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Abstract

We consider variance-optimal hedging in general continuous-time affine stochastic
volatility models. The optimal hedge and the associated hedging error are determined
semiexplicitly in the case that the stock price follows a martingale. The integral
representation of the solution opens the door to efficient numerical computation. The
setup includes models with jumps in the stock price and in the activity process. It also
allows for correlation between volatility and stock price movements. Concrete parametric
models will be illustrated in a forthcoming paper.
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1. Introduction

Often observed so-called stylized features of stock returns include semiheavy tails, volatility
clustering, and the leverage effect (i.e. negative correlation between changes in volatility and
stock prices). Stochastic volatility (SV) models account for these observations. Examples in
the literature include the Heston model [14] and the Lévy-driven stochastic volatility models
put forward in [2]. Other SV models are based on time-changed Lévy processes as in [7].
All these examples are affine in the sense of [10]. Further instances of such affine stochastic
volatility models are discussed in [18] and [33].

Stochastic volatility typically leads to an incomplete market, i.e. perfect hedging strategies
do not exist for many contingent claims. As a way out, we may try to minimize the expected
squared hedging error

E[(v+ 9 * St — H)?]

over all initial endowments v € R and all admissible hedging strategies . Here, H denotes the
discounted payoff at time T of a European-style contingent claim and S denotes the discounted
price process of the underlying stock. The stochastic integral ¢ * S stands for the gains from
dynamic trading in the stock according to strategy v

This problem and in particular its general structure have been extensively studied in the
literature; cf., e.g. [1], [8], [29], [35], and the references therein. If S is a martingale, the
solution is determined in [11] based on the Galtchouk—Kunita—Watanabe decomposition. To
be more specific, let V; := E[H | #;] denote the martingale generated by H. Then v* := Vj is

Received 18 May 2009; revision received 21 October 2009.

* Postal address: Mathematisches Seminar, Christian-Albrechts-Universitit zu Kiel, Christian-Albrechts-Platz 4,
24098 Kiel, Germany. Email address: kallsen @math.uni-kiel.de

** Postal address: MEAG AssetManagement GmbH, Abteilung Risikocontrolling, Oskar-von-Miller-Ring 18, 80333
Miinchen, Germany. Email address: apauwels @meag.com

83

https://doi.org/10.1239/aap/1269611145 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1269611145

84 J. KALLSEN AND A. PAUWELS

the optimal initial endowment in the above hedging problem and the optimal hedging strategy

can be written as

R TR '

where (-, -) denotes the predictable covariation process. The corresponding hedging error equals

E[(v* + 0% » S; — H)2 = E[(V, V)7 — (9% + S, 9* * S)7]. (1.2)

Alternative representations of the solution are provided in [5] using the carré du champ
operator and in [4] based on Malliavin derivatives. All these general characterisations do not
immediately lead to numerical results in concrete models. For example, it may not be obvious
how to evaluate (1.1) and (1.2) because analytical expressions for V are typically not available.

Numerical approaches are discussed in, e.g. [9], [13], and [16]. Heath et al. [13] used
partial differential equation methods for specific continuous stochastic volatility models. Cont
et al. [9] and similarly Hubalek and Sgarra [15] considered an SV model involving jumps.
A partial integro-differential equation is solved by finite-difference schemes in order to obtain
the process V above. The hedging error is computed by Monte Carlo simulation. This approach
is applied to exotic contingent claims and it allows for options as hedging instruments.

In this paper we study variance-optimal hedging in a general affine stochastic volatility
model. The objective is to determine semiexplicit expressions for the optimal hedging strategy
and the hedging error which can be evaluated without implementing involved numerical schemes
or computer-intensive Monte Carlo simulations. They are obtained with the help of integral
transform techniques which are used widely in option pricing (cf., e.g. [6] and [31]) and in [16]
for the mean-variance hedging problem without stochastic volatility.

We focus on the case that S is a martingale. Firstly, this allows us to cover a broader
class of volatility structures than without this restriction, e.g. those involving a leverage term.
Secondly, we believe that the excess drift of asset prices is of secondary importance for
the hedging problem. Finally, quadratic hedging appears as an auxiliary problem in a first-
order approximation to utility-based derivative pricing and hedging; cf. [3], [19], [21], [24],
[25], and [26]. Here the variance-optimal hedge must be determined under some equivalent
martingale measure, i.e. S is by default a martingale under the relevant measure. For a treatment
of the more involved non-martingale case, we refer the reader to [23], which generalizes some
of the present results. In such context a measure change to the—generally signed—variance-
optimal martingale measure plays a major role implicitly or explicitly. However, the setup
in [23] allows for leverage only in very special cases. Moreover, it is written on a less rigorous
mathematical level.

The structure of the paper is as follows. In Section 2 we introduce the general affine stochastic
volatility model. Subsequently, we discuss an integral representation of the contingent claim
that is to be hedged. Section 4 contains the solution to the hedging problem in this setup. For
numerical results in concrete parametric models, we refer to the forthcoming paper [20]. Proofs
of the main results are to be found in the final section.

Unexplained notation is used as in [17]. Superscripts generally refer to components of a
vector or vector-valued process rather than powers. The few exceptions should be obvious
from the context. As a key tool, we need the notion of semimartingale characteristics (B, C, v).
For a summary of important results, we refer the reader to Appendix A. Here h = (hy, h2)
generally denotes a componentwise truncation function on R2, ie. h(xy, x2) = (h(x1), h(x2)),
where : R — R is a one-dimensional truncation function, which can, e.g. be chosen of the
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form
~ 0 lka = 07
h(xi) = (1A |xk|)|x_k| otherwise.
Xk

(1.3)

All characteristics and Lévy—Khintchine triplets on R and R?, respectively, are expressed
relative to truncation functions % and h, respectively. For ease of exposition, we occasionally
use the particular function (1.3) in the proofs, but the results hold for arbitrary 5.

2. The general affine stochastic volatility model

We denote the discounted price process of a univariate stock by S = Spexp(2), i.e. Z
stands for logarithmic returns. Moreover, we consider a positive activity process y leading
to randomly changing volatility in our general setup. We assume that the bivariate process
(v, Z) is an affine semimartingale in the sense of [10]. More specifically, we suppose that the
characteristics (B¥%, C¥%, vY-%) of the RT x R-valued semimartingale (y, Z) are of the form

t
-z
B; :/o (Boy + Byys—) ds, 2.1
vZ t
c 2/0 (v + yayys—) ds,

t
W 20.11% G) = [ (00)(6) + gy Gy ds. 22)
0
forall G € B%andr € [0, T], where (B(j), Y(j), ¢(;)), J = 0, 1, are Lévy—Khintchine triplets
on R? which are admissible in the sense of [10, Definition 2.6] or [18, Definition 3.1], i.e.

e B(j € R?, j) is a symmetric, nonnegative matrix in R?*2, and ¢ ) is a o-finite measure
on R? \ {0} satisfying [ (1 A [x|*)¢(j)(dx) < oo,

LI 12 20
* Yo =Yoo Yo =Y
o 90 (Ry x R)) = oy (Ry x R)¢) =0, ie. ¢(0) and ¢y are actually Lévy measures
onRy xR,

o [h1(®)¢@)(dx) < ooand By — [ h1(x)¢()(dx) = 0,

° f Xx1¢(1)(dx) < oo. This additional condition prevents explosion in finite time; cf. [10,
Lemma 9.2].

We refer to this setup as a general affine stochastic volatility model. We provide a few examples
of popular affine SV models in the literature.

Example 2.1. The Heston [14] model can be written as
dZ, = (u 4+ 8y,) dr + /y; dW}, dy, = (k — Ay,) dr + o/ dW?,

where ¥ > 0, u, 8, A, and o denote constants, and W1 and W2 are Wiener processes with
constant correlation o. The bivariate process (y, Z) is affine in the sense of (2.1)—(2.2) with

K
By, Y©0)» 9©) = ((M) ,0, 0>,
—A 2
By, Yy, ) = << 5 > (gg Q10>,0>.
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Example 2.2. The so-called BNS model of [2] is of the form
dZ; = (u + 8y:—) dt + /y— dW; + 0 dz;, dy; = —Ay;— dt +dz,,

where u, &, A, and o are constants and W is a Wiener process. Here z denotes a subordinator,
i.e. an increasing Lévy process whose Lévy—Khintchine triplet we write as (b*, 0, F?). The
process (y, Z) is affine in the sense of (2.1)—-(2.2) with

bZ
oo
— ~ ~ = 0
For=1, 4 ope + /0 (h(ox) — oh(x)Fi(dx) )= VO =

o0
90)(G) :/ 16(x, 0x)F¥(dx) forall G € B2,
0

By vy, o)) = <<_5A> , (8 ?) ,0>;

cf. [18, Section 4.3]. In order to obtain more realistic autocorrelation patterns in volatility,
Barndorff-Nielsen and Shephard replaced the Lévy-driven Ornstein—Uhlenbeck process y; by
a linear combination of such processes. This extension has a multivariate affine structure
according to [18, Section 4.3]. It can be treated along similar lines as the simpler BNS model
above. We stick to the bivariate case in this paper in order not to confuse the reader with heavy
notation.

and

Example 2.3. Carr et al. [7] considered stochastic volatility models which are based on time-
changed Lévy processes, namely

Z; = ut + Xy, + 0z, dY; =y, dt, dyr = —Ay;— dr +dz,

where w, 0, and X are constants, and z and X denote independent Lévy processes with triplets
(b%,0, F?) and (b%, cX, FX), respectively. Here z is supposed to be increasing. The model is
of the form (2.1)—(2.2) with

bZ
— w ~ ~ =
Por=\ 4 o + /0 (i(ox) — o) Fi@n | 7@ =0

o0
90)(G) =/ 1G(x, 0x)F*(dx) forall G € 8,
0

By = (;;?), Yoy = (8 c‘i), 06 = [ 160,07 @0

forall G € B2; cf. [18, Section 4.4]. If we choose X to be a Brownian motion with drift, we
obtain the dynamics of the BNS model above.
Another possible choice of the time change rate y is a square-root process:

Z; = ut + Xy, +o(yr — yo), dY; = y; dt, dy; = (k — Ay) dt + 0 /y AW,

where k > 0, i, 0, A, and o are constants, W denotes a Wiener process, and X is an independent
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Lévy process with triplet (bX, ¢X, FX). This model is of the form (2.1)—(2.2) with

K
= 0,0
Bwy» Y0y 0)) <<M+QK)’ , >

_ —A _ o? Q02 _ X
Buy = (bx _ Qk), Y1) = ( > o1 (G) = /RIG(O, x)F” (dx)

QGZ Q2(72+CX

for all G € B2; cf. [18, Section 4.4]. If we choose X to be a Brownian motion with drift, we
recover the dynamics of the Heston model—up to a rescaling of the volatility process y.

The Lévy—Khintchine triplets (8(j), ¥(j), ¢(j)), j = 0, 1, canbe associated to corresponding
Lévy exponents

1 T
W) i=u' By + EuTy(j)u + /(e” Y — 1= uTh(x)g(j)(dx). (2.3)

The functions ¥, j =0, 1, are defined on

Uj = {u e C?: fu | l}exp(Re(u)Tx)(p(j)(dx) < oo}.
x|=

Assumption 2.1. In order for S to be a locally square-integrable martingale, we assume that
0,2) e Uy N Uy and
Yo(0,1) =¢1(0, 1) =0. 24

Moreover, we suppose that
¥0(0,2) #0 or v1(0,2) #0,
in order to avoid the degenerate case, Z = 0.

Proposition 2.1. Assumption 2.1 implies that S € J(lgc.

Proof. The differential characteristics (b%, ¢Z, F%) of Z can be easily calculated from
(2.1)~(2.2); cf. Proposition A.1 or A.2. They are of the form

V4 2 2 Z 2,2 2,2
bi" = Bioy + Biayyi-» ¢ =Yooy TV Vi
FA(G) = / 16 (x2)9(0) (dx) + / 16 (x2)@(1) (dx) yr—

for all G € B. Using Propositions A.1 and A.2, we obtain, for the stochastic logarithm
X =L(S)=1/S_+8,

1 . .
bX = b7 + Eth + /(h(ex — 1) — h(x))FZ (dx),
FXG) = / 1g(e* — )F/(dx) forallG e B

for the differential characteristics (bX, ¢X, FX) of X. In particular, we have

/x2FtX(dx) = /(exz — 1)2¢(0)(dx) + </(ex2 — 1)2(p(1)(dx))yt_.
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In view of Assumption 2.1 and [17, Proposition I1.2.29], X is a locally square-integrable
semimartingale. Moreover, (2.4) implies that

b + / (x — h() FX(dx) = ¥(0)(0, 1) + ¥y (0, Dy, =0,
which implies that X is actually a local martingale. Since &(X)_ is locally bounded, S =
SoE(X) = So(1 4+ &(X)_ « X) is a locally square-integrable martingale as well.

Owing to the results of [10], the characteristic function of the bivariate affine process (y, Z)
is known explicitly.

Proposition 2.2. The conditional characteristic function of (y, Z) is of the form
Elexp(uiyr4s + u2Ziys) | F11 = exp(Wols, w1, u2) + Wi (s, ui, u2)ys +usZy),

u € Co xiR, where V1 : Ry x C_ x iR — C_ solves the initial value problem

d
E‘I’I(I,Ml»ln):lﬁl(‘yl(ﬂul, M2), MZ), \1’1(0, up, M2):u1, (25)

and ¥Vy: Ry x C_ x iR — C is given by

t
Wolt, w1, uz) = fo Vo (Wi (s, u1, u2), u2) ds. 2.6)

Here C_ is defined as C_ := {z € C: Re(z) < 0}.
Proof. This is a special case of [18, Theorem 3.2].

3. European options

The hedging problem cannot be solved in closed form even for geometric Lévy processes
without stochastic volatility. In order to obtain at least semiexplicit solutions, we consider
European-style claims whose discounted payoff at time T is of the form H = f(Sr). More
specifically, we assume that the function f: (0, c0) — R can be written in integral form as

f(s) =/SZH(dZ)

with some finite complex measure IT on a strip 87 = {z € C: R < Re(z)_f R}, where
R,R e R. The_measure IT is supposed to be symmetric in the sense that [T(A) = I1(A) for
A € B(C)and A := {7 € C: z € A}. In most cases we can choose R’ = R and the measure
IT has a density; cf. [16]. For example, we have

R+i 1—
1 +100 Z K Z

(s —K)"=— 8§ ——
271 Jp—ico  2(1 —2)

with R > 1 for a European call with strike K, which means that

1 K!==

N =509

dz
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on 4 := R+iR. The put f(s) = (K —s)T corresponds to the same formula but with R < 0.
The integral representation of many other payoffs can be found in [16].

For the derivation of formulae in the next section, some moment conditions are needed. We
phrase them here in terms of analytical properties of the characteristic exponents in Proposi-
tion 2.2.

Assumption 3.1. We assume that the following conditions hold.

(i) For some ¢ > 0, the mappings (u1, uz) — Wol(t, uy, uz), Vi(t, u1, uz) have an analytic
extension on

8 :={u € C*: (Re(uy), Re(uz)) € V,(0)}
forallt € [0, T], where
My :=sup{2¥(¢,0,7): r € [R" A0, RV O], t € [0, T]},
and
Ve(a) := (=00, (Mo Vv 0)+¢) x (QR'A0) —e, 2RV a) +¢)
for a € R;. These extensions are again denoted by Vo and V1, respectively.

(i1) The mappings t — Wo(t,u1,uz) and t — Wi(t, uy, uz) are continuous on [0, T for
any (u1,us) € 4.

(iii) Ve(2) C UpNU\. Thisis satisfied if the mappings iR — C, u +— v ;(u) for j = 0, 1 have
analytic extensions to V. (2), in which case representation (2.3) holds for this extension.

Note that this implies the integrability condition (0, 2) € Ug N Uy in Assumption 2.1.

Remark 3.1. (i) From [36, Theorem III.13.XT], it follows that the analytic extensions Wq, ¥
solve (2.5) and (2.6) as well. Moreover, Vg, ¥, D> W, and D, ¥ are continuous on [0, 7] x 4.
For later use, we also note that the mapping ¢ — W1 (¢, 0, z) is twice continuously differentiable
on [0, T]forall z € §¢.

(ii) From [10, Theorem 2.16(ii)], it follows with Assumption 3.1(i) that

Elexp(u1yits + u2Zits) | F11 = exp(Wo(s, u1, uz) + Wils, ur, u2)yr +uzZ)  (3.1)
for all u € 8. It is easy to see that W; (¢, uy, uz) is real-valued for u € R2N 38, j=0,1.
(iii) By the first remark we have Wy (¢, 0, z) = f(; Yo(W1(s, 0, 2), z)ds forz € 4. Equation (3.1)
and Jensen’s inequality yield Re(¥ (¢, 0, z)) < W (¢, 0, Re(z)) and, hence, (¥((¢, 0, 2),z) € 4§
forallz € [0, T]and all z € 4.

Lemma 3.1. Under Assumption 3.1(i), S5. is a square-integrable random variable for any
z € 8. The same is true for H.

Proof. In view of Remark 3.1(ii) we have

E[|S71*] < exp(R'| v |RD)| log Sol) E[e T 4 ¢**/7] < co.
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Applying Holder’s inequality we have

2
ElHP) sE[(/ |S§||H|(dz)) ]

< |H|<5f>E[/ |S§|2|n|(dz)]
< IM[(8/)? exp(2(|R'| V |R)|log So|) E[e*F'?T 4 2RZ1)
< OQ.

Here |I1| indicates the total variation measure of IT in the sense of [32, Section 6.1].

A key role in the hedging problem is played by the square-integrable martingale V generated
by H, i.e.
Vi :=E[H | #], 1€[0,T]

We call it an option price process because it could be used as such without introducing arbitrage
to the market. But note that we do not assume H to be traded, let alone with price process V.

Proposition 3.1. Under Assumption 3.1(i), we have
V= [ver@. e, (32)

where the square-integrable martingale V (z) for z € 8 is defined as V (2); = E[S; | F:]for
tel0,T].

Proof. Forallt € [0, T] and z € 8¢, we have the estimate

/E[|V<z>t|]|n|<dz) < /E[IV(Z)TI]IHI(dZ)
< [ Btz

S E[CR/IOgST + eRlOgST]“—”(/Sf)

< 0

from Remark 3.1(ii) and the finiteness of I1. An application of Fubini’s theorem yields

E[/ V(@) (dz) lc] - EU EISS | Fi]1c H(dz)}

=E[/ S2.T1(dz) 1(;}

=E[V; 1]

for all C € ¥;. This implies the assertion.

The process V (z) will be determined in Theorem 4.1, below, as a by-product. Via (3.2) this
leads to an integral representation of the option price process which is of interest in itself. It
extends similar formulae in [7] and [33] to the more general class of processes considered in
this paper.
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4. Variance-optimal hedging

We turn now to the hedging problem itself. We generally assume that Assumptions 2.1
and 3.1 hold. We define the set of admissible trading strategies as

® := {v predictable process: E[|19|2 * (S, S)r] < o0}.

We call an initial capital v* € R and an admissible strategy 9* variance-optimal (hedge) if
they minimize
E[(v+ 0 * S — H)?]

over all such pairs (v, ¥) € R x ©. The residue
Jo :=E[(v* 4+ 0* « S — H)?]

is referred to as the minimal hedging error. The following characterization of the variance-
optimal hedge constitutes the first main result of this paper.

Theorem 4.1. The variance-optimal initial capital v* and the variance-optimal hedging strat-
egy 0" are given by

v* =/V(z)on(dz),

V(2)i— ko(t, z t, _
15‘z*=/ (2)— Kko(t, 2) +K1(t, 2y Mda). @1
Si— 80 + 81 yr—
where the process V (2) satisfies
V(z2); = STexp(Wo(T —1,0,z) + ¥ (T —1,0,2)y), z €4y, 4.2)

80, 81 € R, and the functions ko, k1: [0, T] x 8y — C are defined as

ki(t,2) ==v;(V(T —1,0,2),z+ 1) —¢; (¥ (T —1,0,2), 2), 4.3)
d; :=1;(0,2), j=0,1. 4.4

As is well known, the variance-optimal hedging strategy ¢* given by (4.1) also yields the
solution to

min B[V + © » S; — H)?], 4.5)
Ve®

where ¥ € R denotes a given initial capital instead of the optimizer from the previous theorem.
Our second main result concerns the hedging error. This quantity gives an idea of the remaining
risk. The seller of the option may take it into account in order to decide what risk premium to
charge for the claim.

Theorem 4.2. The minimal hedging error is given by

T
/// Ji(t, 21, 22) dtTI(dz1)I1(dz2) if 8o # 0, 81 # O,
0

T
Jo = /f/ Dot 21, 22) dTI(dz)TI(dz2) if S0 = O,
0

T
f// J3(t, z1, z2) detTl(dz)[1(dz2) if 61 = 0.
0
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The integrals over &y have to be understood in the sense of the Cauchy principal value (cf. the
following remark). The integrands Ji: [0, T] x sz — C, k = 1,2, 3, in these expressions
are defined as

Ji(, 21, 22)

= S5 e <GXP(‘1’0(1, &1, 21+ 22) + Wi (2, 61, 271 + 22)Y0)

12
X (8—(D2‘Uo(t,€1, 21 +22) + DoV (1, &1, 21 + 22)y0) + Y
1

nié — 77230)
1

2 2
L 03t - n15g51 + 1200 —sot1 /61
81

1
1) ) 1)
X / (—1 + "§15> exp<—0$1S + ‘I’o(t, A log(s) + &1s,z1 + Zz)
0o \ o 81 o

1)
+ ¥ (t, 8_1 log(s) + &1, 21 + Zz>y0) dS),
0

21422 &

D(t, 21, 22) = OT exp(Wo(t, &1, z1 + 22) + W1 (8, &1, 21 + 22)Y0)
x (N1 + (D2Wo(2, 1, 21 + 22) + DaWi(2, &1, 21 + 22)y0)m2),
Z1+22

J3(t, 21, 22) = OTHO exp((¥o(0, z1) + Yo (0, 22))(T — 1) + Y0(0, z1 + 22)1).

The constants 8oy and 81 are defined as in (4.4). The remaining variables are specified as follows:

aj =a;(t, z1,22)
=&t 21, 22), 21 +22) — (VT —1,0,21), 21) — ¥ (W(T — 1,0, 22), 22),
no =no(t, 21, 22) = doo(t, 21, 22) — ko (t, Z1)Kko(%, 22),
m =ni(t, z1, 22)
=680a1(t, 21, 22) + S120(Z, 21, 22) — Kk1(F, 21)k0(E, 22) — K1 (2, 22)K0(2, 21),
2 =m(t, 21, 22) = 8101 (¢, 21, 22) — Kk1(8, 21K (2, 22),
&; =§j(t,Z1, 22) = W;(T — t,0,z1) + Wi (T — 1,0, 20), j=0,1,

with kg and k1 from (4.3). For ease of notation, we dropped the arguments of some functions in
the formulae above. The mappings no, 11, N2, &, &1, &, and &1 are defined on [0, T] x /sz.

Remark 4.1. (i) The integrals in the previous theorem are to be understood in the sense that

ctoo

T
Jo= limf_ // Ji (2, 21, z2) deT1(dz 1) T1(dz2),
8570
where
85 :={z € C: R' <Re(z) <R, Im(z)| < c}.
It is not obvious whether integrability holds on all of & 7.

(i1) Condition §; = 0 actually implies that Z is a Lévy process. The integral of J3 relative to ¢
can easily be evaluated in closed form, which is done in [16, Theorem 3.2].
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(iii) The minimal hedging error in (4.5) for fixed initial endowment ¥ instead of the optimal
v equals
Jo+ @ —v)%.

For concrete models and numerical results, we refer the reader to the companion paper [20].

5. Proofs of the main results

This section is devoted to the proofs of Theorems 4.1 and 4.2. We start by analyzing the
martingales V (z) in Proposition 3.1.

Lemma 5.1. V(z) in Proposition 3.1 is of the form (4.2).
Proof. The proof follows immediately from (3.1).

The Galtchouk—Kunita—Watanabe (GKW) decomposition of V(z) is determined in the
following lemma.

Lemma 5.2. Fixz € 8. If we set
V(2)i— ko(t, 2) + K11, 2) yi—

12 :
(s S 80 + 81yr—
Liz)=V@—V(@o—73@)"S,

6.

then 9(z) € © (here liberally extended to complex-valued processes), L(z) is a square-
integrable martingale, and LS is a local martingale. Here k(t,z) and §;, j = 0,1, are
defined as in (4.3) and (4.4), respectively.

Proof. The denominator in (5.1) is positive because the constants &g, §; € R4 do not both
vanish (cf. Assumption 2.1). The differential characteristics (bS L, oS, FS ) of S can be obtained
from (2.1)—(2.2) and Proposition A.2. We have

2,2 2,2
C,S = SE_(V(Q) + Y Yi-)
and F(G) = / 16 (S—(e™ — 1)) (dx) + / 16(S;— (e — 1)) (dx)y, -

for all G € 8. By [17, Proposition I1.2.29b], this implies that

t t
(S, 8), =/ <c§+/x2E§(dx)) ds:/ S2 (80 + 81ys_) ds, (5.2)
0 R 0

where the second equality follows from

ya+ /(exz — 120 (dx) = ¥;(0,2) — 29750, 1) = ¥;(0.2) = 8.

Another application of Proposition A.2 allows us to compute the differential characteris-
tics (bV @S V@S FV@.S) of (V(2),S) = g, y, Z), where I; = t denotes the identity
process and

Z j— j—
gt x1, x2) = <So exp(Wo(T —1,0,2) + ¥1(T —1,0,2)x; +Zx2)).

So exp(x2)
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Again, using [17, Proposition 11.2.29b], this leads to
t
(V). S) = / ((cv<z>v5>%l+ / xlszsV@’S(d(x],xz))) ds
0 R2

t
= / V(2)s—Ss—(ko(s, 2) + K1(s, 2) ys—) ds. (5.3)
0
We conclude that
P(2) * (S, S) =(V(2), S). 5.4
Hence, (L, S) = 0, which implies that LS is a local martingale. Equation (5.4) also yields
(L), L@) + 0@+ (S, 5) = (L), L@) + @@ (@) * (S, §) = (V(2), V(D).

Since V (z) is a square-integrable martingale, we have E[(V (z), V (2))7] < oo, which implies
that ¥ (z) € ® and L(z) € #>.

For later use, we need a technical result.

Lemma 5.3. Let 7, :=inf{t > 0: y; ¢ [1/n,n]orS; ¢ [1/n,n]} AT. For any n € N, there
exists a constant c(n) < oo such that

T
/0 B0 |V (Pt 2,) + a1 (6, 2, Dy dt < c(n) 5.5)

holds for all z € 8¢. The functions oy and oy are defined as in Theorem 4.2.

Proof. Fix n € N. In this proof ¢ denotes a generic constant that does not depend on
t € [0,T] or z € 8y. It may vary from line to line. Setting ¢ := max{|R’|, |R|} implies
that 1jjo, o, eRe@ 108D < pe < ¢, Since ¥;(z1,22) = ¥, (21, 22), we have W (t,71,72) =
W (t, 21, z2) forzy, zo € iR and, hence, forzy, z2 € 87 by uniqueness of analytic continuations.
We obtain

aj(t,z,2) = ¥ 2Re(W (T — 1,0, 2)), 2Re(z)) — 2Re(y; (Vi (T — 1,0, 2), 2))
> (Re(W (T —1,0,2)), Re(2)y(j)Re(¥1 (T —1,0,2), Re(z))
+ (Im(¥ (T — 1,0, 2)), In(2) () Am(W1 (T — 1,0, 2)), Im(2)) "

+ /(exp(Re(\Ill(T —1,0,2)x1 +Re(2)x3) — 1)2<p(j)(dx)

>0

for j = 0, 1 because y(;) is positive semi-definite. Hence,

T
Ki(z) :=/ E[1{j0,7,11 1{Re(w, (T =1,0,2))<0}
0

x exp(2Re(Wo(T — ¢, 0, z)) + 2Re(W (T — ¢, 0, Z))y;)StzRe(Z)

x (ao(t, 2,2) +a1(t, z,2)y)] dt

T
< / exp<2Re(\IJ0(T —1,0,2)) + %Re(\lﬂ(T —-1,0, z)))c
0

x (Yo(2Re(W1(T — ¢, 0, 2)), 2Re(z)) — 2Re (Yo (W1 (T — ¢, 0, 2), 2))
+n(Y12Re(V (T — 1,0, 2)), 2Re(2))
—2Re(Y1 (W (T —1,0,2),2))))dr.

https://doi.org/10.1239/aap/1269611145 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1269611145

Variance-optimal hedging in general affine stochastic volatility models

Using (2.5) and (2.6), we obtain

T
Ki@) <ec /
0
X YoRe(W (T — 1,0, 2), 2Re(z))‘ ar

+C/

exp(ZRe(\Ilo(T —-1,0,2)+ %Re(\IJl(T —1,0, Z)))

exp<2Re(lI/0(T —1,0,2)) + %Re(\lll (T —1t,0, Z)))

X Y1 2Re(W (T —1t,0, 7)), 2Re(z2))| dt

+c

T H 2
/ —<2Re(\lfo(T —1,0,2)) + —Re(W (T — 1,0, z)))
o Ot n

2
X exp<2Re(\Ifo(T —1,0,2)) + —Re(W (T — 1,0, z))) dt
n

=: c(K2(2) + K3(2) + [K4(2))).
Equation (3.1) and Jensen’s inequality yield
2Re(¥;(t,0,2)) < W;(t,0,2Re(z)) forall (r,2) € [0, T] x 8.

By continuity of the mappings Wy and W (cf. Assumption 3.1(ii)) we have

|Ka(2)| =

exp<%Re(z)) - exp(zRewo(T, 0.2)) + %Re(‘l’l(T» 0, z)))‘

< exp(%Re(z)) + exp(llJo(T, 0, 2Re(z)) + %\111 (T, 0, 2Re(z)))

<ec.

Similarly, we obtain estimates

g(t,2) :=2Re(W (T —1,0,2)) < V(T —1,0,2Re(2)) <c,
2Re(Wo(T — ¢, 0, 2)) < Wo(T —1,0,2Re(z)) < c.

For j =0, 1, we have
1 (t,z2)/n
;eg DIMyi(g(t, 2), 2Re(2))
2 2.2 n
< [;(wéﬂ +elyGy Do + (1Bl + 2elv (s Dlgn(t. 21 + S vy llgn (s, z)|2]eg"<“>
1 - -
et / |8 AR 1 — (1, 2)h(x1) — 2Re(2)h(x2) () (dx),

where g, (¢, 7) := g(t, 7)/n. Boundedness of g implies that we have

esn g, (1, 2)F < ¢
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for k = 0, 1, 2 and some constant c. Furthermore, we have

1 - -
—efn(t:d) / |es IR — (1, 2)h(x1) — 2Re(2)(x2) () (dx)

1 :
< —efn(9) ( / eMn 22 ) (dx) + / eMoNIT2R2 g ) (d)
n {lx[>1) {lx[>1)

+ (1 + 20 + g, D)D) ({Ix] > 1})>

1
+ ;egn(t,z)/ |eg(t,z)X1+2Re(z)Xz —1—g(t,2)x) — 2Re(z)x2|<p(j)(dx).
{lx|=1}

Since ¢ is a Lévy measure, ¢;)({|x| > 1}) is finite. The first two integrals on the right-hand
side are bounded in view of Assumption 3.1(iii). Note that

|e8-DNHRE@2 _ | _ o(r, 7)x; — 2Re(2)x2| < c(x} 4 x3)

for all |x| < 1. Since f{lxlgl}(xlz + x3)¢(j)(dx) < oo, we obtain
1 - -
~en(09) f |8 IMHIREDE ] — g1, )h(x1) — 2Re(2)h (2l (dx) < c.
n
Altogether, we conclude that
1
‘;eg“’”/"wj(g(r, 2),2Re(2))| < ¢ < 00

uniformly in (¢,z) € [0,T] x 87, j = 0,1. This in turn yields K»>(z) < ¢, K3(z) < ¢,
and, hence,
0<Ki(r) <c<o0 (5.6)

for all z € 87. Analogously, we show that

T
K5(2) 1=/ E[1yj0,7,11 L{Re(w, (7—1,0,2))>0}
0

x exp(2Re(Wo(T — 1,0, 7)) + 2Re(W (T — 1,0, 7)) y,_) ST

X (ao(t,z,z) +a1(t, z,z)y)] dt
<c. 5.7

Assertion (5.5) follows now from (5.6) and (5.7) because
IV (2) > = SPR@ exp(2Re(Wo(T — 1,0, 2)) + 2Re(W (T — 1,0, 2))y1)

due to Lemma 5.1.

Corollary 5.1. Using the notation of Lemma 5.3, we have

E[(/ |z9(z)|2|n|(dz>) . (S, S>f,,] < o0, (5.8)

/ E[(L(2), L@)s, 1ITT|(dz) < oo. (5.9)
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Proof. By (5.1) and (5.2) we have

K :=E|:(/ |19(z)|2|I"I|(dZ)> (S, S)r,,]

— Tn 5 lKko(t, 2) + K1 (taZ)Yz|2 :|
_E[/o /'V(Z)" e ICOLY

Similar to the derivation of (5.3) we derive

t
(V(z1), V(z2))s =/0 Vi(z1)sV(z2)s(@o(s, 21, 22) + a1 (s, 21, 22) ys) ds

for z1, z2 € 4. Equations (5.2) and (5.3) imply that

U(z2) * (V(z1), §)r = 9 (z1) * (S, V(z2))s
= (0 (21?9 (22)) * (S, S)

t
:/ VsV (22)s (KO(S»ZI)+K1(s’218)ys)(/(0(svz2)+K1(3712)ys)ds'
0 0 + 61Ys
This leads to
t
(L(z1), L(z2)): =/0 V(z1)sV(22)s
X (ao(s, 21, 22) +ai(s, 21, 22) s
3 (KO(SyZI)+K1(S’Z1)yx)(/<0(syz2)+K1(S712)YS)>ds (5.10)
8o + 81ys '

for z1, z2 € 4. The angle bracket (L(z), L(z)) = (L(z), L(z)) is a nonnegative increasing
process. Hence,

_ kot 2) + 1 v ?
N 80 + 81y

0

<ao(t,z,2) +a1(t, 2, D0 (5.11)

for all t € [0, T'] because «(¢,z) = k;(t, z) for j = 0, 1. With the help of Fubini’s theorem
we deduce that

T
K < //0 E[l[[o,fn]] |V(Z)t|2(0[()(t, 2,7) + a1(t, z, 2)y:)]1 de | TT| (dz).

Since IT is a finite measure on 4 ¢, estimate (5.8) follows from Lemma 5.3. In view of (5.10)
and (5.11) we have

(L(2), L(2))x, 5/0nIV(z)zlz(oco(t,z,Z)+oe1(t,z,2)yr)dt. (5.12)

Hence, (5.9) follows from Lemma 5.3 as well.

We can now determine the GKW decomposition of V.
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Lemma 5.4. A real-valued admissible trading strategy is defined by

v* :=/z§‘(z)l‘[(dz).
Moreover,
L ::/L(z)l'[(dz)

is a real-valued square-integrable martingale orthogonal to S (i.e. such that LS is a local
martingale). Finally, we have
V=V+09*S+L.

Proof. Using Holder’s inequality and (5.8), we obtain

T, T, 2
E[/ w,*|2d<s,s>,}sE[/ (/Wz)fnm(dz)) d<s,S>,]
0 0

< |H|(5f)E|:</ |z9(z>|2|n|(dz>) . (s, S>Tn]

<

for the stopping times 7, from Lemma 5.3. Hence, v* € L%OC(S). Lemma 5.2 implies that

SL(z) € Mioc forall z € 8. Let (0,),>1 denote a localizing sequence for §° € J(’](gc. Since
L(z) € #?, it follows that (SL(z))°" € M; cf. [17, Theorem 1.4.2]. Now we set T, := T, A Op.
Since (L(z), L(Z)) is an increasing process, Jensen’s inequality yields

(E[IL(2)D* < E[IL(2)|*] < E[{L(2), L(2))] (5.13)

for any stopping time 7. In Lemma 5.3 we have shown that

T
/ Ellyo4 |V (@ P@o(t. 2.2) + a1 (6, 2. Dyl dr
0

is uniformly bounded in z € 8. Owing to § ™ e #2, we have
K := sup{E[(S™)?]: t € [0, T]} < oo.

In view of the Cauchy—Schwarz inequality, (5.12), and (5.13), we obtain

f ELST L ()™ 11T (d2)

1/2

T
< VK / (/0 E[l[[o,m]|V(z>f|2(ao<r,z,z>+a1(z,z,z>yt)1dr) I (dz)
< X0

and, similarly,

E[/ |L(Z)InAt||n|(dZ):| = /E[IL(Z)f”I]IHI(dZ) < o0

for t € [0, T]. In particular, the integral in the definition of L is finite. An application of
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Fubini’s theorem yields
E[(S/ L — S7 Ly 14] = / E[(S/ L(z)" — S L(2)7") 1,]T1(dz) = 0

for A € ¥ and s < t. Hence, SL € Mo and, therefore, (S, L) = 0. A similar Fubini-type
argument shows that L™ € M because L(z) € H2 forallz € 8 r and F2 is stable under
stopping. Furthermore, (5.9) leads to

sup E[|L]"|*] = E[|L,|*]
tel0,T]

< //EnL(zm,lL(zz)fn|1|H|<dz1>|n|(dzz>
< M) / E[|L(2)s, [2]ITT|(dz)

< |H|(5f)/E[(L(z),m)rnllnl(dz)

< 0

and, hence, L € Jfgc. Obviously, L starts in zero. From Proposition 3.1 and Lemma 5.2, we
know that

V=Vort /(19(2) « $)1(d2) + L.

In view of (5.8), Fubini’s theorem for stochastic integrals [30, Theorem IV.65] yields

/w(z) « () = (f l‘/‘(z)n(dz)) S =9t
From
(@ —0%) +(S,85) = (V,S) —(V,S) =0,

it follows that ¥* and hence also L is real valued. The admissibility of #* and the square
integrability of L follow as in Lemma 5.2 from V € #2.

The GKW decomposition of V leads to the variance-optimal hedge.

Proof of Theorem 4.1. The assertion follows from Lemma 5.4 combined with [34, Theo-
rem 3 and Corollary 10].

Finally, we turn to the proof of the formula for the hedging error. Observe that the superscript
c in the following does not refer to the continuous martingale part of processes.

5.1. Proof of Theorem 4.2

Let us consider the truncated payoff function
fGs) = /SZHC(dz),
where ¢ € Ry, [1°(A) = 1'[(53( N A) forall A € 8(8¢), and

85 :={z € C: R' <Re(z) <R, Im(z)| < c}.
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Observe that f€ is real valued because IT is symmetric. We define H¢ := f°(St) by the
corresponding contingent claim. Its price process V¢ is defined by V¢ := E[H | #;] as in
Section 3. By Proposition 3.1 we have

vi= [vame = [ vemao.
/S‘f

Holder’s inequality yields

2
Vi =Vl < (A IV(Z)TIIHI(dZ))

f
< |H|(5f>f|V(z>T|2|n|<dz)

< (ITT|(87))* (2R 1857 4 2K log 57,

Since the expression on the right-hand side is square integrable, we have

L2
H =V; —>Vr=H asc— o0

by dominated convergence. If we set
(¥9)* ::/ﬂ(z)l‘[c(dz) and LS ::/L(z)l'["(dz),
then

VE=Ve0)+9* S+ L

is the GKW decomposition of V¢ in the sense of Lemma 5.4. Theorem 3.8 of [27] shows that
LCT converges to L7 in L2, Hence, we have

Jo =E[L}] = lim E[(L5)?] = lim E[(L¢, L°)T]. (5.14)
cC—>00 c—>00
In order to finish the proof, we need the following Fubini-type theorem for the predictable
covariation.

Lemma 5.5. We have
(LS, L) = //(L(m), L(z2))T1°(dz1)I1°(dz2),

where (L(z1), L(z2)) is given by (5.10).

Proof. This is shown similarly as in the proof of [16, Theorem 3.2]; cf. [28, Lemma 3.26]
for details.

We can now complete the proof of Theorem 4.2. From (5.14), it follows with Lemma 5.5
that

E[LZT]ch_iPé‘oEUC/ (L(m),L(m))rﬂ(dm)ﬂ(dzz)]- (5.15)
785
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We f_ocus on the case in which §g, §; # 0. The others follow along the same lines. Note that
(X, X) is an increasing and integrable process for all C-valued square-integrable martingales X.
From (5.10), it follows that

r 81 — 128
E[(L(z1). L(z2))7] = fo <Z—TE[V(Z1>tv<zz)ty,]+%E[vmw(zzm

1
82 — 11808 82 [V 1%
. M08y = mido 1+ m& E|: (21 (ZZ)t:Ddt, (5.16)

82 80 + 811

where 79, 11, and 7, defined as in the assertion depend on 7, z{, and z». In view of Assump-
tion 3.1(i) and Remark 3.1(ii), we obtain

E[V (z1):V(z2):] = €085 T2 exp(Wo (1, &1, 21 + 22) + Wi (t, &1, 21 + 22)¥0),  (5.17)

where &y and & defined as in the assertion depend on ¢, z1, and zp. For (x1, x2) € 4, we set
go(x1, x2) 1= exp(x1y; + x2Z;) and g1(x1, x2) := E[go(x1, x2)]. Moreover, let B(§1, &) :=
{z € C: |z — & | < &} denote the ball around &; with radius €. Choose & := ¢/2 for ¢ as in
Assumption 3.1(i). We have

Esup{|D1go(&, 21 + 22)|: & € B, &)} < eMot28 (2RZt | 2R'Zry

The right-hand side of this inequality has finite expectation by Assumption 3.1(i) and
Remark 3.1(ii). Since

go&1+n,z21 +22) — 8061, 71 + 22)
n

for sufficiently small |n|, dominated convergence yields

E[V(z1):V(z2): 1]
= S5 2 E[Dygo (&1, 21 + 22)]
=852 D1g1(&1, 21 + 22)
= E[V(z1):V(22):1(D2Wo (2, &1, 21 + 22) + D2W1 (2, &1, 21 + 22) Y0)- (5.18)

<&+ sup{|Di1go(&, z1 +z2)|: &€ € B(&1, €)}

Moreover,

&1 (ye+30/81) Lrs k) é
€ , 1 1 0
= | ity = / <— + $1s> ex ((— log(s) + 51s>y + —$1s> ds
yi +80/81 fr 0o \do P 3o s "

withI': [0, 1] = C, s — (81/80) log(s) + &1s. It follows that

E[V(Zl)tV(zz)t:|
80 + S1y:

81 1 81 50
X <— E[/ eXP((— log(s) + Els>yt + —&is+ (21 + ZZ)Zt) ds]
8o 0 ) 81

1
+ & E[/ s CXP(((S—1 log(s) + ElS>Yz + 6—0515 + (z1 + Zz)Zz> dSD.
0 80 81
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By 80, 61 > 0 we have

) 1)
eXP((i log(s) + §1S>yt + ﬁéls + (z1 + zz)Zr)

< &30 (MoV0)/81 (e(MOVO)yr-i-ZRZr + e(MOVO))’x-i-ZR'Zz) (5.19)

for all s € (0,1]. Since the right-hand side of this inequality has finite expectation (cf.
Assumption 3.1(i) and Remark 3.1(ii)), Fubini’s theorem and, once more, Remark 3.1(ii) yield

[M} — eS()SZ]-I-Zz 675051 /81
8o + S1y¢ 0 81

1
x/ <8_1 +§1S>650515/51
0o \Jo

)
X exp(ll-fo(t, 8_1 log(s) + &1s, 21 + Zz)
0

5
Ty (t, 5_1 log(s) + &5, 71 + zz)yo> ds.  (5.20)
0

From (5.17)—(5.19) and from the continuity of Wy, W1, D>Wq, and D> W1 on [0, T]x 4, we obtain

E[|V(2)/1*] = E[V (2), V@] < ki (),
E[|V (2):[>y:] = E[V(2): V@)1 y:] < ka(c),

2 —
E[ [V (2):l } _ E[V(Z)ZV(Z)t} < k(0.

8o + 811 80 + 81y

for all (¢, z) € [0, T] x 4% and some finite numbers ki (c), k2(c), and k3(c) that may depend
on ¢, but not on ¢ or z. Consequently, (5.16) yields

E[(L(z), L(2))7] = E[{L(2), L(D)7]

T L .
Sfo (Inz(t,z,Z)I ZS(IC) + (61|771(t,z,2)|+80|772(t,z,z)|> 15(26)

1

_ - k30
+ (8T Ino(t, 2. D1 + 8081 m (¢, 2, D + 85 Ima (2. 2. D)) Y] )dl
1

< k4(c)
forall z € 53; and a positive constant k4(c) depending only on ¢ because the mappings
(t,2) = no(t, z,2), m(t, 2, 2), n2(t, 2, 2)

are continuous on [0, T'] x /S? by Assumption 3.1(ii). Hence, Fubini’s theorem yields

Bdi = fim [ [ B Lerne @)
;Fens

cC—>0

in view of (5.15). The assertion follows now from (5.16)—(5.18) and (5.20).

https://doi.org/10.1239/aap/1269611145 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1269611145

Variance-optimal hedging in general affine stochastic volatility models 103

Appendix A

The dynamic behaviour of a semimartingale can be described in terms of predictable charac-
teristics (B, C, v) (cf. [17] for a definition and further background). For most continuous-time
processes in applications, the characteristics factorize as follows.

Definition A.1. Let X be an R?-valued semimartingale with characteristics (B, C, v) relative
to some truncation function /: R? — R¥. If there are some R?-valued predictable process b,
some predictable RY*?-valued process ¢ whose values are nonnegative, symmetric matrices,
and some transition kernel F from (2 x Ry, &) into (R?, B?) such that

t t
B; :/ by ds, C; :/ cs ds,
0 0

t
v([0, 1] x G) =/ Fy(G)ds forte€[0,T], G € 89,
0

we call (b, ¢, F) differential characteristics of X.

We can interpret b; or rather b; + f (x—h(x)) F;(dx) as adriftrate, ¢; as a diffusion coefficient,
and F; as a local jump measure. For a Lévy process, the triplet (b, ¢, F) is deterministic and
does not depend on ¢. In this case it coincides with the Lévy—Khintchine triplet appearing in the
Lévy—Khintchine formula. In a sense the differential characteristics generalize this triplet for
more general semimartingales. They are typically derived from other ‘local’ representations of
the process, e.g. in terms of a stochastic differential equation.

Proposition A.1. Let X be an R%-valued semimartingale with differential characteristics
(b, ¢, F), and let & be an R"*?-valued predictable process whose components £, j =
1,...,n, are integrable with respect to X. Then the R"-valued integral process & * X =
(&7« X) j=1,....n has differential characteristics (15, c, F) of the form

.....

b= Eby + / (&%) — £ () F (),
¢ = Etctét—r,

F,(G) = / 16(&x)F;(dx) forall G € 8" with0 ¢ G.

Here, h and h denote truncation functions on R and R, respectively.
Proof. Cf.[17,1X.5.3] and [22, Lemma 3].
1t6’s formula can be expressed in terms of characteristics as follows.

Proposition A.2. Let X denote an R?-valued semimartingale with differential characteristics
(b, c, F). Suppose that g: U — R" is twice continuously differentiable on some open subset
U C R? such that X and X_ are U-valued. Then the R"-valued semimartingale g(X) has
differential characteristics (b, &, F) of the form

d d

. : 1 -

bi =" Dig' (X, )b} + 3 Y Dig (Xiet!
k=1 k=1

d
+ / (h X +x)—g(Xi-) =) Dkg"(xt_)hkm) Fi(dx),

k=1
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d

&7l =Y Dig' (X, ) Digd (X,-),
k=1

I:",(G) = / 16(g(X;— +x) — g(X;)F(dx) forall G € 8" with0 ¢ G,

i,j=1,...,n. Here, Dy etc. denote partial derivatives and h and h truncation functions on
R? and R, respectively.

Proof. Cf.[12, Corollary A.6].
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