroup of Sym([k]). Precisely, if P < Sym([k]) is a group of permutations on
the set of k piles, then we define the generalised shuffle group on kn cards with respect to P by

Sh(P,n) :={p0 | 1€ P)={0,p: | TE€P),

where o is the standard shuffle and p is the permutation on k#n cards induced by the permutation T on
the k piles. In particular, Sh(Sym([k]), n) is exactly the group G r, studied in this paper. Generalised
shuffle groups are introduced and systematically studied by Amarra, Morgan and Praeger in [1]. Among
several open problems, a conjecture [ 1, Conjecture 1.10] made by them is that if k > 3, n is not a power
of kand (k,n) # (4, 2f) for any positive integer f, then Sh(Cy, n) contains Ag,, where Cy is generated
by the k-cycle (0, 1,...,k — 1) € Sym([k]).

Note that Sh(Cy,n) = {0, p(0,1,...k-1)0). Hence, the above-mentioned conjecture asserts that,
somewhat surprisingly, two shuffles o and p(,1,... x-1)0" are enough to generate Ay, or Si,. This
suggests that a ‘best possible” improvement to Theorem 1.5 would be the determination of Sh(Cy, n). It
is shown in [1, Theorem 1.4(1)] that if kn = k™, then

Sh(P,n) = P2 Cy, (11)

for any P < Sym([k]). If k = 4 and kn = 2" with m odd, then similarly to the proof of [7, Theorem
2.6], we derive that

Sh(Cg,n) = AGL(m,?2). (12)
According to [13, Lemma 2], the standard shuffle o is an even permutation if and only if

k(k—=1) n(n-1)
2 2

=0 (mod 2). (13)

Observing that p(o,1,... k-1) is a product of n cycles of length k, we obtain that p o,
only if (k — 1)n is even. Hence, Sh(Cy,n) < Ay, if and only if

k-1 is even if and

.....

k(k-1) _ n(n-1)

3 3 =(k-1Dn=0 (mod?2).

This together with (11) and (12) indicates that [ 1, Conjecture 1.10] is essentially the following conjectural
classification of Sh(Cy,n) forall k > 3 andn > 1.
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Conjecture 5.1. If k > 3 and C;, ={(0,1,...,k — 1)) < Sym([k]), then the following hold:

(@) If kn = k™, then Sh(C, n) is the primitive wreath product Cy 2 Cy,.

(b) If k =4 and kn = 2™ with m odd, then Sh(Cy, n) is the affine group AGL(m,2).

(¢) Ifnis not a power of k and either k(k — 1)n(n — 1)/4 or (k — 1)n is odd, then Sh(Cy, n) = Sgy.
(d) In all other cases, Sh(Ci,n) = Agp.

A choice of P to make Sh(P,n) close to G xn is P = Ag. For the case kn = k™, it is already
known (see (11)) that Sh(Ag,n) = Ag 2 C,,. Moreover, since p. is even for each 7 € Ay, the parity of
o implies that Sh(Ag, n) < Ay, if and only if (13) holds. Therefore, we pose the following conjectural
classification of Sh(Ag,n) forall k > 3andn > 1.

Conjecture 5.2. If k > 3, then the following hold:

(@) If kn = k™, then Sh(Ay, n) is the primitive wreath product Ay ! Cy,.

(b) If k =4 and kn = 2" with m odd, then Sh(Ag, n) is the affine group AGL(m, 2).
(c) Ifnis not a power of k and k(k — 1)n(n — 1) /4 is odd, then Sh(Ay,n) = Sg,.
(d) In all other cases, Sh(Ag,n) = A

Proving this conjecture should be easier than proving Conjecture 5.1. For one reason, if & is odd,
then Sh(Cy,n) < Sh(Ay,n), and so the conclusion of Conjecture 5.2 is weaker in this case. For another
reason, Conjecture 5.2 is closer to our Theorem 1.5 in the sense that the size of P is only reduced by half
from P = Sy to P = Ag. Thus, some ideas in the proof of Theorem 1.5 also apply to Conjecture 5.2. For
example, p(o,1,2) € Sh(Ag,n) has fixed point ratio (k — 3)/k, which is at least 1/2 when k > 6. In this
way, a parallel result to Theorem 1.3 might still be established by the approach of this paper with an ad
hoc treatment for k € {3,4,5}. However, we anticipate more work to be done to prove the 2-transitivity
of Sh(Ag, n).

As a contrast to P = Cy or Ay, the choice P = (Rev(k)) from [13, Page 6], where Rev(k) is the
permutation on [k] sending i to k — 1 — 7, will make Sh(P, n) never equal to G k. In fact, denoting

Rk,kn = Sh(<ReV(k)>’ }’l)

and B; = {i, kn—1—i} (canbe asingletonifi = kn—i—1)fori € {0, 1,..., | (kn—1)/2]}, we can verify di-
rectly that Ry x,, preserves the set {Bo, B1, ..., B|(kn-1)/2)}. If kniseven, then {Bo, B1, ..., B|(kn-1)/2]}
is a block system of Ry rn, and so Ri kn < C2 2 Sgy 2 is imprimitive. If kn is odd, then Ry r, fixes the
((kn —1)/2)-th card and preserves the partition {Bo, B1, ..., B|(kn-1)/2)-1} of the rest kn — 1 cards,
which implies that Ry is intransitive with Ry x, < C2 ¢ S(xn-1)/2. We have the following conjecture
based on computation results.

Conjecture 53. Let k > 2, n = 2 and Ry rn = Sh({Rev(k)),n). Suppose that kn is even and
(k,n) £ (£¢,¢) for any positive integers €, e and f. Then the following hold:

(@) If (k,n) = (2,6) or (6,2), then Ry xn = C26 = PGL(2,5).

(b) If (k,n) = (3,4), then Ry kn = As.

() If (k,n) = (4,3), then Ry kn = C2 X As.

(d) If kn = 24, then Ry kn = C3' > M.

(e) If kn #12, k =2 or3 (mod 4) and n = 2 (mod 4), then Ry xn = C2 2 Skn/2.

(f) Ifk =2 (mod 4) and n = 1 (mod 4), then Ry gn = C3"'* >4 Agn)2.

(2) Ifk =2 (mod 4) and n = 3 (mod 4), then Ry g = C{*" 2% 54 Sip .

(h) Otherwise, Ry jn = Cz(k"_z)/2 X Agn /2.

Remark. Statements (a)—(d) have been verified by computation in MaGma [3], and we include them in

Conjecture 5.3 for completeness. In fact, statement (d) is already mentioned in [13]. The reason why
we assume kn even and (k,n) # (£°,¢7) is that we have not yet identified the patterns of Ry ikn if kn
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is odd or (k,n) = (¢¢, £7) for some positive integers £, e and f. However, we do have some interesting
observations in special cases. For example, for (k,n) = (£¢, ) with ged(e, f) = 1, it seems that

R 3 C;Jrf_l %Ceyy ife=f+1=0 (mod?2) (14)
kokn = CyCoyy otherwise.

This would be a generalisation of [1, Theorem 1.4(1)], as the latter can be obtained from (14) by taking
e=1.

Finally, we would like to pose the following more challenging question.

Question 5.4. Given k > 3 and n > 1 such that n is not a power of k and (k,n) # (4,27 for any odd
integer f, for what 6 € Sym([k]) does (o, pgo) = Sh({0), n) contain Ay,?

Note that a complete answer to Question 5.4 would in particular solve Conjectures 5.1 and 5.3.
Another interesting consequence would be the proportion

{6 € Sym([k]) | Sh({6),n) contains A, }
k!

of valid permutations 6 in Sym([k]) for a pair (k, n), especially when k and n are large. Our computation
results suggest that this proportion is at least (for most cases much larger than) 1/6.
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