THE HILBERT TRANSFORM ON
REARRANGEMENT-INVARIANT SPACES

D. W. BOYD

Introduction. The purpose of this paper is to investigate conditions under
which the Hilbert transform defines a bounded linear operator from a given
function space into itself. The spaces with which we deal have the property
of rearrangement-invariance which is defined in §1. This class of spaces includes
the Lebesgue, Orlicz, and Lorentz spaces.

Let f be a locally integrable function on R = (— , =), and let H denote
the Hilbert transform:

()@ * lim ( f_; + f‘: ) 10,
=%(P) J:y%dt.

If X is a Banach space, let [X] denote the space of bounded linear operators
from X into itself. A classical result of M. Riesz states that H € [L?] if and
only if 1 < p < «. Our main result generalizes this as follows.

THEOREM 3.7. Let X be a rearrangement-invariant space. Define the operator
E; for 0 <s < o by (E;f)(x) = f(sx), f € X. Denote the norm of E; as a
member of [X] by h(s; X). Then, H € [X] if and only if

sh(s; X) > 0ass —> 04+, and h(s; X) > 0ass— o,

In §4, we apply this theorem to the spaces of Lorentz, by explicit calculation
of h(s; X). Using this result, we can give examples showing that reflexivity of
X is both unnecessary and insufficient in order that H € [X]. This may be
somewhat surprising, since the condition for L? to be reflexive (i.e. 1 < p < «)
is the same as the condition for H € [L?]. However, 1 < p < « also ensures
that L? is uniformly convex, so the following result is welcome:

Let X be the Lorentz space A(p, p), 1 < p < «. Then H € [X] if and only if
X is uniformly convex.

This result is non-trivial since there are spaces of the form A(¢, p) which
are reflexive but not uniformly convex.
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In §5, we apply the main theorem to the Orlicz spaces and obtain the
following:

Let X be an Orlicz space. Then H € [X] if and only if X is reflexive.

Some generalizations of Theorem 3.7 to operators other than H are mentioned
in §6. In fact, if T is of weak type (p, p) for all p € (1, ») and if H € [X], then
T € [X].

1. Rearrangement-invariant Banach spaces. Suppose that (2, §, u) is
a totally o-finite measure space. Let It (Z) denote the class of complex-valued
measurable functions on =, and P(Z) denote the subclass of M (Z) consisting
of non-negative functions.

Definition 1.1. A function p from P(Z) to [0, =] is called a length funciion
if it satisfies the following conditions for each f, g € B(Z):
(i) p(f) =0 f(x) =0ae.on 2,
p(f+2) <»o(f) +0(2),
p(af) = ap(f) for any constant a > 0.
(i) If f, € B(2) forn =1,2,...,and f, ] f a.e, then p(f,) T o(f).
Gii) If E€ §, u(E) < », and xz is its characteristic function, then
p(xp) < .
(iv) If E € §, u(E) < o, then there exists a constant 4z < o, such that,
for every f € p(Z),

Lfdu < 4z p(f).

Given a length function p, the associate of p, denoted p’, is defined for each

g € B(2) by

p@=swp [feds (R0 <.

Let X denote the set of f € M(Z) for which p(|f|) < «. Then, identifying
functions which differ at most on a set of measure zero, X is a Banach space
with norm ||f|| = p(|f]), for each f € X. The space so defined by p’ is called
the associate of X and is denoted X’. Luxemburg, who gave the above defini-
tion of length function, has shown that o'’ = p, so that X"’ = X; see (9,
p. 10).

We wish to place a further restriction on the function p. To do this, we need
the idea of the non-increasing rearrangement of a function in I (Z) onto the
half-line R+ = [0, »). Given f € IM(Z), define a function f« from R* to
[0, =], by

fr@) = pix: fl®)] > 9}, ¥y >0.
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f+ is non-increasing. Denote the left-continuous inverse of f» by f*. Then, f*
is called the non-increasing rearrangement of f onto R*; see (2, or 10) for more
details.

By definition, if m denotes Lebesgue measure on R,

mit: f*(8) >y} = wla: [f(@)] > 5}

The following results are fundamental:

0 Juan< [rean  sgeme.

(2) If Fis non-negative, non-decreasing, and continuous on the left, then

Joraman= |7 FG am.

The integral mean of f* is defined by

=1 [roa >0
and F*(0) = f*0+). If f, g, h € M(Z), with f = g + &, then
® RO <O + 0.

Another definition of f** is possible if Z is non-atomic, namely

@ @ =sw [ flde BETu@ <0,

Definition 1.2. Suppose that o is a length function on B(R*), and that, for
each u € P(RT),

) o(u) = o(u*).

Then o will be called a rearrangement-invariant length function on P(R*), or
an r-function on P(RT).
If ¢ is an 7-function on P (R+), and if p is a length function on P (=) defined by

(vi) p(f) = o(f*),  foreachf e P(2),

then we call p an r-function on P(Z).
The space corresponding to p will be denoted by X (Z), and will be called a
rearrangement-invariant space.

The proof of sections (a), (b), and (c) of the following lemma is essentially
given in (8). Sections (d) and (e) follow immediately in case the measure space
(2, &, u) is the real line R, with Lebesgue measure. For the general situation,
the reader is referred to (1).
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LEMMA 1.3. Let o be an r-function on B(R*), and p be defined as in (vi). Let
o' and p' denote the associates of o and p respectively. Then,
(@) o'is an r-function on P(R*).

(b) If u € B(RT), then

o) = sup J:ou*v* dm (@€ BERY), o' () < 1),

) If u,v € P(RY), and if u** < v**, then o(u) < o(v).
(d) p is a length function on P(2).
(e) Foranyg € B(2), p'(g) = o' (g%).

Remark. Because of section (e) of the above, we denote the associate of
X (Z) by X'(Z), rather than (X (2))’, since the determination of the associate
of X (Z) is independent of the nature of 2. This is in contrast to the conjugate
of X (Z) (the space of bounded linear functionals on X (X)), since there are
many examples from the theory of Orlicz spaces for which X' (R) = (X (R))*,
while X’ ([0, 1]) = (X ([0, 1]))*.

2. The Hilbert transform and related operators. Suppose that
f € M(R), and that f is locally integrable. The Hilbert transform of f is defined
by the principal-value integral given in the Introduction, whenever the
defining limit exists a.e. In this section, we shall obtain a relationship between’
H and two operators P and P’ defined as follows:

If w € P(RT), then, for ¢ > 0,

©

(Pu)(t)=% fotu(s)ds and  (P'u)(t) = f

ds
t %(8)?,

whenever the required integrals exist a.e.
The notation [X, V] will denote the space of bounded linear operators from
X into V. Also, if f, g € B(Z), then we write

%@=me
THEOREM 2.1. If X and Y are rearrangemeni-invariant spaces, then
H e [X(R), Y(R)] if and only if both P and P’ are in [X (Rt), YV (R1)].

LeEMMA 2.2. Suppose that X and Y are as in the theorem, and that the operator S
is defined by

sw® = [[H)a, wem@E)iso

whenever this integral exists a.e. Then, H € [X(R), Y(R)] implies
S € [X(RY), Y(RN)]

Proof. Let X (R*) have the r-function ¢, and Y (R*) have the r-function 7.
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Given # € X (R*), with u non-increasing, define f on R by

0, x>0,
(1) f(x) = {u(_x), x <0,

so that f*(t) = u(t), t > 0. Then, for any x > 0,

) 7w (Hf) (x) = (Su) (x).

Hence, if we define g € M (R) by

) R e

it follows that g*(¢) = (Su)(¢), ¢ > 0, and that

4) lg)| < =[(Hf)(x)], =x€R

Thus,

) [[Sullye+y = 7(Su) = 7(g*) = llgllvew < 7l[Hf|lym
< 7wel|fllxm = mel|ul|xr

where ¢ = ||H|| < .
If u € X (R*), butis not necessarily non-increasing, then (Su) (¢) < (Su*)(¢),
by (1) of §1. Hence, since o (u) = o(u*), (5) implies that.S € [X(R*), Y (RT)].

LeEMMA 2.3. (10). Suppose that f € M(R) and that

f I sinh—‘—}dt < o.
0
Then (Hf)(x) exists a.e., and for each t > 0,

®) o <2 [ Lt
By an obvious inequality, (6) can be rewritten as
@) H)*™* @) < A-[(P + P)Hf*]0),

where 4 = 4/=.

Also, the condition S € [X (R*t), Y (R*)], which is the conclusion of Lemma
2.2, is easily seen to be equivalent to the condition that both P and P’ be in
[X (R*), Y(R")]. Finally, we observe that, for f € D(P) N D(P’),

PP'f = (P + P')f = P'Pf.
(D(T") denotes the domain of the operator 7).
LeEmMA 2.4. Suppose that D(P') D X (R*), and that P € [X, Y]. Then, for all
fe XR)),

f 1*(s) sinh—I%ds < o,
0
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Proof. Since D(P’) D X(R*), if f € X(R), then (P'f*)(¢) < « for almost
all £ > 0. But (P’f*) is non-increasing, so

® S rof-emo <

Since P € [X, Y], and since D(P) D Y(Rt+), by condition (iv) on the
length function, we have D (P?) D X (R*). Hence,

1

(©) [ 108y ds = @) < o
0

Combining (8) and (9), we obtain the lemma.

Proof of Theorem 2.1. Suppose H € [X(R), Y(R)]. Then, by Lemma 2.2,
and the remarks following Lemma 2.3, P and P’ are in [X (RTt), V(R1)].

Conversely, if P and P’ are in [X(Rt), Y(R*)], then by Lemma 2.4, each
f € X (R) satisfies the conditions of Lemma 2.3. Thus, D(H) D X (R), and

1) H)*>* () < A-[(P + P)f**](t), t>0.

But, by remarks following Lemma 2.3,

(2) (P + P)f** = (P + P)Pf* = ((P + P)f*)**
Hence, by Lemma 1.3(c), (1) and (2) imply that

3) [ HN)*|lvrny < AP+ Py < BlIf*Ixz+,

where B = 4(|P|| + |[P']]).
Since X and Y are rearrangement-invariant spaces, (3) shows that

H e [X(R), Y(R)].
3. Positive integral operators associated with H. Our goal in this

section is to prove Theorem 3.7, which was stated in the introduction. We begin
by considering operators 7, with ©(7") C M(R*), of the form

& o = [ e, >0,

where
{fE MERY): fow la(s)]-1f(st)| ds < oo a.e.} .

DT =
Note that P and P’ are of this form, namely
! @ ds
6 = [ sis ana o = [

Define the dilation operator E,, with D(E,) = M(R*), by

(Esf)@) = f(st), s€ (0, ).
Let 2(s; X, V) denote the norm of E as a member of [X (R+), V(R1)].
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From now on, whenever it is clear which 2 is meant, we shall write [X, V]
for [X(2), Y(2)].

THEOREM 3.1. Suppose that X and Y are rearrangement-invariant spaces, and
that T is defined by (1). Suppose that

f la($)|h(s; X, V)ds = ¢ < o.
0
Then, T € [X, Y], with ||T|] < c.

Proof. (cf. 5, p. 230).
Let g € Y’, with ||g||y» < 1. Then

@ [0l [orenla = [ a6 e, s

< @186 X W Vel < el

Taking the supremum in (2) over all g € Y’, ||g||y < 1, noting that, for all
such g, the left member of (2) is larger than [T, g)|, we obtain || 7f||y < ¢||f]|x-

LEMmMmA 3.2

(a) sh(s; X, V) =h(1/s; V', X'),

(b) h(s; X, V) is non-increasing in s, and sh(s; X, Y) is non-decreasing in s,
(c) If h(s) = h(s; X, Y), then

(1) -min(1/s,1) < h(s) < A1) -max(1/s, 1).

Proof. (a) follows from s(E, f, g) = (f, Eys g)-
(b) Since (Esf)* = Esf*y

h(s) = sup||E. f]| = supllE. /¥ ([If]| < D).

But, E, f* is non-increasing in s, so that % is non-increasing. Using (a), it follows
directly that sk (s) is non-decreasing in s.
(c) follows directly from (b).

LEMMA 3.3.
(@) Suppose that T is defined as in Lemma 3.1, with a(s) > 0 for s € [0, )
and that T' € [X, Y]. Define

Alx) = J: a(s)ds.

Then,
h(s; X, Y) < ||T]|/A(s) for s > 0.

(b) If a(s) > 0 on a set of positive measure and T° € [X, Y], then X C V.
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Proof. (a) Since T € [X, V], with norm ¢ for every f, g¢ non-negative and
non-increasing, we have

1) (Tf, &)

fo N g(t) dt f: a(s)f(st) ds
- f " G(HES, g) ds < cl|fl]x |lgllv-

(E, f, g) is non-increasing in s, so that, if x € (0, «),
@ (ESe [ i< [ aoE s 0

< a6 E. 5, w5 < ellfle lelly-
Taking the supremum in (2) over all g € Y/, ||g||y» < 1, then over all f € X,
[|f]lx < 1, we obtain
3) hx; X, Y) < c¢/A(x).

(b) Since a(s) > 0 on a set of positive measure, 4 (xy) > 0, for some
xo > 0. Hence, by (a),

I[Ez flly < cllfllx/4 (o).
Thus,

flly = l[E1ze Exo flly < B(1/%0; ¥, V)||Ego fll ¥
< max (xo, 1) -¢||f||x/4 (x0) = c1]|f]lx

By the way in which X and Y are defined, X C 7.
The next theorem, combined with Theorem 2.1, is practically Theorem 3.6.
Note that we abbreviate 2 (s; X, X) to h(s; X). Itis obvious that 2(1; X) = 1.

THEOREM 3.4. Suppose that X is a rearrangemeni-invariant space and that
[|1P|], ||P’|| denote the norms of P and P’ respectively, as members of [X] (i.e.
||P|| = w,if P ¢ [X]). Then,

1P| < f his; X)ds < 2 /2 ||P|
and

: - d .
P[] < fl s X) T <2 V2| IPY).

Proof. We observe that we need only prove one of the statements. For, if
fr g € B(R*), we have (Pf, g) = (f, P'g), so that [|P||ix; = ||P’||ix1- And, by

Lemma 3.2,
! ° ds
f h(s; X)ds = f h(s; X" —.
0 1 S

We shall prove the second of the statements.
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The left-hand inequality is Theorem 3.1. The right-hand inequality is

trivial if P’ ¢ [X]. Thus, assuming P’ € [X], we have (P’)? = Q € [X], with
[10l] < ¢ if ¢ = ||P'||. By a simple calculation,

@0 = [ jis0-1og L,

so that, by Lemma 3.3 (a), we have

(1) h(s; X) < 2/|Q]|/(log s)? < 2¢%/(log s)2, s> 1.
However, h(s; X) < 1, for s > 1, so that
(2) h(s; X) < minf{l, 2¢%/(log s)2}.
Thus, if log @ = v/2 ¢, then
© ds ® 26 ds
@) J; h(S'X) f (log $)°s

=loga + 2 /loga=2\/25.

This completes our proof.

One obvious fact about %(s) we have not used is that
h(st) < h(s)h(2), s, t> 0.

This means that log 4 (s) is a subadditive function of log s, so a theorem of
Hille and Phillips (6, p. 244) may be applied to establish the following result.

LEMMA 3.5. Let

a = inf —logk(s)/log s, B = sup —log k(s)/logs.
0<s<1 1<s<0
Then, 0 < B <a<1and

a = lim —log k(s)/log s, B = lim —log k(s)/log s.
$50+4 S
It is now easy to establish the following result:

LEMMA 3.6.
(@) The following conditions on h(s) are equivalent:

@) J;lh(s) ds < .

(ii) sk(s) > 0ass— 0+.

(iii) There exists an so € (0, 1) such that h(sy) < 1/so.

(iv) There exist constants K > 0 and 0 < v < 1 such that h(s) < Ks™ for
0<s< 1.
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(b) The following are equivalent:

a>£ﬁw%<w

(i) h(s) > 0ass— o.

(iii) There exists an sy € (1, o) such that h(s,) < 1.

(iv) There exist constants K > 0 and 0 < v < 1 such that h(s) < Ks™ for
1<s < o,

Proof. (a) Let a be as in Lemma 3.5, and for each ¢ > 0, let o(¢) be such
that s € (0, o(e)) implies

a< —logh(s)/logs < a+ Z,
so that
s h(s) < s 2 fors € (0, 0(e)).

(i) implies (iii) trivially.

(iii) implies (iv); for if (iii) holds, then & < 1, so for some € > 0, a« + ¢ < 1,
and (iv) holds with ¥ = a + € and K = [o(€)] ™=

(iv) implies (ii) trivially.

(i) implies (i); for if (ii) holds then o < 1, and with € as above,

o(e) a(e€)
f h(s)ds < f §ss <
0 0

so that (i) holds.
The proof of (b) is entirely similar.

THEOREM 3.7. Let X be a rearrangement-invariant space. Then H € [X (R)] if
and only if
(1) sh(s; X) > 0ass— 0+ and
(1) h(s; X) >0ass— .

Proof. By Theorem 2.1, H € [X(R)] if and only if P and P’ are both in
[X (R*)]. By Theorem 3.4, this is equivalent to

1 T
fh@m<mam Jh®%<w
0 1

By Lemma 3.6, this last is equivalent to sk(s) — 0, as s — 0+, and % (s) — 0,
as s — o,

Remark. The conditions (i) and (ii) on % (s; X) may be replaced by any pair
of the equivalent conditions given in Lemma 3.6. The form of the theorem we
shall most often use replaces (i) and (ii) by the condition that there exist
so > 1 such that 2(sp; X) < 1 and Z(sq; X') < 1.
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4. The Lorentz spaces. The spaces to be discussed here were defined in (7).
Suppose that ¢ € P(R+) is non-increasing, and that

t
@(t)=f¢(s)ds<°o fort < w.
0

The space A(¢, p) is defined by the length function

( @ 1/p
w = [ s aral”, ps1

The associate of A(¢p, 1) = A(¢), is denoted M (¢), and has the length function

o () = ssli%){ fo u*(t)dt/ cp(s)} .

Note that if ¢ is identically 1, then A(¢, p) = L>.
Before calculating % (s) for these spaces, we note that it is easily proved that

h(s; A, p)) = [h(s; A@)]'?,  p > 1L
Also, M (¢) is the associate of A(¢) so that
h(s; Al@)) = h(1/s; M(#))/s;
so we need only derive % (s) for the space M (¢).
THEOREM 4.1. Define N (s) by
N(s) = Szli% &)/ P(st), s> 0.

Then
h(s; A, p)) = N(s)'?,  h(s; M(¢)) = A/s)N(1/s).

Proof. Let f € M(¢), with ||f|| < 1, so that

1) J s < 20
Hence,
@ [ Epreas [ e

-1 J:tf*(x) dx < S 2 (s0),

from (1). However, by definition of N, ®(st) < ®(¢)- N (1/s). Substituting this
in (2) and using the definition of the norm in M (¢), we obtain

IE:fll < @/s)N(1/s).

However, if we let f = ¢, which has norm 1, equality holds throughout in (2),

and in fact,

I|1Es ¢|| = (1/s)N(1/s).
Hence, h(s; M(¢)) = (1/s)-N(1/s), and the remainder of the theorem
follows as in the preceding remarks.
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Examples. 1t is shown in (4) that, for p > 1, A(¢, p) (R) is reflexive if and
only if ¢ ¢ L'(R*), and that A(¢) and M(¢) are never reflexive. In fact,
M (¢) is non-separable.

If we take ¢(¢) = =71, for 0 < a < 1, then N(s) = s~ Hence H € [A(¢)]
and H € [M(¢)], so that neither reflexivity nor separability of X is necessary
for H € [X].

Taking ¢(t) = (1 + ¢)~, N(s) = max(1/s, 1), so that H € [A(¢, p)]; but
A(g, p) is reflexive if p > 1. Hence, reflexivity is insufficient for H € [X].

Because of the last example, the following result would seem to be welcome.

THEOREM 4.2. If 1 < p < o« then H € A(o, p) if and only if A(p, p) s
uniformly convex.
LeMMA 4.3 (Halperin). The space A, p) (Z) where u(T) = «©,1 < p < o,
1s uniformly convex if and only if
sup ®(t)/®(2t) < 1.
>0
Proof. See (3).
LeMMA 4.4. If N(s) s defined as in Theorem 4.1, then either N (s) < 1 for all
s> 1,o0relse N(s) =1 foralls > 1.
Proof. Suppose that there is an so > 1 such that N(s,) = 1. Let
s1 = sup{s: N(s) =1} > 1.

We may assume s; < . Define s = (2s; + 1)/3 so that s € (1,s;) and
N(s) = 1. There exists a sequence of values of ¢ for which

1) 1= N() =1lim &)/ ®(st),
and thus
(2) lim[®(st) — ®(¢)]/®(¢) = 0.

Since ¢ is non-increasing, if we let s’ = 2s — 1, we have
(2s—1)¢

&(s't) — d(st) = f o) du < (s — 1)t ¢(st)

st

< J‘” o(u) du = ®(st) — d(¢).
Thus l
0 < [®(s't) — ®(st)]/@(t) < [®(st) — @(t)]/®(t) — 0.
Hence N(s’) = 1 because
lim ®(s't)/®(¢) = lim & (st)/®(¢) = 1.
However, s’ = 2s — 1 > s;, which contradicts the choice of s;.

Proof of Theorem 4.2. We have H € [A(¢, p)]if and only if P and P’ are in
[A(¢, p)]. For any ¢, we have P € [A(¢, p)] for p > 1. For

N(s) = h(s; A(¢)) < max(1/s, 1),
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by Lemma 3.2. Thus, k(s; A(¢, p)) < max(1/s'/?, 1), so that

1
f h(s)ds < =,
0

so that P € [A(¢, p)], by Theorem 3.4.

Suppose that A(¢, p) is uniformly convex. Then by Lemma 4.3, N(2) < 1,
so by Lemma 3.7 and Theorem 3.4, P’ € [A(s, p)].

Conversely, suppose that P’ € [A(¢, )]. Then, by the above-mentioned
results, there exists an so > 1 such that

N(so) = h(so; A(¢, p))? < L.
By Lemma 4.4, this implies that N(2) < 1, and so by Lemma 4.3, A(¢, p) is

uniformly convex.

5. The Orlicz spaces. In this section, we calculate k(s; X) whenever X is
an Orlicz space. The definition of Orlicz space which is used here is that given
in (9). This definition includes the spaces L! and L% as well as L?, for
1<p< o,

Definition 5.1. Let ¢ be a non-decreasing function on [0, =), continuous on
the right, and for which ¢(0) = 0. Denote its left-continuous inverse by ¥ and
write

o = [ owa, v = [ vwa  w>o.
0 0
Then ® and ¥ are called complementary Young's funciions.

It is possible that ¥ is infinite for all ¥ > b, where b is some finite number.
By definition, ® and ¥ are convex wherever finite.
Define the functional My on I (Z) by

) () = [ e@ebue = [Tvro)a
If f € B(2), let
p=(f) = inf{c: Ma(f/c) < 1}.

By (9), px is a length function. Since p=(f) = pr+(f*), pz is also an r-function.
The space corresponding to ps is denoted L.y, and its dual is called Ls.
Similarly, Lys and Ly are defined. The following is proved in (9):

f1bee < [Iflle < 211f[|aee

Because of this, if H is a bounded operator from any one of the four Orlicz
spaces to itself, then this is true for all the spaces.
We need the following definition before deriving an expression for i (s; X).
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Definition 5.2. Suppose that & is a function from [0, =) to [0, =], and that
there are numbers ¢ € [0, ), b € (0, »], with a < b, such that

_ o, if1 € [0, al,
q)(t)—{oo, ifte[b,oo),

and & is non-decreasing in [a, b]. Define a function K from [0, =) to [0, =], by

l[ sup ®(st)/d(t) ifa #bands € [0, 1],
te(a,b)

K(S)_Jo f0<ae=0< o,
- 1[ sup ®(st)/@(t) ifa=0b=w,ands€ (1, ®),
1€(0,00)

| ifa#0orb s o.
We call K the upper quotient function of &.

Remarks. If a £ b, s € [0,1], and ¢ € (0, ), then
d(st) < K(s)® ().

Also, if ® is continuous whenever finite, then K is continuous on the left
wherever finite.

Note thateven whena = Oand b = «, K(s) is either finite forall s € (1, o)
or infinite for all s € (1, «).

The next theorem seems to have intrinsic interest apart from its use here.
If all the inverses appearing were strict, the result would be almost obvious.

THEOREM 5.3. Suppose that ® is as described in Definition 5.2 and further
that ® s strictly increasing and continuous in [a, b]. Let 1 be the right continuous
inverse of P, and define

G(s) = ing & (st) /D (@1).

Let K be as in Definition 5.2 and let K= be the right-continuous inverse of K.
Then, for all s € [0, ),

G(s) = K71(s).

Proof. Note that G is right-continuous; let G™! be its left-continuous inverse.
The following are easily verified:

(1) (KoK)(s) <s < (K1oK)(s),
(2) (G1oG)(s) <s < (GoGY)(s).

We shall give the proof when ¢ = 0, 5 = « so that ® maps [0, ) one—one
onto itself. We assume further that s € [0, 1]. The remaining cases are handled
in the same way, requiring slightly more care.

Let I = [0, 1]. Then each of K, K~', G, G™! maps [ into I.

From

VANAN

®(st) < K(s)®(2), sec I, t>0,
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it follows that
B(K1(s)) < K(K7'(s)) @) < s@(), by (1).
Hence, since &1 is a strict inverse and is increasing,
3) K1(s)t < &7 1(s®(2)).
By the definition of G, given s € I, and ¢ > 0, there exists

to = tO(Sy G) € (0, Oo)
such that
®1(sto) < (G(s) + €) @1 (to).
The range of & contains £, so that ty = ®(¢;) for some #; € (0, ©) and hence
4) P1(sP(t)) < (G(s) + € F71(B(4h)).
Combining (3) and (4), we obtain
K1(s)t; < 71(s®(t1)) < (G(s) + e)ts;

so, since £; > 0, and ¢ > 0 is arbitrary,

(5) K- 1(s) < G(s), s €1
Now, we apply analogous steps starting with G, to obtain (in place of (3)),
(6) P(sP1() <GU(s), s€l,t>0.

By definition of K, given s € I, € > 0, there exists #; = #,(s, €) such that
(in place of (4)),

) (K(s) — ets < @(sP71(th)).
Combining (6) and (7), we obtain

(8) K(s) < G71(s), sel
and hence

9) K=1(s) > G(s), seLl

Together, (5) and (9) show that G = K- fors € I.
COROLLARY 5.4. If G is as in Theorem 5.3, then
®(G(s)t) < sP(2) for all s, t > 0.

The proof follows directly from Theorem 5.3, and equation (1) of its proof,
once it is noticed that, if ¢ > 0, or b < « in the definition of ®, then G(s) < 1
for all s.

THEOREM 5.5. The function h(-; X) for the Orlicz spaces is given by:

h(s; Lys) = 1/K71(s)
where K 1s as in Theorem 5.3.

Also
h(s; Le) = (1/5)h(1/s; Lasw).
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Proof. Suppose that f € Le with ||f|| = 1. Then

) Ma(f) = f " (@)t = 1
so that
@) Mo(G(s) -E,f) = f " (G ) (st)) dt

S ecorem® oo

< J‘ s®(f*(t)) %E , by Corollary 5.4,
0

= M@(f) = 1.
Hence, by definition of the norm,
(3) |Efl] < 1/G(s),

so that h(s; Lye) < 1/G(s).
However, if we take f to be the characteristic function of the interval [0, ¢],
we have ||f|| = 1/®71(1/t) so that

UE Sl _ @'/ _ e _ 1
) ST T SR TG SR e T GG)

Hence, equality holds in (3), proving the required result upon application of
Theorem 5.3 and Lemma 3.2(a).

The conditions under which Ls(2) (hence Lys, Ly, Lyy) is reflexive have
been given in (9). The criterion differs depending on the nature of Z, and is
simpler if u(2) < « or if 2 is purely atomic.

Definition 5.6. ® is said to satisfy the (82, As) condition, if and only if there
exists a constant m > 0 such that
®(20) < md(v) forallz > 0.

LemMMA 5.7 (9). Let Ly denote Ls(Z) where u(2) = o and T has no atoms.
Then Le* = Ly of and only if ® satisfies (82, Az). Lo s reflexive if and only if
both ® and ¥ satisfy (82, As).

THEOREM 5.8. H € [Le(R)] if and only if Ls(R) is reflexive.

LEMMA 5.9. & satisfies (83, As) if and only if there exists an sy > 1 such that
h(SQ;LMQ) < 1.

Proof. Let a and b be as in Theorem 5.3.
If a > 0, 0or b < «, then it is easily checked that ® cannot have property
(82, Ag). In this case, K(s) = o, for s > 1 so that

h(s; Lys) = 1/K71(s) = 1 fors > 1.
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Conversely, if k(s; Lye) = 1, for all s > 1, then K(2) = =, proving that ®
does not have property (8, As).

Ifa =0,b= « and if ® has property (8s, As), then K(2) < m, by Defini-
tion 5.6 so that K (2") < m® < « for any integer # so that K(s) < « for all
s > 1. Thus there exists so > 1 with K-!(sq) > 1 and hence such that
h(so; Lye) < 1.

Conversely, if k(so; Lys) < 1, then K(s) < o for s > 1, and in particular
K(2) < o, so that & satisfies (82, Az).

Proof of Theorem 5.8. We have H € [Ls(R)] if and only if both P and P’ are
in [Le(RT)]. Also P € [Lg] if and only if P’ € [L] since Lyy and Lg are
associates. And P’ € [Lg] if and only if P’ € [Lys], since Lys and Lg are
equivalent spaces.

However P’ € [Lys] if and only if A(so; Lye) < 1 for some s, > 1, by
Lemma 3.7 and Theorem 3.4. And by Lemma 5.9, this is true if and only if
& satisfies the condition (8s, Ap). Similarly, P’ € [Lye] if and only if ¥
satisfies (82, Az).

Combining these results we obtain that H € [Ls(R)] if and only if both &
and ¥ satisfy (82, A2) which is true if and only if Lg(R) is reflexive, by Lemma
5.7. This completes our proof.

By remarks made earlier, Theorem 5.8 is true if Ls is replaced by any of the
other Orlicz spaces.

A result analogous to Theorem 5.8 has been obtained by Ryan (11) for the
“conjugate function” operator. The method used was quite different.

6. Further results. By using an inequaiity of Calderén, it is possible to
prove the following theorem by methods similar to those used in §3. This is,
in essence, an interpolation theorem. The connection between some of the
ideas developed in this paper and the theory of interpolation spaces may be
found in (1).

THEOREM 6.1. Let Z be a totally o-finite measure space. Suppose that T is a
linear operator with ©(T) D LP(Z) for1 < p < « and that T € [L?(Z)] for all p
satisfyingl < p < o,

Let X be a rearrangement-invariant space for which

@) sh(s; X) —>0ass— 0+,

(i) A(s; X) > 0ass —> =,

Then D(T) D X(Z) and T € [X(2)].

The statement of Theorem 6.1 can be strengthened. It is possible to allow
T to be ‘“quasilinear,” and to require only that 7" be of ‘“‘weak type” (p, p),
forl < p < .

The conditions on % (s; X) are necessary in general, since they are necessary
for H € [X(R)], and H satisfies the other conditions of the theorem.
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Theorem 6.1 is, in particular, applicable to the singular integral operators of
Calderén and Zygmund.

It is possible to characterize the functions which may appear in the form
h(s; X) in the following sense:

THEOREM 6.2. Suppose that g is any function on (0, ) which salisfies the
following conditions:

(@) gs) >0for0 <s < o,

(b) g(st) < g(s)g(®),

(c) g is non-increasing and sg(s) is non-decreasing,

d) ¢(1) =
Then there is a rearrangement-invariant space X for which

g(s) = h(s; X).
Proof. Consider the following function on B(R*):

p(f) = stggg(l/t)-f**(t)-

Because of the subadditive property of the ** mapping, it is easy to verify
that p is a length function which is obviously rearrangement-invariant. Let
X be the space defined by this length function; then k(s; X) = g(s). For if
f € X, then, using (b),

p(Esf) = sup g(L/0)f**(st) = sggg(S/t)f**(t)
< g(s) - sggg(l/t)f“*(t) = g(s) - p(f).

But if f is the characteristic function of the interval [0, ¢], then it is easy to
verify, using (c), that

p(f) = g(1/1).
Hence, p(Ef)/p(f) = g(s/t)/g(1/t) which is equal to g(s) for ¢ = 1.

REFERENCES

1. D. W. Boyd, The Hilbert Transformation on rearrangement invariant function spaces,
Thesis, University of Toronto (1966).

A. P. Calderén, Intermediate spaces and interpolation, the complex method, Studia Math.,
24 (1964), 113-190.

1. Halperin, Uniform convexity in function spaces, Duke Math. J., 21 (1954), 195-204.

Reflexivity in the L* function spaces, Duke Math. J., 21 (1954), 205-208.

G. H. Hardy, J. E. Littlewood, and G. Poly4, Inequalities (Cambridge, 1934).

E. Hille and R. S. Phillips, Functional analysis and semi-groups (Providence, 1957).

G. G. Lorentz, Some new functional spaces, Ann. Math., (2), 51 (1950), 27-55.

Bernstein polynomials (Toronto, 1953).

W A. J. Luxemburg, Banach function spaces, Thesis, Delft Technical Univ. (1955).

. R. O'Neil and G. Weiss, The Hilbert transform and rearrangement of functions, Studia
Math., 23 (1963), 189-198.

. R. Ryan, Conjugate functions in Orlicz spaces, Pacific J. Math., 18 (1963), 1371-1377.

g

-
SemNguaw

[
-

University of Toronto

https://doi.org/10.4153/CJM-1967-053-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1967-053-7

