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Intersection cohomology of moduli spaces

of vector bundles over curves

MarkusReineke and SergeyMozgovoy

Abstract

We compute the intersection cohomology of the moduli spacesMr,d of semistable vector
bundles having rank r and degree d over a curve. We do this by relating the Hodge–
Deligne polynomial of the intersection cohomology of Mr,d to the Donaldson–Thomas
invariants of the curve. These invariants can be computed by methods going back to
Harder, Narasimhan, Desale and Ramanan. More generally, we introduce Donaldson–
Thomas classes in the Grothendieck group of mixed Hodge modules over Mr,d, and
relate them to the class of the intersection complex of Mr,d. Our methods can be
applied to the moduli spaces of semistable objects in arbitrary hereditary categories.

1. Introduction

Let C be a complex smooth projective curve of genus g. For γ = (r, d)∈Z>0 ×Z, let Mγ (respec-
tively Ms

γ) denote the moduli space of semistable (respectively stable) vector bundles of rank
r and degree d over C. Then Mγ is projective and irreducible, Ms

γ ⊆Mγ is open and smooth,
and Ms

γ =Mγ if r and d are coprime. If Ms
γ is nonempty (this is always the case for g� 2), then

its dimension is (g− 1)r2 + 1. The history of the computation of various invariants of Mγ for
coprime r and d is rather long. A recursive formula to determine the Betti numbers of Mγ was
proved in [HN74, DR75] by applying the Weil conjectures and the Siegel formula [HN74], based
on the computation of the Tamagawa number of Ln over function fields [Wei82]. An alternative
proof of this recursive formula was obtained in [AB83] using gauge theory. An algebro-geometric
method to prove the Siegel formula was developed in [BGL94, GL92], and this method was
used in [dB01] to prove the recursive formula for the motivic classes and Hodge polynomials of
Mγ . Independently, the same recursive formula for the Hodge polynomials of Mγ was proved
in [EK00] using equivariant cohomology and a refinement of the approach of Atiyah and Bott
[AB83]. On the other hand, the above recursive formula was solved in [LR96, Zag96], and hence
a rather explicit formula was obtained for the invariants of Mγ in the case of coprime r and d.
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In this paper, we compute the intersection cohomology of Mγ for arbitrary γ = (r, d). These
invariants were previously determined for r= 2 in [Kir86a, Kir92], using partial desingulariza-
tions of GIT quotients and related techniques developed in [Kir84, Kir85, Kir86b]. Based on
these computations, as well as computations of the intersection cohomology for moduli spaces
of low-rank vector bundles on surfaces [Yos95, Remark 4.6], it was proposed in [Man13] that
intersection cohomology should be related to Donaldson–Thomas (DT) invariants, which are also
known as BPS invariants. These invariants are usually defined for moduli spaces of sheaves on
3-Calabi–Yau varieties or, more generally, for moduli spaces of objects of 3-Calabi–Yau categories
[KS08]. However, the construction can also be applied to hereditary categories (abelian categories
with vanishing Exti for i� 2) and, in particular, to the category of coherent sheaves over a curve.
The corresponding DT invariants DTE

γ can be computed for arbitrary γ using the recursive for-
mula mentioned earlier. After relating these invariants to the intersection cohomology of Mγ , we
obtain an effective method to compute the latter.

More precisely, the moduli space Mγ can be represented as a GIT quotient of a smooth
variety Rγ =Rr,d by an action of a general linear group Gγ =Gr,d [New78]. The cohomol-
ogy groups with compact support H∗

c (Rγ ,Q) and H∗
c (Gγ ,Q) carry mixed Hodge structures,

and we can consider the corresponding Hodge–Deligne polynomials (or E-polynomials, see
Section 5.6)

E(Rγ), E(Gγ)∈Z[u±1, v±1].

For any μ∈Q, we consider the generating series

Qμ = 1+
∑

d/r=μ

L(1−g)r2/2E(Rr,d)

E(Gr,d)
tr ∈Q(u

1

2 , v
1

2 )[[t]], (1)

where L=E(A1) = uv and L1/2 =−(uv)1/2. An explicit formula for Qμ can be obtained using
the methods from [LR96, Zag96] mentioned earlier (see Theorem 5.11). In particular, if r and d

are coprime, then E(Mγ)
L−1 = E(Rγ)

E(Gγ)
, and hence we can determine Betti and Hodge numbers of Mγ .

The role of the other summands of the series Qμ is less transparent. Motivated by the definition
of DT invariants in other contexts (see e.g. [Moz13a, Moz13b]), we define the DT invariants

DTE
γ =DTE

r,d ∈Q(u
1

2 , v
1

2 ) by the formula∑
d/r=μ

DTE
r,d t

r = (L
1

2 −L− 1

2 )Log(Qμ), (2)

where Log is the plethystic logarithm (45). As Qμ can be computed explicitly, we can also
compute the DT invariants. These computations show that DTE

r,d are polynomials with inte-
ger coefficients. A similar statement in the context of quiver representations was proved in
[KS11, Efi12].

Now let us describe the relationship between DT invariants and the intersection cohomology
of moduli spaces. Given a complex algebraic variety X of dimension d, let ICX ∈Perv(QX) be its
intersection complex. This can be lifted to a mixed Hodge module ICX of weight 0 (see Section
2.3) so that ICX =QX 〈d〉=QX(d/2)[d] for smooth X. The intersection cohomology

IH∗(X,Q) =H∗(X, ICX 〈−d〉) (3)

is a complex of mixed Hodge structures (pure of weight 0 if X is projective) and we may consider
its Hodge–Deligne polynomial.
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Theorem 1.1 (See Theorem 5.10). If Ms
γ =∅, then DTE

γ = 0. If Ms
γ �=∅, then

DTE
γ =E(H∗(Mγ , ICMγ

)) =L− dimMγ/2E(IH∗(Mγ ,Q))and (4)

DTE
γ (y, y) = (−y)− dimMγ

∑
k
dim IHk(Mγ ,Q)(−y)k. (5)

The object ICX is self-dual with respect to Verdier duality, and hence we obtain the following
result.

Corollary 1.2. We have:

(i) DTE
γ ∈Z[u, v, (uv)−

1

2 ];

(ii) DTE
γ (u

−1, v−1) =DTE
γ (u, v); and

(iii) DTE
γ (−y,−y)∈N[y±1].

In order to prove Theorem 1.1, we introduce relative DT classes DTγ ∈K(MHM(Mγ))
such that E(a! DTγ) =DTE

γ for the projection a :Mγ→ pt (we also have E(a!ICMγ
) =

E(H∗(Mγ , ICMγ
))). We prove an analogue of Theorem 1.1 for these classes.

Theorem 1.3 (See Corollary 5.8). We have

DTγ =

{
0 if Ms

γ =∅,

[ICMγ
] if Ms

γ �=∅,

in K(MHM(Mγ)).

For the proof of this result we will utilize the ideas in [MR19], which studies moduli spaces
of quiver representations; similar extensions of the methods of [MR19] were developed indepen-
dently in [Mei15]. In addition, we will clarify the technical issues in [Mei15, MR19] in Section 2.
First, we will introduce the moduli space Mf

γ of stable framed vector bundles. Under appropriate

assumptions, this moduli space is smooth, and the canonical morphism π :Mf
γ→Mγ is projec-

tive. The fibres of this map over Ms
γ are projective spaces, while the other fibres can be identified

with moduli spaces of stable nilpotent quiver representations (see Theorem 4.10). This analysis
of the fibres will be used in Theorem 4.11 to show that π is a virtually small map, which is a
generalization of the notion of a small map (see Section 2.6). The properties of virtually small
maps (see Theorem 2.21) imply that the leading term of π∗ICMf

γ
(with respect to the weight

degree on the Grothendieck group of mixed Hodge modules) can be related to ICMγ
. On the

other hand, we can express the class of π∗ICMf
γ
in terms of DT classes (see Theorem 5.6), and

we will show in Theorem 5.7 that the leading term in this expression is related to DTγ . While
our main focus is on the moduli spaces of vector bundles on a curve, all our proofs generalize
verbatim to moduli spaces in other hereditary categories.

A closely related result is proved in [FST25]. More precisely, the authors consider the projec-
tion π :Mf→M, where M=

⊔
r�0 Mr,0 and Mf =

⊔
r�0 M

f
r,0 is the moduli space of stable framed

objects for the parabolic framing functor (48) (Mf
r,0 is denoted by P0(r) in [FST25]), and prove

a specialization of Theorem 5.7 (see also Theorem 5.6) for Poincaré polynomials (see [FST25,
Theorem 8.7]). As in our paper, the authors perform a careful analysis of the map π and its
fibres in order to determine the pushforward of the intersection complex.
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2. Virtually small maps

2.1 Mixed t-categories

For a subcategory S⊆D (or a collection of subcategories) of a triangulated category D, let
〈S〉 ⊆D be the minimal full subcategory that contains S∪ {0} and is closed under exten-
sions. A t-structure (D≤0,D�0) [BBD82] on a triangulated category D is called bounded if
D= 〈A[n] : n∈Z〉 for the heart A=D≤0 ∩D�0. For M ∈D, we define the cohomology object
H iM = τ≤0τ�0(M [i])∈A. A (bounded) t-category is a triangulated category equipped with a
(bounded) t-structure.

Definition 2.1. A bounded t-structure on a triangulated category D is called mixed if its heart
A is equipped with strictly full subcategories An ⊆A, for n∈Z, satisfying:

(i) Homi(Am,An) =Hom(Am,An[i]) = 0 for m<n+ i; and

(ii) A= 〈An : n∈Z〉.
Objects of An are called pure of weight n. An object M ∈D is called pure of weight n if H iM is
pure of weight n+ i for all i∈Z. A triangulated category D equipped with a mixed t-structure
is called a mixed t-category. An abelian category A such that the standard t-structure of Db(A)
is mixed is called an (abelian) mixed category.

Remark 2.2. The above notion is closely related to ft-categories [BGS88], mixed abelian
categories [BGS96], weight structures [Bon07], and co-t-structures [Pau07].

Remark 2.3. A structure as above will be called weakly mixed if the first axiom is substituted
by the requirement Homi(Am,An) = 0 for m<n+ i, m �= n and Homi(An,An) = 0 for i� 2.

Example 2.4. For an algebraic variety X over C, the abelian category MHM(X) of mixed
Hodge modules is mixed and of finite length. The category of pure weight n objects of MHM(X)
is the category HMp(X, n) of polarizable pure Hodge modules of weight n over X. We have
HMp(pt, n) =HSp(Q, n), the category of polarizable Q-Hodge structures of weight n, and
MHM(pt) =MHSp(Q), the category of (graded-)polarizable mixed Q-Hodge structures.

Example 2.5. LetX0 be an algebraic variety over a finite field. Then the categoryDb
m(X0, Q̄�)⊂

Db
c(X0, Q̄�) of mixed complexes [BBD82, Section 5.1] is a weakly mixed category. More precisely,

it has a bounded (perverse) t-structure with the heart A of finite length equipped with a weight
filtration. For any simple, non-isomorphic objectsM,N ∈A one can prove that Homi(M,N) = 0
if w(M)<w(N) + i (the vanishing is proved for w(M) + 1<w(N) + i in [BBD82] and a sim-
ilar argument can be used for our slightly stronger statement). One can also prove that
Homi(M,M) = 0 for i� 2, but Hom1(M,M) is always nonzero for simple M . While most of
the results in this paper are formulated in terms of mixed Hodge modules, they can be similarly
formulated in the context of �-adic sheaves.

Lemma 2.6. Let A be an abelian category and An ⊆A, n∈Z, be strictly full subcategories such
that Hom(Am,An) = Ext1(Am,An) = 0 for m<n and A= 〈An : n∈Z〉. Then An ⊆A are Serre
subcategories of A (closed under taking extensions, quotients, and subobjects). Every object
M ∈A has a unique increasing filtration W•M (called the weight filtration) such that:

(i) W−nM = 0 and WnM =M for n� 0; and

(ii) GrWn M =WnM/Wn−1M ∈An for all n∈Z.
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Proof. Left to the reader. �

Lemma 2.7 (Decomposition theorem). For every pure object M ∈D there is a (non-canonical)
isomorphism M �⊕i∈ZH

i(M)[−i]. If An is of finite length, then it is semisimple.

Proof. Left to the reader. �

For M ∈A, we write w(M)� n if GrWk M = 0 for k > n and we write w(M)� n if GrWk M = 0
for k < n. We define

w(M) = sup
{
n∈Z ∣∣GrWn M �= 0

}∈Z
 {−∞} .
For M ∈D, we write w(M)� n if w(H iM)� n+ i for all i∈Z and we write w(M)� n if
w(H iM)� n+ i for all i∈Z. We define

w(M) =max
{
w(H iM)− i ∣∣ i∈Z}∈Z
 {−∞} .

Let

D�n = {M ∈D |w(M)� n}= 〈Am[i] :m+ i� n〉 ,
D�n = {M ∈D |w(M)� n}= 〈Am[i] :m+ i� n〉 .

Then D�n[1] =D�n+1, D�n[1] =D�n+1 and

Hom(D�m,D�n) = 0 ∀m<n.

2.2 Exactness

An additive functor F :D1→D2 between triangulated categories is called exact (or triangulated)
if it commutes with translations and preserves distinguished triangles. For an exact functor
F :D1→D2 between t-categories with hearts A1,A2, we define

pF :A1→A2, M �→H0FM. (6)

An exact functor F :D1→D2 between t-categories is called right (respectively left) t-exact if
F (D≤0

1 )⊆D≤0
2 (respectively F (D�0

1 )⊆D
�0
2 ). We say that F has t-amplitude [a, b] if F (D≤0

1 )⊆
D

�b
2 and F (D�0

1 )⊆D
�a
2 .

Theorem 2.8 (See [BBD82]). Let f :X→ Y be a morphism between algebraic varieties with
fibres of dimension � d. Then (for the perverse t-structure onDb

c(QX) or the standard t-structure
on DbMHM(X)):

(i) f!, f
∗ have t-amplitude � d, meaning that f![d], f

∗[d] are right t-exact; and

(ii) f∗, f ! have t-amplitude �−d, meaning that f∗[−d], f ![−d] are left t-exact.

If f is affine, then f∗ is right t-exact and f! is left t-exact.

An exact functor F :D1→D2 between mixed t-categories is called right (respectively left)
w-exact if F (D1,≤0)⊆D2,≤0 (respectively F (D1,�0)⊆D2,�0). The following result is Deligne’s
generalization of Weil’s conjectures in the �-adic context [Del80] and Saito’s theorem in the
MHM context [Sai90].

Theorem 2.9 (See [Del80, Sai90]). Let f :X→ Y be a morphism between algebraic varieties.
Then:
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(i) f!, f
∗ are right w-exact; and

(ii) f∗, f ! are left w-exact.

Remark 2.10. The external tensor product [Sai90]

� : MHM(X)×MHM(Y )→MHM(X × Y )

is w-exact, meaning that if M ∈MHM(X) and N ∈MHM(Y ) are pure, then M �N is pure of
weight w(M) +w(N). The induced external tensor product on the derived categories is auto-
matically t-exact (and w-exact). On the other hand, the tensor product ⊗∗ on DbMHM(X),
defined by M ⊗∗N =Δ∗(M �N) for the diagonal Δ :X→X ×X, is right t-exact and right
w-exact (cf. [BBD82, 5.1.14]). The duality functor D : MHM(X)→MHM(X)op maps objects of
weight n to objects of weight −n (actually DM �M(n) for any pure object M of weight n).

2.3 Mixed Hodge modules

For an algebraic variety X over C, let dX =dimX denote the maximal dimension of its irre-
ducible components. Let MHM(X) be the category of mixed Hodge modules over X. Let
Db

c(QX) be the derived category of bounded Q-complexes with constructible cohomology,
and let Perv(QX)⊂Db

c(QX) be the subcategory of perverse sheaves. The exact functor rat :
DbMHM(X)→Db

c(QX) maps MHM(X) to Perv(QX) and is compatible with Grothendieck’s six
operations on both sides. We have MHM(pt) =MHSp(Q), the category of (graded-)polarizable
mixed Q-Hodge structures.

Let Q(n)∈MHM(pt) be the Tate object of weight −2n for n∈Z. It induces the Tate twist
functor MHM(X)→MHM(X), M �→M(n) =M ⊗Q(n). We consider the Lefschetz object

L=H∗
c (A

1,Q) =Q(−1)[−2]∈DbMHM(pt) (7)

of weight 0 and the corresponding functor

L :DbMHM(X)→DbMHM(X), M �→M(−1)[−2]. (8)

Note that H∗
c (P

n,Q) =Q⊕L⊕ · · · ⊕Ln for n� 0.
In what follows, we will require the class L1/2 at the level of Grothendieck groups (see

Section 2.4), but it will also be convenient to have a related object at the level of categories.
We have two approaches to this problem. The first one is to embed MHM(X) into the category
of monodromic mixed Hodge modules MMHM(X) (see [KS11, DM20]), so that one has the
objects Q(1/2)∈MMHM(pt) and L1/2 =Q(−1/2)[−1]∈DbMMHM(pt) and the corresponding
twist functors. The second approach is to construct the root category A1/2 and the functor
T1/2 =Q(1/2) :A1/2→A1/2 for the category A=MHM(X) and the functor T=Q(1) :A→A.
More generally, we construct the root category A1/r and the functor T1/r :A1/r→A1/r for any
r� 1 as follows. We define A1/r =

⊕r−1
i=0 A(i) with A(i) =A and the functor T1/r sending A(i) �

M �→M ∈A(i+1) for 0� i < r− 1 and A(r−1) �M �→TM ∈A(0). We embed A=A(0) ↪→A1/r so
that (T1/r)r =T. The weight of M ∈A(i) ⊂A1/2 is defined to be w(M)− i (if M ∈A is pure)
so that T1/2 has weight −1 and T=Q(1) has weight −2 as before. We can also define the
functor Q(n/2) for any n∈Z. The same construction can be applied to DbMHM(X) and we
define L1/2 =Q(−1/2)[−1]. By abuse of notation we will continue to write MHM(X) instead of
MHM(X)1/2. We define

M 〈n〉=M(n/2)[n] =L−n/2M, M ∈DbMHM(X). (9)

Note that the weight of M 〈n〉 is equal to the weight of M .
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Let X be an irreducible algebraic variety of dimension d. The object

QX = a∗XQ∈DbMHM(X), aX :X→ pt,

has weight ≤ 0. If X is smooth, then QX has weight 0 and QX [d]∈MHM(X). Generally, we
define the intersection complex

ICX = j!∗(QU 〈d〉)∈MHM(X), (10)

where j :U ↪→X is an embedding of a nonempty, open, smooth subvariety and

j!∗(M) =�(pj!M → pj∗M)∈MHM(X), M ∈MHM(U). (11)

The object ICX is self-dual (meaning that DICX � ICX) and has weight 0. The object
ICX = rat(ICX) is the perverse intersection complex in Perv(QX). We define the intersection
cohomology

IH∗(X,Q) =H∗(X, ICX 〈−d〉) (12)

so that IH∗(X,Q) =H∗(X,Q) for smooth X.

Remark 2.11. Some authors define the intersection complex IC′
X = j!∗(QU [d])∈MHM(X). It is

pure of weight d and satisfies DIC′
X � IC′

X(d) (the same is true for any pure object of weight d).
One has IC′

X =GrWd H
dQX [Sai89], where Hd is the dth cohomology in DbMHM(X).

2.4 Degrees

For a graded abelian group V =
⊕

i∈Z Vi and x=
∑

i∈Z xi ∈ V with xi ∈ Vi, let
deg(x) = sup {i | xi �= 0} ∈Z
 {−∞} . (13)

If n=deg(x) is finite, we call xn the leading term of x. If A is a graded integral domain and V
is a graded torsion-free A-module, then

deg(ax) = deg(a) + deg(x) ∀a∈A, x∈ V. (14)

We extend the degree map to F(A)⊗A V , where F(A) is the fraction field of A, by the formula

deg(x/a) = deg(x)− deg(a) ∀a∈A\ {0} , x∈ V. (15)

For an abelian category A (respectively a triangulated category D), let K(A) (respectively
K(D)) denote its Grothendieck group. Let [M ]∈K(D) denote the class of M ∈D. If D is a
bounded t-category with the heart A, then the canonical map K(A)→K(D) is an isomorphism.
If D is a mixed t-category with the heart A, then the Grothendieck group K(A)�K(D) is
graded, where we define deg[M ] = n for a pure object M ∈A of weight n. If A is of finite length
and Cn denotes the set of isomorphism classes of simple objects in An, then K(A)�⊕n∈Z ZCn.

In particular, the Grothendieck group K(MHM(X))�K(DbMHM(X)) is a graded module
over the graded ring K(MHM(pt)) (cf. Section 3.3). Let

L= [H∗
c (A

1,Q)] = [Q(−1)]∈K(MHM(pt))and (16)

K(MHM(X)) =K(MHM(X))⊗Z[L] Z[L
±1/2, (1−Ln)−1 | n� 1]. (17)

Note that L has degree 2. We extend the degree function to K(MHM(X)) so that L1/2 has
degree 1. For M ∈Db(MHM(X)), let deg(M) = deg[M ]. For example, deg(Q[n]) = 0, while
w(Q[n]) = n for n∈Z. The duality functor D on MHM(X) induces the group homomorphism D :
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K(MHM(X))→K(MHM(X)) such that D(Lna) =L−nD(a) for n∈ 1
2Z and a∈K(MHM(X)).

The class [ICX ]∈K(MHM(X)) is self-dual (meaning that D[ICX ] = [ICX ]).

2.5 Decompositions

We say that an object M ∈MHM(X) is supported on a locally closed subvariety Z ⊆X if
M = j!∗pj∗M for the embedding j :Z ↪→X, meaning that the canonical map M → pj∗pj∗M
induces an isomorphism M

∼−→ j!∗pj∗M ↪→ pj∗pj∗M . For a simple object M , this means that Z
contains a nonempty open subset of suppM . We say that M ∈DbMHM(X) is supported on Z
if every H iM is supported on Z. In what follows, a partition of X means a finite collection S of
locally closed subsets of X such that X =

⊔
S∈S S.

Lemma 2.12. Let S be a partition of an algebraic variety X and M ∈MHM(X) be a pure
object. Then there is a unique decomposition M =

⊕
S∈SMS , where MS is supported on S. We

have MS = jS!∗pj∗SM .

Proof. We can assume thatM is simple. There exists a smooth, irreducible, locally closed U ⊂X
such that M = j!∗pj∗M for j :U ↪→X. Let S ∈ S be such that the dimension dS∩U of S ∩U is
maximal. Then S ∩U is open in U . We can substitute U by U ∩ S and assume that U ⊂ S. Then
M = jS!∗pj∗SM .

To prove uniqueness, we need to show that pj∗j!∗ = id and pi∗j!∗ = 0 for two embeddings
j : S ↪→X and i : T ↪→X such that S ∩ T =∅. The first equation is clear. As j!∗N =�(pj!N →
pj∗N) and pi∗ is right exact, it is enough to show that pi∗pj! = 0. We have pi∗pj! = τ�0i

∗τ�0j! =
τ�0i

∗j! = 0 as i∗j! = 0 and τ�0i
∗τ�0 = τ�0i

∗. �

Lemma 2.13. Let S be a partition of an algebraic variety X and M ∈DbMHM(X) be a pure
object. Then there is a decomposition M =

⊕
S∈SMS , where MS is supported on S. We have

MS �
⊕

i(jS!∗
pj∗SH

iM)[−i].
Proof. Let eS = jS!∗pj∗S and ēS(M) =

⊕
i(eSH

iM)[−i] for S ∈ S. We have e2S = eS and eSeT = 0
for S �= T . Therefore ē2S = ēS and ēS ēT = 0 for S �= T . Using M �⊕i(H

iM)[−i] and applying
the previous result to every H iM , we obtain M �⊕S ēS(M). Let M =

⊕
S MS be another

decomposition withMS supported on S. We have ēS(MT ) = 0 for S �= T , hence ēS(M) = ēS(MS).
By the same argument as before, we have MS �

⊕
T ēT (MS) = ēS(MS) = ēS(M). �

2.6 Defects

Let π :X→ Y be a projective morphism between algebraic varieties. For i∈N
 {−∞}, let
Yi =

{
y ∈ Y ∣∣ dim π−1(y) = i

}
(note that dim∅=−∞). The subsets Y�k =

⊔
i�k Yi are open in

Y . For a subvariety Z ⊆ Y , we define the (fibre) defect (cf. [GM88, dCM03])

δ(π, Z) =max {2i+ dZ∩Yi
− dX | i� 0} . (18)

If S is a finite partition of Y such that the fibres of π over S ∈ S have dimension cS , then

δ(π, Z) =max
S∈S

δ(π, Z ∩ S), δ(π, Z ∩ S) = 2cS + dZ∩S − dX . (19)

Note that δ(π) = δ(π, Y ) = dX×Y X − dX � 0. A (surjective) morphism π is called semismall
if δ(π) = 0 and small if δ(π) = 0 and δ(π, Yi) = 0 only for i= 0.
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Definition 2.14. A projective morphism π :X→ Y is called n-small (or virtually small if n
is clear from the context) if there exists an open subset U ⊆ Y such that δ(π, Y \U)<n and
U ⊆ Yn. Note that δ(π)� n if π is n-small.

Remark 2.15. If δ(π)<n, we can assume that the open set U above is empty. If δ(π) = n, we
can assume that U is smooth and equidimensional (of dimension dX − n). If X is smooth, we
can assume that π is smooth over U .

Lemma 2.16. If π :X→ Y is a projective surjective morphism and X, Y are irreducible, then
π :X→ Y is n-small if and only if δ(π, Yi)<n for i �= n and δ(π, Yn)� n. If δ(π, Yn) = n, then
Yn ⊆ Y is open and n= dX − dY .
Proof. Let π be n-small and U ⊆ Yn be such that δ(π, Y \U)<n. Then Yi ⊆ Y \U for i �= n,
hence δ(π, Yi)<n. We also have δ(π, Yn)≤ δ(π)� n. Conversely, assume that δ(π, Yi)<n for
i �= n and δ(π, Yn)� n. If δ(π, Yn)<n, then δ(π)<n and we can take U =∅. If δ(π, Yn) = n,
then dX = n+ dYn

= dπ−1(Yn), hence π
−1(Yn)⊆X is open. The subset π−1(Y<n) is also open,

hence π−1(Y<n) =∅ and Y<n =∅. Therefore Yn ⊆ Y is open and we can take U = Yn. We have
dX = n+ dYn

= n+ dY , hence n= dX − dY . �

In what follows, let D denote the t-category DbMHM(X) with the standard t-structure or
the t-category Db

c(QX) with the perverse t-structure. These t-structures are compatible under
the functor rat :DbMHM(X)→Db

c(QX). For K ∈Db
c(QX), let HiK ∈ Sh(QX) denote the ith

cohomology sheaf and pH iK ∈Perv(QX) denote the ith cohomology object with respect to the
perverse t-structure.

Lemma 2.17. Let M ∈D=DbMHM(Y ) and S be a partition of Y such that j∗SM ∈D�n for
the embeddings jS : S ↪→ Y , S ∈ S. Then M ∈D�n.

Proof. Let U ⊆ Y be open and j :U ↪→ Y , i : Y \U ↪→ Y be the corresponding embeddings. For
every M ∈DbMHM(Y ) there is a triangle j!j

∗M →M → i!i
∗M →. If i∗M ∈D�n and j∗M ∈

D�n, thenM ∈D�n as i!, j! are right t-exact. Given a partition, we can refine it so that it satisfies
the frontier condition: if S ∩ T̄ �=∅, then S ⊆ T̄ for S, T ∈ S. Note that we still have j∗SM ∈D�n

for all S as the restriction functor is right exact. We can apply the previous argument inductively
and deduce that M ∈D�n. �

Lemma 2.18. Let π :X→ Y be a projective morphism such that X is smooth. For a locally
closed embedding j :Z ↪→ Y we have j∗π∗ICX ∈D�δ(π,Z)MHM(X).

Proof. By Lemma 2.17 we can assume that Z ⊂ Yk for some k� 0. Consider the following
Cartesian square.

X X

Z Y

j

π π

j

An object K ∈Db
c(QX) is contained in pD�n

c (QX) ⇐⇒ dim(suppHiK)�−i+ n for all i∈Z.
We have j∗π∗ICX = π′∗j′∗QX [dX ]. The object K = j′∗QX [dX ] satisfies dim(suppHiK) = dX′ =

−i+ (dX′ − dX) for i=−dX and HiK = 0 otherwise. This implies thatK ∈ pD�dX′−dX
c (QX). The

functor π′∗ has amplitude [−k, k]. Therefore j∗π∗ICX = π′∗K ∈ pD�k+dX′−dX = pD≤δ(π,Z)(QX).
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The functor rat :DbMHM(X)→Db
c(QX) sends j∗π∗ICX to j∗π∗ICX and preserves t-structures,

and hence j∗π∗ICX ∈D�δ(π,Z)MHM(X). �

Lemma 2.19. Let f :X→ Y be a morphism between algebraic varieties and M ∈D=
DbMHM(Y ) be a pure object of weight 0 such that f∗M ∈D�n. Then deg(pf∗H iM)� n for
all i∈Z.
Proof. Since M is pure, we have M �⊕i∈Z(H

iM)[−i]. Therefore, f∗(H iM)[−i]∈D�n and
f∗(H iM)∈D�n−i. If pf∗(H iM) �= 0, then i� n. As H iM has weight i, the object pf∗(H iM)
has weight at most i� n. �

Lemma 2.20. Let π :X→ Y be a projective morphism with smooth X. Let S be a partition of
Y and π∗ICX =

⊕
S∈SMS be a decomposition such that MS is supported on S. Then degMS ≤

δ(π, S) for all S ∈ S.
Proof. We have MS �

⊕
i(jS!∗

pj∗SH
iM)[−i] for M = π∗ICX , and hence we need to show that

deg pj∗SH
iM ≤ δ(π, S). The object M is pure of weight 0 and by Lemma 2.18 we have j∗SM ∈

D≤δ(π,S). By Lemma 2.19 we obtain deg pj∗SH
iM ≤ δ(π, S). �

2.7 The leading term

If π :X→ Y is a projective morphism and is a (topological) fibre bundle with all fibres irreducible
and of dimension n, then (cf. [GS93])

Hnπ∗(QX [dX ])�QY [dY ](−n). (20)

If X and Y are smooth (and irreducible), we obtain (cf. Appendix A)

Hnπ∗ICX � ICY (−n/2). (21)

Theorem 2.21. Let π :X→ Y be an n-small morphism with X smooth, and let U ⊆ Y be a
smooth equidimensional open subset such that δ(π, Y \U)<n, δ(π, U) = n, and the fibres of π
over U are smooth, connected, and of dimension n. Then π∗ICX has degree n, and its leading
term is ICU 〈−n〉 (see Section 2.4).

Proof. Let j :U ↪→ Y and i :Z = Y \U ↪→ Y be the embeddings. For M = π∗ICX , we have
M =MU ⊕MZ , where MU �

⊕
k(j!∗j

∗HkM)[−k] and MZ �
⊕

k(i!∗
pi∗HkM)[−k]. We have

deg(MZ)≤ δ(π, Z)<n by Lemma 2.20. On the other hand, j∗HkM =Hkj∗M =Hkπ′∗ICX′

for π′ :X ′ = π−1(U)→U . The object Hkπ′∗ICX′ is zero for k > n and has degree <n for
k < n. Morever, we have Hnπ′∗ICX′ = ICU (−n/2), and hence the leading term of MU is
(j!∗ICU (−n/2))[−n] = ICU (−n/2)[−n]. �

We prove the following well-known result (cf. [GS93, Theorem 5]) for completeness.

Theorem 2.22. Let π :X→ Y be a semismall morphism with smooth X. Let S be a smooth
partition of Y such that π is a (topological) fibre bundle with irreducible fibres over every S ∈ S.
Then π∗ICX =

⊕
δ(π,S)=0 ICS̄ .

Proof. We have M = π∗ICX ∈D≤0 by Lemma 2.18. As M is self-dual, we conclude that M ∈
MHM(X). By Lemma 2.12 we have M =

⊕
S

pjS!∗pj∗SM . If δ(π, S)< 0, then j∗SM ∈D<0, and
hence pj∗SM = 0. Let us assume that δ(π, S) = 0 and let n= dX − dX′ be the fibre dimension,
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where X ′ = π−1(S). Then

pj∗SM =H0(π′∗QX′ [dX ](dX/2)) =Hn(π′∗QX′ [dX′ ])(dX/2)�QS [dS ](dX/2− n) = ICS ,

where we applied (20) to π′ :X ′→ S. �

3. λ-rings over commutative monoids

3.1 Pre-λ-rings of motivic functions

Let Sch = SchK be the category of algebraic schemes over a field K of characteristic zero, by
which we mean schemes X equipped with a finite type morphism aX :X→ pt= Spec(K). For
a scheme (or an Artin stack) S locally of finite type over K, let Sch/S be the category of
morphisms X→ S over K, where X ∈ Sch. For a morphism f : S→ T we have the functor

f! : Sch/S→ Sch/T, [X→ S] �→ [X→ S→ T ].

If f : S→ T is of finite type, then f! has the right adjoint functor

f∗ : Sch/T → Sch/S, [X→ T ] �→ [X ×T S→ S].

We also have the exterior product

� : Sch/S × Sch/T → Sch/(S × T ), [X→ S]� [Y → T ] = [X × Y → S × T ].
Let K(Sch/S) be the Grothendieck group of algebraic schemes over S (see e.g. [Joy07,

Bri12]). The above functors induce morphisms between Grothendieck groups. The Grothendieck
group K(Sch) =K(Sch/pt) has a commutative ring structure defined by [X] · [Y ] = [X × Y ].
The Grothendieck group K(Sch/S) is a module over K(Sch). We define (cf. (17))

L= [A1]∈K(Sch), and (22)

K(Sch/S) =K(Sch/S)⊗Z[L] Z[L
±1/2, (1−Ln)−1 : n� 1]. (23)

In particular, the elements

[Pn] =
1−Ln+1

1−L
, [GLn] =

n−1∏
i=0

(Ln −Li) (24)

are invertible in K(Sch/pt). Consider a morphism f :X→ S, where X is a finite type Artin stack
with affine stabilizers. Then there exists an algebraic variety X with an action of the group GLn

and a geometric bijection X/GLn→X (see e.g. [Bri12]). The class

[X→ S] = [X→X→ S]/[GLn]∈K(Sch/S) (25)

depends only on the morphism f (see e.g. [Bri12]).
Let (S, μ, η) be a commutative monoid in the category of schemes (or Artin stacks) over K.

We equip Sch/S with a symmetric monoidal structure having the tensor product

[X
f−→ S]⊗ [Y

g−→ S] = μ!(f � g) = [X × Y → S × S μ−→ S] (26)

and the unit object 1= [pt
η−→ S]. This tensor product induces the ring structure on K(Sch/S).

We equip K(Sch/S) with a pre-λ-ring structure having σ-operations

σn[X→ S] = [Sn(X)→ Sn(S)
μ−→ S], n� 1, (27)
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where Sn(X) =Xn/Sn. We extend the pre-λ-ring structure to K(Sch/S) by the formula

σn(yma) = ymnσn(a), y=−L1/2, a∈K(Sch/S). (28)

In particular, pt is a commutative monoid, and hence K(Sch) and K(Sch) are pre-λ-rings. The
maps η! :K(Sch)→K(Sch/S) and aS! :K(Sch/S)→K(Sch) (induced by the unit η : pt→ S and
the projection aS : S→ pt) are homomorphisms of pre-λ-rings.

3.2 Graded pre-λ-rings and completions

More generally, let Λ be a commutative monoid and S =
⊔

γ∈Λ Sγ be a Λ-graded commutative
monoid in the category of schemes over K. The pre-λ-rings K(Sch/S) =

⊕
γ∈ΛK(Sch/Sγ) and

K(Sch/S) =
⊕

γ∈Λ K(Sch/Sγ) are Λ-graded pre-λ-rings, meaning that

deg(ab) = deg(a) + deg(b), deg σn(a) = n deg a. (29)

In particular, we consider the commutative monoid Λ=
⊔

γ∈Λ ptγ with ptγ = Spec(K) in the
category of schemes over K. Then K(Sch/Λ) =K(Sch)[Λ] =

⊕
γ∈ΛK(Sch)tγ is a Λ-graded pre-

λ-ring with the product and σ-operations

[X]tγ · [Y ]tγ
′
= [X × Y ]tγ+γ′

, σn([X]tγ) = [SnX]tnγ .

The degree map

deg : S→Λ, Sγ � x �→ ptγ (30)

is a homomorphism of commutative monoids and induces a homomorphism of pre-λ-rings deg! :
K(Sch/S)→K(Sch/Λ) =K(Sch)[Λ].

Assume that there exists a filtration Λ=Λ0 ⊇Λ1 ⊇ . . . such that

Λi +Λj ⊆Λi+j , |Λ\Λi|<∞,
⋂
i�0

Λi =∅. (31)

For example, if Λ⊆Nn for some n� 1, we can define Λk = {γ ∈Λ |
∑n

i=1 γi � k}. For a Λ-graded
ring A=

⊕
γ∈Λ Aγ , we define its completion

Â= lim←−
k

(
A/
⊕

γ∈Λk

Aγ

)
�
∏

γ∈Λ Aγ , (32)

where the last isomorphism is an isomorphism of abelian groups. In particular, the completion
K̂(Sch/S)�∏γ∈Λ K(Sch/Sγ) inherits the structure of a pre-λ-ring. Let us assume that

Λ1 =Λ+ =Λ\ {0}, and consider the ideal K̂+(Sch/S) =
∏

γ∈Λ+
K(Sch/Sγ). The plethystic

exponential

Exp : K̂+(Sch/S)→ 1 + K̂+(Sch/S), a �→
∑
n�0

σn(a), (33)

where σ0(a) = 1, is a group isomorphism (between the additive and the multiplicative groups).

3.3 λ-rings of mixed Hodge modules

Let (S, μ, η) be a commutative monoid in the category of complex algebraic varieties such that
the product μ : S × S→ S is a finite map. We will equip the category MHM(S) with a symmetric
monoidal structure in a similar way to the case of Sch/S considered earlier (see (26)).

Theorem 3.1. The category MHM(S) with the tensor product

⊗ : MHM(S)×MHM(S)→MHM(S), E ⊗ F = μ!(E � F ),
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and the unit object 1= η!Q is a symmetric monoidal category. The tensor product is exact and
w-exact.

Proof. Let σ : S × S→ S × S be the permutation of factors. By [MSS11, Theorem 1.9] (applied
to the variety X = S 
 S), there exists a canonical isomorphism

σ# :E � F → σ∗(F �E)

satisfying σ∗σ# ◦ σ# = id. Applying the pushforward μ! and using commutativity of the monoid,
we obtain an isomorphism σEF :E ⊗ F → F ⊗E satisfying σEF ◦ σFE = id. This is the required
braiding for the tensor product. We have 1⊗ F = μ!(η!Q� F ) = μ!(η× id)!(Q� F ) = F . The
tensor product is exact (respectively w-exact) as both μ! and � are exact (respectively
w-exact). �

The above tensor product ⊗ on MHM(S) should not be confused with the tensor product
⊗∗ on DbMHM(S) defined in Remark 2.10, which is only right w-exact.

Remark 3.2. Without the assumption that μ is finite, we can similarly equip the category
DbMHM(S) with a symmetric monoidal structure. There is a monoidal functor

χc : Sch/S→DbMHM(S), [X
f−→ S] �→ f!QX . (34)

Let A=MHM(S) (or any other Karoubian symmetric monoidal category linear over Q). By
[Get96, Hei07], the split Grothendieck group K(A) (with relations induced by direct sums) is a
(special) λ-ring, with the product and σ-operations defined by

[E] · [F ] = [E ⊗ F ], (35)

σn[E] = [Sn(E)], Sn(E) =�
(

1

n!

∑
σ∈Sn

σ

)
⊆E⊗n, (36)

where e= 1
n!

∑
σ∈Sn

σ ∈End(E⊗n) is an idempotent and �(e) is obtained by its splitting.

Remark 3.3. More generally, for any partition λ � n, let Vλ be the corresponding simple
representation of the group Sn. We define the Schur functor (cf. [Del02])

Sλ :A→A, E �→HomSn
(Vλ, E

⊗n), (37)

where we first construct Hom(Vλ, E
⊗n) as a direct sum of dim Vλ copies of E⊗n and then

take the Sn-invariant subobject of Hom(Vλ, E
⊗n) by splitting the idempotent e= 1

n!

∑
σ∈Sn

σ.
In particular, for the trivial representation we obtain Sn(E) = S(n)(E) and for the alternating
representation we obtain

Λn(E) = S(1n)(E) =�
(

1

n!

∑
σ∈Sn

(−1)σσ
)
⊆E⊗n. (38)

We have sλ[E] = [Sλ(E)], where sλ is the symmetric Schur function. In particular, λn[E] =
[Λn(E)].

Theorem 3.4. The λ-ring structure on the split Grothendieck group K(MHM(S)) descends to
a λ-ring structure on K(MHM(S)) with the unit element 1 = [η∗Q]. This λ-ring is Z-graded (see
(29)) by weight.

Proof. The above product on K(MHM(S)) descends to K(MHM(S)) as the tensor product is
exact. The λ-structure descends to K(MHM(S)) by [MS12, Lemma 2.1] and [Big10, Lemma 4.1].
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We have seen in Section 2.4 thatK(MHM(S)) is a Z-graded abelian group. The product preserves
degrees since the tensor product ⊗ on MHM(S) is w-exact. To see that the λ-structure respects
the grading (see (29)), we note that if E ∈MHM(S) is pure of weight m, then E⊗n is pure of
weight mn and so is Sn(E)⊆E⊗n. �

The monoidal functor defined in (34) induces a morphism of pre-λ-rings (cf. [Sch09, MS12])

χc :K(Sch/S)→K(MHM(S)), [X
f−→ S] �→ [f!QX ]. (39)

We extend the λ-ring structure to K(MHM(S)) using (28). Then χc extends to a morphism of
pre-λ-rings χc :K(Sch/S)→K(MHM(S)).

Remark 3.5. Let D be a (Karoubian) bounded t-category with a t-exact symmetric monoidal
structure (meaning that it preserves the heart A). Then the λ-ring structure on K(D) descends
to a λ-ring structure on the Grothendieck group K(D) (with relations induced by distinguished
triangles, see [Big10, Section 4]). The canonical isomorphism K(A)

∼−→K(D) is an isomorphism
of λ-rings. We can apply this statement to D=DbMHM(S), where (S, μ, η) is a commutative
monoid in the category of complex algebraic varieties with finite maps μ, η.

Note that we use the notation L both for the class χc[A
1] = [H∗

c (A
1,Q)]∈K(MHM(pt)) (16)

and for the class [A1]∈K(Sch) (22), depending on the context. For a smooth (equidimensional)
algebraic variety X of dimension d (or a smooth Artin stack with affine stabilizers), we define
its virtual class

[X]vir =L−d/2[X]∈K(Sch). (40)

For example,

[Pn]vir =L−n/2(1 +L+ · · ·+Ln) =L−n/2 +L−n/2+1 + · · ·+Ln/2, and (41)

[GLn]vir =L−n2/2
n−1∏
i=0

(Ln −Li) =L−n/2
n∏

i=1

(Li − 1). (42)

Note that ICX =QX 〈d〉=L−d/2QX , and hence the class of

Hc(X, ICX) =L−d/2Hc(X,Q)

is equal to χc[X]vir, which we will also denote by [X]vir by abuse of notation.
Let Λ be a commutative monoid admitting a filtration satisfying (31), and Λ1 =Λ+ =Λ\ {0}.

Let S =
⊔

γ∈Λ Sγ be a Λ-graded commutative monoid in the category of complex algebraic vari-
eties (so that the Sγ are of finite type) such that the product μ : Sγ × Sγ′→ Sγ+γ′ is finite. We
define

K(MHM(S)) =
⊕

γ∈ΛK(MHM(Sγ))

and equip it with the Z-graded (and Λ-graded) λ-ring structure using the same formulas as before.
We extend this λ-ring structure to K(MHM(S)) =

⊕
γ∈Λ K(MHM(Sγ)) using (28). There is a

commutative diagram

K(Sch/S) K(Sch/Λ) = K(Sch)[Λ]

K(MHM(S)) K(MHM(Λ)) = K(MHM(pt))[Λ]

deg!

χc χc

deg!

(43)
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where χc is defined in (39), deg : S→Λ is the degree map (30), and all arrows are homomorphisms
of Λ-graded pre-λ-rings. These maps induce homomorphisms between completions (32).

As in (33), we have the plethystic exponential

Exp : K̂+(MHM(S))→ 1 + K̂+(MHM(S)), a �→
∑
n�0

σn(a). (44)

In terms of the Adams operations, Exp and its inverse (called the plethystic logarithm) are

Exp(a) = exp

(∑
n�1

1

n
ψn(a)

)
, Log(1 + a) =

∑
n�1

μ(n)

n
ψn(log(1 + a)), (45)

where μ is the Möbius function.

4. Moduli spaces of framed objects

Let Mγ (respectively Ms
γ) denote the moduli space of semistable (respectively stable) vector

bundles over a curve C of type γ = (r, d)∈Z2. The moduli space Ms
γ is smooth, while the

moduli space Mγ can have singularities if r and d are not coprime. On the other hand, we can
construct the moduli space Mf

γ of stable framed vector bundles, consisting of pairs (E, s), where
E is a vector bundle over C of type γ and s∈ Γ(C, E) is a section. Under certain conditions, this
moduli space is smooth and the canonical morphism π :Mf

γ→Mγ is projective. We will show
that the fibres of π can be identified with moduli spaces of nilpotent quiver representations, and
we will use this result to prove that the morphism π is virtually small (see Definition 2.14). The
properties of virtually small maps (see Theorem 2.21) will be used later to analyse the degrees
of the components of π∗ICMf

γ
. In what follows, we introduce moduli spaces of framed objects

in a setting more general than that of vector bundles on a curve. A closely related treatment of
framed objects in abelian categories, together with their moduli spaces, can be found in [Moz13c].

4.1 Stability of framed objects

Let Vecf be the category of finite-dimensional vector spaces over a field K. Let A be an abelian
K-linear category and Φ :A→Vecf be a left exact functor, to be called a framing functor.

Definition 4.1. A framed object is a pair (E, s), where E ∈A and s∈Φ(E). We call it stable
if for every F ⊆E with s∈Φ(F ) we have F =E.

Let Z =−d+ ri : Γ =K(A)→C be a stability function on an abelian category A (see e.g.
[Bri07]), where d, r ∈HomZ(Γ,R). For every 0 �=E ∈A, we have either r(E)> 0 or r(E) = 0 and
d(E)> 0. We define the slope of E

μZ(E) =
d(E)

r(E)
∈R
 {+∞}

and we say that an object E is Z-semistable (respectively Z-stable) if, for every proper 0 �= F ⊂E,
we have μZ(F )≤ μZ(E) (respectively μZ(F )<μZ(E)). For μ∈R, let Aμ ⊆A be the subcate-
gory of Z-semistable objects having slope μ (including the zero object). This is a weakly Serre
subcategory ofA, meaning an abelian subcategory closed under extensions, kernels and cokernels.

It will be convenient to extend the notion of framed objects (E, s) as follows. Let Af be
the category consisting of triples (E, V, s), where E ∈A, V ∈Vecf and s : V →Φ(E) is linear.
The category Af is an abelian category, called the category of framed objects. A pair (E, s)
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with s∈Φ(E) can be identified with the triple (E,K, s)∈Af . For ε > 0, we define the stability
function on Af

Zε(E, V, s) =Z(E)− ε · dim V

and the corresponding notion of stability in Af . A framed object (E, s) is Zε-stable for 0< ε�
|Z(E)| (we will say that it is Z+-stable) if and only if:

(i) E is Z-semistable; and

(ii) for every proper F ⊂E with s∈Φ(F ), we have μZ(F )<μZ(E).

Lemma 4.2. For a framed object (E, s) with E ∈ C=Aμ the following are equivalent:

(i) (E, s) is Z+-stable in Af ;

(ii) (E, s) is Z+-stable in Cf ; and

(iii) for every F ⊆E in C with s∈Φ(F ), we have F =E.

Proof. If (E, s) is Z+-stable in Af , then it is automatically Z+-stable in Cf . If (E, s) is Z+-stable
in Cf and s∈Φ(F ) for a proper F ⊂E in C, then μZ(F )<μZ(E). This contradicts F ∈ C=Aμ.
Assume that (E, s) satisfies the third condition. Let s∈Φ(F ) for a proper F ⊂E in A. As
E ∈Aμ, we have μZ(F )≤ μ. If μZ(F ) = μ, then F ∈Aμ = C and, by our assumption, F =E.
Otherwise μZ(F )<μZ(E). This implies that (E, s) is Z+-stable in Af . �

The above result implies that the notion of Z+-stability of framed objects in Aμ is equivalent
to the notion of stability of framed objects from Definition 4.1. To define such a framed object,
it is enough to have a left exact functor Φ :Aμ→Vecf . Usually, this functor will be exact.

Example 4.3. Let Q be a quiver and A=RepQ be the category of Q-representations over a
field K. For a fixed (framing) vector w ∈NQ0 , we define the exact functor

Φ :A→Vecf , M �→
⊕
i∈Q0

Hom(Kwi , Mi)�
⊕
i∈Q0

M⊕wi

i . (46)

The category Af of framed objects can be identified with the category of representations of the
new quiver Q′ obtained from Q by adding a new vertex ∗ and wi arrows ∗→ i for all i∈Q0.
An object (M, V, s)∈Af is identified with the representation M ′ ∈RepQ′ such that M ′

i =Mi for
i∈Q0 andM

′∗ = V . The linear map s : V →Φ(M) =
⊕

i∈Q0
M⊕wi

i induces linear mapsM ′∗→M ′
i

corresponding to the arrows ∗→ i in Q′. A framed object (M, s) corresponds toM ′ ∈RepQ′ with
M ′∗ =K. It is stable if and only if M ′∗ generates the whole representation.

Example 4.4. Let C be a smooth projective curve of genus g and A=CohC be the category
of coherent sheaves over C. We consider the stability function Z(E) =− degE + rkE · i on A.
For μ∈Q, let Aμ =CohμC ⊂CohC be the category of semistable vector bundles of slope μ. For
a fixed line bundle L (or any coherent sheaf) over C, we consider the left exact functor

Φ :A→Vecf , E �→Hom(L, E). (47)

If the line bundle L has degree � < μ− (2g− 2), then the functor Φ :Aμ→Vecf is exact. Indeed,
Ext1(L, E)�Hom(E, L⊗ ωC)

∗ = 0 for E ∈Aμ since μ> �+ 2g− 2.
On the other hand, for a fixed point p∈C, the fibre functor

Φ :Aμ→Vecf , E �→E(p) =Ep ⊗OC,p
K, (48)

is also exact. Framed objects in this situation can be identified with parabolic vector bundles.
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As before, let Aμ ⊆A be the category of Z-semistable objects of A having slope μ∈R. The
stable objects of A having slope μ are exactly the simple objects of Aμ. Let

E1, . . . , En ∈Aμ

be a collection of (pairwise non-isomorphic) simple objects, and let C= 〈E1, . . . , En〉 ⊂Aμ be
the abelian category generated by them. This is a Serre subcategory of Aμ, meaning an abelian
subcategory closed under taking extensions, subobjects and quotients. Given a left exact functor
Φ :Aμ→Vecf , we define the category Cf of framed objects in C in the same way as before.

We are going to describe the categories C and Cf as categories of quiver representations. Let
Q be the quiver with vertices 1, . . . , n and the number of arrows from i to j equal to

aij =dimExt1(Ei, Ej). (49)

Let Q′ be the quiver obtained from Q by adding a new vertex ∗ and wi =dimΦ(Ei) arrows ∗→ i
for all i∈Q0. A representation of Q is called nilpotent if it has a filtration by sub-representations
such that the arrows of Q act trivially on the factors.

Theorem 4.5.

(i) If Aμ is hereditary, then the category C is equivalent to the category Repnil(Q) of
nilpotent representations of Q.

(ii) If Aμ is hereditary and Φ :Aμ→Vecf is exact, then the category of framed objects Cf is
equivalent to Repnil(Q′).

Proof. For the first statement, see [DX98, Section 1.5]. For the second statement we can assume
that C=Repnil(Q) and we will show that an exact functor Φ : C→Vecf is uniquely determined
(up to a non-unique natural transformation) by its values on the simple objects. This will imply
the second statement, as Repnil(Q′) can be identified with the category of framed objects in
Repnil(Q) (see Example 4.3).

Let A= kQ be the path algebra, r⊂A be the radical, and ei ∈A be the idempotent corre-
sponding to the trivial path at a vertex i∈Q0. It is enough to show that Φ is uniquely determined
on the subcategory Ct =RepAt ⊂ C (which is not an exact subcategory), where At =A/rt+1 for
t� 0. Let Si be the simple modules and Pi =Atei their projective covers as At-modules. For the
projective module P =

⊕
i Φ(Si)

∗ ⊗k Pi, where Φ(Si)
∗ denotes the dual vector space of Φ(Si), we

consider the functor hP =Hom(P,−) : C→Vecf . We will construct an isomorphism a : hP →Φ
of functors over Ct. The map

Fun(hP ,Φ)�Φ(P ) =
⊕
i

Φ(Si)
∗ ⊗k Φ(Pi)→

⊕
i

Φ(Si)
∗ ⊗k Φ(Si)

is surjective, as Pi→ Si is surjective and Φ is exact. Consider a preimage a : hP →Φ of the
sum of identity maps. This corresponds to ai : Φ(Si)→Φ(Pi) such that the composition Φ(Si)→
Φ(Pi)→Φ(Si) is the identity for all i. This induces a chain of maps

hP (M) =Hom(P,M) =
⊕
i

Φ(Si)⊗k Hom(Pi, M)

→
⊕
i

Φ(Pi)⊗k Hom(Pi, M)→Φ(M).

For M = Sj , the composition of the last two arrows is an isomorphism. This implies that
a : hP →Φ induces an isomorphism on simple objects. By the exactness of hP and Φ on Ct,
we conclude that a : hP →Φ is an isomorphism of functors on the whole category Ct. �
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The above theorem implies that the moduli space of stable pairs (E, s) with E ∈ C can be
identified with the moduli spaces of stable nilpotent representations of Q′ having dimension
one at the vertex ∗ (see Example 4.3). Stability of a representation M ∈RepQ′ means that M∗
generates the whole representation.

Remark 4.6. The second statement of the theorem implies that Cf is hereditary. More generally,
one can show that if A is hereditary and Φ :A→Vecf is exact, then Af is hereditary [Moz20].

Example 4.7. Let S be a smooth projective surface and H be an ample divisor such that
H ·KS < 0, where KS is the canonical divisor of S. Define the slope function

μ(E) =
H · c1(E)

rkE
, E ∈CohS.

For μ∈R, let Aμ =CohμS ⊂CohS be the category of semistable vector bundles (also called
Mumford semistable) having slope μ. This category is hereditary. Indeed, for any E, F ∈Aμ, we
have Ext2(E, F )�Hom(F, E ⊗ ωS)

∗ = 0 as both F and E ⊗ ωS are semistable and

μ(E ⊗ ωS) =
H · c1(E) + rkE ·H ·KS

rkE
= μ(E) +H ·KS <μ(F ).

For n∈Z, we consider the left exact functor

Φn :A
μ→Vecf , E �→Hom(O(−nH), E). (50)

This functor is not exact in general, but one can prove the following (cf. [HL10, Sections 1.7,
3.3]). For E ∈CohS, let cl(E) = (rkE,H · c1(E), c2(E))∈Z3. For any finite subset C ⊂Z3, there
exists n> 0 such that RiΦn(E) = 0 for all i > 0 and E ∈Aμ with cl(E)∈C.

4.2 Moduli spaces

Let A be an abelian (C-linear) category and cl :K(A)→ Γ be a homomorphism to an abelian
group Γ equipped with a bilinear form χ compatible with the Euler form on A

χ(clE, clE′) = χ(E, E′) =
∑
i�0

(−1)i dimExti(E, E′). (51)

Let Z =−d+ ri : Γ→C be a homomorphism inducing a stability function K(A)
cl−→ Γ

Z−→C (also
denoted by Z). For μ∈R, let Aμ ⊆A be the category of Z-semistable objects having slope μ
(including the zero object). We define the semigroups

Λ= {cl(E)∈ Γ |E ∈Aμ} , Λ+ =Λ\ {0} . (52)

We assume that Aμ is hereditary and we have an exact functor Φ :Aμ→Vecf and a
homomorphism φ : Λ→Z such that

dimΦ(E) = φ(clE) ∀E ∈Aμ. (53)

Example 4.8. As in Example 4.4, let C be a smooth projective curve of genus g over C, and
let A=CohC and Aμ =CohμC ⊂CohC for a fixed μ∈Q. We consider the Chern character map
ch :K(A)→ Γ=Z2, [E] �→ (rkE, degE). Let Φ=Hom(L,−) :Aμ→Vecf for a line bundle L of
degree � < μ− (2g− 2). For γ = ch(E) = (r, d) and γ′ = chE′ = (r′, d′), we have

χ(γ, γ′) = χ(E, E′) = (1− g)rr′ + (rd′ − r′d), (54)

φ(γ) = χ(L, E) = (1− g− �)r+ d. (55)
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Note that the Euler form is symmetric on Λ. Indeed, if γ, γ′ ∈Λ, then rd′ = r′d, hence χ(γ, γ′) =
(1− g)rr′ = χ(γ′, γ).

We assume that for every γ ∈Λ there exists a moduli space Mγ of Z-semistable objects in A

having class γ, and a moduli space Mf
γ of stable framed objects (E, s) with E ∈Aμ having class

γ (see e.g. [HL95] in the case of framed objects on a curve). The moduli space Mf
γ is smooth as

all objects are stable and the second Ext-group vanishes (see e.g. [Tha94]). The moduli space
Mγ parametrizes poly-stable objects of the form

E =

n⊕
i=1

Emi

i ,

where Ei are pairwise non-isomorphic stable objects in A with γi = clEi ∈Λ+ such that
γ =

∑
imiγi. Note that the objects Ei are simple objects in Aμ. We define the type of E to

be the pair (γ,m) with

γ = (γi)
n
i=1 ∈ (Λ+)

n, m= (mi)
n
i=1 ∈Nn.

The set Sγ,m ⊂Mγ of all objects having type (γ,m) is called the Luna stratum of type (γ,m).
In our applications they form a finite partition of Mγ into locally closed subsets. If n= 1 and
m1 = 1, then Sγ,m is equal to the stable locus Ms

γ ⊆Mγ which is smooth and open.

The canonical projection π :Mf
γ→Mγ sends a pair (E, s) to the graded object associated

with the Jordan–Hölder filtration of E in Aμ. This map is projective, and its fibre over any
E ∈Ms

γ is isomorphic to the projective space P (Φ(E))� Pφ(γ)−1.
Following (49), we define the quiver Qγ with vertices 1, . . . , n and the number of arrows from

i to j equal to

aij =dimExt1(Ei, Ej) = δij − χ(γi, γj). (56)

We define Q′
γ to be the quiver obtained from Qγ by adding one vertex ∗ and adding

wi =dimΦ(Ei) = φ(γi) (57)

arrows ∗→ i for all vertices i in Qγ .

Remark 4.9. In the case of vector bundles on a curve and γi = chEi = (ri, di) with di/ri = μ, we
obtain aij = δij + (g− 1)rirj . Note that the corresponding quiver is symmetric (aij = aji).

The Euler form of Qγ is given by

χQγ
(m,m′) =

∑
i

mim
′
i −
∑
i,j

aijmim
′
j =
∑
i,j

(δij − aij)mim
′
j , m,m′ ∈Zn.

If γ =
∑

imiγi and γ
′ =
∑

im
′
iγi, then

χ(γ, γ′) =
∑
i,j

χ(γi, γj)mim
′
j = χQγ

(m,m′).

This means that the map Zn→ Γ, m �→∑imiγi preserves the Euler forms.

Theorem 4.10. For any object E ∈Mγ of type (γ,m), the fibre π−1(E)⊂Mf
γ is isomorphic to

the moduli space Mf,nil
m of stable nilpotent representationsM of Q′

γ withM |Qγ
having dimension

vector m and dimM∗ = 1. Stability of M means that M∗ generates the whole representation.
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Proof. Let E =
⊕n

i=1 E
mi

i , where clEi = γi ∈Λ+. Let C⊂Aμ be the abelian category generated
by E1, . . . , En. We proved in Theorem 4.5 that C is equivalent to the category Repnil(Qγ) and
Cf is equivalent to the category Repnil(Q′

γ).
If (E′, s)∈ π−1(E), then the factors of the Jordan–Hölder filtration of E′ ∈Aμ contain mi

copies of Ei for all 1� i� n. Therefore E′ ∈ C and (E′, s) is stable in Cf (cf. Lemma 4.2). As
Cf �Repnil(Q′

γ), we can identify (E′, s) with a stable nilpotent representation M of Q′
γ such

that M |Qγ
has dimension vector m and dimM∗ = 1. �

4.3 Virtual smallness

Let us now assume that the Euler form is symmetric on Λ.

Theorem 4.11. The defect of π :Mf
γ→Mγ over Sγ,m is � φ(γ)− 1, with equality only over

the stable locus Ms
γ ⊆Mγ (if Ms

γ �=∅).

Proof. Let Sγ,m ⊆Mγ be the stratum corresponding to γ = (γ1, . . . , γn)∈ Γn and m=
(m1, . . . , mn)∈Nn such that

∑
imiγi = γ. LetQ=Qγ andQ′ =Q′

γ be as in (56). By our assump-
tions, the quiver Q is symmetric (cf. Remark 4.9). By Theorem 4.10, for E =

⊕n
i=1 E

mi

i ∈ Sγ,m,

we can identify the fibre π−1(E) with the moduli space Mf,nil
m of stable nilpotent representations

of Q′. Let Rm =
⊕

a:i→j Hom(Cmi ,Cmj ) be the space of all representations of Q having dimen-

sion vector m, and let Rnil
m ⊂Rm be the subscheme of nilpotent representations. These schemes

are equipped with the action of the group Gm =
∏

i∈Q0
GLmi

. As Q is a symmetric quiver, we
have (see [MR19])

1
2χQ(m,m) + dimRnil

m − dimGm �
n∑

i=1

mi

(
1
2χQ(ei, ei)− 1

)
,

where ei is the standard basis vector of Zn. We have

dimMf,nil
m =dimRnil

m (Q)− dimGm +w ·m
as Gm acts freely on stable framed representations. Note that w ·m= φ(γ). Therefore,

dimMf,nil
m �

n∑
i=1

mi

(
1
2χ(γi, γi)− 1

)− 1
2χ(γ, γ) + φ(γ).

The dimension of the stable locus Ms
γ ⊆Mγ is 1− χ(γ, γ), and hence dim Sγ,m =

∑n
i=1(1−

χ(γi, γi)) (if Sγ,m is non-empty). The defect of π over Sγ,m is equal to (see (18))

δ(π, Sγ,m) = 2 dimMf,nil
m +dim Sγ,m − dimMf

γ

= 2 dimMf,nil
m +

n∑
i=1

(1− χ(γi, γi)) + (χ(γ, γ)− φ(γ))

≤
n∑

i=1

mi (χ(γi, γi)− 2) +

n∑
i=1

(1− χ(γi, γi)) + φ(γ)

=

n∑
i=1

(mi − 1) (χ(γi, γi)− 1)−
n∑

i=1

mi + φ(γ)�−
n∑

i=1

mi + φ(γ)� φ(γ)− 1, (58)
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where we used the fact that mi � 1 and χ(γi, γi)≤ 1. The last inequality in (58) can be an
equality only for n= 1 and m1 = 1. In this case the stratum Sγ,m is the stable locus Ms

γ . The

fibre over E ∈Ms
γ can be identified with the projective space P (Φ(E))� Pφ(γ)−1. Therefore, the

defect of π over Ms
γ is

δ(π,Ms
γ) = 2(φ(γ)− 1) + (1− χ(γ, γ)) + (χ(γ, γ)− φ(γ)) = φ(γ)− 1. �

5. DT invariants

5.1 Moduli spaces

We follow the conventions from Section 4.2. Let C be a smooth projective curve of genus g
over C. Let A=CohC and Aμ =CohμC ⊆CohC be the category of semistable vector bundles
having a fixed slope μ∈Q. In a similar way to (52), we define

Λ+ = {(r, d)∈Z>0 ×Z | d/r= μ} , Λ=Λ+ 
 {0} .
Note that Λ=Nγ0 �N for a unique element γ0 = (r0, d0)∈Λ+.

For γ = (r, d)∈Λ, let Mγ (respectively Ms
γ) be the moduli space of semistable (respectively

stable) vector bundles over C having class γ (rank r and degree d). Similarly, let Mγ be the
moduli stack of semistable vector bundles over C having class γ.

Remark 5.1. The moduli space Mγ is always irreducible [LeP97, Theorem 8.5.2]. If the sta-
ble locus Ms

γ ⊆Mγ is nonempty, then it is smooth of dimension 1− χ(γ, γ) = (g− 1)r2 + 1.
Moreover, the following statements hold.

(i) If g� 2, then Ms
γ �=∅ [LeP97, Theorem 8.6.1].

(ii) If g= 1, then Mγ � Sk(C) for k= gcd(r, d) [LeP97, Theorem 8.6.2]. We have Ms
γ =Mγ if

k= 1 and Ms
γ =∅ otherwise. Indeed, if Ms

γ �=∅, then dim Sk(C) = 1, hence k= 1.

(iii) If g= 0, then Mγ = pt if d/r ∈Z and Mγ =∅ otherwise. We have Ms
γ =Mγ if r= 1 and

Ms
γ =∅ otherwise.

Remark 5.2. Note that the restriction of the Euler form (54) to Λ (or Aμ) is symmetric. All of
the results below translate verbatim to moduli spaces in other hereditary categories under the
assumption that the restriction of the Euler form to Aμ is symmetric.

As in Example 4.8, we fix a line bundle L of degree � < μ− (2g− 2), and consider the exact
functor Φ=Hom(L,−) :Aμ→Vecf and the homomorphism φ : Λ→Z such that dimΦ(E) =
φ(chE) for all E ∈Aμ. Let Mf

γ be the moduli space of stable framed objects (E, s) with E ∈Aμ

having class γ and s∈Φ(E). We define

M=
⊔
γ∈Λ

Mγ , M=
⊔
γ∈Λ

Mγ , Mf =
⊔
γ∈Λ

Mf
γ ,

and consider the commutative diagram

Mf M

M

q

π p

where the projective map π :Mf→M was introduced in Section 4.2 and the map q :Mf→M
sends a pair (E, s) to E. The moduli space M is a Λ-graded commutative monoid in the category
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of algebraic schemes over C, where the product map μ :M×M→M is given by the direct sum of
vector bundles and is a finite map. The unit map is η : pt=M0 ↪→M. By the results of Section 3,
we have a Λ-graded pre-λ-ring K(Sch/M) and a Λ-graded (and Z-graded) λ-ring K(MHM(M)).
As in (43), we have a commutative diagram

K(Sch/M) K(Sch/Λ) = K(Sch)[Λ]

K(MHM(M)) K(MHM(Λ)) = K(MHM(pt))[Λ] Q(u
1
2 , v

1
2 )[Λ]

deg!

χc χc

deg! E

where deg :M→Λ is the degree map (30), E is the E-polynomial map (see Section 5.6), and all
arrows are homomorphisms of pre-λ-rings.

5.2 Motivic DT invariants

The (absolute) motivic DT invariants DTm
γ ∈K(Sch) are defined by the formula in K̂(Sch/Λ)�∏

γ∈Λ K(Sch)tγ ∑
γ∈Λ

L
1

2
χ(γ,γ)[Mγ ]t

γ =Exp

(∑
γ∈Λ+

DTm
γ t

γ

L
1

2 −L− 1

2

)
.

Note that dimMγ =−χ(γ, γ), and hence L
1

2
χ(γ,γ)[Mγ ] = [Mγ ]vir (40). Note also that L

1

2 −L− 1

2 =
[Gm]vir. Similarly, we define the (relative) motivic DT invariants DTm

γ ∈K(Sch/Mγ) by the

formula in K̂(Sch/M) ∑
γ∈Λ

L
1

2
χ(γ,γ)[Mγ→Mγ ] = Exp

(∑
γ∈Λ+

DTm
γ

L
1

2 −L− 1

2

)
. (59)

We define DTm =
∑

γ∈Λ+
DTm

γ ∈ K̂(Sch/M). The following statement is a relative analogue of
the result proved in [KS11, Section 6.2, Theorem 10] for quivers with potentials (see also [KS08,
Section 7.3, Conjecture 9]).

Theorem 5.3 (Integrality conjecture [Mei15]). The class DTm
γ is contained in the image of the

map K(Sch/Mγ)[L
−1/2]→K(Sch/Mγ).

5.3 Mixed DT invariants

The (absolute) DT invariants are defined by

DTγ = χc(DTm
γ )∈K(MHSp), (60)

where χc :K(Sch)→K(MHSp) was defined in (39). Similarly, the relative DT invariants are

DTγ = χc(DTm
γ )∈K(MHM(Mγ)). (61)

Using the fact that χc :K(Sch/Λ)→K(MHM(Λ)) and χc :K(Sch/M)→K(MHM(M)) are
morphisms of pre-λ-rings, we can write∑

γ∈Λ
L

1

2
χ(γ,γ)χc[Mγ ] = Exp

(∑
γ∈Λ+

DTγ

L
1

2 −L− 1

2

)
and (62)

∑
γ∈Λ

L
1

2
χ(γ,γ)χc[Mγ→Mγ ] = Exp

(∑
γ∈Λ+

DTγ

L
1

2 −L− 1

2

)
. (63)
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Corollary 5.4. The class DTγ is contained in K(MHM(Mγ))[L
1/2].

Proof. By Theorem 5.3, the class DTγ is contained in the image of the map (note that L

is invertible) K(MHM(Mγ))[L
1/2]→K(MHM(Mγ)). This map is injective, as K(MHM(Mγ)) is

free over Z[L±1] (the basis consists of isomorphism classes of simple objects in MHM(Mγ) having
weight 0 or 1). �

Remark 5.5. The stack Mγ can be represented as a global quotient X/G, where X is smooth
and G=GLn is a general linear group (see e.g. [HL10]). If q :X→ Y is a principal G-bundle
between smooth algebraic varieties, then [ICY ] = [G]−1

vir · q![ICX ]. In our case, we consider the
diagram

X Mγ

Mγ

q

p

and formally define

p![ICMγ
] = [G]−1

vir · (pq)![ICX ]∈K(MHM(Mγ)).

Then p![ICMγ
] =L−dX/2+dG/2[G]−1 · (pq)![QX ] =L

1

2
χ(γ,γ) · χc[Mγ→Mγ ]. Therefore,∑

γ∈Λ
p![ICMγ

] = Exp

(∑
γ∈Λ+

DTγ

L
1

2 −L− 1

2

)
.

5.4 DT invariants and framed moduli spaces

In this section we will express DT invariants using moduli spaces of stable framed objects. This
expression is a version of a wall-crossing formula, also called a DT/PT correspondence. Recall
that we have a commutative diagram

Mf M

M

q

π p

Theorem 5.6. We have

π!

(∑
γ∈Λ

(−1)φ(γ)[ICMf
γ
]

)
=Exp

( ∑
γ∈Λ+

(−1)φ(γ)[Pφ(γ)−1]vir DTγ

)
. (64)

Proof. We will prove a similar formula in K̂(Sch/M) and then apply the map χc : K̂(Sch/M)→
K̂(MHM(M)). The wall-crossing formula for framed objects (cf. [ER09, Moz13c, Bri11]) implies
that ∑

γ

L
1

2
χ(γ,γ)+φ(γ)[Mγ→Mγ ] =

∑
γ

L
1

2
χ(γ,γ)[Mf

γ→Mγ ] ·
∑
γ

L
1

2
χ(γ,γ)[Mγ→Mγ ].

Applying (59), we obtain

Exp

(∑
γ L

φ(γ) DTm
γ

L
1

2 −L− 1

2

)
=
∑
γ

L
1

2
χ(γ,γ)[Mf

γ→Mγ ] ·Exp
(∑

γ DTm
γ

L
1

2 −L− 1

2

)
.

23

https://doi.org/10.1017/S294976472610023X Published online by Cambridge University Press

https://doi.org/10.1017/S294976472610023X


Markus Reineke and Sergey Mozgovoy

Let dγ =dimMf
γ =−χ(γ, γ) + φ(γ) and zγ =L−dγ/2[Mf

γ→Mγ ]. Then∑
γ

L
1

2
φ(γ)zγ =Exp

(∑
γ(L

φ(γ) − 1)DTm
γ

L
1

2 −L− 1

2

)
=Exp

(∑
γ

L
1

2 [Pφ(γ)−1]DTm
γ

)
.

We apply the pre-λ-ring morphism
∑

γ xγ �→
∑

γ(−L1/2)−φ(γ)xγ to both sides and obtain∑
γ

(−1)φ(γ)zγ =Exp

(∑
γ

(−1)φ(γ)[Pφ(γ)−1]vir DTm
γ

)
.

Finally, we apply χc to both sides and note that χc(zγ) = [π!(QMf
γ
〈dγ〉)] = π![ICMf

γ
]. �

5.5 DT invariants and intersection complexes

For γ = (r, d)∈Λ, the stable locus Ms
γ ⊆Mγ is open, smooth and has dimension 1− χ(γ, γ) (if

Ms
γ �=∅). We consider the object ICMs

γ
∈MHM(Mγ), which is defined to be zero if Ms

γ =∅.

Theorem 5.7. We have DTγ = [ICMs
γ
] for γ ∈Λ.

Proof. The formula (64) can be written in the form

(−1)φ(γ)π∗[ICMf
γ
] =

∑
m:Λ+→N

∑
α mαα=γ

∏
α∈Λ+

σmα((−1)φ(α)[Pφ(α)−1]vir DTα ). (65)

We will compare the highest degree terms on both sides. By Theorem 4.11, the map π :Mf
γ→Mγ

is n-small, where n= φ(γ)− 1. It is a Pn-fibration over Ms
γ . By Theorem 2.21, the object π∗ICMf

γ

has degree � n and the degree n component ICMs
γ
〈−n〉=Ln/2ICMs

γ
.

Let us consider the summand on the right corresponding to m : Λ+→N that is dif-
ferent from the delta-function δγ : Λ+→N. By induction on γ, the DT invariants in this
summand satisfy DTα = [ICMs

α
], and hence have degree zero (if DTα �= 0). Therefore, zα =

(−1)φ(α)[Pφ(α)−1]vir DTα has degree � φ(α)− 1. As K(MHM(M)) is a weight-graded λ-ring (see
Theorem 3.4), we conclude that σmα(zα) has degree �mα(φ(α)− 1). Therefore, the summand∏

α σ
mα(zα) has degree ≤

∑
αmα(φ(α)− 1) = φ(γ)−∑αmα <φ(γ)− 1 = n.

The summand on the right corresponding to the delta-function δγ : Λ+→N is equal to zγ =

(−1)φ(γ)[Pφ(γ)−1]vir DTγ . By Corollary 5.4, we have DTγ ∈K(MHM(Mγ))[L
1

2 ], and hence we
can write DTγ =

∑
i∈Z xi, where xi is homogeneous of degree i. We can prove by induction that

the class DTγ is self-dual, and hence DTγ has degree r� 0 (if DTγ �= 0). Then zγ has degree
r+ n and the leading term (−1)φ(γ)Ln/2xr (if DTγ �= 0).

We conclude that, if DTγ = 0, then the right hand side has degree <n, hence ICMs
γ
=

0 and Ms
γ =∅. If DTγ �= 0, then the right hand side has degree r+ n and the leading term

(−1)φ(γ)Ln/2xr. Comparing it to the left hand side, we conclude that r= 0 and x0 = [ICMs
γ
]. As

DTγ is self-dual and xi = 0 for i > 0, we conclude that DTγ = x0 = [ICMs
γ
]. �

The above result translates verbatim to moduli spaces in other hereditary categories under
the assumption that the restriction of the Euler form to Aμ is symmetric (so that we can apply
Theorem 4.11).
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Corollary 5.8 (cf. Theorem 1.3). We have

DTγ =

{
[ICMγ

] Ms
γ �=∅,

0 Ms
γ =∅.

(66)

DTγ =

{
[H∗(Mγ , ICMγ

)] Ms
γ �=∅,

0 Ms
γ =∅.

(67)

Proof. The moduli space Mγ is irreducible and Ms
γ ⊆Mγ is open. If Ms

γ �=∅, then

Ms
γ =Mγ , hence DTγ = [ICMs

γ
] = [ICMγ

] and we obtain (66). To prove (67), we apply

a! :K(MHM(Mγ))→K(MHM(pt)) for the projection a :Mγ→ pt. �

Example 5.9. If C is an elliptic curve, then Mγ � Sk(C) for k= gcd(r, d), γ = (r, d). Moreover,
Ms

γ =Mγ if k= 1 and Ms
γ =∅ otherwise. Therefore,

DTγ =

{
[ICMγ

] =L−1/2[QMγ
] gcd(r, d) = 1,

0 otherwise.

5.6 Hodge–Deligne polynomials

Given a mixed Hodge structure V , we define its Hodge–Deligne polynomial (also called Hodge–
Euler polynomial or E-polynomial)

E(V ; u, v) =
∑
p,q

hp,q(V )upvq, hp,q(V ) = dimGrpFGrWp+q(VC). (68)

This induces a λ-ring homomorphism

E :K(MHM(pt)) =K(MHSp(Q))→Z[u±1, v±1], (69)

where the λ-ring structure on the right is given by the Adams operations ψn(f(u, v)) = f(un, vn).
The fact that the above map preserves λ-ring structures follows from the fact that it is induced
by an exact monoidal functor MHSp(Q)→VecZ

2

C , V �→ VC (where VecZ
2

C denotes the category
of Z2-graded objects in VecC) and that K(VecZ

2

C )�Z[u±1, v±1]. For an algebraic variety X, we
have the class χc[X] = [H∗

c (X,Q)] =
∑

i(−1)i[H i
c(X,Q)]∈K(MHM(pt)) and we define

E(X) =E(χc[X]) =
∑
i

(−1)iE(H i
c(X,Q))∈Z[u±1, v±1]. (70)

In particular, L=H∗
c (A

1,Q) =Q(−1)[−2] and E(L) =E(Q(−1)) = uv. We extend E to a λ-ring
homomorphism

E :K(MHM(pt))→Q(u1/2, v1/2)

with E(L1/2) =−(uv)1/2 (the minus sign corresponds to the fact that L1/2 =Q(−1/2)[−1] has
odd homological degree). In what follows we will denote E(L1/2) by L1/2. For a finite type
Artin stack X over C with affine stabilizers, we have the classes [X]∈K(Sch/pt), χc[X]∈
K(MHM(pt)) and we define E(X) =E(χc[X]).
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For μ∈Q, we define the series (cf. (1))

Qμ = 1+
∑

d/r=μ

Qr,dt
r = 1+

∑
d/r=μ

L(1−g)r2/2E(Mr,d)t
r ∈Q(u1/2, v1/2)[[t]]. (71)

Note that dimMγ =−χ(γ, γ) = (g− 1)r2 for γ = (r, d). As in the introduction, we define the DT
invariants of the curve by the formula (2),

Qμ =Exp

(∑
d/r=μ DTE

r,d t
r

L
1

2 −L− 1

2

)
. (72)

Theorem 5.10 (cf. Theorem 1.1). If Ms
γ =∅, then DTE

γ = 0. If Ms
γ �=∅, then

DTE
γ =E(H∗(Mγ , ICMγ

)) =L− dimMγ/2E(IH∗(Mγ ,Q)), (73)

DTE
γ (y, y) = (−y)− dimMγ

∑
k
dim IHk(Mγ ,Q)(−y)k, (74)

where dimMγ =dimMs
γ = (g− 1)r2 + 1 for γ = (r, d)∈Z2.

Proof. Comparing (72) and (62), we conclude that DTE
γ =E(DTγ). Taking the E-polynomials

on both sides of (67), we obtain DTE
γ =

{
E(H∗(Mγ , ICMγ

)) Ms
γ �=∅,

0 Ms
γ =∅.

We have (cf. (12))

IH∗(Mγ ,Q) =H∗(Mγ , ICMγ
〈− dimMγ〉) =LdimMγ/2H∗(Mγ , ICMγ

),

hence E(H∗(Mγ , ICMγ
)) =L− dimMγ/2E(IH∗(Mγ ,Q)). The second formula follows by substitu-

tion u= v= y, L1/2 =−y and the fact that IHk(Mγ ,Q) is pure of weight k (note that 〈1〉 does
not change the weight). �

If g� 2, then Ms
γ �=∅, hence dimMγ = (g− 1)r2 + 1 for γ = (r, d). Therefore,∑

d/r=μ

L(1−g)r2/2E(IH∗(Mr,d))t
r =

∑
d/r=μ

L1/2 DTE
r,d t

r = (L− 1)Log(Qμ). (75)

The next result is an explicit formula for Qr,d mentioned in the introduction; see [Zag96, LR96,
MR14].

Theorem 5.11. For any r, d, we have

Qr,d =
∑

r1,...,rk>0

r1+···+rk=r

k−1∏
i=1

L(ri+ri+1){(r1+···+ri)d/r}

1−Lri+ri+1
Qr1 . . . Qrk ,

where {x}= x− �x� is the fractional part of x and

Qr =L(1−g)r2/2Rest=1

r−1∏
i=0

ZC(L
it), ZC(t) =

∑
n�0

E(SnC)tn =
(1− ut)g(1− vt)g
(1− t)(1− uvt) .

Remark 5.12. With r�i = r1 + · · ·+ ri, we have
∑k−1

i=1 (ri + ri+1)r�i = (r− rk)r, hence
k−1∑
i=1

(ri + ri+1) {r�id/r}= (r− rk)d−
k−1∑
i=1

(ri + ri+1)�r�id/r� ∈Z.
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Appendix A. Relative hard Lefschetz theorem

Let π :X→ Y be a projective morphism between smooth (connected) algebraic varieties and
�∈H2(X,Z(1)) be the first Chern class of a relatively ample line bundle on X. This induces the
map � :M →M(1)[2] for any M ∈DbMHM(X).

Theorem A.1 (Relative hard Lefschetz theorem [BBD82, Sai88]). For a pure M ∈MHM(X),
the map

�i :H−iπ∗M →H iπ∗M(i), i� 0,

is an isomorphism.

We define the primitive parts of π∗M

Pi =Ker(�i+1 :H−iπ∗M →H i+2π∗M(i+ 1)), i� 0. (A1)

Applying the isomorphism �i, we obtain

Pi �Ker(� :H iπ∗M →H i+2π∗M(1))(i).

By the above theorem, there are decompositions

M =
⊕
i�0

Pi[i]⊗H∗(Pi,Q), (A2)

HkM =
⊕

0�j�i

−i+2j=k

Pi(−j) =
⊕
j�0,k

P2j−k(−j), k ∈Z. (A3)

Lemma A.2. Let π :X→ Y be a smooth projective morphism with smooth Y and connected
fibres of dimension n. Then the primitive parts of π∗ICX satisfy Pn =H−nπ∗ICX = ICY (n/2)
and Pi = 0 for i > n. We also have Hnπ∗ICX � ICY (−n/2).
Proof. The functor π∗ has amplitude [−n, n], hence H−iπ∗ICX =H iπ∗ICX = 0 for i > n.
Therefore, Pn =H−nπ∗ICX . The map QY → π∗π∗QY = π∗QX induces the map ICY →
π∗ICX(−n/2)[−n], hence ICY →H−nπ∗ICX(−n/2). To show that this is an isomorphism,
we consider the corresponding map between perverse sheaves ICY → pH−nπ∗ICX . As π is
smooth, the object M = π∗ICX ∈Db

c(QY ) is smooth. Therefore, pH iM = (Hi−dYM)[dY ] for all
i∈Z, where HiM ∈ Sh(QY ) denotes the ith cohomology sheaf. In particular, pH−nπ∗ICX =
(H−dXπ∗ICX)[dY ] = (H0π∗QX)[dY ]. The map ICY =QY [dY ]→ (H0π∗QX)[dY ] is an isomorphism
as the fibres are connected. �

Remark A.3. If π :X→ Y is a Pn-fibration, then the primitive part Pn of π∗ICX is the only
nonzero component (we can check this on the fibres). Therefore,

π∗ICX = ICY (n/2)[n]⊗H∗(Pn,Q) = ICY ⊗H∗(Pn,Q) 〈n〉 . (A4)
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