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Abstract  Let 2 be the closure of a bounded open set in R%, and, for a sufficiently large integer &, let
f € C*(£2) be a real-valued ‘bump’ function, i.e. supp(f) C int(£2). First, for each h > 0, we construct
a surface spline function oj, whose centres are the vertices of the grid V, = 2 N hZ?, such that oy,
approximates f uniformly over {2 with the maximal asymptotic accuracy rate for h — 0. Second, if

01,02, ...,4, are the Lagrange functions for surface spline interpolation on the grid V), we prove that

max,ec Z?Zl Z?(:v) is bounded above independently of the mesh-size h. An interesting consequence of

these two results for the case of interpolation on V}, to the values of a bump data function f is obtained
by means of the Lebesgue inequality.
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1. Introduction

Surface spline interpolation belongs to the class of radial basis function methods for
multivariable approximation. Let d be a positive integer and let {2 be the closure of a
bounded open set in R%. In order to describe the surface spline method for interpolation
at the vertices of the uniform d-dimensional grid V, = 2 N hZ? of mesh-size h > 0,
we denote the elements of Vy, by hzi,hz, ..., hz,, where {z1,2,...,2,} C Z%. Notice
that n = O(h~%), as h — 0. For any real parameter v > 0, define the basis function
¢ :]0,00) = R by the formula

o(r) = (1.1)

7, if v & 2N,
rY1nr, if v € 2N,

and let m be the integer part of v/2. Further, let IT¢ be the space of polynomials on
R? of total degree not exceeding m, let N = dim IT¢ = (d 4+ m)!/(d'm!), and denote
by {P1, Ps,..., Py} the monomial basis of H,‘fl. We also let S;, be the linear space of
functions s of the form

n N
s(@) =Y oz —hzl) + Y enpiPi(x), xeR? (1.2)
j=1 1=1
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where || - || is the Euclidean norm on R? and the first n real coefficients ¢, ca, . .., Chin
satisfy the constraints

> ¢iP(hz) =0, 1=12,...,N. (1.3)
j=1

Given any arbitrary function f : 2 — R, it is known that, for each sufficiently small
h, there exists a unique s, € Sy, satisfying

sp(hzk) = f(hzg), k=1,2,...,n. (1.4)

Moreover, this statement remains true if, in the definition of S, the place of IT¢, is taken
by any other polynomial space Hﬁ with &k > m. It has become customary to call s, the
surface spline interpolant to the values of f at the vertices of the finite uniform grid V.

For every parameter v > 0, the existence and uniqueness of the surface spline inter-
polant has been established theoretically by Duchon [6] in the general case of scat-
tered interpolation points, using a variational approach. (In the scattered data case, h
is replaced by the Hausdorff distance between the set of interpolation points and the
domain §2.) The same result also follows from the work of Micchelli [18], whose argu-
ments apply to any basis function ¢ for which the derivative of order m+1 of the function
1 := $(y/) is strictly completely monotonic, i.e. (—1)Fyp*F+m+ (1) > 0, Vr > 0, VE € N.
As a consequence of this existence and uniqueness result, for each j = 1,2,...,n, there
exists a unique function ¢; € S}, satisfying the Lagrange conditions

Ej(hzk) =0k, k=12,...,n, (1.5)

where 6y; is the Kronecker delta. Thus we have the following Lagrange representation
formula for the surface spline interpolant s; to the values of f at the vertices of Vj,:

n

sn(@) =Y _ f(hz)li(x), =eR% (1.6)

j=1

Note that each ¢; depends on {2, v and h.

A basic problem from the point of view of approximation theory is to study the accu-
racy to which s, approximates f over {2 when h — 0, under various smoothness assump-
tions on f. This problem and its version for scattered interpolation points have been
investigated by Duchon [7], Arcangéli and Rabut [1], Madych and Nelson [14], Wu and
Schaback [27], Powell [22], Matveev [16], Light and Wayne [13], Schaback [24,25] and
Johnson [9-12], who estimated the dependence on h of the error (or of some of its deriva-
tives) in the uniform or LP-norm (1 < p < 00) over the domain 2. Further, Matveev [17]
and Bejancu [2,3] proved that the decay of the error as h — 0 is significantly faster over
a compact subset K of the interior of 2. Specifically, for any sufficiently differentiable
function f, we have

max |f(x) = sp(x)] = O, ash -0, (1.7)
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Table 1. Values of the error |(gp — sn)(3h)| ford =1, v =2

ht p=4 p=>5

16 0.00052648 0.00029267
32 0.00021351 0.00011937
64 0.00007959 0.000 044 45
128  0.00002879 0.00001607
256 0.00001029  0.000005 74

which matches the maximal convergence rate over R? obtained by Buhmann [5] and
Powell [21, Theorem 8.5] in the ideal case of interpolation on the infinite grid hZ.

In the present paper, we assume that f is a ‘bump’ function, i.e. f is non-zero only on a
compact subset of the interior of 2. Under this hypothesis, a natural question is whether
the decay rate h?*? of (1.7) can also be attained by the uniform error max,co |f(z) —

We can check numerically that the answer to this question is negative for d = 1 and
v = 2 (in which case ¢(r) = r?Inr, m = 1 and N = dim I1{ = 2). Indeed, let 2 = [0, 1],
h:=1/(n—1),n€{2,3,...}, and, for each positive integer p, define the product

gp(2) = 107" [max{0, z — 1}’ max{0, 2 — 2}*, 2 €0,1]. (1.8)
Thus g, € CP~*(£2) and supp(g,) = [, 3]. We choose the data function f := g, and we
estimate the magnitude of the uniform error over (2 by evaluating the error function
en :=|gp — sn| at & = 1h. The coefficients of the representation of type (1.2) of sy
are computed by solving the (n + 2) x (n + 2) system given by (1.3) and (1.4). For
p € {4,5}, Table 1 shows that e;(3h) is reduced by a factor of approximately 2v/2
when h~! doubles, which corresponds to a decay of magnitude h3/2. It can also be
checked that the same rate of decay is usual for larger values of p or even for C*° bump
functions f.

However, the univariate natural spline case (d = 1, v € 2N 4 1) shows that a positive
answer to the question above is sometimes possible. Much insight has been obtained
recently by Johnson [11] for the multivariable case in which + is a positive integer such
that v+ d is even, and for the version of the surface spline interpolation method that
uses H(dy+d)/2—1 instead of IT¢ in the definition of S;,. His approach is based on the best
approximation property that characterizes the surface spline interpolant in the variational
framework of Duchon. When applied to the uniform norm of the error and to the grid of
interpolation points £2 N hZ%, Johnson’s results imply

Iglea[)?{|f($) — sp(x)| = OWTY?), as h — 0, (1.9)
for a sufficiently differentiable bump function f.

In §2 we prove, under the same restriction on  and d, that the maximal rate O(h7+%)
can hold uniformly over {2 for bump data functions if interpolation is replaced by approx-
imation with a suitably constructed element of Sy, (cf. Theorem 2.1). On the other hand,
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there are no restrictions on «y or d in the main result of § 3, which states that the expres-
sion maxzeqn Y5, £3(x) is bounded from above independently of the mesh-size h (cf.
Theorem 3.1). As a consequence, we obtain a new proof of the convergence rate (1.9)
via the Lebesgue inequality (cf. Corollary 3.4). Furthermore, our approach shows that
the order of convergence (1.9) may be improved to the maximal one O(h7*?), provided
that the Lebesgue constant of the surface spline interpolation operator admits an upper
bound that is independent of h. This conjecture, which is a topic of current research for

the author, is based on encouraging numerical evidence (cf. Remark 3.6).

1.1. Notation

|| - || is the Euclidean norm on R?, 2Ty denotes the dot product of two vectors z and y
in R9, i is the usual root of —1, and exp(-) is the complex exponential function of base e.
Also, const.(a, 3,...) is a generic notation for various constants which depend only on
the indicated arguments «, (3, etc.

2. Approximation of maximal order

In this section we work under the assumption that v + d is a positive even integer and
we relate the error of surface spline interpolation on the finite grid £2 N hZ? to the error
of interpolation on the infinite grid hZ¢.

Multivariable interpolation on the cardinal grid Z® by means of a basis function of the
form (1.1) in the case when y+d is even has been considered by Madych and Nelson [15],
extending the univariate cardinal spline theory of Schoenberg [26]. In the following, we
need a basic result from [15], namely the existence of a unique set {y. : z € Z?} of real
coefficients that satisfy

|p.| < Aexp(—a|z|), Vze Z4, (2.1)

for some positive constants A and a, such that the function y : R? — R,

X(@) =Y po(lz—=2ll), zeR? (2.2)

z€Z4

which is defined by an absolutely and uniformly convergent series on any compact subset
of RY, achieves the Lagrange conditions x(0) = 1 and x(z) = 0 for z € Z4\ 0. In
addition, the cardinal function x has the property |x(z)| < Bexp(—b||z|), Yz € R?, for
some positive constants B and b.

A comprehensive treatment of multivariable cardinal interpolation with radial basis
functions has been given by Buhmann [4, 5], whose theory applies to virtually all of the
radial basis functions that are in current use. For example, if the parameter v > 0 in (1.1)
is not a positive integer of the parity of d, Buhmann established that the corresponding
coefficients 1., z € Z4, of the cardinal function x decay at least as fast as O(||z||~(7+24)),
for large ||z||. He went further to consider interpolation at the vertices of the scaled grid
hZ?% (h > 0) and, based on polynomial reproduction properties, to derive convergence
orders for such a scheme when A — 0. In the particular case when the parameter v of
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(1.1) is a positive integer of the same parity as d, Buhmann’s results imply that, for any
function f* € C7+4(R?) whose partial derivatives of order  + d are bounded, the sum

Lf* (@)=Y [{(hOx(h 'z —¢), zeRY, (2.3)

¢ez

which is absolutely and uniformly convergent in every compact subset of R%, provides
not only the interpolation conditions

I.f*(hz) = f*(hz), VYzeZ4, (2.4)
but also the approximation property

max | f*(z) — In f"(z)| < const.(f*, )k, ash — 0. (2.5)
T€R

To return to the case of surface spline interpolation on a finite grid, we let {2 be the
closure of a bounded open set in R? (note that no boundary conditions are imposed on
the domain (2 in this section). For a fixed parameter v > 0 and for each h > 0, recall
that Sy, is the linear space of surface spline functions of the form (1.2)—(1.3) associated
with the grid £2 N hZ<.

Theorem 2.1. Assume that v + d is a positive even integer and let f € C7+4(§2) be
a bump data function, i.e. supp(f) = K, for some compact set K C int({2). Then, for
every sufficiently small h, there exists a surface spline approximant o, € Sy, such that

max |f(2) — on(x)| < const.(f,v, 2)RIT4,  ash — 0. (2.6)

Proof. We construct op, by using the above interpolant I}, f* to f* on the infinite grid
hZ4, where f* € C74(R?) is the trivial extension of f to R? which takes the constant
value zero outside (2. Since supp(f) = K, equation (2.3) becomes

Infr@)= Y, fOx(h 'z (), weR% (2.7)

CEZINh—IK

Before using (2.2) to substitute the corresponding series for x(h~'x — () into (2.7), we
observe that, for any z € Z¢, we have

h=7¢(||z — hz])), if v is odd,

2.8
h=7¢(||x — hz||) — (h™7 Inh)||x — hz||", if v is even. (28)

S(lh™w — ) = {

Further, when « is even, we use the ‘moment’ properties of the coefficients y,, z € Z¢
(cf. Buhmann [5, p. 245]), namely

Z sz(z) =0, pe Hg—&-'y—l’ (29)
z€Z4
to deduce
Z wz|lx — hz||” = 0. (2.10)
z€7Z4
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Consequently, for any positive integers -y, d which have the same parity and for any
¢ € Z4, (2.2) provides

x(h™ 'z =¢) =Y po(h 'z~ (- z])

z€Z4

=Y h e cd(lz - he|), xeR™ (2.11)

z€Z4

Since the index set Z¢ N h~'K of the sum in (2.7) is finite, we may make the change in
the order of summation that provides the formula

Lf*(@)= > f(hQ) > h 7 pa—cd(||z — hz|)

CEZANh—IK z€Z4
=Y v.(llz — hz|), (2.12)
z€Z42
where
vei=hT0 Y f(hQ)paeg, z€Z (2.13)
(EZINh—1K

The series on the last line of (2.12) is absolutely convergent for any = € R?, because it is
a finite sum of absolutely convergent series. Note that the coefficients v, z € Z¢, depend
on h. We now write Ip, f*(x) as

If* (@) =I7f*(x)+ > vo(|x - hz|), (2.14)

2€ZNL-1Q

where the truncation operator I }? is defined by

I f*(x) .= Z v.é(||z —hz|), x€RY (2.15)

2€EZINh—102

and we seek to modify [ ,‘? f* in order to obtain the required approximant oj. First,
however, we estimate the difference I, f* — I ,? f*.

Lemma 2.2. The hypotheses of Theorem 2.1 imply the condition

max \If*(x) — I * ()] < const.(f,~, 2)R’ ¢, ash — 0. (2.16)
xT

Proof. The essential ingredient is the exponential decay (2.1) of the coefficients .,
z € Z4, of the cardinal function Y, which holds only when v and d are positive integers
of the same parity. As a consequence of this property, for any positive integer p, we have

|pz| < const.(d,v,p)||z|| 7P, Vze /i \ 0. (2.17)

We will choose a suitable value of p later in the proof, and until then we shall work with
some large enough value of p.
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Let z be any element of Z4\h~1(2. Using (2.13), (2.17) and the fact that, asymptotically
for h — 0, the set Z? N h~' K has O(h~9) elements, we find the estimate

<R YT [ F(RO)] ]

CEZINh—1K
< const.(d, v, p)h  max [fy) YD ==
(eZiNh—1K

< const.(f,d,v,p)h~ %7 max z—C||7?
< (f,d,7,p) Cezdﬁh_lKH ¢l

< const.(f,d, v, p)h~ ¥ Vdg(z,h 1K) 7P, (2.18)

where dg(z, h~1K) denotes the Euclidean distance from z to the set h~!K. Therefore,
the sum of expression (2.14) satisfies

> %¢wxhaw

ZELN\R™102
o — hz|])|

< . d "/M
Scomst.(fidyp) Y, BT SIS

zEZd\h*IQ

o 1+ o(ll])] + (|| 2z]])]
< . =
< const.(f,d,v,p)h Z dg(z,h"1K)P ,

2€7Z4\h=102

(2.19)

where we have used the inequality

¢(llz = yl) < const.(d, 7)1+ [o(llzlD] + ¢(lyl)]),  Vz.y € R™ (2.20)

The term |¢(||x||)| that appears in the numerators of (2.19) is bounded above for z € 2
by a constant that depends on 2.

To estimate the term |@(||hz|)| of (2.19), it is sufficient to assume h < 1. Consider first
the case when + is even. Since h < 1, we have h|Inh| < 1. Further, Inh and In ||z|| have
opposite signs and In||z|| < ||z|| for z € Z?\ 0. Therefore

[o(lhz)] = K[zl Ik + I l2]l] < A7), vz € 27 (2.21)

When 7 is odd, we also have |¢(||hz||)| = hY||z||” < RY71|z||7FE, for all z € Z2. Tt follows
that, irrespective of the parity of 7, the term |¢(]|hz]|)| of each numerator of (2.19) is
bounded by

|o(llhz)] < R 7|2+ (2.22)

Moreover, for any z € Z* \ h=1§2, there exists u, € h™'K such that dg(z,h"1K) =
|z —wu.||. Let § = dg(042, K) > 0 be the Euclidean distance between K and the boundary
082 of 2. Since h™10 < dg(z,h 1K) for z € Z%\ h™1§2, we have

12[F < {1z = wsl + [lu-]l
< dg(z,h " K) + const.(K)h™!
< (14 const.(K)6 V)dg(z,h 1K), VzeZ\h 0. (2.23)
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Using (2.22) and (2.23) to bound the last sum in (2.19), we obtain

Y vedlllz — hzl)

2€Z4\h=1 02

5 14 W ~tdg(z, h LK)+

< : i
< const.(f, v, 2,p)h dg(z,h—1K)P

2€Z4\h~102

1
—d—r - -
< const.(f,v,£2,p)h Z dg(z,h " 1K)P
ZEZIN\h12

1
—d-1
+ const.(f,v, 2,p)h Z I IR T
2€ZIN\h—1 2

(2.24)

Furthermore, since (2.23) and the inequality h='§ < dg(z,h ' K) imply |z|| + h710 <
const.(£2, K)dg(z, h 1K) for z € Z%\ h™1§2, we have

1 1
§ — < (2,K § S —
a1 Ky S O E) 2L o

2E€LZN\R102 z€Z%
dt
< t.(02, K, _
cons ( p) /];d (”t” +h715)p
e ds
= const.(£2, K, p) /S:h—lé ey
= const.(£2, K, p)h?~<. (2.25)

From (2.14), (2.24) and (2.25), we obtain
rwneaé( [ f*(x) — I,?f*(x)| < const.(f,, .Q,p)(hpfzd*”Y + chp*2d77*2)
< const.(f,v, 2)h*H, (2.26)
by choosing the value p = 3d+2y+2 in (2.17). The proof of Lemma 2.2 is complete. O

We return to the construction of a suitable approximant oj, € Sp. We recall that N
denotes the dimension of the space I1¢, {Py, P, ..., Py} is the monomial basis of IT¢,
and 2N hZ% = {hz,hz, ..., hz,}, where n depends on h. Let V = {y1,%2,...,yn} be
a fixed subset of {2 such that interpolation on V from the linear space IT¢, has a unique
solution (for example, ¥V may be the principal lattice grid of order m in any simplex
that is included in £2, cf. [19]). Then, as in [2, Proof of Proposition 1], there are positive
constants hg, §p and wg, which depend only on « and {2, such that, for every h < hg,
there exists a set J, with N elements, J, = {t(1),#(2),...,t(N)} C {1,2,...,n}, that
has the properties ||hzy;y — y;ll < do, 5 =1,2,..., N, and

| det (P (hzy(5))) 1<), k<N| = wo. (2.27)
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The last inequality guarantees the existence of a unique solution {a; : j € Jp} of the
system

> ajPi(hz) ==Y vy Pi(hz), 1=1,2,...,N, (2.28)
JE€ETn k=1

where the coefficients v, z € Z9, are defined by formula (2.13). Thus the function

on(@) =Y vad(lz —hzl) + Y ayélle —hzl), @R (2.29)
k=1

JE€ETh

belongs to Sp,.

On the other hand, the ‘moment’ conditions (2.9), and the fact that Z¢ N A~ 1K is a
finite set in (2.13), imply that similar ‘moment’ conditions are satisfied by the coefficients
v., z € Z%, namely

> vp(z) =0, pellf,, ;. (2.30)
2€74

Thus the right-hand side entries of the system (2.28) can be written as
> vy Pi(ha) = > w.P(hz), 1=12,... N (2.31)
k=1 2€ZA\h=10

Further, for each I = 1,2,..., N, the method of proof of Lemma 2.2 shows that

Z v.P/(hz)

2€ZI\L-10Q

< const.(f, 7, 2)h4TY,  as h — 0, (2.32)

for a sufficiently large choice of p in (2.17). Now the properties (2.27), (2.28), (2.31) and
(2.32) imply || < const.(f,v, 2)h?*7, as h — 0, for all j € Jj,. Therefore the definitions
(2.15) and (2.29) give

2 px _ < . _ .
max 17 f* () = on(w)| < max ez; il [é(llw — hz;]))]
AS)

< _ )
< max [6(0lz o] 3 log]
JE€EITh
< const.(f,v, 2)hd7. (2.33)
Finally, (2.5), (2.16) and (2.33) imply
max () — on(2)] = max | *(x) — o0(z)
< * _ *
< max |1 (2) — Inf* ()
* 702 px 2 rx* _
+max I f*(2) — I " (2)] + max | )" f*(z) — on ()]
< const.(f, v, 2)R*H7, (2.34)

which completes the proof of Theorem 2.1. a
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Remark 2.3. The exponent v +d in the approximation order (2.6) is maximal, in the
sense that there exists a sufficiently smooth bump data function f for which the left-hand
side of (2.6) does not tend to zero faster than O(h7*4), as h — 0 (see Bejancu [2, 3]).

Remark 2.4. In the case d = 3 and v = 1, but under different hypotheses on the data
function, the maximal convergence order O(h%) for approzimation with the corresponding
type of surface splines has also been obtained by Hardy and Nelson [8].

3. The Lebesgue inequality and kriging functions

For the purpose of the next theorem, we consider the general case v > 0, d > 1. Let
2 C R be a bounded closed domain with non-empty interior and, for any sufficiently
small h > 0, recall that 2 N hZ?* = {hz, hza, ..., hz,}, where

n < const.(2)h™%, as h — 0. (3.1)

Denote by T}, the linear operator that associates to each continuous function f: 2 — R
the unique surface spline T}, f := s, € Sp, which satisfies the interpolation conditions
(1.4). The induced oo-norm ||T}||eo of this operator has the value

ITilloe = sup{max [T f(2)] : f € C(2), max |f(x)] < 1}, (32)

and is called the Lebesgue constant of Tj. Using the Lagrange representation formula
(1.6), a standard argument shows that |7,/ is finite and that

[Thlloe = gleagz; [5(2)]; (3-3)
J:

where {¢1,0s,...,0,} C Sy is the set of surface spline functions that are defined by the
Lagrange conditions (1.5) (recall that each function ¢; depends on {2, v and h). Moreover,
since the interpolation operator T}, is a linear, bounded and idempotent map with domain
C($2) and range Sy, we have the Lebesgue inequality (cf. [20, Theorem 3.1])

mase | () — 52(2)| < (1+ [ Tiloc oo (£ S0) (3.4
where do (f, Sp) is the least distance from f to an element of S, in the uniform norm
over {2. The following result will provide an upper estimate on ||7}]|co-

Theorem 3.1. Let £2 C R? be the closure of a connected, open and bounded set,
which satisfies a cone property (see Duchon [7] for a suitable definition of the latter
condition). Then, for any parameter v > 0, there exists a constant hy > 0 such that the
surface spline functions {1, ¢, ..., £,, which satisfy the Lagrange equations (1.5) on the
grid £2 N hZ%, have the property

n

max E?(a:) < const.(v, £2), Vh < ho. (3.5)
TEN 4 7
=
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Proof. We use a well-known property of the so-called kriging function associated with
the grid £2 N hZ?. For a fixed parameter v > 0 and for each sufficiently small h > 0, the
kriging function Py, : R? — [0, 00) is given by (cf. Wu and Schaback [27])

Pha) = [ 1O.(0F " dt @ e R, (3.6)
Rd
where
O, (t) = exp(izTt) — Zéj (2) exp(ihz}‘t), t € R% (3.7)
j=1

In order to show that the above integral is finite for each € R? we establish the
conditions

6.(0)] = {ouunm“), for [|#]] =0, 58)

o), for ||t|| — oo.
Indeed, O, is bounded for ||t|| — oo, being a trigonometric polynomial. Further, the

uniqueness of the surface spline interpolation method and (1.6) imply that, for any p €
114, we have

pla) =Y plhz)ti(a), o e R (39)

Thus, the Taylor expansion of the exponential and (3.9) provide the bound (3.8) for
|t near zero. Consequently, the function g := |6,(:)|?|| - [|7¢~7, defined a.e. on R?
(everywhere except the origin), satisfies

O([tFm+2=7=9),  for [t]| — 0,
(t) = s (3.10)
O(JIt)I==7), for [[t] = oo.
Since m + 1 > 7/2, we have g € L'(R?), so the integral (3.6) is finite, as required.
Using the change of variables v = ht in (3.6), we find
P2(x) = m/ 10, (h~ o) P[lo] = do. (3.11)
Rd

Also, the cone condition on (2 implies the existence of hg > 0 such that the following
estimate holds (cf. Wu and Schaback [27] and Light and Wayne [13]):

meag’/),f(x) < const. (v, 2)hY, Vh < hg. (3.12)

Note that, if v € (0,2), then (3.12) can be established without assuming the cone condi-
tion for {2, as demonstrated by the author in [3, §5.3]. The last two displays imply

ma / 10, (h~10) 2 o]~ dv < const.(y, 2), VA < ho. (3.13)
T Rd
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Further, since 1 < (7v/d)|v|| =" holds for any v € [, 7], v # 0, we deduce

[ et < @iyt [ jeu ool o
[—m,m]e u

[7‘“—777]

< (mVd)rte /R 10, (A~ 0)2|Jv]| =47 dw. (3.14)

n

V>

j=1

From (3.13), (3.14) and the triangle inequality for L?-norms, we obtain
i v)

2 1/2
Cj(w)exp(izj v dv}

1/2 1/2
< {/ |0, (h~ o) ? dv} + {/ |exp(ih1xTv)|2dv}
[77717"](1 [77""“—](1

< const.(v, 2) + (2m)¥2,  Vh < hy. (3.15)

On the other hand, since z; € 7%, j =1,2,...,n, the orthogonality of the trigonometric
polynomials provides

n

[
J

1

li(x )exp(lzj

j=1k=1
= (2m)*> B(x) (3.16)
j=1
Therefore (3.15) and (3.16) imply the required conclusion (3.5). O

Remark 3.2. Since ) 7, G3(hz) =1, Yk € {1,2,...,n}, we have the lower bound
1 <maxgen Y i1 0(x). It follows that (3.5) captures the true asymptotic behaviour of
maXge 2]21 ?( x), as h — 0.

Remark 3.3. Bounds on the expression Z b J( x) have also been considered by
Schaback [23] for more general sets of 1nterpolat10n points. For the case of interpolation
at the vertices of the grid 2N hZ?, the upper bounds of [23] can be made independent of
h only if the minimum distance from z to any one of the interpolation points is greater
than a constant times h. The advantage of the bound (3.5) is that it holds uniformly for
x € (2.

The following error estimate is an application of Theorems 2.1 and 3.1 and the Lebesgue
inequality.

Corollary 3.4. Let v € N\ 0 be such that v+ d is even and let 2 C R? be the closure
of a connected, open and bounded set, which satisfies a cone condition. Let f € C7+4(2)
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Table 2. Fvaluations of the Lebesgue constant for d =~y =2

ht 4 8 16 32

[Thlleo 1.754925 1.894548 1.904956 1.904 987

and assume that supp(f) C int({2). Further, let s, € Sy be the surface spline that
interpolates f on £2 N hZ?. Then

max |f(z) — sp(z)| < const.(f,y, Q)RFY2 ash — 0. (3.17)
FAS

Proof. Combining the discrete Cauchy—Schwarz inequality

{iwj(IN}Q < nif?(m), (3.18)

with (3.1) and (3.5), we obtain

r;leagzl 10 (2)| < const.(y, 2)h=%2 Vh < hy. (3.19)
=

Thus the bound (3.17) on the error of interpolation follows from Theorem 2.1 and the
Lebesgue inequality (3.4). O

Remark 3.5. We note that Theorem 2.1 and Corollary 3.4 (respectively, Theorem 3.1)
remain valid if the polynomial space IT¢, used in the definition of Sy, is replaced by IT¢,
for m <k <vy+d—1 (respectively for any k > m). As mentioned in §1, Johnson [11]
has recently obtained the convergence rate (3.17) by different means in the scattered-
data case, for the variant of the surface spline interpolation scheme that uses IT (dy td)j2—1
instead of ITZ in the definition of Sj,.

Remark 3.6. Our approach based on the Lebesgue inequality shows that the maximal
rate O(h7*?) may be obtained in (3.17), provided that ||T}|/~ is bounded above by a
constant independent of h. This conjecture is supported by the numerical results of
Table 2, in which we consider thin plate spline interpolation (d = = 2) at the vertices
of the grid £2 N hZ? on the unit square 2 = [0,1] x [0,1]. We evaluate the Lebesgue
constant (3.3) by computing the maximum of > 7_, |¢;(z)] for x € 2N (3h)Z%. The table
indicates a tendency of the values of the Lebesgue constant to remain bounded above by
a number smaller than 2.
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