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ON THE ZEROS OF POWER SERIES WITH
LOGARITHMIC COEFFICIENTS

BY
U. STADTMULLER

0. Equivalence problems in Riesz-summability lead to the problem of find-
ing the zeros of special power series in the unit circle, i.e.

f2)= Y (n+1yz" and g(z)= ) (1-c"")yz* (0<c<1,k>0).
n=0 n=0
These functions were investigated by Kuttner, Miesner, Peyerimhoff, Wirsing
and others. Peyerimhoff [5] obtained the exact number of zeros of f,(z) and
g.(z) from results on functions of the more general type

0.1) f(z)= Z boz" +2¢ 1—8(—;

keNy, b,eR for n=0,1,...,k—1, g(t)” on
(0,1) and zeC*={x+iy|y#0 if x=1}.

Functions of this type are MacLaurin series with totally monotone coeflicients.
Gawronski and Peyerimhoff [4] generalized the results of [5]. An interesting
question in this connection is, how the zeros depend on the parameters, like k
by f.(z) or k and ¢ by g.(z). Borwein and Kratz [1] proved that the zeros of
g.(z) are strictly increasing functions of c.
Wirsing [8] showed that the zeros of f.(z) and g, (z) are monotone in k. The
proof requires information on the zeros of the functions

% £(2)= 3 (n+1) logln+1)z".

n=0

In this paper we will investigate the zeros of all derivatives of f.(z), i.e. the

functions
Y (n+1)<log* (n+1)z"  A=0

02 fa@:={""" keR
Y (n+D<log* (n+1)z"  A<0
n=1

Like f.(z) these functions admit analytic extension onto C*, and the analytic
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extension will also be denoted by f, ,(z). The special case A =1 was treated in
[3], where power series with negative zeros are investigated.

In the first two sections of this paper we give a special form. of the analytic
continuation of f,_, (z) onto C*, which allows to use theorem 1 of [4] to obtain
upper bounds for the number of zeros. We find the following results: (k, m €
No)

upper bounds for the number of zeros of
K A for(z) in C*
k=0 A<0 1
k=0 m<is=m+1 m+1
k<k=k+1| A=m+1 m+k+1
k=sk<k+1im<i<m+1 between m+k+1 and m+k+3

In the third section we discuss the asymptotic behaviour of f,(z) as z— —x.
These formulas yield information on the values of k and A which produce a
zero at z = —o, In the fourth section we shall give lower bounds for the
number of zeros. Here functional equations will be derived to control the
change of the number of zeros when « resp. A is replaced by « +1 resp. A +1.
In the cases k=0, Ae R or k>0 and Ae N we shall get the exact number of
zeros. All these zeros are negative. The result is: (k, me Nj)

lower bounds for the number of zeros of
K A fer(z) in C*
k=0 A<0 1
k=0 m<i=m-+1 m+1
k<k=k+1] A=m+1 k+m+1
k<k=k+1lim<A<m+1 m+1

In the last case (AZN), we do not know the exact number of zeros. Some
numerical calculations show that there may exist complex zeros.

1. Analytic continuation of f,,(z) in C*. In order to obtain the analytic
continuation of f, , (z) onto C*, we take the following integral representation of
the moment sequences (k, A <0)

1.1) (n+D=<logh(n+1)

1 1 J""’ +oq (log 1/pe<t
=——/| "| vV  —2———dvdt n=1,2,...
F(—A)L o ['(v—«)

The equation is easily obtained by changing the integrals and using Euler’s
I'-integral. (For the case « =0, see Hardy [2], p. 268) The inner integral does
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not exist for A >0. But partial integration furnishes a formula for m =A<
m+1meN,), «<0:

(log 1/t)e—<1

To—r) dvdt n=0,1,2,...

This integral exists also for n =0 (for the existence see Lemma 2). For A =m
the formula simplifies to

(13)  (n+1)* log'"(n+1)=(*1)"‘L1 ‘"(log%)_ﬂ ) (Z)(logz %)M

n=0

L Y™™y 0,1,2
X = .
R

Using these integral representations of the coefficients, we get the following
analytic continuation of f,,(z) onto C*:

a) kK, A<0

—a-1(og 1/t)°7%~ !
I'(— )\) 1 Zt I'lv—«)

b) k<0, m=A<m+1 (meN,)

__ (=™ 1 [ a4\ (og 1/ !
A5 @D =F i 1on l—th; v" (dv) Two-n) D

(1.4) fer(z)= dv dt.

In the special case A =m, we have

10 [ s fos!) 78 (o )

wn=0

c¢) In the case k=x<k+1 (keN;), AeR, we consider the function
(1-2)*"'f x(2). It is easy to verify that the Taylor coefficients of this
function at z =0 form a totally monotone sequence for n=k +1 and A <0.
Using similar methods as in a) and b) we obtain for example in case
k=k<k+1l, m<i<m+1

(1.7) fa(z)=(1- z)k‘{z Z("“)( 1)’(n+1-v)<log*(n+1-v)

e | e L) R e

In case A = m the inner integral degenerates to a polynomial in the variable
log, 1/t. The degree of this polynomial is m—1 for integral x and m

https://doi.org/10.4153/CMB-1979-029-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1979-029-9

224 U. STADTMULLER [June

otherwise. (Note that 1/T(—k)=0 for k=0,1,2,....). In case k>0

+
Z* YRS (k 1)(— 1)*(n+1-v)<log"(n+1-v) can be represented by a
v
similar integral and so we obtain
k—1 n—1 k+1
1.8) fem(z)=(1- z)"“‘{ Z z" ( , >(~ 1)’(n+1-v)<log"(n+1-v)
n=0 v=0

s et e )

2. Upper bounds for the number of zeros. Using the formulas in a)-c) we
can apply theorem 1 in [4]. Observe that the integrals in section 1 are of the

form
|
I 8ialt) dt.
0 1_Zt

In order to obtain an upper bound for the number of zeros of f, ,(z), we count
the changes of sign of the functions g’ ,(t) for ¢ (0, 1). Obviously there are no
changes of sign if k <0 and A <0 and at most A —1 resp. A changes of sign if
AeAeN and k>0 and integral resp. k€ R—N.

In the other cases we investigate the zeros of

o m+1 v
2.1) hK,A(t)=j v'"“*(d) Mdv forte(0,1) (m<i<m+1).
0

dv I'v—«)
Taking a =log, 1/t (a€R) we obtain
d m+1 ey o . e
(da) ha(e*)=0A-m) A J; v 0w dv.

m+1
If k<0 then (-d%) h\(e7¢)>0 for aceR.

If k=0 then (%) ha(e*)>0 for aeR.

Hence h,,(t) has at most (m +1) resp. m zeros in (0, 1) according to the cases
k <0 resp. k =0. In the case k>0 a more careful investigation is necessary.

LemMa 1. Let k, meN,. If m<A<m+1 and k=k<k+1 then

\y"’)‘(t)—r(m'*‘l_k)‘[) v <dv> INv—«) dv

m
{m+2}
m+1

has at most
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zeros in (0, 1) if

k isevenand k—k+A-—-m—-1>0

k isevenand k—k+A-m—1=<0
{ }. .
otherwise

Proof. Let b =1log 1/t, b€ (0,«). Given b>0 we use Hankel’s integral rep-
resentation for 1/T'(z), i.e.

L1

T(v—«k) 2mi

J evw T’ dw,
C,

where the contour is chosen such that |z|=b+8 with §>0 for ze C,. Sub-
stituting this formula into (2.2) and changing the order of integration, we
obtain

T(m+1-)D)""'Y, \(e™)

_b_K_l [ W, K - m—A d mel b °
T 2w b L v (du) (W) dv dw

b
b—KAI r

m+1 oo
= evw~ <log ;) J " re TR iy dw
0

2mi JC,

b*x—l r w A
- e‘”w“(—l)”‘“(logg) F'm+1-X) dw.
"Cb

Hence by moving the contour onto the real axis, we get
_b"K"l 0 . A
Y (e )= [I e” |wl Im(e'""(log&)+iw> ) dw
o —co

b
b A
+J‘ evw" Im{(logv—v> }dw]
o b

A T
sin<'m< + A arctan® ) dw

log w/b
A
dw}

wo.
logBJrnr

—x—1 o
=b {—J e_WWK
™ 0

b
—sin A J‘ evw"
0

log %

1 o
:_{(_1)k+1 J e“WbWK
™ 0

’ sin(w(x -k)

logw+im

ar

1 1 A
+ A arctan™® )dw+(—1)"‘“sinw()\~m)“' e“’”w"(log—) dw}
logw o w

~L @,(6)+ D))
s
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with
™ .
arctanlo w+17 if O<w=l1
arctan® T__ g (we use the main branch of
logw | arctan — i w>1 arctan (.))
log w
Therefore

(D)@ (b)>0 for be(0,%) and

®{(b) has at most as many zeros as the integrand (see [6], p. 50)
for v=0,1,2,...

Considering the behaviour of sin(.) and arctan(.), it is clear that the integrand
of ®@,(b) has m zeros in (0,©) if k —k+A=m+1 and m+1 zeros if k —k+A>
m+1. Since the derivatives have the same structure, the function {®,(b)+
®,(b)} has at most as many zeros as D(b), if sgn(®,(b— )=
sgn(®P,(b — ©))=(-~1)"*' and at most one additional zero otherwise. The
sgn(®,(b — «)) is given by the sign of the integrand as w — 0, i.e. the sign
(=1)**'sin(w(k —k)+m - A)). So we find the following cases: (v eN,)

k=2v k—k+A<m+1 ¥_,(t) has at most m zeros in (0, 1)
k=2v k—k+A>m+1 ¥, ,(t) has at most m +2 zeros in (0, 1)
k=2v+1 k—k+A<m+1 ¥, (t) has at most m+1 zeros in (0, 1)

k=2v+1 k—k+A>m+1 W, (t) has at most m+1 zeros in (0, 1).

The following figures illustrate the situation:
\ 4

The discussion in section 2 and theorem 1 in [4] yield the following result:

(k, meN,)

K A upper bounds for the number of zeros of f, ,(z) in C*
k=0 A <0 . 10 if «%+A%2=0)
k=0 m<i=m+1 m+1

k<k=k+1 A=m+1 m+k+1

k=sxk<k+1l |m<A<m+1 m+k+1 ifkisevenand k—k+A-m—-1=<0
m+k+3 ifkisevenand k—k+A—m—1>0
m+k+2 otherwise

https://doi.org/10.4153/CMB-1979-029-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1979-029-9

1979] ZEROS OF POWER SERIES 227

ReMARK. Using the same methods as in Lemma 1 and in No. 80 in [7,
one can show that in case A<0 and k=<k<k+1 there are at most
k +2+min{k +1,[-A]+2} zeros in C*.

3. The asmptotic behaviour of f, , (z) as z — —. In this section we investigate
the asymptotic behaviour of

1
g(®)
3.1 j 14 tdt as x— oo,

For g(t)= g \(t) (as treated at the beginning of section 2) the behaviour of
(3.1) is essentially determined by the behaviour of g’ ,(t) as t — 0. Therefore
we need the following

LemmMa 2. Let m, keN,. Then

7 o (log 1/

(32) L o o =+ {1027) " 1+ o)

for A<0 and keR

(3.3) j:u m= (dv>'"“§1_(_>r_%;1/ﬁ):d =()x—m)---)\?1(log%>_)‘ (1+0(1))

for m<i<m+1,keR

"‘“(logl/t)“ < [ -1 log, /)"
G4 L T(v—«) dv_{T(—K)(logllt)“
1 \(log, 1/t)"! _
—m(r(_K)> (log 1/0)" }(1"'0(1)) for A=m and keR
fort—0. W
Proof.

(3.2) Leta=logl/t, 0<e<1/2. Then

N oo - av—x _ —)‘J'a-#al— a1 u- 1+ 1
a J;v I‘(v—x)dv a avaHv T )dv( o(1))

- J j <§>_A e a: p do+o()

:I . T +1)d”(1+°(1»

v+1
= dv(1+40(1)):
SEJ e doti+o(D)

=J(a)(1+0(1)) for a— .
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Using the monotonicity of a®/T'(v+1) for 1<v<a—1 and a <v <, we obtain

v+1

L) _(:+1)351(A)

a—a'*=v<a-2 V' a<v<a+a'-1

v+1 [al+1 v

a a’ a
= + —+I dv
a-a '_’z<:v<a—2 (v+1)! a<v<¢§a'"=—1 vl Jraeap Fv+1)

Hence

o= % l_az—;’(1+0(1))=e“(1+0(1)) for a— o,
which proves (3.2).
(3.3) r---dv=f---du+f---du=1+n.

0

It is clear that I =0(II) as t — 0. After partial integration of II we apply (3.2) to
obtain (3.3). (3.4) is trivial since the integral degenerates to a polynomial in the
variable log, 1/t. A

Now we can derive the asymptotic behaviour of f, ,(z) for z — —.

LeMMA 3. Let keR; k, meN. Then

(3.5 fur(=x)==——(>og x)™(1+0(1)) for A<0

I‘(l /\)
=™
IT(1—1)|
(_1)m+k+1 (10g2 x)m+1
IT(1—-x)| x(log x)*
 (og, )™
x(log x)~

(logx) *(1+40(1)) for m<A<m+1

(I‘(ix)),

}(1+O(1)) for A=m+1, k=[k-] if k>0

(3-6) fx x( x) =

BN fulo=| ™y

k=0 if k<0
k#0

)m+1

(3.8) fK,A(—x)=(—1)m+l(l—0g-2)cx—(l +0(1)) for A=m+1,k=0

forx - N
Proof. (3.5) Let k,A<O0
ag (og 1/t)>~<!

I1( )\) 1+xt v T(v—«) dvdt
X 1/logx t o -)‘_l(log 1/t)v—5<—1
CT(-A) 1+xtL T(v—«) dvdt(1+o(1)) as x-—>o=.

https://doi.org/10.4153/CMB-1979-029-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1979-029-9

1979] ZEROS OF POWER SERIES 229

By (3.2) we find
1 Il/logx 1

logx ¢ 1 1\ 1
1 dt+-— e
F( A) {L 1+xtt(0g ) X

1
x (log %) - dt}(l +o(1))

log, x/x —+t
log,x/x _1 X Il/logx 1

p
0 I‘(—A) . ; og, x/x ?

- O(x)t(log %) -

1 —A-—1
x(log-t-> de(1+0(1))
-1
= O(log, x(log x —log; x)™~ 1)+F( )\)

— (log x)™ (1 —1100373:)_*](1 +0(1))

[(Ing x)™*

(logx)™(1+0(1)) as x—>x.

-1

"T(1-2)
(3.6) k<k<k+1, m<A<m+1. By (1.7) we know

_ 1 B (_sx)k+1(_1)k+m
f""‘(__x)"(1+x)"+1 {Pk( x) Fm+1-2)

l)u—x—l
10 -
m+1 ( g t

f“%)?fo %) Te- ¥ a

P,(z) is a polynomial of degree k. For x —  we obtain by (3.3)
(__1)m+1 1/logx 1

1
fur(=x)= O(;)+(1+0(1)) Tm+1-1) 1+xt

1( 1)—)\—-1
X~ |log— dt
t Ogt

(___1)m+1 {Ll/xlogzx 1

1
=0|—)+(1+0(1
O(x) 1+ oM F ) 1+xt
-A—1 1/logx 1 1 —A—1
Hog) sl [ L 1)
t t X Ji/x210g, x 1+t t t
X

ot I (L gl

off) [ Heat)

2
X /xlogy x t
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(_1)m+1 -1 - -
Y& —_—A(log x)*(1+logs x)

= O(%) +(1+0(1))

+0( ) (-log x(og, x)+xlog, x(log x +log, 1))
X

_

=T (log x)™*(1+0(1)).

Similar calculations lead to the other cases.

Remark. It follows from (3.6) and (3.7) that for fixed AeN, a zero is
‘“generated”” at z =—o, when k moves from k—¢ to k+¢& (keN).

4. Lower bounds for the number of zeros. The upper bounds for the
number of zeros increase with « and A. If k and A are both less than zero, then
there exists exactly one zero, namely z = 0. We look for methods which control
the change of the number of zeros, when k or A increases, since the methods in
[5], which give exactly the number of zeros in C*, fail in this situation. In the
following we confine ourselves to the investigation of the real zeros. We
proceed essentially as follows: If « is fixed and A increases we use the
functional equation

@1 2 f D)= fernn(@)

which follows directly from the power series representation. Using (4.1) we
determine the sign of f, ,,,(z) at the negative zeros of f,,(z) for k =0. We
denote these zeros by z; = z;(k, A). Now we need the following identity

=)

4.2) i fealz)= ¥ (n+ 1" log*(n +1) - log(n + Dz}

1 n

= i (n+1)<(log*(n+1)) J

0
l —
Ogt

_ IlfK,x(zi)—fK,«zi 01 I fa®)

1 4
log — i log Z
t v

The sign of (3/dk)f..(z;) is determined by the following Lemma.

LemMmA 4. Given functions f,(x)e C*(=»,0], v=0,...,i—2 (i=2). Assume
that each function f,(x) has at least i—v zeros, that all zeros are simple and
denote these zeros by

0=x,(v)>x(v)> - - -
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Suppose furthermore that

(xf,(x)) =f,-1(x) in (=,0]

4.3)
fo(0)=0 and fo(x)<0 for x,(0)<x<0 ,

and that between two consecutive negative zeros of f,_,(x) there is exactly one
zero of f,(x) for v=1,...,i—2. Then

1 (° fol®) VP
sgn[xi(O) L“”log &dt]—( 1. m
t

Proof. The idea of the proof is based on Wirsing’s method [8], who proved
the monotonicity of the zeros of f,o(z) in k. First observe that f,(0)=0, i.e.
x:(v) =0, that

(4.4) f(0)>0 by (4.3) and that f,(x)<0
in xF-1)<x<0 for v=1,2,...,i—2.
Next our assumptions on the relative position of the zeros imply

4.5) x.(wW)<x,_(v+1)<x,_(v) for k=3,4,...,i—v,
v=0,1,2,...,i—3.

Combining (4.5) with (4.4) and with the fact that all zeros are simple, we obtain
(4.6) sgn(f,(x))=(=1)y""" for x_,(¥)<x<x;_,_,(v+1),

v=0,...,i—3
By splitting the integral and partial integration we obtain
o x,_,(1)
1 J fo(t) dt=lj folt) dt
x:(0) L0 log x;(0) %0 Jeo 1 Ogﬁ
t t
0 (3]
01t AO
x;(0) i (1) x;(0))?
log—— i log—t—

xi-1(1)

and after (i —2) steps

1 _fo® 1N [T e
%) ‘[‘i(‘” logi‘i.(o_)dt—xi(o)vgo v Lw(u) (1ogfi(£))v+] t
t

t

(with x,(i—1)=0). Our assertion follows from (4.4), (4.6) and x;(0)<0. A

Now we determine inductively the number of zeros of f,,(z) for m<A=m+1
(meN,, in case A <0 we have only one zero, namely z =0) in case k <0. We
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start with f,,_,.(z) which has exactly one zero (z=0) for all k<0 (for this,
observe the upper bound for the number of zeros). f, ,_...1(z) has at least two
zeros which follows from the asymptotic behaviour of this function (i.e.
fur—m+1(x)>0 for x — —o, k =<0). The upper bound for the number of zeros
shows that f,,_,....(z) has exactly two zeros for all k <0. For i=2 and all
k=0 we assume now, that f ., ,..;_1(z) has exactly i zeros, which are
nonpositive and simple. Next we determine the sgn(f, _p+i(Z. (K, A —m+i—
1))) for w =2,...,i with Lemma 4, and the sgn(f, ,_..+:(z)) as z = — by the
asymptotic behaviour for all k=<0. To apply Lemma 4 we define f,(x)=
frevr-mri—1(x) for v=0, ..., u—2. The assumptions of Lemma 4 are satisfied
since we know the situation of f, , _,..i-1(x) for x=<0 and all x <0. We find
that f, ,_m+:(x) has i changes of sign for x <0, hence f, ,_,.+i(x) has at least
i+ 1 nonpositive zeros for all k <0. The upper bound for the number of zeros
shows that this is the exact number. Finally, we find for all k =0 that f,,(z) has
exactly m +1 zeros which are nonpositive and simple.

To investigate the cases k>0, we use the functional equation

4.7) (sz,)\(z))' = f«+1,A(Z)

which follows from the power series representation. If k<k=k+1, m<A=
m+1 (k, m=N,) we start with f,_q.1).(z) which has exactly m+1 zeros by
the preceding discussion. Using (4.7) and Rolle’s theorem we conclude that
fr—ia(z) has as many real zeros as f,_+1)a(2). If zf,_q11yA(z) = 0 as z = —oo,
Rolle’s theorem implies that f,_, ,(z) has at least one additional real zero. This
condition is only satisfied for f,,(z) if Ae Ny and k >0. So we get after k+1
steps that f, ,(z) has at least m + 1 zeros if A€N and m +k +1 zeros if Ae N. In
case k<k=k+1, AeN, we could also find the exact number of zeros only
using the first method (based on (4.1)): Given k, meN,, we have shown

lower bounds for the number

No K A of zeros of f,,(z) in C* Remarks

i) k=0 A=<0 1 (resp. 0 if k2+A2=0) z2=0

ii) k=0 m<is=m+1| m+1 all zeros (except z =0)
ii) k<k=k+1 A=m+1| m+k+1 negative and

iv) k<k=k+1| m<i<m+1| m+1 increasing with k

ReMaARks. 1) In the proceeding proof it was essential to make an induction
first with respect to A (based on (4.1)) and then with respect to x (based on
(4.7)), since otherwise Lemma 4 would not be applicable since we do not get
the exact number of zeros in this case.

2) The monotonicity of the negative zeros in « follows from the equation

0= (&) = o oo, )+ 2,0 M a2 A)

and Lemma 4.
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3) As already mentioned in (1) the number of zeros in case (iv) is not the exact
number in general, which follows immediately from case (iii). In case (iv) also
complex zeros occur, as it is shown by numerical calculations for the following
case: A zero of fs_4(z) lies in a neighbourhood of z =0, 54507 +i - 0, 44807.
Other calculations showed that one might expect complex zeros in case (iv) in
general.
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