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On a certain expression for a spherical harmonic, with
some extensions.

By JOHN DOUGALI,, M.A.

The object of this paper is to show how the leading properties of
Spherical Harmonic Functions may be readily deduced by employ-
ing as a typical harmonic a certain simple algebraical expression,
which obviously satisfies Laplace's equation ; and to extend a similar
method to the case of any number of variables.

Some well-known expressions of Spherical Harmonics by means
of Definite Integrals are readily arrived at by this method.

The most important properties of Spherical Harmonics, perhaps,
are those connected with the integration of the product of two har-
monics over the surface of a sphere, and it will be seen that this
integral takes a somewhat remarkable form when the harmonics are
of the type I have referred to.

Consider the function of x, y, z

u = (ax + by + cz)"

TIT 1 (I'll n2U fPil / o T"* n\ / 1 \« 9
We have —— + -,— + - — = (a2 + b2 + c2)(ox + by + cs)""2.

dx- dif d%-

Hence if a2 + b" + c' = 0, u is a harmonic of degree n.

Let a =/+ if, b = y + uj, c~h+ Ji'; i = J - 1
The condition a" + b2 + c'- = 0 gives

/*. g, h ; / ' . 9, !<•' being real.
Hence by transformation of rectangular axes, we may reduce u to

the form (x + »/)", or, in polar co-ordinates, r"sin"#(cos7i<£ + isinn^>);
so that the real and imaginary parts of u are two conjugate sectorial
harmonics. In what follows, then, we consider the general harmonic
as made up of a sum of sectorial harmonics.
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Observe that, by a well known proposition,
(1) r2n+1(oa; + by + cz)~n~1 is another harmonic of degree n, where

Now let us consider the integral of the product of two harmonics
of the type u, taken over the surface of a sphere of radius p.

If the degrees of the two harmonics are positive, but different,
Green's Theorem shows at once that that integral is zero.

Let then un = (axx + bxy + ct2)"

n being a positive integer.
By Green's Theorem

—unvndS

J J J \ dx dx dy dy dz dz,
and n being a positive integer, we may take the latter integral
through the whole volume of the sphere.

But the function to be integrated through the volume being
homogeneous of degree 2n - 2, we have
its volume integral = the product of its surface integral into

r2r "

• 1- .dr.

This last integral = -

UP P

P

2n+l

Hence unv,,dS = ? n (a^., + bj)2 + cLc2) x «n_ifn_

Continuing this method of reduction, we get finally

bA

And we may also write for reference

(3) \unvmdS = 0 when, m, n are different,

In order to apply this result at once, let us find an expression for
a Zonal Harmonic. We see that (icosa.a; + isina.y + z)n is a case of

our form, and .-. I (icos.ax + isiaay + z)*da is a harmonic.
Jo

By putting x = J.<r + y2cos</>
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this becomes I (i Jx* + jr'cosa - <\> + z)"da

Jo

Jo
This function is symmetrical about Oz, and considering x, y, z as

co-ordinates of a point on a sphere of radius unity, we see that when
x = 0 y = 0 z—\, the value of the integral = 2TT.

Hence the zonal harmonic with axis Oz,

say P,,(z) = — f r(t Jx^+ifcosB + z)"dB.w7rJ 0

Now our result (2) shows that in order to find the surface integral
of the product of this and another harmonic (ax + by + cz)n, we may
substitute a, b, c for x, y, z, respectively in the expression for P^z)
and multiply the result by a numerical coefficient which we may
call*.

We thus get — f */, Ja^b'cosB + cYdB.

= A \2*(l-cosf3)"dB
2T JO

Now cn is the value of (ax + by + cz)n at the pole of Pn(z) ; and by
adding together forms like (ax + by + cz)" we may get any harmonic.

Hence the well known important result which we may write

V dS= *-"" • V

Now, considering further the form (w;cosa + lysina + z)n, we see
by Fourier's Theorem that if we expand it in cosines and sines of

multiples of a, the coefficient of cossa is — (taicosa + tysina + z)"
""Jo

cosoarfa. This is obviously a harmonic, and by putting

y=
and reducing, we see that it is a tesseral harmonic of type s.

The other of the same type is got by writing sinsa instead of
cossa in the integral.
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Now consider the surface integral (r= 1) of the product of the
r r2ir

above harmonic under the with another (ixcos/? + iysin/3 + z)"'
J Jo

If n, rt' are different, (3) shows that the result is zero. If n = n
but s and »' different, we see writing out its value from (2) that the
result is again zero. If n' = n, s' = s, .the result is

I
Jo Jo (1 - cosa - f3)"cossacoss/3dad/3.

We may expand (1 - cosa -13)" in cosines of multiples of a - [J,
and the only term which contributes anything to the integral is that
containing cos s(a - (3).

Expanding by ordinary trigonometry, and integrating, we get

y ' (2n+ \){n -

In order to obtain expansions of harmonics in polar co-ordinates,

, (ax + by + czf becomes

Now taking a^ + r) as a single term, we may expand this by
a

the Binomial Theorem, and pick out those terms in which the
power indices of £ and rj differ by s.

Doing this we get (uf + —-q - 2iz)"
» a

Z { ( a # * Y + ( a e ) } ^ ( 2 t ) t f

Q{£ being the function given in Thomson and Tait's Natural Philo-
sophy, Vol. I., p. 205. Taking as a particular case the form (ixcosa
+ ly&ina + z)", we easily find from this

| (ta;cosa + #sma + z)ncossa.da = -^Zi
0 1| (ta;cosa + #sma + z)cossa.da = -^Zi—

. 0 -1 s.\n — Sj-

Another mode of expansion leads to other well-known forms.

Observe (a£ + —-q - 2i2)" may be written in either of the forms
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Expanding these in powers of a by Taylor's Theorem, we get the
expressions for the harmonics in terms of differential co-efficients of
(1-*•)».

The expansion of the Biaxal surface Harmonic may be deduced
at once from (4) and (5).

The definite integral expressions for the elementary harmonics
are particular cases of expressions as the sum of a finite number of
terms.

Thus let V — (ia'cosa + iysina + z)" = JH0 + H,coso + H2cos2a +....

and take a,, a,,, â  a series of angles in equi-different progression,
the common difference being '2ir/p.

Then V! = (uscosa, + iysina1 + z)n = JH0 + H^cosaj + H^cosa,, + &c,
and it is easy to show that

= JL W+ V ĉossâ  JL t

the other terms on the right hand side vanishing, provided p is not
less than 2n + 1.

In this way we may express any harmonic as a sum of sectorial
harmonics.

In particular,

Taking p = oo , we get the definite integral

— (ia;cosa + ii/sina + z)"da

as before.
We may interpret this integral in a way that will lead us natu-

rally to one or two others of similar form.
Suppose we have a function of x, y, z, the variables being con-

nected by a relation, say a? + if + z2 = p2; so that to any particular
value of s correspond in general an infinite system of values of x, y,
say &#!, ay/a &c.

Then, obviously, the sum of all the values which the function
takes for this particular value of z, say/(a;,, j / , , z)+y{xit ya z)+ <tc.
7 Vol. 8
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(multiplied by a suitable infinitesmal) is a function of z and p alone.
In particular cases, of course, it may be zero, or infinite.

To treat the matter perfectly generally, we should have to con-
sider x, y, z as complex variables, but we may get a sufficient view
under the following restrictions, viz. : we consider z as real, but x and
y capable of taking values either purely real or purely imaginary.

We may consider surface values, i.e., suppose a?+'y* + z* = l.
Take then the harmonics (a + ix)n, (z + tx)~"~', both of which by

(1) give us surface harmonics of the ntk degree, and we get the fol-
lowing cases :—

I. z<\

(i) x = Jl - z?cosa
y= Jl -sflsina

Harmonics are
- z^cosa)"da

(ii) x= Jl-z^cosha

y—Jl -22isin/ta

Harmonic j J\~g*'Coaha)-*'-1da

II. 2>1

(i)
i - Icosa

y = t Jz2 - lsino

Harmonic f T(z _

r2*(•- j^-

(ii) x=ijzi-lcosha

y= Jz*-lsmha

Harmonic [ _ " ( « - Jz* - lcosAo)-"-Wa.

These are well known expressions for Zonal Harmonics of the
first and second kinds. By similar considerations we might also
obtain integrals for the harmonics which are not zonal.
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We go on to sketch briefly the application of the preceding
methods to functions of p variables.

The function v = (afa + a^c.2 + . . a ^ ) " satisfies the equation

The fundamental proposition about the integral of the product
of two harmonics can be extended to the general case. To avoid
circumlocution, we speak of points, lines, surfaces, volumes, by a
well understood extension of the language of Analytical Geometry.

Now we may extend Green's Theorem to the case of p variables,
the proof following exactly the same lines as in the case of three
variables. The only difficulty is about the meaning of the element
of surface, but we may define it in this way.

Let the surface be T?(xu oc2...) = 0, and transform the variables
linearly and orthogonally to a new set £u £„ &c.', of which £x = ^ +

&c, where l» l«, <fec, are proportional to the values of

, , <fec, at the point x{, xj, <kc, and are such that 1* + IJ +
dx, dx2

... = 1.
We have d£xd£t... d£p = dx1dxi...dxp, and we take d^t...d^p as

the element of surface. We have then, putting dV for dxxdxi>...dxf,
and dS for the element of surface

We may, as before, apply this to finding the surface integral of
the product of two harmonics (a1x1 + afa+...)", (b1x1 + b&3+ ...)„
over the surface x* + *,2 + ... = p2.

The only difference in the general case is that the element of
surface varies as J*"1 instead of as r2. Unless tn = n, the integral
vanishes. If m — n, the result is

(remembering that -£- f f

Let us now find an expression for the rational integral harmonic,
which is a function of xp and x^ + «./+.. .+ xp'.
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If /u fu • • fp-i be r e a^ quantities such that the sum of their
squares = 1 , then U\xi+f&2+ +/p_i^_i + <^P)n is a harmonic,
and if we take the sum of functions of this form for all real values
of the f'& such that the sum of their squares =1 , we shall get what
we want. This mode of derivation of the symmetrical harmonic is
somewhat different from our former method, but it is easily seen to
lead to the same result.

Consider first the integral

JJ...CM
with the integration extending to all real values of thefs for which
the sum of their squares is not greater than p".

Change the variables J\, f.a (fee, by a linear and orthogonal sub-
stitution to a new set, <f>lt <£.2, &c, of which

j(x* +...+x^h =/*, + +./; . J V ,

The integral is then

and the limits are not changed.
Integrating with respect to <j>2-• •4>,-^i first, and disregarding

numerical factors, we get

J-
Now differentiate this with respect to p, and in the result put

!•
This evidently gives us what we started to find.
If we put <£j = cos#, the result takes the form

|

Now the surface integral of the product of this and a harmonic
(a,^ + ... + a^p)" is obtained by substituting a, for xu a2 for x2, &c.
in the above expression and multiplying by a numerical factor K.

This integral is .-. K(ap)
n fT(l - cos(9)"sin"-W6' = M(oJ,)", where
Jo

M is a numeric, easily found.
By adding any number of harmonics of the typical form, we get

a result which we may write
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(7) j Qj.Vj.rfS = MV;, where Vn' is the value of Vn at the pole

of q.

The surface value of the above symmetrical harmonic is
iv

(x+ Jx* - lcoseysm<>-3dd0.
J 0

We may consider this as a function of the single variable x, and
it is easy from the above results to show that

J - l
when m, n are different, but = a certain finite numerical quantity,
easily found, when m = n.

The functions we have arrived at include, of course, as particular
cases, simple and zonal Harmonic Functions. They are discussed at
the end of Vol. I. of Heine's Kugel/unctionen.

The method of this paper is not mentioned in Heine, but I have
found since I had it worked out that it is not new. In Professor
Cayley's collected Works, Vol. I., page 397, will be found a short
paper in which he proves (6) and (7). His proofs, however, are
quite different from those I had arrived at, and have given above.

A Method of Teaching Electrostatics in School.

By J. T. MORRISON, M.A., B.Sc.

The object of the paper was to suggest for the teaching of electro-
statics a leading idea, which should readily co-ordinate all the facts,
introduce no misleading inferences, and guide the course of learners
in the direction of the most recent investigations—in all which
respects the notion of attraction and repulsion is at least a partial
failure. The leading idea or fact referred to is, that almost all
electrostatic distributions, however complex, can be analysed into
one or more repetitions of a certain simple system, which is called
in the paper " an electrostatic system," and which may be described
as follows :—Two equally and oppositely electrified conducting sur-
faces, facing each other, separated by any dielectric, and insulated
from each other. A complete study of one system of this kind, and
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