ON ¢-TH DERIVATIVE OF VECTOR BUNDLES
AKIKUNI KATO

To Professor Kivosur Nosuiro on the occasion of his 60th birthday

(0.0) In the present nofe we shall be concerned with the improvement
of fundamental definitions in highér" order enumerative geometry which has
been recently given by W. F. Pohl. Pohl’s definition of g-th derivative of
vector bundle is very complicated. We shall givé a simpler and more reasonable
definition of the g¢-th derivative of vector bundle in terms of sheaf theory and
simplify the proofs in [P]. We shall also give a definition of higher order

singularity of map.

1. The sheaf D,

(1.1) Let (X, Ox) be an object of a category C of ringed spaces over ground
field £ Ringed space over % is a pair (X, Ox) of topological space X and
sheaf Oy of k-algebras over X. (cf. [G]).

The following are most important examples of the category C;
(i) the category of differentiable-manifolds; % is the field R of real numbers.
(ii) the category of comﬁlex manifolds; £ is the field C of complex numbers.

(iii) the category of algebraic k-schemes (or varieties defined over k).
(1.2) Let F: be the sheaf of derivations of Ox over %, i.e.

F,= {t = Homp(Ox, Ox)|t(ab) =a-t(d) + bt(a) for any a, b Ox
and #(¢) =0 for any c € k)

where Homg( Oy, Ox) denotes the sheaf of k-homomorphisms of Oy into itself.
Then, F, is a sheaf of 2-modules. Tensoring Ox with F, over %, we get a
sheaf of Ox-modules F = F;®:Ox.
Although we may also consider Fi as a sheaf of Ox-modules, we do not
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give Ox-modules structure to F;. Hence Oy-modules structure of F is given

only by base extension.

(1.3) Let T(F) be a tensor algebra of F over Ox, i.e. T(F) = ®F3". T(F)

=0

is a sheaf of graded rings. Let p be a characteristic of a field ..  Then,
% is a sheaf of two-sided ideals of T'(F) generated by the elements:

tQa—-at®1-t@), LD Q1) ~ (LD QLD — [k, £1Q1, t®1)®"
—¢?, where t, ti, t.€ Fi, a< Oy and [#, .1 denotes Lie bracket of # and #..

The quotient D of T(F) by ¥ is a sheaf of filtered rings. If we denote
by D, the g¢-th part of D, then D;= O, and we put D,/D,=F, Which is called
the sheaf of germs of osculating vector fields of order ¢ in [P]. We denote
by tiait:a: + - + t,a, the canonical image in D of (4®a) Q@ (£Qa)® « + - ® (t,Qa,)
and £-1=1<¢ is also written simply by ¢.

(1.4) Let S(F) be a symmetric algebra of F, over &, i.e. S(F)) is the quotient
of tensor algebra T(F)) by the ideal {{Qu —u®¢/t, us Fi}. Then S(F,) is a
sheaf of graded rings. We denote by S7(F)) the ¢-th degree part of S(F).
There is a canonical homomorphism

S 1 FEI-SYUR).

A homomorphism m : F&?~ D, is defined by mt,Q6:® + + - @1y) = tits+ * 1.
Then for ¢g=1, we have m(L@L® R~ h® * * - Qtini®LQ * = - Rty =
tie * o ti-alti, tisidtive® = ~tgD4-1, hence m induces a homomorphism

Qq : SU(F)) » Dy/Dy-1 for g=1.

ProrosiTiON (1.5) ¢, is an isomorphism, hence we have an exact sequence

(1.5.1) 0—>Dq‘,A—I~q+Dq—~+S7(F,)——>O
where 1, is a canonical inclusion.
Proof (cf. [P1. Th. 2.1)
CoroLLArY (1.6) If F\ is locally free, then D, is also locally free.

Proof. 1f F; is locally free, then S7(F,) is locally free and it is proved by
induction on g¢.

2. The sheaf 4,M
Derinttion (2.1) Let M be a sheaf of Ox-modules. The sheaf 4,M =D, ® o, M
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is called the g-th derivative of M.
It is easily verified that this definition of ¢-th derivative of M is the same
as Pohl's one (cf. [P]. §1IL 1.). 4, is a functor from the category of sheaves

‘of Ox-modules into itself.

AssumpTION (2.2)  Assume that in category C, Fi is always locally free.
This assumption is satisfied, for example, if C is (i), (ii) of (1. 1) or the category

of non-singular algebraic varieties.

Prorosition (2.3) Under the assumption (2.2), there is an exact sequence
Sor ¢=1,

M

(2.3.1) ()——->Aq_1M£3—>AK,M——>S"(FI) ® oyM—>0
where 1Y = I,Q iy and iy is identity of M.
Proof. By (1.5.1), there is an exact sequence
0 Dg-1-> Dg~ S7(F1) - 0.
Tensoring M, we get an exact sequence
D1 @M > D@ M —»SUF) ®0,M 0.

On the other hand. S%(F) is locally free, and so is Ox-flat. Therefore (2.3. 1)
is exact (cf. [B] I, 2 Prop. 4).

ProprosITION (2.4) Under the assumption (2.2), the exact sequence (2.3.1)

is an exact functor of M. In particular 4, is an exact functor.
Proof. If F, is locally free, D, and S?(F,) are also locally free.

(2.5) We define a homomorphism ¢, : F=F,®:0x—0x by ¢:(t®a)=1t(a),
te Fy, ac Ox. A homomorphism ¢,: F®" - Oy is defined tobe ¢ = €0 ({+® ¢y-1)
where ir is identity homomorphism of F. Let ¢, : Ox— Oy be the identity.

From {¢n)n=0, we get a homomorphism
¢ T(F) - Ox.
It is clear that Ker ¢ D%. ¢ induces a homomorphism
p: D=TF) /A~ Oy.

We denote by p, the restriction of o on Dy, i.e. pq : Dg—>Ox. Since Dy® 0,0Ox
=Dy, 4,0% = DY.
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Definition (2.5.1) We denote by w, the map o = po+ - * + + p,: 4,08~ O¥.
The restriction of w, on dy-,0% is wg-1, i.€.
()N
(2.5.2) Wge1 = wqol g%
because it holds p,-; = ps°I; (cf. [P]. Prop. 3.9,)
Let wp : 403 = 0¥ - 0% be the identity. We get also
(2.5.3) > I¢% = identity,

i.e. o, defines a splitting of (2.3.1) for g=1 (cf [P]. Prop. 3.8).

3. Higher order singularities of maps

(3.1) Let Gn,r be the Grassmanian manifold of (»— 1)-dimensional projective
subspaces in n-dimensional projective space. Given a suitable structure sheaf
Oy on Gu,r, Gs,» may be considered as an object of category (i), (ii) or (iii)

of (1.1). G- is imbedded in some projective space by Pliicker coordinates

=(..., Pi.in, ...). Plicker coordinates p;,..;. satisfy the well-known rela-

tions
r+l

(311 2= Uiy iperieliniiens = 0
for any 4, ..., ér-1, 1, - - -, Jr+1 such that 1< <+ - <gpoy<n, 1<H< 0 - -
<jn+1<n.
(3.2) Let Vi, be the set of points p=(..., pi..i,, ...) of Gu,such that
Di,..i»%0 Then V;. ;. isan (affine) open subset of Gn s and { V;,_. ;. }is an open
covering of Gn,». Let ./, ..;. be the restriction of the sheaf Oo on Vi..i.
Let v, ..., 0" and v, ..., Y be the canonical basis of -«f;,._;, and L j,.. .,

respectively. Now we define a homomorphism

(3' 2. l) fz;’)— . "Q('J. ‘r‘ I/lx n I/h 9"‘2{}1 ]rl I/ll n ‘/jl Jrs
by | m(v(n) _ Zamu)v:{), where @\ = (- ly-»g’_‘;‘g_’.";"_’“ eI(Vi, .ir, Og).

iy 1y

We shall show FRFD=FE on Vi i,N Vi, o0 Ve,..k, for any i, . . . , iy,
jl,. .. ,jr, kl,- . . ,kr.

(
f:l]e)Jf(;)) (1)) — Ea\fu(]) "“(Z/':L“)

r r
— () Gk, (kRy) __ (£)( k) k
Sl Balok) = 3 St @ )k
~

A=l w=1
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s (=D

T3 piyiv i
Dispen+ Div i ipieC= 1 D)y er
<o i Bivin Dis i kO

o (DT Diy it D by

> by (3.1.1))
* Divewin*Diveorir v (by (3.1.1

,
Y (DR, (R)
au) v
=1

PiveeDyeingyt (= 1)1

]
-

g (i)
= (;ﬂ(v(,\«))-

I

It is clear that f!}) = identity, hence f\%) = (f&)™ on Vi,..i,N Vi, ..;., i.e. the
homomorphism f ﬁ’,'«', of (3.2.1) is an isomorphism. Then we can patch .«;, ;.
together with the isomorphism (3.2.1) and we obtain a sheaf of Os;-modules
En,r over Ga» (cf [G] Chap. 0, (3.3.1)). @a, is locally free of rank 7.
Remark (3. 2.2) &, - is the sheaf of germs of cross-sections of the universal

r-plane bundle over Ga,,.

(3.3) We shall define a homomorphism ¢ of %, » into Oz™'. Firstly we define
a homomorphism

. 741
Giviip + A iy =En, 7\ Vi i, > 05 Vi i

Let #, ..., u, be the canonical basis of O3*'. Then . is defined by
gi, iy 0") = Sbyuou, where by = (- 1)"”@:-’»1’."7“"‘* e I Vi,...ip, Oa).
w=0 iy iy

By virtue of (3.1.1), it is easily verified that
Girevin) Vipooin 0V Vi go = 0jy i\ Virin 0O Vi e
Patching gi,...;, together, we get a homomorphism
(3.3.1) 01 Enr—- 05

(3.4) Let f be a morphism of X into Gp,,. By virtue of the homomorphism

o in (3.3.1), we obtain a homomorphism

*@) © fH(En,y) » 0% = FHOF™
(where f* denotes the reciprocal image) and consequently a homomorphism
(3.4.1) dof (o) 1 dof " (Em,r) > 4O,

DeriniTION (3.5) We say that the morphism f ! X—Ga,r is non-singular
of order q at x< X, if the homomorphism

wqo dof ¥ (o) 1 dof *(En,r) > 0%,
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which is the composition of 4,f*(s) of (3.4.1) and w, of (2.5.1), is injective
at X.
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