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Abstract

The superspace ring Q,, is a rank n polynomial ring tensored with a rank n exterior algebra. Using an extension of
the Vandermonde determinant to €, the authors previously defined a family of doubly graded quotients W,  of
Q,,, which carry an action of the symmetric group S, and satisfy a bigraded version of Poincaré Duality. In this
paper, we examine the duality modules W,, ; in greater detail. We describe a monomial basis of W, ; and give
combinatorial formulas for its bigraded Hilbert and Frobenius series. These formulas involve new combinatorial
objects called ordered set superpartitions. These are ordered set partitions (B | --- | Bg) of {1,...,n} in which
the nonminimal elements of any block B; may be barred or unbarred.
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1. Introduction

Let n be a positive integer. Superspace of rank n (over the ground field Q) is the tensor product
Q,=Qlx1,....xn] ® A{61,...,0,} 1.1

of a rank n polynomial ring with a rank n exterior algebra. The ring €2,, carries a ‘diagonal’ action of
the symmetric group &, on n letters, viz.

W Xi = Xy (i) w0 =6, weS, 1<i<n, (1.2)

which turns Q,, into a bigraded &,,-module by considering x-degree and #-degree separately.

The ring Q,, appears in physics, where the ‘bosonic’ x; variables model the states of bosons and
the ‘fermionic’ 6; variables model the states of fermions [22]. A number of recent papers in algebraic
combinatorics consider G,,-modules constructed with a mix of commuting and anticommuting variables
[2, 5, 17,27, 34]. The Fields Institute Combinatorics Group made the tantalising conjecture (see [34])
that, if ((Q,Jf") C Q,, denotes the ideal generated by S, -invariants with vanishing constant term, we
have an &,-module isomorphism

Q,/{((Q)5") = QLOP,] ® sign, (1.3)

where OP,, denotes the family of all ordered set partitions of [n] = {1,...,n} (with its natural
permutation action of &,,) and sign is the 1-dimensional sign representation of &,,. Despite significant
progress [31], the conjecture (1.3) has remained out of reach; even proving Q,/ ((Qn)f”) has the
expected vector space dimension remains open.

The Vandermonde determinant §,, € Q[xy, . ..,x,] is the polynomial
On=¢En- (x?_lxg_z . ~x}1_1x2), (1.4)

where &, = ¥, cg, sign(w) - w € Q[S,] is the antisymmetrising element of the symmetric group
algebra. Given positive integers k < n, the authors defined [27] the following extension d, x of the
Vandermonde to superspace:
Onk =En - (x’f_1 . ~xﬁ:,1<x'n‘:,1<+1x5:i+2 . ~x,1Hx2 201 Onk). (1.5)
When k = n, we recover the classical Vandermonde: 6, , = 9. The ¢, x may be used to build bigraded
S,,-stable quotient rings W,,  of &, as follows.
For 1 < i < n, the partial derivative operator d/dx; acts naturally on the polynomial ring

Q[x1,-..,x,] and, by treating the 6, . . . , 6, as constants, on the ring €,,. We also have a Q[x, . .., x,]-
linear operator 9/06; on Q,, defined by

6/69,~:Hjl "'Qj 4

”

{(—1)3—1@1 200, -0 if jy =i for some s, 16

otherwise,
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where 1 < ji, ..., j, < nare any distinct indices.! These operators satisfy the defining relations of Q,,,
namely

(0/0xi)(8/0x;) = (8/9x;)(8/0x:),  (8]/0x:)(8/06;) = (8/06,)(8/dxi),
(0/96:)(8/96) = =(9/36;)(9]36:)

forall 1 <i,j < n. Given f € Q,, we, therefore, have a well-defined operator d f on Q, given by
replacing each x; in f with d/0x; and each 6; in f with 3/360;. This gives rise to an action, denoted ©,
of Q,, on itself:

O:QxQ —Q  fog=(df)9). (1.7)

Definition 1.1 (Rhoades-Wilson [27]). Given positive integers k < n, let annd, x € €, be the annihi-
lator of the superspace Vandermonde 6, x under the ®-action:

annéd, x ={f €Q, : fOInr =0} (1.8)
We let W,,  be the quotient of ,, by this annihilator:
Wk =Q,/ann 6, . (1.9)
When k = n, the ring W,, ,, may be identified with the singly graded type A coinvariant ring

R, =Q[x1,...,xx]/{e1,...,en), (1.10)

where e = eq(xy,...,xy,) is the degree d elementary symmetric polynomial. Borel [4] proved that
R,, presents the cohomology H*(F¢,; Q) of the variety F¢, of complete flags in C". Since F¢, is a
smooth compact complex manifold, this means that the ring R,, satisfies Poincaré Duality and the Hard
Lefschetz theorem. In this paper, we provide a simple generating set (Definition 4.6, Theorem 4.12) of
the ideal ann 6, k.

The quotient ring W, x is a bigraded &,-module; we let (W, x); ; denote its bihomogeneous
piece in x-degree i and #-degree j. In [27], the following facts were proven about this module. Let
grFrob(W,, r; g, z) be the bigraded Frobenius image of W, ;, with ¢ tracking x-degree and z tracking
0-degree.

Theorem 1.2 (Rhoades-Wilson [27]). Let k < n be positive integers, and let N = (n—k) - (k—1) + (];)
and M = n — k. We have the following facts concerning the quotient W,, .

1. (Bidegree bound) The bigraded piece (W, x);,j is zero unless 0 <i < Nand 0 < j < M.
2. (Superspace Poincaré Duality) The vector space (W, x)n v = Q is I1-dimensional and spanned by
On,k- Forany0 <i < N and 0 < j < M, the multiplication pairing

(Wi j X (W n-im—j — Wanv.m =Q

is perfect.
3. (Anticommuting degree zero) The anticommuting degree zero piece of W, . is isomorphic to the
quotient ring

k k
Rn,k = Q[xh ... ,Xn]/<€n, Cn—1s-- s €n—k+l,X15-.-5Xy), (111)
where eq = eg(x1,...,xy,) is the degree d elementary symmetric polynomial.

In differential geometry, 3/96; is called a contraction operator.
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4. (Rotational Duality) The symmetric function grFrob(W,, r; q, z) admits the symmetry
(¢" M) - grFrob(W, 157", 27") = w(grFrob(W,, k3 ¢, 2)). (1.12)

Here, w is the involution on symmetric functions trading e,, and h,,.

The rings R, appearing in Theorem 1.2 (3) were introduced by Haglund, Rhoades and Shimozono
[13] in their study of the Haglund-Remmel-Wilson Delta Conjecture [12] (whose ‘rise formulation” was
recently proven by D’Adderio and Mellit [6]). Pawlowski and Rhoades [21] proved that R,  presents the
cohomology ring H*(X,, x; Q) of the variety X,, x of n-tuples ({1, ...,¢,) of lines in CK which satisfy
{1 + -+, = CK. The variety X,, x is smooth but not compact. Correspondingly, the Hilbert series of
the ring R,, x is not palindromic. Theorem 1.2 (3) implies that the ‘superization’ W,, x of R, i satisfies
a bigraded analog of Poincaré Duality. It is for this reason that our title alludes to W, x as a ‘duality
module’.

Theorem 1.2 notwithstanding, the paper [27] left many open questions about the nature of the
bigraded S,-modules W, . Indeed, the dimension of W,, ; was unknown. The purpose of this paper
is to elucidate the structure of the duality modules W,, . In order to do this, we will need the following
superspace extensions of set partitions.

Definition 1.3. A set superpartition of [n] is a set partition of [n] into nonempty sets {By, ..., B} in
which the letters 1,...,n may be decorated with bars, and in which the minimal element min(B;) of
any block B; must be unbarred. An ordered set superpartition is a set superpartition (By | --- | Bx)

equipped with a total order on its blocks.

As an example,

{{1.2,4},{3}.{5.6}}

is a set superpartition of [6] with three blocks. This set superpartition gives rise to 3! ordered set
superpartitions, one of which is

(5,611,2,4]3),
where, by convention, we write elements in increasing order within blocks. Roughly speaking, barred
letters will correspond algebraically to 6-variables.

We define the following families of ordered set superpartitions

OSPy i = {all ordered set superpartitions of [r] into k blocks},
(98735:3( = {all ordered set superpartitions of [n] into k blocks with r barred letters}.

These sets are counted by

Pl b1 Sty s oS

- (”;k)-kz-sm(n,k), (1.13)

where Stir(n, k) is the Stirling number of the second kind counting set partitions of [n] into k blocks.
The algebra of W,  is governed by the combinatorics of ordered superpartitions. More precisely,
we prove the following.

o The ideal annd, x € €, defining W, ; has an explicit presentation (Definition 4.6) involving
elementary symmetric polynomials in partial variable sets (Theorem 4.12).
o The vector space W, ; has a basis indexed by OSP,,  (Theorem 4.12).
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o There are explicit statistics coinv and codinv on OSP,, i (see Section 3), such that the bigraded
Hilbert series of W, ; is given by

n—k n—k
Hilb(W, 4;4,2) = Z - Z qcoinv(a') _ Z - Z qcodinv(o')' (1.14)
=0 geospl) = eospY)

This bigraded Hilbert series may be computed using a simple recursion (Corollary 4.13).
o The 6-degree pieces of W,, ; are built out of hook-shaped irreducibles. More precisely, if we regard
Wk as asingly graded module under 6-degree,

n-a ..o

grFrob(W,, x;2) = Z b4 LS S0, (1.15)

(A ,...,2t0)

where the sum is over all k-tuples (17, ..., 1¥)) of nonempty hook-shaped partitions which satisfy
[AD] + .-+ AR | = n (Corollary 5.22).

o The monomial expansion of grFrob(W, ; g, z) is a generating function for the statistics coinv and
codinv, extended to a multiset analog of ordered set superpartitions (Theorem 5.20).

Although the codinv interpretation of grFrob(W,, r; ¢, z) will implicitly describe this symmetric function
as a positive sum of LLT polynomials, we do not have a combinatorial interpretation for its Schur
expansion and leave this as an open problem. Our results on W, x-modules are ‘superizations’ of facts
about the rings R, x proven in [13]. Loosely speaking, ordered set partitions are replaced by ordered
set superpartitions in appropriate ways. The proofs of these results will be significantly different from
those of [13] due to the anticommuting variables.

We analyse the quotient ring W, ; by considering its isomorphic harmonic subspace H,, x C €,.
This is the submodule of €,, generated by J,, x under the ®-action:

Hyx ={f O6nx : f€Qn}. (1.16)

Our analysis of Hj, ; involves

o anew total order < on monomials in €,, (see Section 4) used to describe H,,  as a graded vector
space, and

o anew total order < on the components of a certain direct sum decomposition
Q. =P g0 Q,(p, q) (both depending on an auxiliary parameter j) used to describe the graded
Sy,-structure of H,, x (see Section 5).

Roughly speaking, the orders < and < arise from the superspace intuition that a product xlj 0; of an x-
variable and the corresponding #-variable should be given a ‘negative’ exponent weight — j. The order <
restricts to the lexicographical term order on monomials in Q[xy, ..., x,] but is not a term order on Q,
in the sense of Grobner theory. Indeed, the Grobner theory of important ideals (such as the superspace
coinvariant ideal) in Q,, tends to be messier than that of analogous ideals in Q[xy, . . ., x;]. On the other
hand, we will see in Section 4 that the <-leading terms of elements in Hj,  correspond in a natural way
to ordered set superpartitions.

It is our hope that the tools in this paper will prove useful in understanding other quotient rings
involving Q,, such as the superspace coinvariant ring. Indeed, the Fields Group has a conjecture (see
[34]) for the bigraded Frobenius image of Q,,/{(€2, )f”) which is equivalent (by work of [13, 14, 27]) to

{27} grFrob(Q,/{(Q,)5"): 9. 2) = {<" ™} grFrob(W,, 41 ¢.2) foralln, k >0, (1.17)

where {77} is the operator which extracts the coefficient of z”¥. In our analysis of Wk, we give an
explicit generating set of its defining ideal ann d,, . This gives rise (Proposition 6.4) to a side-by-side
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comparison of the 6-degree n — k pieces of Q,,/ ((Qn)f") and W,  as quotient modules with explicit
relations. Hopefully, this similarity will assist in proving (1.17).

The rest of the paper is organised as follows. In Section 2, we give background material on superspace,
S,,-modules and symmetric functions. Section 3 develops combinatorics of ordered set superpartitions
necessary for the algebraic study of the W-modules. Section 4 uses harmonic spaces to give a monomial
basis of the modules W, ; and describe their bigraded Hilbert series. Section 5 uses skewing operators
and harmonics to give a combinatorial formula for the bigraded Frobenius image of the W-modules. In
Section 6, we conclude with some open problems.

2. Background
2.1. Alternants in superspace

Recall that if V is an &,,-module, a vector v € V is an alternant if
w v =sign(w) - v forallw € S,,. 2.1

The superspace Vandermondes J,, x € €, are alternants used to construct the quotient rings W, ;. In
order to place W,, x in the proper inductive context, we will need a more general family of alternants
and rings.

Definition 2.1. Let n, k, s > 0 be integers. Define 6, ks € £, to be the element

Kbl ) a0 x 06,00, (2.2)

k-1
6n,k,s =&n- (xl X n—1

where &, = ¥, cg,, sign(w) - w € Q[&,]. Let ann,, x s C €, be the annihilator of 6, s, and define
Wi,k s to be the quotient ring

Woks =Qp/annd, i s. 2.3)

By convention, if n < k, then 6, ks = 0. In the special case s = k, we have W,, x r = W,, x. We only
use the ring W, ¢ in the range k > s.

2.2. Harmonics in superspace

It will be convenient to have a model for W, ;. ¢ as a subspace rather than a quotient of ,,. To this end,
we define the harmonic module H,, x s C €, as follows.

Definition 2.2. Let n, k, s > 0, and consider €2, as a module over itself by the ©-action f © g = df(g).
We define H,, x s € Q, to be the Q,-submodule generated by 6, « 5.

More explicitly, the harmonic module Hj, ¢ s is the smallest linear subspace of €, containing 6, x s,
which is closed under the action of the commuting partial derivatives d/9xy, ..., d/0x, as well as the
anticommuting partial derivatives 8/961, ..., d/d6,. The subspace H,, 1 s is a bigraded S,-module.

We have a natural inclusion map Hj, s < €,. The composition

Hn,k,s — Qn - Wn,k,s (24)
of this inclusion with the canonical projection of €,, onto W, x s is an isomorphism of bigraded &,-
modules. We make use of Hj, s when we need to consider superspace elements in £, rather than cosets

in Wn,k,s~

https://doi.org/10.1017/fms.2022.90 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.90

Forum of Mathematics, Sigma 7

2.3. Symmetric functions and S,-modules

Throughout this paper, we use the following standard g-analogs of numbers, factorials and binomial

coeflicients:
q" -1 -1 n [n]!y
g = L= =l gaa g™ Inlly = [nlgln— 1]+ (1], [ = T, - -kl
7 g-1 4 4 g 4 ki, [kllg-[n—kll4
(2.5)
A partition A of n is a weakly decreasing sequence A = (4; > --- > Ai) of positive integers which

sum to n. We write A + n to mean that A is a partition of n.

LetA = @nzo A, be the ring of symmetric functions in an infinite variable set x = (x1,x3,...) over
the ground field Q(g, z). Bases of the n'* graded piece A,, of this ring are indexed by partitions A F n.
We let

{my : Avrn}, {ey:Arn}t, {hy:Arn} and {s; : A+n} (2.6)

be the monomial, elementary, homogeneous and Schur bases of A,. Given two partitions A, u with
A; 2 y; for all i, we let s,,, be the corresponding skew Schur function.

A formal power series F in the variable set X = (x1,x2,...) of bounded degree is quasisymmetric
if the coefficient of x{" - - x3" equals the coefficient of x' - - - x{" for any strictly increasing sequence
i1 < -+ <iyofindices. Given a subset S C [n— 1], the fundamental quasisymmetric function of degree
nis

Fsp= Z Xi, c X, - 2.7)

i1 <---<ip
JES=1i;<ijy

We will encounter the formal power series Fs , exclusively in the case where S is the inverse descent
set of a permutation w € S,,. This is the set

iDes(w)={l<i<n—-1:w'l(G)>w'@i+1)}. (2.8)

We let (—, —) be the Hall inner product on A, obtained by declaring the Schur functions s, to be
orthonormal. For any F € A, we have a ‘skewing’ operator F* : A — A characterised by

(F*G,H) = (G,FH) (2.9
for all G, H € A. We will make use of the following fact.

Lemma 2.3. Let F,G € A be two homogeneous symmetric functions of positive degree. The following
are equivalent.

1. We have F = G.
2. We have hiF = h;G forall j > 1.
3. We have e]l.F = e]l.Gforallj > 1.

Lemma 2.3 follows from the fact that either of the sets {ey, e, ...} or {hy, hy, ...} are algebraically
independent generating sets of the ring A of symmetric functions.

Irreducible representations of &,, are in bijective correspondence with partitions A of n. If A - nis a
partition, let S* be the corresponding irreducible G,-module. If V is any finite-dimensional &,,-module,
there are unique multiplicities c; > 0, such that V = B, ¢ 181, The Frobenius image of V is the
symmetric function

Frob(V) = Z casa € Ay (2.10)

Arn

obtained by replacing each irreducible S* with the corresponding Schur function s,.
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Given two positive integers n, m, we have the corresponding parabolic subgroup S, X S, C S,4m
obtained by permuting the first n letters and the last m letters in [n+ m] separately. If V is an S,-module
and W is an S,,-module, their induction product V o W is the S,,,,-module given by

VoW =IndZ"m (VeWw). 2.11)

Induction product and Frobenius image are related in that
Frob(V o W) = Frob(V) - Frob(W). (2.12)

Frobenius images interact with the skewing operators A+ and ej+ in the following way. Let V be an
Sp-module, let 1 < j < n and consider the parabolic subgroup &; X &,_; of G,. We have the group
algebra elements n;, £; € Q[&;]

nj= Z w gj = Z sign(w) - w (2.13)

WEGj WEG]

which symmetrise and antisymmetrise in the first j letters, respectively. Since 17; and £; commute with
permutations in the second parabolic factor &,,_;, the vector spaces

niV=_{nj-v:veV} giV={¢gj-v:veV} (2.14)

are naturally &,,_ ;-modules. The Frobenius images of these modules are as follows.
Lemma 2.4. We have Frob(n;V) = h]l.Frob(V) and Frob(g;V) = eJ%Frob(V).

The proof of Lemma 2.4, which we omit, uses Frobenius reciprocity. Lemma 2.4 may be generalised
by considering the image of V under X, cs, x*(w) - w € Q[S;], where u + j is any partition and
x* : ©; — Cis the irreducible character; the effect on Frobenius images is the operator sj.

In this paper, we will consider (bi)graded vector spaces and modules. If V = EBiZO V; is a graded
vector space with each piece V; finite-dimensional, recall that its Hilbert series is given by

Hilb(V; q) = Z dim(V;) - ¢'. (2.15)
i>0
Similarly, if V = @i’ jsoVijisa bigraded vector space, we have the bigraded Hilbert series
Hilb(V;q,z7) = Z dim(Vi ) - ¢'2’. (2.16)
i,j20

ftv= @izo V; is a graded S,,-module, its graded Frobenius image is

arFrob(V; q) = Z Frob(V;) - ¢'. (2.17)
i>0
Extending this, if V = @i’ %0 V;,; is a bigraded &,-module, its bigraded Frobenius image is
grFrob(V;q,2) = . Frob(Vi ;) - q'z/. (2.18)
i,j>0

2.4. Ordered set superpartitions

We will show that the duality modules W,, ; are governed by the combinatorics of ordered set superpar-
titions in OSP,, k. The more general modules W, x s of Definition 2.1 which we will use to inductively
describe the W,, 4 are controlled by the following more general combinatorial objects.
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Definition 2.5. For n, k,s > 0, we let OSP,, i s be the family of k-tuples (B; | --- | Bx) of sets of
positive integers, such that

o we have the disjoint union decomposition [n] = By U - -- Ul B,

o the first s sets By, ..., Bs are nonempty,

o the elements of By, ..., By may be barred or unbarred,

o the minimal elements min Bj, . .., min By of the first s sets are unbarred.

We denote by (98775;,)( o € OSPy ks the subfamily of o € OSP), i s with r barred elements.

Note that, when s = k, OSPp x = OSSPy i s- Werefer to elements o = (B | - -+ | Bx) € OSPh ks
as ordered set superpartitions, despite the fact that any of the last k — s sets Bgy1, . . ., Bx in o could be
empty and that the minimal elements of By,1, ..., By (if they exist) may be barred.

3. Ordered set superpartitions
3.1. The statistics coinv and codinv

In this section, we define two statistics on OSP,, i s. The first of these is an extension of the classical

inversion statistic (or rather, its complement) on permutations in S,. Given 7 = n;...71, € S,, its
coinversion code is the sequence (cy,...,c,), where ¢; is the number of entries in the set {i + 1,7 +
2,...,n} which appear to the right of i in #. The coinversion number of n is the sum coinv(r) =

c1 + -+ c,. We generalise these concepts as follows.

Definition 3.1. Let o = (By | -+ - | Bx) € OSPy ks be an ordered set superpartition. The coinversion
code is the length n sequence code(o) = (cy, ..., cy) over the alphabet {0, 1,2,...,0,1,2,...} whose
a'™ entry c, is defined as follows. Suppose that a lies in the i” block B; of o.

o The entry c, is barred if and only if a is barred in o.
o Ifa =minB; and i < s, then

ca=|{i+lsts:minBj>a}|.

[¢]

If a is barred, then

{1<j<i-1:minB; <a} ifi <s,
C, =
T i <j<s:minB; <a}+(i-s-1) ifi>s.

o

Otherwise, we set

ca=Hi+1<j<s: min B; >a}+(G-1).
The coinversion number of o is the sum
coinv(o) =ci +---+cp

of the entries (cy,...,c,) in code(o).

For example, consider the ordered set superpartition
c=(2,513,6,8,9|2|1,4,7|2) € OSPy5.,.
The coinversion code of o is given by

code(o) = (c1,...,c9) =(1,1,0,3,0,1,3,1, 1),
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so that
coinv(o) =1+1+0+3+0+1+3+1+1=11.

Bars on the entries ¢y, . . ., ¢, are ignored when calculating coinv(o) = ¢y + -+ + ¢.

The coinversion code (cy, . . ., ¢,) can be visualised by considering the column diagram notation for
ordered set superpartitions. Given o = (B | - -+ | Bx) € OSP,, .5, we draw the entries of B; in the jth
column. The entries of B; fill the i* column according to the following rules.

o For 1 <i < k, the barred entries of B; start at height 1 and fill up in increasing order.

o For 1 <i < s, the unbarred entries of B; start at height 0 and fill down in increasing order.

o For s+ 1 < i < k, the unbarred entries of B; start at height —1 and fill down in increasing order; we
also place a e at height 0 in these columns.

In our example, the column diagram of

(2,513,6,8,9|2|1,4,7|2) € OSPy5..

is given by
: T
1 518 1
0 2(3|efofe
-t o] [7]
) i
1 2 3 45,

where the column indices are shown below and the heights of entries are shown on the left. The three
¢’s at the height 0 level correspond to the fact that the blocks B3, B4, Bs are allowed to be empty for
o € OSPys,. Given o € OSP,, 1.5, we have the following column diagram interpretation of the a’"
letter ¢, of code(o) = (c1,...,cn).

o If a appears at height 0, then ¢, counts the number of height zero entries to the right of a which
are > a.

o If a appears at negative height in column 7, then ¢, is i — 1, plus the number of height O entries to the
right of a which are > a.

o If a appears at positive height, then c, counts the number of height O entries to the left of @ which
are < a, plus the number of o’s to the left of a.

We will see that codes (cy, ..., c,) of elements o € OSPy, s correspond to a monomial basis of
the quotient ring W, & . In order to obtain the bigraded Frobenius image of W, s in terms of coinv,
we use diagrams to define a formal power series as follows.

The reading word of o € OSSPy i s, denoted read(o) is the permutation in S,, obtained by reading
the column diagram of o from top to bottom, and, within each row, from right to left (ignoring any
bars on letters). If o is our example ordered set partition above, we have

read(o) = 418532769 € Sy.

Definition 3.2. Let n, k, s > 0 be integers, and let 0 < » < n — 5. We define a quasisymmetric function
(r) .
C (x; g) by the formula

n,k,s

ch )= > g™ Fipeead(on . (¥). 3.1)
oeosP?)

n,k,s
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Also define a quasisymmetric function C,, x s (X; ¢, z) by

n-—s

Chnk.s(X9,2) = Z C,(,fi,s(x; q) -7 (3.2)
r=0

We may avoid the use of the F’s in the definition of the C-functions by allowing repeated entries
in our column diagrams. Let C7 ks be the family of column tableaux which are all fillings of finite
subsets of the infinite strip [k] X co with the alphabet {e,1,2,...,1,2,...}, such that

The height 0 row is filled with a sequence of s unbarred numbers, followed by a sequence of k — se’s.
The filled cells form a contiguous sequence within each column.

Entries at positive height are barred, while entries at negative height are unbarred.

Unbarred numbers weakly increase going down, and barred numbers strictly increase going up.

An unbarred number at height O is strictly smaller than any barred number above it.

O O O O O

An example column tableau 7 € CT 352 is shown below.

2 [a]e] [4]
1 [3]5] [1]
0 213|e|0|e@
-1 3] (71
-2 4] 1]

12345,

The coinversion number coinv(7) extends naturally to column tableaux 7 € CT ,, x s: given an entry a
in such a tableau, we may compute its contribution c,, to coinv as before, and sum over all entries. For
example, the column tableau depicted above has coinversion number

341+0+1+1+0+0+1+4+3+1+4+1=20,

where the entries in the sum on the left are processed in reading order, that is the first value in the sum
is 3 because the 4 in column 4 contributes 3 to the coinversion number. Let x7 = )cf‘x”2 -+, where

2
a; is the number of i’s in 7. In our example, we have X = x;x,x3x;xsx6x7. The exponent sequence

a = (ay,ay,...) of X7 is called the content of 7. Let CTfLr,)C - CT n.k.s be the subfamily of column
tableaux with r barred letters.

Observation 3.3. The formal power series C}Sr])c ((X5q) and Cy x 5(x; q, 2) are given by

Cy(:])(,x (x;q) = Z qcoinv(r)x‘r and  Cy s (X;q,2) = Z qcoinv(r) Z# of barsin Tyt
TECTL}:LS 7€CT n ks

This observation follows from the definition of the fundamental quasisymmetric functions. The
formulas for the C-functions in Observation 3.3 are more aesthetic but less efficient than those in
Definition 3.2. It will turn out that C,, ¢ s(X; g, z) is the bigraded Frobenius image grFrob(W,, x s; ¢, 2).
For reasons related to skewing recursions, the refinement Cr(:li,s (x; q) will be convenient to consider. At
this point, it is not clear that the C-functions are even symmetric. Their symmetry (and Schur positivity)
will follow from an alternative description in terms of another statistic on OSP,, i s-

Let 0 € OSSPy, k,s- We augment the column diagram of o by placing infinitely many +c0’s below
the entries in every column (we drop the + in diagrams for the sake of compactness). Furthermore, we
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regard every e in the column diagram as being filled with a 0. Ignoring bars, a pair of entries a < b
form a diagonal coinversion pair if

o a appears to the left of and at the same height as b, or
o a appears to the right of and at height one less than b.

Schematically, these conditions have the form
@ B ow 0@

Definition 3.4. For o € OSP,, s, the diagonal coinversion number codinv(co) is the total number of
diagonal coinversion pairs in the augmented column diagram of o .

fora < b.

When n = k = s, codinv and coinv are identical. Although these statistics clearly differ in general, it
will turn out that codinv is equidistributed with coinv on OSP,, s and even on the subsets (’)8775:,1 s
obtained by restricting to r barred letters. In analogy with the C-functions, we define a quasisymmetric

function attached to codinv.

Definition 3.5. Let n, k, s > 0 be integers, and let 0 < r < n — 5. Define a quasisymmetric function
D(ri . (x: ¢) by the formula

n,

Dflrlis (x;9) = Z qcodinv((r) : FiDes(read(o-)),n(X)- (3.3)
oeOSPY) |
Also define
n—s
Duis(x:4:2) = ). D) (x:9)- 2" (3.4)
r=0

Like the C-functions, the D-functions may be expressed in terms of infinite sums over column
tableaux.

Observation 3.6. The formal power series Dflr])( ((X;q9) and D, i 5(X; q,z) are given by

Df:;(,s (x; q) — Z qcodinv(‘r)x‘r and Dy s (x; q, 2) = Z qcodinv(r) Z# of barsin Ty T
TECT(V) T€CT nk,s

n,k,s
We use the theory of LLT polynomials to show that the D-functions are symmetric and Schur positive.

Proposition 3.7. The quasisymmetric functions Dflr,)c <(X5q) and Dy k s(X;q,z) are symmetric and
Schur positive.

Proof. We prove this fact by writing D,, x s(X; ¢, z) as a positive linear combination of LLT polynomials
[18]. We use the version of LLT polynomials employed by Haglund, Haiman and Loehr [11].

A skew diagram is a set of cells in the first quadrant given by /v for some partitions u 2 v. Given
atuple A = (A0, 21 AD) of skew diagrams, the LLT polynomial indexed by X is

LLT(x;q) = Z g™ DxT
where the sum is over all semistandard fillings of the skew diagrams of A, x” is the product, where x;

appears as many times as i appears in the filling 7, and inv(7) is the following statistic. Given a cell u
with coordinates (x, y) in one of the skew shapes 1(?), where the leftmost cell at height 0 has coordinates
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(0,0), the content of u is ¢(u) = x — y. Then inv(T) is the number of pairs of cells u € 1), v € A1)
with i < j, such that

o c(u)=c(v)and T(u) > T(v), or
ocu)+1=c(v)andT(u) < T(v).

LLT polynomials are Schur-positive symmetric functions [10, 11, 18]. We claim that we can decompose
D ;rll ,(x;q) into LLT polynomials:

DY) (xq) = ) ¢ VLLTA(x; ), 3.5)
A

where stat is a fixed statistic depending on A and the sum is over all tuples of skew diagrams A =
(AW, A0) satisfying

ifi <k —s,then A = 4 /(1) for a hook shape u(?,
if i > k — s, then 1) is a single nonempty hook shape,
Zf-ll [A@D] = n and

A has r total cells of negative content.

O O O O

We define nonnegative integer sequences a, 8 € N¥ so that

o AW = (a; +1,1%) /(1) fori < k — s and
o AW = (a; +1,1P%) fori > k — s.

Given a specific semistandard filling T that contributes to LLTx(x; ¢) for such a A, we will create a
column tableau 1 € CTXI)C’S, such that 7 will have exactly «; entries at negative height and S; entries
at positive height in column k£ — i + 1. The sequences @ and 8 will completely determine how many
diagonal coinversions involving an co or a e, respectively, appear in 7. In Figure 1, there are six such

diagonal coinversions involving an co and seven involving a e. In general, this number is

k—s
stat(A) = > (loy —ajl = x(er > @) + D >0 B # 0},
i=1

1<i<j<k

where y(p) is 1 if p is true and O if p is false. Note that stat(A) can be computed from « and S only.
Now, given a specific semistandard filling T of A, we map the unique entry in () with content j to
column k —i + 1 and row —j in 7. Every pair which contributes to inv(7) now contributes a diagonal
coinversion between integers (not e or o) in 7. In Figure 1, there are 10 such diagonal coinversions and
the filling T has inv(7") = 10. Since this map is bijective, we have the desired result. O

4] 6] 6| [4]

1] 5] 5] [1]
[e[1T1] [e]7] [o] [3]3]4] 3|efe]e
3loo| 7|1

(4|00 oof 1
A 1 13 A4 IS o o
1 23 435

Figure 1. We depict an example of the correspondence in the proof of Proposition 3.7. Each of the five
skew diagrams on the left is justified so that its bottom left entry has content 0. In this example, we have
a=(2,1,0,2,0), 8=1(0,2,0,2,2) and stat(A) =6+7 =13
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3.2. Equality of the C- and D-functions

Our first main result states that the C-functions and D-functions coincide. This given, Proposition 3.7
implies that the C-functions are symmetric and Schur positive. We know of no direct proof of either of
these facts.

Theorem 3.8. For any integers n, k,s > O with k > s and any 0 < r < n — s, we have the equality of
formal power series

C) (xq) =Dy} (%) (3.6)

Consequently, we have

Cn,k,s(x;q; Z) = Dn,k,s(X; q, Z)~ 3.7

Our proof of Theorem 3.8 is combinatorial and uses the column tableau forms of the formal power

series C,(l ,1 ,(x;g) and szr;c +(X;g) in Observations 3.3 and 3.6. The idea is to consider building up
)

a general column tableau 7 € C'T(rk from the column tableau consisting of k — s empty columns
by successively adding larger entries and showing that the statistics coinv and codinv satisfy the same
recursions.

Proof. Let T be a column tableau with k£ columns and k — se’s whose entries are < N. We consider
building a larger column tableau involving N’s from 7 by the following three-step process.

1. Placing N’s on top of some subset of the k columns of 7.
2. Placing N’s at height O between and on either side of the s columns of 7 without a e.
3. Placing N’s at negative heights below some multiset of columns of the resulting figure.

We track the behavior of coinv and codinv as we perform this procedure, starting by placing the N’s on
top of columns.

Placing a N on top of column i of  increases the statistic coinv by i — 1. We reflect this fact by giving
column i the barred coinv label of i — 1. The barred coinv labels of the column tableau are shown in

bold and barred below.

301 3

2 46| |4]

1 3152|114

0 213 oo

-1 3] 711

-2 |4 |1
1 23 45

The barred coinv labels give rise to a bijection

coinv . k-column tableaux 7 with subsets S of
‘' ")k —se’sandall entries < N {0,1,...,k—-1}

N
k-column tableaux 7/ with k — s ®’s,
such that all entries of 7" are < N and
the only N’s in 7’ are barred

(3.8)

by letting Lj\f;i“"(r, S) be the tableau 7’ obtained by placing a N on top of every column with barred
coinv label in S. If Lj\f;inv : (7,8) — 7/, then coinv(7’) = coinv(7) + ;g -

https://doi.org/10.1017/fms.2022.90 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.90

Forum of Mathematics, Sigma 15

Next, we consider the effect of N insertion on codinv. We bijectively label the k columns of T with
the k barred codinv labels 0,1, ...,k — 1 (in that order) in descending order of maximal height and,
within columns of the same maximal height, proceeding from right to left. The barred codinv labels in
our example are shown below.

3 31 @0
2 416 4
1 [3]5]a]1]3
0 213|e|e|e
-1 31 [7]1
2[4 [1]

12345

The barred codinv labels give a bijection

N k — s o ’s and all entries < N {0,1,...,k -1}

k-column tableaux 7’ with k — s ®’s,
such that all entries of 7" are < N and
the only N’s in 7’ are barred

codiny . { k-column tableaux 7 with } N { subsets S of } .

>

3.9

where Ls\fl’di“"(‘r, S) is obtained from 7 by placing a N on top of every column with barred codinv label
indexed by S. If Lj\f;dinv : (7,8) — 7/, then codinv(7’) = codinv(7) + >;c5 I

We move on to Step 2 of our insertion procedure: creating new columns by placing N’s at height 0.
A single ‘height O insertion map’ ¢g of this kind on column tableaux has the same effect on coinv and
codinv.

If 7 is a column tableau with s nonbullet letters at height zero, N’s can be placed (with repetition) in
any of the s+ 1 places between and on either side of these nonbullet letters. This gives rise to a bijection

1o : { such that all entries of 7" are < N and ; X

k-column tableaux 7’ with k — s e ’s, {
the only N’s in 7’ are barred

finite multisets S N
drawn from {0, 1, ..., s}

K-column tableaux 7”” with k — s @ ’s,
such that all entries of 7/’ are < N and ¢,
K>k no N’s in 7”° have negative height
(3.10)

where (y(7’, S) is obtained from 7’ by inserting m; copies of N after column i of 7, where m; is the
multiplicity of i in S. Suppose ¢ (7, S) = 7”. The number K of columns of 7"’ is related to the number
k of columns of 7* by K = k + |S|. Furthermore, if there are b unbarred entries in 7’ of negative height,
we have

coinv(t”") = coinv(t’) + b - |S| + Zi and codinv(r"") = codinv(z’) + b - |S| + Z i. (311
ieS ieS

In other words, the height zero insertion map ¢g has the same effect on coinv and codinv.

Finally, let 7”” be a column tableau with K columns with entries < N in which there are no N’s with
negative height. To perform Step 3 of our insertion process, we insert N’s at the bottom of some multiset
of columns of 7”/. We track the effect on coinv and codinv as before.
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We label the columns of 7"/ from left-to-right with the unbarred coinv labels 0,1, . . ., K. An example
of this labeling is shown below in bold. Since we add unbarred letters on the bottom of a tableau, we
show the unbarred labels there as well.

2 [4]6] [4]
1 3|5 1
0 2(3|e|e]|e
-1 0(3]2]7]1
-2 14 3]
-3 1 4
1 2345
The unbarred coinv labels give a bijection
K-column tableaux 7"’ with k — s ®’, finite multisets S
coinv , . ’”
ty "t such that all entries of 7"/ are < N and X {drawn from {0, 1,....K — 1} } —

no N’s in 7"’ have negative height

{ K-column tableaux /" with k — s @ ’s, } (3.12)

such that all entries in 7/ are <N |* ™7
where L‘;\‘,’i”V(T”, S) is obtained by placing m; copies of N below the column with label i, where m; is
the multiplicity of 7 in S. If (g™ : (7, S) > 77", then coinv(7"”) = coinv(7") + };es 1.

The effect of inserting N’s at negative height on codinv may be described as follows. We label the
columns of 7 bijectively with the unbarred codinv labels 0, 1, . . ., k—1 (in that order) starting at columns
of lesser maximal depth and, within columns of the same maximal depth, proceeding from right to left.
The unbarred codinv labels in our example as shown below.

2 [4]6] [4]
1 3|5 1
0 2(3|e|e]|e
-1 1 13 0171
-2 i 2 L
-3 4 3
1 2345
The unbarred codinv labels give a bijection
K-column tableaux 7/’ with k — s e ’s, finite multisets S
codinv ., : 7"
Ly : < such that all entries of 7”7 are < N and {drawn from {0, 1,.... K — 1} } —

no N’s in 7”° have negative height

K-column tableaux /"’ with k — s e ’s,
such that all entries in 7/ are < N

} (3.13)

as follows. Given (7", S), we process the entries of S in weakly increasing order and, given an entry
i, we place an N at the bottom of the column with unbarred codinv label i. Recalling that we consider
every unfilled cell below a column to have the label +oco for the purpose of calculating codinv, we see
that if L;‘]’dinv 2 (77,8) = 1’7, then codinv(7”"”) = codinv(7”’) + };cg i. In summary, the (-maps show
that the C-functions and D-functions satisfy the same recursion, which establishes the theorem. O
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Although the D-functions are more directly seen to be symmetric and Schur positive, in order to
describe a recursive formula for the action of h,L it will be more convenient to use the C-functions

instead (Lemma 3.14). This formula will involve the more refined Cr(lr]i . (X; g) rather than their coarsened
versions Cy ks (X; ¢, 2).

3.3. Substaircase shuffles

Given o € _(’)‘_973,,,1”, code(o) = (c1,...,c,) is a length n sequence over the alphabet
{0,1,2,...,0,1,2,...}. In this subsection, we show that o + code (o) is injective and characterise its
image. We begin by defining a partial order on sequences of (potentially barred) nonnegative integers.

Definition 3.9. (cy,...,c,) < (by,...,by,) if, for every i, ¢; < b; in value and that ¢; is barred if and
only if b; is barred.

The image of the classical coinversion code map on permutations in S, is given by words (¢, ..., c,)
which are < the ‘staircase’ word (n — 1,n —2,...,1,0). For ordered set partitions of [n] into k blocks
with no barred letters, this result was generalised in [26], where the appropriate notion of ‘staircase’ is
given by a shuffle of two sequences. We extend these definitions to barred letters as follows.

Recall that a shuffle of two sequences (ay, . ..,a,) and (b1, ..., by) is an interleaving (cy, . . ., Crts)
of these sequences which preserves the relative order of the a’s and the b’s. The following collection

SSflr,l , of words will turn out to be the image of the map code on osp\")

n,k,s*

Definition 3.10. Let n, k, s > 0 be integers. For 0 < r < n — s, a staircase with r barred letters is a
length n word obtained by shuffling

(k=s=D"(s=1)(k-s5)"(s=2)(k—s+1)?(s=3)---0(k—=1)* and (k—-1)"""%,

where ro+ry +---+rg =r. If k = s, we insist that ro = 0 in the above expression. Let 885:3( , be the

family of words (cy, ..., c,) which are < some staircase (b, ..., b,). We also let
S8k =SSO, uss! u-uss? (3.14)

and refer to words in S5y, s as substaircase.
Definition 3.10 implies that
SSnks=9@ ifn <s. (3.15)
We give an example to clarify these concepts.

Example 3.11. Consider the case n =5,k = 3, s = 2 and r = 2. The staircases with r barred letters are
the shuffles of any of the six words

(0,0,1,0), (0,1,1,0), (0,1,0,2), (1,1,1,0), (1,1,0,2), (1,0,2,2)

with the single-letter word (2). For example, if we shuffle (2) into the second sequence from the left,
we get the five staircases

(29(_)719170)9 ((_)’2,15150)’ ((_)71927 T’O)’ ((-),15152’0), (6’13150’2)'

The leftmost sequence displayed above contributes

(2707 17 170)’ (1’65 1’ I5())’ (07(_)’ ]‘7170)7 (290’09 1’0)’ (1’(_)707 I7())’ (0’650’ I’O)’

(27(_)’ ]‘7(_)’0)7 (1’6’ 1’(_)’0)’ (0’67 1’(_)70)’ (2’(_)’0’(_)90)’ (17(_)’07(_)’0)7 (0’(_)’0’(_)’0)
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to SS 22; ,- These are the 12 sequences which have the same bar pattern as, and are componentwise <

to, the staircase (2,0, 1, 1,0).

The previous example shows that applying Definition 3.10 to obtain the set of words in SS,, s can
be involved. The following lemma gives a simple recursive definition of substaircase sequences of length
n in terms of substaircase sequences of length n — 1. This recursion gives an efficient way to calculate
S8 k,s and will be useful in our algebraic analysis of W, s in Section 4. It will turn out that words in
S8 ks index a monomial basis of W, f s.

Lemma 3.12. Let n, k,s > 0 be integers with k > s, and let 0 < r < n — s. The set SS;;I)C ; has the
disjoint union decomposition

k—-s—1
ssiio= | [ {@en.. e (. enessiy) o (3.16)
a=0
s—1
|_|{(a,c2,...,cn) S (2 sCn) essfj_)l’k,s_l}u 3.17)
a=0
k-1
{@ea e (eaen eSS, L, (3.18)
and the set SS, i s has the disjoint union decomposition
k—s—1
SSprs = L| {(@,c2. . vcn) t (€200 0n) € 8Snotps U (3.19)
U{(a C2visCn) i (CorensCn) € SSnotps1} U (3.20)
|_|{(a CarenarCn) t (C2rensCn) € SSnotis)- (3.21)

Proof. The second disjoint union decomposition for SS, i s follows from the first disjoint union
(r)

decomposition for SS, ", _ by taking the (disjoint) union over all r, so we focus on the first decomposition.
Given (cy,c¢2, ..., c,,) € SSY(:;{ o there exists some word (b1, b», . .., b,) obtained by shuffling

(k—s=1"(s=1)(k=s5)"(s=2)(k=s+1)?(s=3)---0(k = 1),

where ro+r+- - -+ry = r with the constant sequence (k—1)""""* such that (cy, ¢, . . ., ¢,) has the same
bar pattern as (b1, by, ..., b,) and ¢; < b; for all i. There are three possibilities for the first entry c;.

o If ¢y = a is barred, then we must have ro > Oand b; =k —s — 1. It follows that 0 < a < k —s — 1.
Furthermore, the word (b, ..., b,) is a shuffle of

k=s= 1" = DE=9)" (s =Dk =s+ D)5 =3)--0(k =1 and (k=1)""".

(r=1)

This implies that (c3,...,c,) € SSn_l st Conversely, given (c2,...,¢c,) € Sst=h

n-1,k,s
0<a<k-s—-1,weseethat (a,cz,...,cn) € SSflr,)c . by prepending the letter k — s — 1 to any

and

(n—1, k, s)-staircase (by,...,b,) = (c2,...,cp).

o If ¢; = a is unbarred with 0 < a < s — 1, the first letter b; of (b, by, ..., b,) must also be unbarred
and rop = 0. This means that by = s — 1 ork — 1. If k > s and b; = k — 1, we may interchange the b,
with the unique occurrence of s — 1 in (b1, ba, . .., by) to get a new staircase (b}, b}, ..., b;) which
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shares the color pattern of (cy, ¢, ..., c,) and satisfies ¢; < blf for all i. We may, therefore, assume
that b; = s — 1. This means that the sequence (b, ..., b,) is a shuffle of the words

(m)rl(s—Z)(k—S+])rz(s_3),__0(m)rs and (k—l)"_r_s

(r)
n—1,k,s—1"°

(r) by prepending an s — 1 to any

n,k,s

and ry +ry + - - - + rg = r. Therefore, we have (c,,...,c,) € SS

(cay...,Cpn) € SS(r) 1.s_1> One sees that (a,¢2, ..., ¢,) €SS
(n-1, k s—1)- stalrcase (bay....,bp) = (Ccay...,Cpn).

o Finally, if ¢ = a is unbarred and c¢| > s, the first letter b of (b1, by, ..., b,) must be unbarred and
> 5. This implies that b} = k — 1, so that s < a < k — 1. Furthermore, the sequence (b, ..., b,) is a
shuffle of the words

Conversely, given

(k=s=D"(s=1)(k—-8)""(s=2)(k—s+1)?(s=3)---0(k—1)"> and (k—1)"""571,

(r)

where ro + 71 +- - +ry = r. This means that (c2,...,c,) € SS, 7, , . Conversely, for any

(Cay...ycn) €SS wesee that (a, ¢, . ..,cn) € SSU) by prepending a k — 1 to any
n-1,k,s n,k,s

(n-1, k s)-staircase (bz,...,bn) > (c2,...,Cn).

The three bullet points above show that SS, (r) ; is a union of the claimed sets of words. The disjointness
of this union follows since the first letters of the words in these sets are distinct. O

We are ready to state the main result of this subsection: the codes of ordered set superpartitions are
precisely the substaircase words. The key idea of the proof is to invert the map code : o — (cy, ..., cp),
sending an ordered set partition to its coinversion code. The inverse map ¢ : (cy,...,c,) > o is a
variant on the insertion maps in the proof of Theorem 3.8.

Theorem 3.13. Let n, k,s > 0 be integers with k > s, and let r < n — k. The coinversion code map
gives a well-defined bijection

code : (’)SPE:;{ — 8ss\)

n,k,s’

Proof. Our first task is to show that the function code is well-defined, that is that code(o) € 882’,)( s

for any o € OSP(V) .Tothisend,letoc = (B; | --- | Bx) € OSP;:,)( , with code(or) = (c1,...,cn).
‘We associate a stalrcase (bl, ..., by) to o as follows. Write the minimal elements min By, ..., min By
in increasing orderi; < - -- < iy, and setb;; =s—jforeachj e {l,...,s}.If 1 <i < nandiisbarred

ino, write b; = k —s -1 +m;, where m; = |[{l1 < j <s : i; <i}| Finally, if 1 <i < n,iisunbarred
in o, and i is not minimal in any of the first s blocks By, ..., Bs,set b; =k — 1.

As an example of these concepts, consider o = (5,7 | 1 | 3,4,8 | @ | 2,6) € OSPS;3.
The associated staircase is (b1,...,bs) = (2,2,1,3,0,4,4,4). We have code(o) = (cy,...,c8) =
(1, 2.0,1,0,4,0, 2), which has the same bar pattern as, and is componentwise <, the sequence
(b1,...,bg).

By construction, b is indeed a staircase. Furthermore, b; is barred if and only if ¢; is barred. It is also
the case that ¢; < b; for 1 < i < n. One way to see this is to note that b is the unique set superpartition
7 that has the same positive-height entries, the same zero-height entries and the same negative-height
entries as o but with its code maximised in every coordinate. We can construct 7 by writing the zero-
height entries in increasing order from left to right and placing the other entries as far right as possible.
In our example, we have 7= (1|35 | @ |2,4,6,7,8) € (’)873(3)

We leave it for the reader to verify that (cy,...,cy,) has the same bar pattern as (by,...,b,) and

(c1y--.rcn) < (by,...,b,) componentwise. This shows that the function code in the statement is well
defined.
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We show that code is a bijection by constructing its inverse map

. ¢gclr) (r)

L: SSnr’k’s — OSPnr’k’s (3.22)
as follows. The map ¢ starts with a sequence (@ | -- - | @) of k copies of the empty set and builds up an
ordered set superpartition by insertion. o

Given a sequence (B | --- | Bg) of k possibly empty subsets of the alphabet {1,2,...,1,2,...},

we assign the blocks B; the unbarred labels 0, 1,2, ...,k — 1 as follows. Moving from right to left, we
assign the labels 0,1,...,j — 1 to the j empty blocks among By, ..., Bs. Then, moving from left to
right, we assign the unlabeled blocks the labels j, j+1, ..., k — 1. An example of unbarred labels when
k =7 and s = 4 is as follows:

(342121120 1,53]124125]|26);

we draw unbarred labels below their blocks. The barred labels 0,1, . . ., as assigned to the blocks B;,
where either i > s or B; # @ by moving left to right. In our example, the barred labels are

3.4% 20|15 22127 | 2%,

where the blocks B, = B3 = @ do not receive a barred label because 2,3 < s = 4. Barred labels are
written above their blocks
Let(ci,...,cn) € SS .Todefine ¢(cy, . .., cy,), we start with the sequence (B | --- | Bx) = (2 |
- | @) of k empty blocks and iteratively insert i into the block with unbarred label ¢; (if ¢; is unbarred)
or insert i into the block with barred label ¢; (if ¢; is barred). For example, if (n, k,s) = (8,5,3) and

(c1,...,c8) =(1,2,0,1,0,4,0,2), we perform the following insertion procedure.

i|ci (Bi|---|Bs)

11 (®1|12?|®0|@3{|®4?)

2|2 (@1112°% 20 23" 247

310 (@0111°9]3,! |®32|243)

411 (@0 111°13,4,1 2321247

5(0 (500|11 13,427 | 2371247

614 (50°111"13.422|233]2.64%

710] (5,70%111113,4,% 253 2,647
8121(5,70% 111113,4,8,2 1237 12,647

The above table shows that

0:(1,2,0,1,0,4,0,2) = (5,7 11]3,4,8| 2 2,6).

To verify that ¢ is well defined, we need to check that for any (c1,...,cn) € SS, (r) ,» the sequence

t(c,...,cn) = (B |-+ | By) of sets is a valid element of OSP(r) . That is, the ﬁrst ssets By, ..., By
must be nonempty. Indeed, there are s indices 1 <7 < --- < iy < n such that ¢;,, ..., c;, are unbarred
and ¢;; < s—j.From the definition of our labeling, it follows that, for any j, at least minimal elements of
the nonempty sets in the list By, . . ., By are < i;. Taking j = s, we see that all s of the sets By, . .., By are
nonempty. The fact that code and ¢ are mutually inverse follows from the definition of our labeling. O

3.4. Skewing formula

To show that the function C,, k s(X; g, z) is the bigraded Frobenius image grFrob(W,, ¢ s; ¢, z), we will
show that the image of both of these symmetric functions under the operator hjl for j > 1 satisfy the
same recursive formula. Lemma 2.3 will then imply that these functions coincide.
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We need a better understanding of the rings W, ; ¢ before we prove an i+-recursion for them, but we
can prove the relevant recursion for the C-functions now (using their coinv formulation). This recursion

is stated more naturally in terms of the more refined Cr(lr])( (x; g) functions rather than their coarsened

versions Cp r.s(X; g, 2).
Lemma 3.14. Let n, k,s > Owith k > s, and let 0 < r < n—s. For any j > 1, we have
nrC) (x:q) =

Z q(h;*b)ﬂsfb)ax [k—s— l+a+b

a

S] [ k—s :| (r—j+a+b)

. . -C (x;q). (3.23)
—_ — —Jj,k,s=b

O<ab<j q [b g J—a=blg "

a<r,b<s

Proof. 1t is well known that the homogeneous and monomial symmetric functions are dual bases of the
ring of symmetric functions. That is, we have

1 A=u

3.24
0 A#u ( )

<h/ls mll> = {

for any partitions A and p. Therefore, if @ = (a1, @, .. .) is any composition of n with iy = ho, hg, - -,
we have

(hen C) (X)) = g™, (3.25)

where the sum is over all column tableaux 7 € C Tf:;(  With a; copies of i for all i. Specialising Equation
(3.25) at a1 = j and applying the adjoint property gives

(har, hECY) (X50)) = ) g™, (3.26)
T

where @’ = (a3, a3, ...) is the composition of n — j obtained by removing «; from « and the right-
hand sides of Equations (3.25) and (3.26) are the same. The strategy is to show that the right-hand
sides of Equations (3.23) and (3.26) coincide. This will be achieved combinatorially with a procedure
which inserts j new smallest entries in a column tableau. Our insertion process will be somewhat more
involved than the similar procedure in the proof of Theorem 3.8, where we inserted new largest entries
instead. Fix nonnegative integers j, a and b satisfying 0 < a,b < j,a < rand b < s. Consider a column
tableau o € C Tflr:JJ ,:a:j)) We increment by 1 every entry in o to obtain another filling 7 € C Tflr:JJ ,:afz)
We will, in total, introduce j 1’s and 1’s into the tableau 7. Since we must add j—a—bnew 1’s, b1’s at
height 0 and j1’s overall to obtain a tableau in C TZ;(’S, we will need to add a unbarred 1’s at negative
heights. We begin by inserting these a negative height 1’s.

Since the unbarred entries must be weakly increasing down each column, at this stage, we can only
insert a negative height 1 by placing it just below one of the k — (s — b)-many e’s. If we insert such an
entry into column i, it will contribute i — 1 to coinv. In other words, we have a bijection

£ {T € CTflr__jj,:a:r_l;) : 7 has no l’s}x

{finite multisets S of size a drawn from {s - b,s—b+1,..., k- 1}} —

{T’ e CTUI*a*P) ./ has al’s at negative heights and no other 1’s}, (3.27)

n—j+a,k,s—b

where 7/ = £o(7, S) is obtained by iteratively placing a 1 at height —1 in column i+ 1 for each occurrence
of i in S. Since coinv(7’) = coinv(7) + Y ;g i, this map contributes gs=ba [k_s_};a”’]q to (3.26).
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Next, we insert b 1’s at height 0. This will be the most complicated part of the procedure, as we need
to be careful not to violate the necessary inequalities in each column. Our map will be a bijection

& - {T’ € CTLV__].{;“ZI’S)_b : 7/ has al’s at negative heights and no other l’s}x

{finite multisets S of size b drawn from {0, 1,...,s — b}} —

{T” € CTE:__]QZZ[’I)” : 7" has al’s at negative heights, b 1’s at height 0 and no other l’s}. (3.28)
Given 77 and S, we begin by simply replacing the b leftmost ®’s in 7’ with 1’s. Since there are k — (s — )
bullets and k > s, this can always be done. Furthermore, since 7’ has no 1’s, this replacement does not
violate any necessary column inequalities. Suppose S = {i; > ... > i, }. Initialise j = 1. For j = 1 to b,
we repeat the following algorithm i; times:

1. Suppose the j 1 at height 0 is in column ¢, and let m > 1 be the height 0 entry in column £ — 1.

2. Switch the height O entries in columns ¢ and € — 1.

3. Move every barred entry < m in column ¢ and every unbarred entry < m in column ¢ to column
¢ — 1 (moving entries up and down as necessary so that the diagram is justified as usual).

We claim that each loop of this algorithm increments coinv, yields a valid column tableau and is
invertible. The latter two statements are true by construction. Clearly, each loop creates one new
coinversion between the 1 at height 0 and the entry m. We check that this is the only change to the total
number of coinversions.

o If u is some other height O entry, # has the same number of height O entries to its right which are > u.
o Suppose u is at negative height. The only case that might have affected u’s contribution to coinv is if
u < m starts in column €. Then u is moved to column ¢ — 1, but, due to m, there is a new height 0

entry to the right of u that is > u.

o Suppose u is at positive height. If u < m, then m and u did not contribute a coinversion, so moving u
to the left does not affect the total coinv. If u > m, then u > 1 and u contributes the same number of
coinversions.

After repeating this procedure i; times for j = 1 to b, we have coinv(7”’) = coinv(7’) + ;s i, yielding
the [Z]q term in (3.14).

Finally, we insert the j —a — b1’s into 7. A 1 can only be placed above a e in 7/, of which there
are now k — s, and only, at most, once in each column. Placing 1 over the iNe from the left creates i — 1
new coinversions, one with each bullet strictly to the left. Therefore, we have a bijection

&0 {T” € CT;V__JiZi;bi , - 7" has a 1’s at negative heights,b 1’s at height 0 and no other l’s}x

{finite sets S of size j — a — b drawn from {0, 1,...,k —s-1}} —

{T”' € CTIYL , : 7" has al’s at negative heights, b 1’s at height 0 j —a — b i’s} (3.29)

which places a 1 above @ number i + 1 from the left for every i € S. This bijection satisfies coinv(7”"’) =
coinv(t”’) + X ;g I and contributes the factor q(jﬂ;ib) [jf;fb] to (3.14).

In Figure 2, we depict an example for n = 18, k = 5, s =q4, Jj =6,a=73,b =2, where we have
already incremented each entry so that no 1’s or 1’s appear. When applying é<¢, &y and &, we take
S ={2,2,4}, {1,2} and {0}, respectively. The initial tableau has 17 coinv:

o 1 at height 0, between the 3 and the 4,

o 1+1+4+3+4+4 =13 from negative height entries, all coming from the column of each of these
entries and

o 3 from positive height entries (the 3 at height O with 6 and 7, and the 2 with the e to its left)
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2 |57 517 507 5|7 -
1 [4]6] |2 46| |2 4162 4l6|2| |1
0 [3|4|e|e|e| 503 4]|e|e|e| 2 |1[3][1]|4]e|&0]1]|3|1]4]e
-1 4] [8]2 411/8]1 1/4] [8]1 114] [8]1
-2 5 2] 511 |2 [1]5 2| |1]5 2]
2] 2] 2]
12345 12345 12345 12345
517 517 517 5|7
4l6| |2 4l6| |2 4l6| |2 4162
34|11 |e|—|3|1[4|1]e|>|1[3]4]1]e]|o[1[3]1]4]e
411811 L] (81 [1]4] [8]1] [1]4] [8]1
511 (2] 1] 2| |1]5 2| |1]5 2]
2 4 2 2 2
2] = |2 2 =

1 23 435 12345 1 23 435 1 2345

Figure 2. We show an example of the bijections described in the proof of Lemma 3.14. We take
S ={2,2,4}, {1,2} and {0} in the three maps, respectively. On the second line, the iterations making
up &o are shown in finer detail.

After the maps in Figure 2, the increases in coinv correspond to the sums of the elements in each S.
Respectively, the coinv increases to 25 = 17 + (2 + 2+ 4), then 28 = 25 + (1 + 2) and then 28 = 28 + 0.

O
4. Quotient presentation, monomial basis and Hilbert series
4.1. The superlex order on monomials
We identify length n words over {0, 1,2, ..., 0,1,2,... } with monomials in Q,, by
(cl,...,cn)<—>xf‘~~~xz"><01 (I={1<i<n: cisbarred}). 4.1
Here, we adopt the shorthand notation 6; = 6;, - - - 8;,, where I = {i; < --- < ix} C [n]. For example,

inside the ring Qs we have
(2,2,0,0,1) & (x7x3x5) X (6235).

We sometimes compress this expression further by using exponent notation for the x; variables, for
example,

(x7x3x5) X (0235) = x7291 035,

We refer to the word (cy, ..., c,) as the exponent sequence of its corresponding superspace monomial
in Q,,. The monomials corresponding to substaircase sequences will be important.

Definition 4.1. Let n, k, s > 0 be integers with k > s, and let r < n — 5. We let M,, ¢ s (respectively,
/\/lilr])c ,) be the family of monomials in €2, corresponding to the substaircase sequences in SSy i s

(resp. SS") .

n,k,s
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Orders on words (cy,...,c,) give orders on monomials in €,. The following total order will be
crucial in our work.

Definition 4.2 (Superlex Qr@e{). Leta = (ai,...,ay)and b = (by, ..., b,) be two length n words over
the alphabet {0,1,2,...,0,1,2,...}. We write a < b if there exists an index 1 < j < n, such that

o a; =b;foralli < jand

o aj < bj under the order

. <3<2<1<0<0<1<2<3<---

on individual letters.

We say that two monomials m, m’ € Q,, satisfy m < m’ if their exponent sequences satisfy this relation.
Given any nonzero superspace element f € Q,, we let in(f) be the <-maximal superspace monomial
which appears in f with nonzero coefficient.

In the absence of @-variables, superspace monomials in €, reduce to classical monomials in
Q[x1,...,xn], and Definition 4.2 is the lexicographical order on monomials in this ring. The classical
lex order is a monomial order in the sense of Grobner theory:

o there is no infinite descending chain m;| > mj > m3 > --- of monomials in Q[xy,...,x,] (i.e. <isa
well order on these monomials) and

o if my, my and m3 are monomials in Q[xy, ..., x,] with m; < my, then mym3 < myms.

Both of these properties fail when we introduce #-variables. We have 8; > x;6; > x%&l > .-+ and

x; < x%, whereas x;0; > x%@l.

Despite its failure to be a monomial order, the superlex order < of Definition 4.2 will be important
for our work. It is our belief that this relates to the inscrutable Grobner theory of important superspace
ideals, such as the superspace coinvariant ideal in [34].

4.2. A dimension lower bound

Recall that Hj, x s is the ,-submodule (under the ®-action) of Q,, generated by the Vandermonde 6,, « -
Therefore, the space Hj, x s is spanned by elements of the form m © 6, ks, where m € €, is a monomial.

In this subsection, we derive a lower bound for the Hilbert series of H,, s (and W,, & ) by showing
that every substaircase monomial in M,, ¢ arises as the initial term in(m © 8, x,s) for some monomial
m € Q. In fact, we show that the map m +— in(m © &,k ) is an involution on the set M, x s.

Proposition 4.3. Let n, k, s > 0 be integers with k > s. The map
L Mn,k,s — Mn,k,s 4.2)

given by «(m) = in(m © 6, s) is a well-defined involution.

The well-definedness assertion in Proposition 4.3 means that m © ¢, k s is nonzero whenever m €
M ks and that in(m © 6, k.5) € My k5. We will see that for any f € Q, with f © 6,15 # 0, we
have in(f © 6,.k.s) € My k.s. Before we prove Proposition 4.3, it will be helpful to state an observation
about m © M for arbitrary monomials m and M in ,,.

Observation 4.4. Suppose m and M are monomials in Q,, with exponent sequences u and U, respectively.
Let m* =m © M. Then m”* is nonzero if and only if

o u; < Uj after ignoring bars for every i and
o ifu; is barred, then U; is barred.

If m* is nonzero, then its exponent sequence u* has entries given by u; = U; — u; and u; is barred if and
only if U; is barred and u; is not barred.
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Proof of Proposition 4.3. Fix some m € M, ks, and let u be the exponent sequence of m. We use
Algorithm 1 below to construct the exponent sequence U of the monomial M which appears in J, k s,
such that m © M = «(m), where = denotes equality up to a nonzero scalar. To begin a running example,
ifn=9,k=7,s=4andu = (T, 3,0,5,2,0,2,5, 0), Algorithm 1 returns

U=(6,3,2,6,6,1,6,6,0).

Algorithm 1 Constructing U from u.

Li—1,{—s, U@

2: whilei < ndo

3 if u; is barred or u; > ¢, then
4 U — k-1

5. else
6
7
8

{—{-1
U[ —
end if
9: l—i+1

10: end while

Since u is substaircase, U is indeed a shuffleof s — 1,5 -2,...,0and (m)"““, so M appears as a
monomial in §, 5. We claim that M is the largest monomial in 6, i ¢ with respect to superlexicographic
order, such that m © M # 0. Suppose U’ is the exponent sequence of another monomial M’ in &, k s,
such that U” > U. Then there exists an index j, such that U/ = U; foralli < j and U J’ > Uj;. Since U and

U’ are shufflesof s—1,5—2,..., 1,0 with (k — 1)"%, this implies that U]’. isnotbarredand U; = k — 1.

By lines 3 and 4 in Algorithm 1, U; = k — 1 implies that either u; is barred or u; > L, where
L = min{unbarred entries in U; ... U;_1}.

If u; is barred and U’; is unbarred, m ® M’ = 0 by Observation 4.4. Otherwise, u; > L and L is strictly
greater than all the potential unbarred values of U J’., which, again, implies m ® M’ = 0. Therefore, M is
the largest monomial in &, « s, such that m © M # 0.

Now suppose that M” < M is a monomial in §, ks and m © M” # 0. We aim to show that
m O M"” < m o M. Suppose that U” is the exponent sequence of M’ and that j is the first index at
which U” and U differ, so U J’.’ < Uj. Since the only barred entry in either U"" or U is k — 1, U; must be
unbarred. By Algorithm 1, u ; must be unbarred, and since moOM"” # 0, we conclude that U ;.’ is unbarred.
Since Algorithm 1 always uses the largest available unbarred entry from the set {s, s —1,...,0} in line
7,U ]’.’ < Uj. It follows from Observation 4.4 that the entry at index j in m © M" is strictly less than the
entry at index j in m ® M and that both entries are unbarred. Hence, m © M” < m © M and

moOM=in(m O 6,k ) = t(m).
Next, we show that «(m) € M, i . Let m* = «(m) and u* be the exponent sequence of m*. In
Algorithm 2, we use u and U to construct an (n, k, s)-staircase v that certifies m* € M, s, in that for
every I, u; < v; and v; is barred if and only if u} is barred. Continuing our running example, if n = 9,

k=7 s=4,u=(1,3,0,5,2,0,2,50)and U = (6,3,2,6,6, 1,6,6,0), we can compute

u* =(5,0,2,1,4,1,4,1,0).
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From u and U, Algorithm 2 produces
V= (65332513215 ]369630)5
and u* is indeed ‘below’ v. Note that, although the stage of Algorithm 2 involving the set A seems

complicated, we are simply letting v; be the unique barred entry that is allowed at that index in an
(n, k, s)-staircase.

Algorithm 2 Creating an (n, k, s)-staircase v from u and U.

Li—1,{=s5,v—@

2: whilei < ndo

3 if u; and U; are both barred, then
4 vie— k-1

5:  elseif U; is not barred, then

6 —¢-1

7 v —{

8 else

9: A—{jevi...vii1:je€{0,1,...,s — 1}, j not barred}
10: if A = 2, then

11: viz=k—-s-1

12: else

13: vi=k-minA -1

14: end if

15:  end if

16: [«—i+1

17: end while

By construction, v; is barred if and only if u; is barred. In the first “if” clause of Algorithm 2, we
must have u} < v; simply because k — 1 is the largest possible entry of u*. In the second such clause,
if we have u; > v;, since u} = U; — u;, we must have U; — u; > v; and U; > v;. This is impossible,
since Algorithms 1 and 2 always use the largest unused element ¢ of {0, 1,...,s — 1} in line 7 of each
respective algorithm. In the third such clause, we must have U; = k — 1 and u; is not barred. If A = 0,
then line 3 in Algorithm 1 implies u; > s. Hence, u < k — s — 1 and u; is barred, so u; and v; are both
barred and u] < v;. If A # @, suppose for contradiction that u; > v;. Then

u; =U; —u; > v;
k—1—u;>k—minA -1
u; <minA,
so u; is an unbarred entry that is less than min A. Then Algorithm 1 would have used line 7 to set
U; = min A — 1, since at that stage, we would have ¢ > u;. Therefore, m* € M, i s.
Finally, we show that ¢ is an involution. From the argument above, we know ¢(m) = m* € M, i s.

Suppose M* is the monomial we obtain by running Algorithm 1 on m*. Then M* is the monomial in
On.k.s» sSuch that m* © M* = ((m*). We claim that M* = M. If we can show this, then we will have

(m))=m" oM =m" oM =(moM)oM =m,

SO L(Lgm)) =m. In_o_r running example, where n = 9, k =7, s = 4, u = (1,3,0,5,2,0, 2,5,0),
U=(6,3,2,6,6,1,6,6,0), u" =(5,0,2,1,4,1,4,1,0) and v = (6,3,2,4,4,1,6,6,0), we get

U*=(6,3,2,6,6,1,6,6,0) = U.
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To prove that U* = U in every case, consider running Algorithm 1 on m and m* in parallel. We let
¢* be the value in the algorithm creating M* corresponding to ¢ and let U™ be the exponent sequence of
M*. This process has the following loop invariants.

Claim. After every loop of Algorithm 1, we have {* = € and U} = Uj.

We prove the Claim by considering the i*" loop of Algorithm 1 and analysing the possible values
of U;.

o Suppose u; is barred. Then U; = k — 1 and u} = k — 1 — u;. Since u is substaircase, u; < k—{—1, so

w=k-1-u2k-1-(k-€-1)=¢.
Hence, U;‘ =k-1=U;.
o Suppose u; is unbarred and u; > €. Then U; = k — 1, u is barred and U} = k — 1 = U;.
o Finally, suppose u; is unbarred and u; < €. Then we let U; = ¢ — 1 and get

u;fzf—ui—lzf*—ui—l<f*.

Then the algorithm decrements both € and £* and sets U = * = £ = U;.

This proves the Claim and the proposition. O

Proposition 4.3 gives the following lower bound on the dimension of W, x . In Theorem 4.12, we
will prove that this lower bound is tight.

Lemma 4.5. The set M, ks descends to a linearly independent subset of W, i s, and we have
dimwn,k,s = dimHn,k,s = |Mn,k,s| = |08Pn,k,s|-

Proof. Proposition 4.3 shows that {m © d,,k,s : m € My s} is a linearly independent subset of
H, . k.5, so that dimW,, ¢ = dimH,, ¢ s > | M, « s|. The equality | M, k5| = |OSP, k. s| follows from
Theorem 3.13. m]

4.3. Statement of monomial basis and quotient presentation

The goal of this section is twofold: giving an explicit generating set of the defining ideal ann ¢,, i s of
Wi ks and proving that M,, x s descends to a basis of W,, x ;. The proofs of these two results will be
deeply intertwined.

We begin by defining an ideal I, x s C Q,, which will turn out to equal ann, i 5. If S € [n] and
d > 0, welet e4(S) be the elementary symmetric polynomial of degree d in the variable set {x; : x € S}.
For example, we have e;(134) = xjx3 + x1x4 + x3x4. We adopt the convention e4(S) = 0 whenever
d>|S]|.

Definition 4.6. Given integers n, k, s > 0 with k > s, define I, . s C Q, to be the ideal

_ ok kK k J J J R
I,,,k,S—(xl,xz,...,xn)+(x191+x202+-~~+xn9n s j >k —s)+

(eq(S)-0r : SUT =[n],d>|S|-s,d>0). (4.3)
In the third summand, the pair (S, T') ranges over all disjoint union decompositions S LI T of [n].
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For example suppose (7, k, s) = (4 3, 2) The ideal /43> C €24 is generated by the variable powers
x3 X3, x the elements x 6’1 +x 92 +x! 303 +x) 94, where j > 1 and the polynomials

X
e4(1234),e5(1234),
e3(123) - 04, e2(123) - 04, e3(124) - 63,e2(124) - 03, e3(134) - 02, e2(134) - 65, 3(234) - 64,
€2(234) - 61, e2(12) - 634, €1(12) - O34, €2(13) - 024, €1(13) - 624, €2(14) - 623,
e1(14) - 023,e2(23) - 014, €1(23) - 014, €2(24) - 613, 1(24) - 013, €2(34) - 012,
e1(34) - 612, e1(4) - 0123, 0123, €1(3) - 0124, 0124, €1(2) - 134, 0134,
e1(1) - 0234, 0234.

There is redundancy in this list of generators, for example, the generator e1(4) - 0123 = x4 - 0123 is a
multiple of the generator 613.
We adopt the temporary notation

Un,k,s = Qn/ln,k,s (44)

for the quotient of Uy, ks by Ik s. Since I, ks is Sy-stable and bihomogeneous, the quotient Uy, x s
is a bigraded &,,-module. It will turn out that U,, s and W,, i ¢ coincide. The following lemma shows
that W,, x s is a quotient of U,, ¢ .

Lemma 4.7. Let n, k,s > 0 with k > 5. We have the containment I, i s C ann 6, i s.

Proof. For every generator g of the ideal I, x s, we check that g © §, r s = 0. We handle the three
different kinds of generators g of I, x s separately, using = for equality up to a nonzero scalar.

Casel. g = xl{‘ for some i.

Since no power of x; > k appears in

k-1 1, s-1 1.0
6n,k,s=£n'(x1 e X sx; s+]“.‘xn—lxn><01'..0n_5)’
it follows that x¥ © 6,15 = 0.

Case 2. g =x]0) + - +x,,0, for some j > k —s.

We compute

800hks=80&n- (x’l‘_1 - ~xln‘:$x2:1,+l .- -x}k]xg XO1-0p_s) 4.5)
=g, (g0O (x’f_l .. -xﬁ:‘lx —i . ~x2 X O Ons)) (4.6)

n—s
=g, (Z(_l)i—le—l . .xl{“/‘l cexkoles Tl 0%y gn_s) 4.7

n—s
= Z(—l)i_lgn . (x]f_l . .xl{(_‘]_l . .x’]fl:;x:;:£+l .. .xg X 9] e 9[ cee anx> (48)
=0. 4.9

The first equality is the definition of &, i 5. The second equality follows because g © (—) is an S,,-
invariant differential operator, and so commutes with the action of Q[S,] on Q,. The third equality
is the effect of applying ¢ ® (—) and the fourth is rearrangement. The final equality holds since the
hypothesis j > s implies k — j — 1 < s — 1, so that g, annihilates the given superspace monomial.

Case 3. g = ¢4(S) - O for some SUT = [n] withd > |S| - s.
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Let 6s,k,s(S) denote the superspace Vandermonde s/ « s defined in the set {x;,6; : i € S} of
commuting and anticommuting variables indexed by S. Applying the operator 67 © (=) to 6, x5, WE
see that

0 © Suis = [ |57 X Sis105(8)- (4.10)
JjeT

Therefore, we have
g00nks = ed(S) O} (l_[xf_l X 5S|,k,s(S)) = l_[x;?_l X (Ed(S) O 6|S|,k,s(S)) =0, (4.11)
jeT jeT
where the second equality follows from the disjointness of the sets S and T and the final equality is a

consequence of [27, Lemma 3.2]. m|

4.4. The harmonic space I, ,

Throughout this section, we adopt the notation
Q;l 1 =Qlx2, ..., xx] ® A{O2,...,0,} 4.12)

for rank n — 1 superspace over the commuting variables x,...,x, and the anticommuting variables
0,...,0,.
Lemma 4.7 gives the containment I,, x ¢ C ann 6, i . We consider the harmonic space

nks—{feQ g0 f=0forall g € I, k s} 4.13)
to the ideal 7, x s. The composite map

IJ_

n,k,s

— Q, » Upi.s 4.14)

is an isomorphism of bigraded S,-modules. Lemma 4.7 gives the containment I, x s C annd, ks,
which implies

Hoks € IEp s (4.15)

We will see (Theorem 4.12) that these spaces coincide, but it will be convenient to work with the a
priori larger space [, l ks D this section.

In order to show the containment (4.15) is in fact an equality, we bound the dimension of /;-, _from
above. To do this, we inductively show (Lemma 4.11) that the leading terms of nonzero polyrfomlals
fel ,j «.s belong to the family M, ks of substaircase monomials. For the sake of this induction, we

prove lemmata about the expansions of polynomials f € [ i x5 in terms of the initial variables x; and
0. The first of these is a simple degree bound.

Lemma 4.8. Letn, k,s > O withk > s, and let f € Iik - Then fmay be expressed uniquely as

f =x?go +x{g1 +- +x1 gk 1+x 9|h0 +x191h| + - x]f_lelhk,l (4.16)
for some elements go, g1, - - -, 8k-1,ho, A1, ..., hr—1 € 91’1_1.

Proof. The element x{‘ is a generator of I, i . Since f € I rf s We have x{‘ ® f =0, so that no power
of x; > k may appear in f. m}
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By the definition of the order < on superspace monomials, if f € rj «.s 1 nonzero and if

f=x?g0+x{g1+ +x1 gk 1+x 91h0+x191h1+ x]f_lelhk,l
as in Lemma 4.8, the <-leading term of f is given by

in(f) xi-in(g;)  if g; # 0 for some j, and if i is maximal with g; # 0,
in(f)=4"|
x}6y -in(h;) if g; = 0 forall j, and if 7 is minimal with &; # 0.

With Lemma 3.12 in mind, we aim to relate the harmonicity of f € I, to showing that g; and h;
lie in appropriate harmonic spaces within Q/ . Our starting point is the following vanishing result for
harmonics divisible by 6.

Lemma 4.9. Let n, k,s > 0 be integers with k > s, and suppose f € Iik ¢ is a multiple of 6,:
f= x?tho +x]16’1h1 +--- +x11‘_16’1hk_1

for some ho, hy, ..., hx—y € Q) _|. We have hy—s = hg—s41 = -+ = hg—y = 0.

The vanishing conditions in Lemma 4.9 will turn out to mirror the ‘top branches’ (3.16) and (3.19)
of the disjoint union decompositions in Lemma 3.12.

Proof. The generator x’l“s 0 + xé“s O+ -+ xﬁ‘s 0, € I,k s annihilates f under the ®-action. This
gives an equation of the form

0 = Ck—sxVhi—s + Chog1 X} hi—gi1 + -+ - + Co1x 'y + (a multiple of 6;), (4.17)
where the C’s are nonzero constants. Taking the coefficients of x?,x]l, .. ,xf‘l, we see that hy_g =
hi—ss1="--+=hg_1 =0. o

Lemma 4.9 may be enhanced to consider harmonics f € I ; «.s Whose decomposition contains terms
x4 g; for only relatively low values of i.

Lemma 4.10. Let n, k, s > 0 be integers with k > s, and let f € I-, . Assume that
f=x0g0+xlgi+- +xigi +x%01hg +x101hy + - +x*710, R
= X180 181 X18i + X010 + X011 X1 11k-1

for some 0 <i <k — 1. Then hyg_g4iv1 = hg—stiv2 =+ = hg—1 = 0.

In light of Lemma 4.8, Lemma 4.10 gives no information in the range s < i < k. In accordance
with the ‘middle branches’ (3.17) and (3.20) of the disjoint union decompositions of Lemma 3.12,
Lemma 4.10 will be useful in the range 0 <i < s — 1.

i+1

Proof. The space 1 i « s 18 closed under the operator x{*" ® (—). Applying this operator to f, we get the

harmonic polynomial

X0 f = Cuax{0ihin + Cisax|O1hisy + -+ + Coorxy 201y € 1 (4.18)

n,k,s’

where the C’s are nonzero constants. Applying Lemma 4.9 to this polynomial, we see that hg_stj+1 =
hi-ssivo =+ = hx-1 = 0. o

The following lemma characterises the leading terms of nonzero elements in I:-, . The recursive
description of the set M,, s of substaircase monomials given in Lemma 3.12 is cruc1al to its proof.
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Lemma 4.11. Let n, k,s > O with k > s, and let | € I:k  be nonzero. The <-leading term of f is a
substaircase monomial, that is

in(f) € Mp.s. (4.19)

Proof. We proceed by induction on n. When n = 1, the space 1 1* x5 and the family of monomials M g s
have three flavors depending on the value of s. If s = 0, then

Migo= {1010 x000,00, x50 X 1), (4.20)
and we have I+ k0 = = span M i o, so the result follows. If s = 1, then Ill k.1 is the ground field Q
(independent of the value of k) and M .1 = {1}, so the result holds. If s > 1, then eg = 1 € I} 5, SO
that I1 x5 = €; and I = 0; since M ks = @, the result is true in this case as well. Going forward,

we let n > 1 and that the 1emma has been established for all smaller values of 7, and all values of k and s.
By Lemma 4.8, we may write f uniquely as

fZX?gO +x{g1+ +x1 gk 1+Xx 91/10 +Xx 9]h1+ Xllc_lelhk,] (421)
for some go, g1, - - - &k-1, 10, A1, ..., k-1 € Q:H. Our analysis breaks up into cases depending on the
vanishing properties of these elements of Q’ _,.

Case 1. We have go = g1 =+ = gr-1 =0.

In this case, f is a multiple of 6;. Lemma 4.9 applies, and we may write
F=xi00h + X0 hy + -+ x5 0 gy (4.22)
for some 0 < i < k — s with h; # 0. We have
in(f) = xi6yin(h;). (4.23)

cQ

n-1
-1,k,s

By (3.16) and (3.19) in Lemma 3.12, it is enough to show that h; € (I, _, ks)l Here, I _ Lk.s
is the image of I,,_1 k¢ under the map x; = x;41,6; — 6,,1. We show that each generator of I
annihilates £;.

For2 < j<n, Wehavex;? © f =0, so that

0=xk 0 f=xi01[(5) 0 bl +xi701[(x5) @ hipy] + - + X770 [(K) @ i ] (424

Taking the coefficient of x’i@l shows that xf O h; =0.
Given d > k — s, we have (fol +x§02 +---+x%0,) © f =0, so that

k—s—1
0= Z x{@l X (xgeg +eee xge,,) © hj + (terms not involving 67). (4.25)
j=i

Taking the coefficient ofx’i@l, we see that (xgﬁz +--- +xg0n) ©h;=0.

Finally,let SUT ={2,...,n} bea disjoint union decomposition, and let d > |S| —s. We aim to show
that (e4(S)07) © h; = 0. Indeed if welet 7 =T U {1}, we have (eq(8)87) © f =0since f €] . k o
This means

=x![(ea(8)0r) © hi] + X [(ea(8)0r) © hin] + -+ + x5 (ea(S)07) © hi—s—1],  (4.26)
and taking the coefficient of x‘i shows (e4(S)07) © h; = 0.

The previous three paragraphs imply #; € (I’ _, , )*, so Lemma 3.12 and induction on n complete
the proof of Case 1.
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Case 2. At least one g is nonzero, but g; =0 for all j > s.
In this case, Lemma 4.10 applies, and we may write

f= x(l)go +xig1 +oee +xig,~ +x(])01ho +x%91h1 +--- +x{‘_“‘_i91hk_s+,- 4.27)
for some 0 < i < s, where g; # 0. We have
in(f) = xjin(g:), (4.28)

and, inspired by the ‘middle branches’ (3.17) and (3.20) of Lemma 3.12, we verify that g; € (I’ , , )™,
where the prime, again, denotes increasing variable indices by one. We check that g; is annihilated by
every generator of I,,_1 i s—1. The verification that x;? © g; = 0 is analogous to that in Case 1 and is
omitted.

Letd > k—s+ 1. We aim to show that (x3102+- - +x96,) ©g; = 0.Indeed, since f € I+, ., wehave

0= (x?@l +x§l92 +--- +xﬁ€n) of
i k—s+i k—s+i—d
= Zx{(xgeg + - +x,’f9n) Og;j+ Z x{/el (xf@z + .- +x,‘119n) Ohj+ Z Cjux{//hju;,d,
Jj=0 j'=0 J"=0
(4.29)

where the C’s are nonzero constants. Since d > k — s + 1, the final sum does not involve the power x’i.
Taking the coefficient of x‘i shows that (x?@z +---+x%99,) 0 g, =0.

Finally, let SUT = {2, ...,n} be a disjoint union decomposition and let d > |S| — s + 1. We need to
show (e4(S)67) © g = 0. If we let $ = S U {1}, we have the relation

ea(S) = ea(S) +x1e4-1(S) (4.30)

and e (S)67 is a generator of 1, x ;. The equation (e4(S)67) ® f) = 0 has the form

0= Z[(ed(S) +x1€4-1(5))67] © (x]g;) + (a multiple of 6;). 4.31)
=0

Taking the coefficient of x’i shows that (e4(S)07) © g; = 0, as required.

The previous two paragraphs show that g; € (Ir’z—l, ks )+. Lemma 3.12 and induction on n complete
the proof of Case 2.

Case 3. At least one g; is nonzero for some j > s.

We apply Lemma 4.8 to write

f =x(1)g0 +xig1 + .- +x’igi +x(1)01/’l() +x{91h1 + .- +xlf_191hk,1 (432)

with g; # 0 for some i > s. We verify g; € (I'_, , )* by showing that every generator of I/ _

= 1,k,s
annihilates g;. Generators of the form x;? are handled as before.
Letd > k — 5. Since f € Iik 4» we have
0= (x40, +x80,+---+x90,) 0 f (4.33)
i k—=d-1 5
= [0+ +x20,) 08,1 + Z Cjox) hjrrq + (a multiple of 6;), (4.34)
j=0 7'=0
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where the C’s are constants. Since i > s > k — d — 1, taking the coefficient of x’i shows that (xg 6, +
.- +x59n) ©gi =0.
Finally, let SUT = {2,...,n} be a disjoint union decomposition and let d > |S| — s. We show that
(eq(S)07) © gi = 0 as follows. If we set § = S U {1}, we calculate

xiea(S) = xi " ean () — x{" eqs1 (S) (4.35)
=x"egr1(8) = X eain(S) + X eain(S) (4.36)
=xegi1(8) = x2eqin(S) + -+ (=1) T equi (5) + (=1) e q4:(S) 4.37)
=x e g1 (8) = xeqin($) + -+ (=1)egri (S), (4.38)

where the last equality used the conditions i > s and d > |S| — s, so that e, (S) = 0. Multiplying both
sides by 0r, we get

xea(8)0r = xeqn ($)0r — X eann($)0r + - + (1) esi($)0r € Lyks (4.39)
since every term on the right-hand side is a generator of I, i . Since f € In kos® this means
= (x{ea(S)0r) © f = C(eq(S)0r) © g; + (a multiple of 6;), (4.40)

where C is a nonzero constant. This implies that (e4(S)07) © g; = 0.

The previous arguments show that g; € (1), Lk, ‘)* The fact that in(f) = x 1n(g,) the ‘lower
branches’ (3.18) and (3.21) of the disjoint union decomposmons in Lemma 3.12 and induction on 7 all
complete the proof of Case 3, and of the lemma. O

4.5. Proof of quotient presentation and monomial basis

We are ready to prove that the ideal I, i s and the annihilator ann 6, x s coincide, so that W, x ¢ = U, x s,
and that the substaircase monomials M, i s descend to a basis of W,, 4 ;. Thanks to our lemmata, this
is a quick argument.

Theorem 4.12. Letn, k, s > 0be integers with k > s. The ideal I, i s is the annihilator of the superspace
Vandermonde 6, i s:

ann 6n,k,s = In,k,s- (4.41)
Consequently, the quotient rings W, r s and U, i s coincide:
Wn,k,s = Un,k,s' (442)

Furthermore, the set M,, i s descends to a monomial basis of W,, i s.

Proof. We bound the dimension of /-, from above using Lemma 4.11 and an argument appearing
in the work of Rhoades, Yu and Zhao [28 Section 4.4] on harmonic spaces. Let N = | M,, 5| be the

number of substaircase monomials. We claim that dim / i s SN Given fi,... fn, fn+1 € In kg WE
have

f=cifi+ - +enfn+enefne € L (4.43)
for any scalars cq, ..., cn, cn+1 € Q. We may select ¢; not all zero so that the coefficient of m vanishes

on the right-hand side of Equation (4.43) for all m € M,, i 5. By Lemma 4.11, this forces f = 0, so that
Equation (4.43) shows {f1, ..., fn, fn+1} is linearly dependent.
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We have the chain of equalities
N >diml;,  =dimU, ;s > dimW, g > N, (4.44)
where we applied Lemma 4.7 to get that U,, i s projects onto W, s and Lemma 4.5 to get dimW,, ¢ >
N. This proves that ann 6, ks = In ks and Wy, s = U, 5. Lemma 4.5 implies that M,, x s descends
to a monomial basis of Wy,  s. O
To illustrate Theorem 4.12, let (n, k, s) = (3,2, 2). The staircases in this case are
(1,1,0), (1,0,1), (1,0,0), (1,0,1),
so that
M320 ={1,x1,x2,X3,X1X2, X1X3, 02, 03, X162, X103, X303, x1 X363 }

and Theorem 4.12 asserts that M3 5 » descends to a basis of W3 5 5. In particular, the bigraded Hilbert
series Hilb(W3 5 2; ¢, z) is given by

Hilb(W322;9,2) =1+3g + 2¢% + 2z +3qz + ¢°z.
We may display this Hilbert series as a matrix

132
Hilb(W32.2; ¢, 2) =( )

231

by letting rows track #-degree and columns track x-degree. The 180° rotational symmetry of this matrix
is guaranteed by the Rotational Duality of Theorem 1.2. The larger example

1 6 21 50 90 125 134 105 55 15
6 35 119 273 463 575 511 301 105 20
Hilb(W¢3.2;9,2) =|15 84 274 580 853 853 580 274 84 15
20 105 301 511 575 463 273 119 35 6
15 55 105 134 125 90 50 21 6 1

is easy to compute with the following recursion.

Corollary 4.13. Suppose n, k,s > 0 are integers with k > s. We have

n-s n-s
Hilb(Wn,k’s; q,7) = Z 7 - Z qcoinv(a') — Z 7 - Z qcodinv((r).
r=0

= geosy), reosPY),
This bigraded Hilbert series satisfies the recursion

Hilb(Wy k53¢, 2) = (2 +¢°) - [k = slg - Hib(Wy_1 k.53 ¢, 2) + [s]g - Hilb(Wy_1 x 5-13 ¢, 2).
Proof. This follows from Lemma 3.12 and Theorem 4.12. O

Together with the initial conditions

Hilb(W,5:q.2) =0  ifs>n (4.45)

https://doi.org/10.1017/fms.2022.90 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.90

Forum of Mathematics, Sigma 35

and

(1+2)-[k]lg s=0

4.46
1 s=1, ( )

Hilb(W x55¢.2) = {

Corollary 4.13 determines Hilb(W,, ¢ s; ¢, z) completely. It is predicted [27, Conjecture 6.5] that the
matrices Hilb(W,, x s; ¢, z) have unimodal rows and columns. In the case (n, k, s) = (n, n, n), the ring
Wo.nn is the cohomology H®(F(,;Q) of the flag variety F¢, and is a consequence of the Hard
Lefschetz property for this smooth and compact complex manifold. Corollary 4.13 has been used to
verify this conjecture for all triples n > k > s withn < 9.

Since the composition of maps H,, x s < €, - W,  ;is anisomorphism, any basis of the harmonic
space Hj, i s descends to a basis of W, i ;. A basis of W, ;. ; obtained in this way is a harmonic basis.
Harmonic bases of quotients of the polynomial ring Q[x1, . . . , x,,] have received significant attention [3,
30] and are useful because working with them does not involve computationally expensive operations
with cosets. The space W,, x ; admits the following harmonic basis.

Corollary 4.14. Let n, k,s > 0 be integers with k > s. We have the following equality of subspaces of
Q,.

Hy ks = Iik’x. 4.47)
Furthermore, the set
{m o Onk,s . ME Mn,k,s} (4.48)

is a basis of Hy, ks, and, therefore, descends to a harmonic basis of Wy, _s.

Proof. The equality Hj, ¢ s = Irf ks 18 immediate from Theorem 4.12. For any cy,...,cny € Q and any
monomials my, ..., my, we have

ci(my ©bpks)+---+en(my ©pis) = (cimy+---+cymy) ©Spik.s (4.49)
so that a linear dependence in the subset {m; © 0, k,5,...,mMN © Opk.s} Of &, induces a linear
dependence in {m, ..., my} modulo ann d, i ;. Theorem 4.12 implies {m © S x5 : m € My g5} is
linearly independent and a dimension count finishes the proof. O

The harmonic basis of Corollary 4.14 will be used to calculate the bigraded Frobenius image of
Wn,k,s-

5. Frobenius image
5.1. A tensor product decomposition of Q,,

The goal of this section is to prove that the graded Frobenius image grFrob(W, i s;¢,z) has the
combinatorial expansion Cy, ks (X; ¢, z). Since W,, ¢ ¢ = H,, x s as bigraded S,,-modules, we will often
use the harmonic space H, x s to avoid working with cosets. The combinatorial recursion of Lemma 3.14
necessitates restricting these spaces to a given 6-degree.

Definition 5.1. Givenr > 0, let W,(:L s EWaks and Hflr,)c s S Hnks be the subspaces of homogeneous

0-degree r.
WY;{ , and H,(lr,l , are isomorphic singly graded &,-modules under x-degree. Our goal is to show
ngrob(WflrJ)ﬂs; q) = ngrob(Hf:,)(’s; q) = Cr(:lz’s (x;q). 5.1
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Lemma 2.3 allows us to prove Equation (5.1) by showing both sides satisfy the same recursion under an

appropriate family of skewing operators. The combinatorial side C(r,)c was handled by Lemma 3.14;

we must now consider the representation theoretic side. In order to av01d repeating hypotheses, we fix
the following:

Notation. For the remainder of this section, we fix integers n > s > 0,k > s, n—s > r > 0 and
1<j<n.

The group algebra Q[S,] and its antisymmetrising and symmetrising elements &; and 77; act on the

first j indices of €,,. Given the relationship

ngrob(nj]H[<r) 5q) —hlngrob(]H[m ) (5.2)

n,k,s

and Lemma 3.14, we would like a recursive understanding of the S,,_;-modules 5 J]H[(rl . This will be

accomplished by finding a strategic basis C of n ,]HI( r) ; (see Definition 5.11 below).
We will need to distinguish between the first j and last n — j indices appearing in €,,. To this end, we
make the tensor product identification

Q, = Qj ®Qn_j = (Q[xl,. . .,x]‘] ® /\{91,. ..,9]'}) ® (Q[Xj+1,. . .,Xn] ® /\{Hj+1,. ..,Qn}). (5.3)

We make use of the following simple properties of this decomposition.
Proposition 5.2. Consider the tensor product decomposition , = Q; ® Q,_;.

LIff,f €Q;andg, g €Q,_; have homogeneous 6-degree, then
(fego(feg)=x(fof)e(gog),

where the sign is (—1)0-degree of g+0-degree of f,
2. lfueB;,ve6, ;,fe€Q;andg € Q,_j, then the action of uxv € 5; xS,_; C S, on f® g is
given by

(uxv)-(feg)=W-fle-g).
3. If feegjQjand g € Q,_;, then
(f®g) Gdn,k,s € nan,k,s~

Proof. Items (1) and (2) are straightforward and left to the reader. For Item (3), letu € &;. We calculate

u-[(f®8 ©dnis|=[u-feglo|u-onis] (5.4)
= [sign(u) f ® g] © [sign(u)d, ] (5.5)
= sign(u)’ X [(f ® 8) © Snk.s ] (5.6)
=(f®g) Odn.k.s- (5.7)

The first equality uses (2), the second equality uses f € £;Q; and 6,,k,s € €;€, and the third
equality is bilinearity. O

Proposition 5.2 (3) gives rise to a ‘duality’ between the images of the W-modules under £; and the
images of the H-modules under ;. We state this duality as follows.

Proposition 5.3. Let A C £;Q,, be a subset of homogeneous 0-degree r. Define a subset A" C Hxl];i_r)
by

= {f®6n,k,s : f EA}
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1. A descends to a linearly independent subset of & JW(r) if and only if A is linearly independent in

( | n,k,s
n—s-r
nJanY .

2. A descends to a spanning subset ofst( ") ifand only if A" spans n]H(” =),

n,k,s

3. Adescends to a basis ofs]W(r) if and only if A is a basis ofn]H(" s=r)

Proof. Propos1t10n 5.2 (3) shows that A" is indeed a subset of 1 ]H<" =) The isomorphism W, 4 ¢ =
Q, /ann 6, ks SN H, ks given by f — f © 0, ks implies Items (1) through 3). m]

5.2. A spanning subset of € jW(r)
Proposition 5.3 allows us to move back and forth between the alternating subspace &;W,, x s and the

invariant subspace 1njHu k,s. The following subset B C &£, will turn out to descend to a basis of
(r)
EjW

n,k,s*

Definition 5.4. Define a subset B C Q,, by

B= || | oG b by em e me Mt L (5.8)
a,b>0 i
a<r, b<s
where the index i = (i, ...,i;) of the inner disjoint union ranges over all length j integer sequences

whose first a, next b and final j — a — b entries satisfy the conditions

0<ip < Zig<k—-s-1+b, 0<ig <+ <igp<s—1, s<igpr1 < --<i;<k-1

The subset B € Q,, depends on #, k, s, r and j, but we suppress this dependence to reduce notational
clutter. We note that, since every G ;-orbit consists of a unique representative i that meets these conditions
and the indices a and b are determined by this representative, the unions in the definition are indeed
disjoint. Thanks to our tensor product notation, the monomials m appearing in Definition 5.4 are
automatically elements of Q,_; = Q[x;41,...,X,] ® A{0)11,...,0,}. The conditions on a, b and the
sequences i = (i, ...,i;) appearing in Definition 5.4 may look complicated, but they combinatorially
correspond to the sum and g-binomial coefficients in the skewing recursion of Lemma 3.14 satisfied
by the C-functions. Algebraically, they are obtained by applying &; to every monomial in /\/l,([])” and
removing ‘obvious’ linear dependencies.

()

n,k,s*

Lemma 5.5. The subset B of Q,, descends to a spanning set of & ;W

Proof. By Theorem 4.12, we know that Mflr,)c , descends to a basis for Wflr,)c .- This implies that

oML = {es-mo - moe M, | (5.9)
descends to a spanning set of & ijlr;( .- We proceed to remove linear dependencies from the set
M(r)
n,k,s*

Let mg € Mflr;( .- There exists a permutation w € &;, such that w - mo = xi‘ ---x;jel -0, ®m,
where 0 <ij < -+ <ig £k—-1,0<i44 <---<i; <k —1. Wehave

gj - (w-mg) =sign(w)e; - mg = £g; - my. (5.10)

https://doi.org/10.1017/fms.2022.90 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.90

38 B. Rhoades and A. Timothy Wilson

(r)

Furthermore, the action of &; annihilates w - mo unless iq; < --- < i;. It follows that & JW IS
spanned by
1 ij (r)
(xlll "'xjj 0 - .Qa) ®m € Mn,k,s’
i ; <1 <---<i,<k-

|_| sj-(xll’---x}‘-Hj_a+1---0j)®m : OTll— —l,“—k 1, ,  (5.11)

4530 0<igr1 <+ <igep <s5-—1,

a<r, b<s Sﬁia+b+1<'--<ijﬁk—1,

where the parameter b tracks the index at which the sequence 0 < iy < --- <i; < k — 1 exceeds the
value s. The ‘variable reversal’

l'i..o

i ij i . .
xl...xj.el...eaf\»_xl 'xj'ej—a+1”'9]

in (5.11) relative to the definition of B only introduces a sign upon application of ¢;.
For which monomials m € Q,,_; and sequences (if, ..., i;) do we have the containment
ij i (r)
(x] -~ X Oj—as1--0;)®@m € ./\/ln’k,s?
The lemma is reduced to the following claim.
Claim. Given sequences 0 < i| < -+ <ig <k —-1,0<igy < -+ <igep < s—1lands < igips

<.+ <ij <k —1and amonomial m € Q,,_;, we have

(xi’ ---x;.' “Oj_qs1---0j)®m € ME:,)“ if and only if m € Mf,r_fzi,s_b andizu <k —-s—-1+b.

The reason for this ‘reversal” in (5.11) is to make the monomials in the claim divisible by staircase
monomials. The claim follows from Lemma 3.12 and induction; we leave details to the reader. m]

5.3. Bis linearly independent

The goal of this technical subsection is to show that the set B in Definition 5.4 is linearly independent in

Q,. By virtue of Lemma 5.5, this implies that B descends to a basis of & jW;r,)c - To do this, we prove
that o

BY ={fO®6nks: fE€BCn;Qy (5.12)

is linearly independent and apply Proposition 5.3.

We will show that BY is linearly independent by considering a strategic basis of the space €, and
showing that the expansions of the f ® 6, ks in this basis satisfy a triangularity condition. Both our
basis and the triangularity condition will be defined in terms of the superlex order <.

Definition 5.6. A monomial m € Q, with exponent sequence u = (uy,...,u,) is j-increasing if
uy < -+ < u; under the order

e <3<2<1<0<0<1<2<3<---

on letters defining superlex order <.

Each orbit of the G;-action on the first j letters of exponent sequences (u1, ..., u,) of monomials in
Q,, has a unique j-increasing representative. In terms of the operator 7;, we have the following.

Observation 5.7. The nonzero elements in {n; - m : m is j-increasing} form a basis for n;Q,,.
The word ‘nonzero’ is necessary in Observation 5.7. Indeed, when n = 3 and j = 2, the word (0, 0, 0)

is j-increasing and 775 - 616, = 0.
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For any f € B, the element f © 0,k € 717;€2, may be uniquely expanded in the basis of
Observation 5.7. The next definition extracts a useful ‘leading term’ of this expansion. This is a variant
of the superlex order which incorporates the parameter j.

Definition 5.8. Given any nonzero g € 1, let in;(g) be the j-increasing monomial m, such that

o n; - m appears in the expansion of g in the basis of Observation 5.7 with nonzero coeflicient, and
o for any j-increasing monomial m’, such that 57; - m” appears in this expansion with nonzero
coeflicient, we have m > m’.

As an example of these notions, forn =5, k =4, s = 2 and j = 3, we consider the superpolynomial
f € B given by

f=e3- (x%M0)) = (x3 — x2)x40; + (x1 — x3)x402 + (X2 — x1)x465. (5.13)

Then

f O} (55’4’2 - 18773 . (X00323945) + 54’]3 . (x21320914) + 18773 . (x203039]5) (514)
—54ns - (x203219]4) + 18n3 - (x30320914) — 1875 - (x3230()912)'

We have written the terms in the final expression so that each monomial that appears is j-increasing and
these monomials decrease in superlex order from left to right. Therefore

inj(f ©nk.s) = x50,

The most important property of in; is as follows.
Lemma 5.9. The map
in; : BY — {j-increasing monomials in Q,,}
is injective.
Proof. We give a method for finding in;(f © 6,,,s) for any f € B. Suppose that

fzej-(xi‘---xjml---@a)@mel’j’

(r-a)
som € ./\/ln_j’k’x_b and

0<iy<- Sig<k—s—14b, 0<igy < <igsp <5—1, 5 <igspss < <ij<k—L

We define a reordering (A1, ..., h;) of the sequence (iy,...,i;) by
(hla R hj) = (ia+b+1’ia+b+2’ R aij—l’ij’ia+b’ia+b—1’ e 9i29i1)'
The sequence (A, ..., hj) satisfies

S<hi < <hjqp<k=1,5=1>hjgqpu>>hi a0 k—s—1+b

> jg =2 hy > 0.

Furthermore, let f = (¢y, . ..,t,) be the exponent sequence of the entire monomial

h.
(xi” ~~xj"9j,a+1 -~9J-) ® m.
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We construct a monomial M with exponent sequence u as follows:

ocu=-=ujqgp=k-1,
o (Uj—absls- sUj_g)=(s—=1,5=2,...,5—D),
o uj_a+1=---=uj=k—1and

o Forp=j+1ton,up,isk—1ift, is barred or greater than the largest unused element of
{0,1,...,s — b — 1}. Otherwise, we let u, be the largest unused element of {0,1,2...,s - b —1}.

The last bullet point above is an instance of Algorithm 1 in the proof of Proposition 4.3. Since m is
substaircase, this algorithm successfully produces a monomial M appearing in J,, « s.

Claim. in;(f © 6,4.5) = (x?l g0, @ m) oM.

We check this construction for the example f = £3(x®!1%9,) € B given in (5.13), where n = 5,
k=4,s=2and j=3.Thena=1,b=2,t=(1,0,0,1,0), u = (1,0,3,3,3) and

x1001093 ®x103339345 = x00323945’

which agrees with the computation of in; (f ® 854 2) in (5.14).

Now we prove the claim. Let v = (vy,...,v,) be the exponent sequence of the monomial
(x?1 . -xj,l"' 0j_a+1 -+ 0; ® m) © M appearing in the claim. First, we check that v is indeed j-increasing.
From the definitions of # and u, the first j — a — b entries of v are all barred and

k=s—12vi>--->v;_ 45 20.
The next a + b entries of v are all unbarred and satisfy
OSVj_a_b+1 << Vjgq <S—bSVj_a+1 <o 2V < k-1,

SO v is j-increasing.

Letv’ = (v{,...,v;) be the <-maximal j-increasing exponent sequence whose monomial appears in
f © Op k.s- There are monomials appearing in f and ¢, ¢ s that yield v’ under the left © action of f on
On.k.s- Denote the exponent sequences of these monomials by ¢’ = (¢{,...,t,) and u’ = (u},...,up),
respectively. Then ¢ is obtained from 7 by some rearrangement of its first j entries. We show that v = v’
as follows.

The sequence (¢{, ..., t}) has j — a — b unbarred entries > s. Thus, the sequence (v},..., v}) must
have at least j — a — b barred entries. Since v’ is j-increasing, the first j — a — b entries of v/ must be
barred, which forces

! k — 1, which agrees withu; = -+ =u;_qp =k — 1.

.= =
uy = SUjqp =

Since v < v/, and v’ is j-increasing, the barred entries v’1 e, V}—a—b are all < k — s. We see that the
first j — a — b entries of ¢ are unbarred and > s. Since the first j entries of ¢’ are a rearrangement of
the first j entries of ¢, this forces the first j entries of ¢’ to be #1, ..., #;_4—p (in some order). Since v’ is
Jj-increasing, we have

(l‘i, .. "t;‘—a—b) = (l‘], - ,tj—a—b) so that (Vi, - ’v;—a—b) = (V], C ’Vj—a—b)~

The above paragraph forces (¢,

abr1r t’) to be a rearrangement of (¢;_4_p41,...,t;). Both of
these sequences contain

o b unbarred entries < s, all of which are unique, and
o a barred entries, which are all < k — s — 1.
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The fact that v’ is the superlex maximal j-increasing exponent sequence appearing in f © d, s has the
following consequences.

1. Every entry in the subsequence (v;._a_b e
corresponding b entries of u” are unbarred and the corresponding a entries of u” are barred.

2. The corresponding b entries in u’ mustbe s—1,s—2, ..., s—b (in some order), and the corresponding
a entries of u’ must be k — 1.

3. The b entries must come before the a entries.

.,v}) is unbarred (since v < v’). Consequently, the

Items (2) and (3) above imply

(u}_ml,...,u})=(k—l,...,k—1)=(uj_a+1,...,uj),

and since v’ is j-increasing, we have
’

(t}faﬂ, .. ,t}) = (tj—g+1, ..., 1) so that (Vj—a+1’ .. ,v}) = (Vjogsls -2 Vn).

We see that the three pairs of length b sequences

(oot g) A0 (et ot a).
(t}—a—b+1’ L] t}_a) and (tj—a—b+l, AR ] tj—a)7
v;’—a—b+1’ R v}fa) and (Vj—ag-bsls---»Vj-a)
are rearrangements of each other and (#j_q—p+1,...,uj—q) = (s — 1,5 =2,...,5 —b). We may apply a
H H ’ ’ 7 ’
simultaneous permutation of (uj7a7b+l, el uj_a) and (tjfa—b+l’ el tj_u) to get
(“}—a—b+1’ e ”}a) =(s-1,5-2,....,5=b) = (Uj—a-btl, - Uj—q)

. . , , . P . ., ,
without affecting (vj_a_b+1, . vj_a). Since v’ is j-increasing, and the entries in (tj_a_b+1, ey tj_a)
are distinct, we have t}—a—b+1 > > t;_a, which implies

’ 7 ’ 7
(Ij—a—b+l’ - ’tj—a) = (tj—a—b+17 - ,l‘j_a) so that (vj—u—b+l’ - ’Vj—a) = (Vj—a—b+1, - ,Vj_a).

The last two paragraphs show that the first j entries of v’ and v coincide. The fact that the last n — j
entries of v’ and v coincide follows from an argument similar to the proof of Proposition 4.3; it is omitted
here. This completes the proof of the claim.

Our claim implies that in; ( f © d,, «s) is the monomial associated to v = (v, ..., v,). We show how
to recover the exponent sequence u = (uy, . .., u,) of the monomial M appearing in the claim. In turn,
this allows us to recover x’ll .. -x;:f 0 --- 08, and m, such that

fzgj.(x’il...xijgl...ga)®m,

completing the proof of the lemma.
Since m € Mnr__jalzs_ ,, and the construction of the last n — j entries of u and v follows the algorithms
in Proposition 4.3, that proposition proves we can recover the last n — j entries of u# and the last n — j
entries of ¢ from the last n — j entries of v. Since r is a global parameter and m has degree r — a in the
0; variables, knowing the last n — j entries of 7 recovers a. This gives u;_441 = -+ =u; = k-1 and,
since we know these entries of v, we recover ¢;_,41 through ¢;. By construction, v begins with j —a — b
barred entries. Since we know j and @, we learn b. Then we know that the first j — a entries of u are
j —a—b copies of k — 1 followed by the sequence (s — 1)(s—2) ... (s — b). From this information and
the corresponding entries of v, we can recover #; through #;_,. Now we know all of 7. Since we know
all of v, this determines all of u. O
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Finally, we put everything together to get our desired basis of € ij

n,k,s*

Lemma 5.10. The subset of B C Q,, descends to a basis of & ]W(r)

n,k,s"

Proof. Lemma 5.9 implies that BY is linearly independent in Q,,, so Proposition 5.3 shows that B is
linearly independent in Wflr;( - Now apply Lemma 5.5. O

5.4. The C basis ofn,H(r)

Lemma 5.10 gives a basis B of ¢ ijlr,)( - The corresponding harmonic basis is as follows.

Definition 5.11. Let C C Q, be the disjoint union

c= || U{[gj T 0y0) ®m] ©On s i mE MU ‘;)} (5.15)
a,b>0 i
a<n—s—r, b<s
where the index i = (iy,...,i;) of the inner disjoint union ranges over all length j integer sequences
whose first a, next b and final j — a — b entries satisfy the conditions

0<it < Lig<k—-5s—-1+b, 0<Zig < - <igp<s-1, s<igpr1 <---<i;<k-1

The subset C € Q,, depends on n, k, s,r and j, but we suppress this dependence to avoid notational
clutter.

Definition 5.11 is formulated so that C C Hy])( .- The following result justifies the disjointness of the
unions appearing in Definition 5.11.

Lemma 5.12. The family C C ]H[(r) ; s a basis of the invariant space njH(r)

n,k,s"

Proof. Apply Proposition 5.3 and Lemma 5.10. O

Thanks to its avoidance of cosets, the C basis will be more convenient for us going forward.

5.5. The < order on bidegrees

Our goal is to use the basis C of Lemma 5.12 to show that ]H( Dis isomorphic as a graded &,,_;-
module to a direct sum of graded shifts of smaller H-modules in ef way that matches the recursion of
Lemma 3.14. To do this, we introduce a strategic direct sum decomposition of €, = Q; ® Q,_;, place a
total order < on the pieces of this decomposition and examine the <-lowest components of the elements
inC.

Our direct sum decomposition of Q,, = Q; ® Q,,_; is defined as follows. The second factor Q,,_; of
the tensor product €2, = Q; ® £,,_; is a bigraded algebra

i = D Qu )y (5.16)
p.q=0
where
(Qn_j)p’q = Q[Xj+1, c. ,)Cn]p ® /\q{0j+1, Ceey Hn}. (5.17)

We, therefore, have a direct sum decomposition

Q= P Up.9) (5.18)

P.q20
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of the larger algebra Q,,, where we set

Qu(p,q) =Qj®(gnfj)p,q- (5.19)

In other words, the bigrading Q,,(—, —) on Q,, is obtained by focusing on commuting and anticommuting
degree in the last n — j indices only. In particular, we have the following important observation.

Observation 5.13. Although the direct sum decomposition Q, = P g0 Q.. (p, q) is not stable under
the action of Sy, it is stable under the parabolic subgroup S; X S,_; and the further subgroup S,_;.

The decomposition (5.18) will be used to study the action of &,,_; on £, and, in particular, on the

basis C of n ]H( ") . We will need a nonstandard notion of ‘lowest degree component’ for elements of
C. To this end, we 1ntroduce a total order < on the summands Q, (p, ¢) appearing in (5.18) as follows.

Definition 5.14. Given two pairs of nonnegative integers (p, ¢) and (p’, q’), write (p,q) < (p’,q’) if

o we have ¢’ < ¢, or
o we have ¢’ = g and p’ > p.

We also use the symbol < to denote the induced order on the summands Q,, (p, g) of the direct sum (5.18).

If there were no #-variables, Definition 5.14 would be the usual degree order induced from the second
factor of the tensor decomposition Q[x1, . ..,x,] = Q[x1,...,x;] ® Q[xj41,...,x,]. The order « first
compares #-degrees in the ‘opposite’ order and breaks ties by comparing x-degrees in the classical
order. This superisation of polynomial degree order should be compared with the superisation of the
lexicographical term order < in Definition 4.2 in which anticommuting variables involve a similar
‘reversal’.

5.6. Factoring the <-lowest components of the C basis

We consider elements in the C basis of n‘iH,(:])c , with respect to the direct sum decomposition €2, =
P g0 Q. (p,q) of (5.18). While these elements are almost always inhomogeneous members of this
direct sum, their <-lowest components have a useful recursive structure.

(n—-s-r—a)

n—j ks—b and the

Lemma 5.15. Let [sj . (Jcli1 x;’ “01---0,)®m| © Opks € C, where m € M

sequence i= (i1, ...,i;) satisfies
0<ige1 <+ <igep <SSigeps1 <--<ij<k—-1 and 0<i1 <---<iy,<k-s-1+b.

This element of C has an expansion under < of the form

[8]. . (xli‘ .. .x;f' 0140, ® m] O Onk,s = *fa,b,i ® [M O 6p_j i s—p] + greater terms under <,

(5.20)
where
fabi= [sj gy -..aa)] o [& - Mapi] (5.21)
and
Mapi= x{‘ L. x];_lx;f]’x;g” . x;+;,x§+},+l . -xf_l 2010204 - Ouips1Oarpsr - 0. (5.22)

The polynomial f, i € Q; is Sj-invariant and nonzero.
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Remark 5.16. The polynomial f, i is bilhomogeneous of x-degree

(k—1)-(j—b)+b'(s—b)+(12))—i1—~~~—ij (5.23)

and 6-degree j — a — b. The S;-invariance of f, j, ; is justified by Proposition 5.2. Observe that f, p i
depends on a, b and i but is independent of m € Mi’::rs_jj .
To better understand Lemma 5.15, we analyse its statement in the case of the classical Vandermonde

On.

Example 5.17. In the special case (n, k, s) = (n,n,n) and j = 1, Lemma 5.15 follows from the following
expansion for the Vandermonde determinant ¢,, in the variable x;:

n—1

-1_n-2 1.0 ~d+1 d -1 d+l d-1 0

Sp=€n- (X]7 X577 x,_1x,) = Z(—l)” Tal ®@epoy - (X T xa T ). (5.24)
d=0

Since we have no anticommuting variables, the order <is simply the degree order on the lastn—j = n—1

variables x», . . ., x,. Therefore, the d = n — 1 term

x?_l ®&p-1 - (xg_2 .- -xg) = xf_l ® 0p-1 (5.25)

is the lowest <-degree component of this expansion. The condition xf‘xgz < xp" € My p, means

that (ci,¢2,...,¢n) < (n—1,n=2,...,0) componentwise. If we set m = x57---x", applying

x{'x5? - xy" = (&1 -x]') ® m to 6, under the O-action yields

[(e1-x]") ®m] ©6, = Cx]{™' ® [m ® &,-1] + greater terms under <, (5.26)
where C is a nonzero constant.
Proof of Lemma 5.15. By definition, the superspace Vandermonde 6, x s is the antisymmetrisation
Onk,s = &En - (xf] e 'x5n01ql T 93”), (5.27)

where the exponent sequences are given by (py,...,pn) = (k= 1", s - 1,s —2,...,1,0) and
(q1,--->qn) = (1"75,0%). We expand Equation (5.27) in a fashion compatible with the tensor product
decomposition Q, = Q; ® Q,_;. For any system of right coset representatives w for G; x &,,_; inside
S, Equation (5.27) reads

5n,k,s =
Pyl Pyw=1(j) pdw=1 (1) a1 ()
Zi[gj.(xl xj 91 0] )
w
Pr=1(jsn) Py-1(n) ndw=1(j+1) 91 ()
® [8n_j . ()chrl Xy, 9j+1 6, ), (5.28)

where =+ is the sign of the coset representative w. Equation (5.28) is true for any system of coset
representatives, but we restrict our choice somewhat in the next paragraph.
Our aim is to apply the operator

{les-aialo 60| omfo () ={[e;- - alor- 0] 0 (O} @ me ()} (5:29)
to Equation (5.28) and extract the lowest term under < for which the first tensor factor does not

vanish. A summand of Equation (5.28) indexed by a permutation w for which fewer than a entries
in (q,,-1(1)>- - -»9w-1(;)) €qual 1 will be annihilated by the first tensor factor of the operator (5.29).
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We may, therefore, restrict our attention to those summands in which at least a of the entries in
(qyw-1(1)s - - - » @w-1(j)) €qual 1; the corresponding entries in (p,,-1 (), - - -» Pyy-1(;)) Will equal k — 1. We
now assume the coset representatives w in Equation (5.28) are, such that

pw‘l(l) == pw‘l(a) =k—-1and0 < pw‘l(a+1) <. <L pw—l(j) < k—1.
When k = s, we further assume that
(qw-1(1ys - - - »Gw-1(;)) has the form (19, 0/797¢ 1¢) for some a + ¢ < j

(this follows from the assumption on the p’s when k > s). There are typically many choices of coset
representatives w which achieve this.
We apply the operator (5.29) to each term
pw’ pw_ j qw’ qw_ j pw‘ j+ pw’ n qw‘ j+ qw’ n
[s.,v (! OB 1m91 e o lm)] ® [8n—j Dt Pt gt gt >)]

J j+l Jj+l1
(5.30)

of Equation (5.28). In the first tensor factor, we get

; i Py,-1 Py-1(y p9w-1 -1
[81. (! ...x;_fgl ...ga)] o) [gj NI X ‘1)91 ™ -6, U’)], (5.31)

The element of Q; in Equation (5.31) is certainly &;-invariant but can vanish for some coset represen-
tatives w.

In order to minimise the application (5.31) of (5.29) to (5.30) under the order <, we select our coset
representative w in (5.3 1), such that

1. the expression (5.31) is a nonzero element of €, and subject to this
2. the expression (5.31) has the smallest §-degree possible, and subject to this
3. the expression (5.31) has the largest x-degree possible.

For Item (1), we see that (5.31) is nonzero if and only if we have the componentwise inequalities

(i1 osif) S (Prm1(1)s- - - Pwe(jy) ad (19,0779 < (g1 1y - o2 Gum1 () (5.32)

Subject to this, in order to satisfy Item (2), we must have
(Gum1(1)s - - - Qw1 (jy) = (19,07, 177970y, (5.33)
Subject to both (5.32) and (5.33), to satisfy Item (3), we must have
(Pw-1(1ys - Pwi(jy) = (k=D s=b,s—b+1,....,5 =1, (k- 1)/=ab), (5.34)
Said differently, Items (1)—(3) are satisfied precisely when

x;"w*(l) ,_.x;’w*wn Q?W*I(I) ,,,gj»v*(j) = Mapis (5.35)
so that Equation (5.31) equals f, p -

Let w be the unique coset representative which satisfies (5.32), (5.33) and (5.34). For this coset
representative, the exponent sequence (P, -1 (j4+1ys - - -» Pw-1(n)) @ppearing in the second tensor factor of
(5.30) is a rearrangement of ((k — 1)*=/*’ s —b —1,...,1,0). This shows that

Pro-1(j+1) Pr=1(n) p9w=1(j+1) D=1y _
En-j- (xj+1 "X 9j+1 b ) = £0n—j.k.sb (5.36)
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for this choice of w. In summary, the application of (5.29) to ¢, i s has the form

{[sj . (xli' X -xj.jHl x -Ha)] ® m} O On.k.s
=*fubi® (MmO 8,k s—p)+ greater terms under <, (5.37)
which is what we wanted to show. O
We give an example to illustrate the statement and proof of Lemma 5.15 in the presence of -variables.

Example 5.18. Suppose (n, k, s) = (7,7,4) so the superspace Vandermonde is
67,74 = &7+ (x9219,53) € Q5.

We record the exponent sequence of the x-variables by (py, ..., p7) = (6,6,6,3,2,1,0) and that of the
@-variables by (g1,...,97) =(1,1,1,0,0,0,0).

We take j = 3, so that we factor superspace elements according to 7 = Q; ® ,,_; = Q3 ® £24. For
any system of right coset representatives of S3 X S, in Sy, the Vandermonde 87,74 expands as

p,,-1 P,,-1 p,,-1 q,,-1 q,,-1 q,,-1
67’7’4:Zi[83'(xlw By Pt Pl gt gt o) g <3>)]

w

L) Pty gdw-t ) D=1 ()
® [84' (x4w .._x7w 94w __.97\1 ) ,

where =+ is the sign of the coset representative w.
Letm € Q4 C Q3 ® €4 be an arbitrary monomial in xy, . .., x7, 604, . . ., 87. We consider applying the
operator

{[es- PPo)] @m} o (-) = {[e3- (P0)] 0 ()} @ {mo ()}

to 07,7.4 by applying it to each term

Puw-ta) Pwl@) Pw=t@) p9w=1() g9w=1@) gTw=13) Pyl Pt gdw-t@ Dw=1(7)
+ [83-()(1” X, Pyt e e, e ) ® (g4 (x,” cexg” 6," s 0 )

of its expansion in Q3 ® 4. We choose our coset representatives w so that
Gw-1(2) < Gw-1(3) and pyy-1(2) < pyy-1(3
in each term.

Focusing on the first tensor factor, the evaluation

Puml(ty Puw-1) Pu-103) gdw-1(1) 812 ndw-1
[83-(x325«91)]®[83-(x]‘ B (2)x3w O gt g (2)03”” @)

is G3-invariant, and is nonzero if and only if we have the componentwise inequalities

(3,2,5) < (Pw-1(1)> Pw1(2)> Pw1(3)) and (1,0,0) < (qy-1(1), Gy-1(2)5 -1 (3))-

To minimise under the order < subject to these conditions, we take the unique coset representative w for
which

(Pw-1(1)s Pw1(2)s Pw-1(3)) = (6,3,6) and (q,,-1(1), Gyw-1(2)s Guw-1(3)) = (1,0, 1).
For this choice of w, in the second tensor factor, we have

,—1 P, -1 q,,-1 q
v gtete g

P -1
£q - (x, ;) =ty (X8x2xx904) = £64.7 3,
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so that

Pyy-1 Pyy-1 -1 q,,-1
mo [84- (x," “@ RS ot (7)04” @ R M =+m06475.
This yields an expansion

{[83 . ('x32591)] ® m} (O] 67’7’4 =

+ [83 . (x32591)] ©) [83 . (x626913)] ® [m © 84.7,3] + greater terms under <,

where the S3-invariant in the first tensor factor is nonzero.

5.7. A recursion for n jH,(:L s

We are ready to state our recursion for the graded &,,_;-module 5 j]H[flr,)c - Our crucial tools are Obser-
vation 5.13 and Lemma 5.15. Given any graded S,,_;-module V = @i V; and any integer i, let V{—ip}
denote the same &,,_; module with degree shifted up by io. That is, the i h graded piece of V{-io} is
given by

(V{=io})i = Viziy- (5.38)

Lemma 5.19. Let n,k,s > Owith k > s, andlet 0 < r < n—s. Let | < j < n. There holds an

isomorphism of graded S,,_ ;-modules

r) o
TIan,k,s = @

a,b>0
as<n—-s-r
b<s

@Hiﬁ;{iiﬁ’;’{il+-~~+li,-—(';)—b-(s—b)—(k—l)-(j—m}], (5.39)

where the inner direct sum is over all j-tuples i = (i1, . ..,i;) of nonnegative integers, such that
0<igyr <+ <igyp <S5 Zdgepr1 < - <ij<k-1
and
0<ij < <ig<k-s-1+b.
Equivalently, we have the symmetric function identity

th-ngrob(H(r) 1q) =

n,k,s

k—s—l+a+b k- i
Z qC 2b)+(5—b)ax[ soitat [;] [ Sb] .grprob(H;_jJ;St@;q). (5.40)
a,b>0 a q g UW—a=0bly Y
asn—-s—r
b<s

Proof. The basis C of n J-Hir;{ . in Lemma 5.12 admits a disjoint union decomposition

L) L fer 6o b om| @6 s me IS0 (541
a,b>0 i
asin—s—r
b<s
where the tuples i = (iy,...,i;) satisfy the conditions in the statement of the theorem. Lemma 5.15

shows that, for each triple (a, b, i) indexing the disjoint union (5.41), there is a single nonzero invariant
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fapi € (€)%, such that

*|g;j - (xi‘ ~~~xj.j “01--04) ®m| Obn ks = fupi® (MO 0u—jks-p)+ greater terms under <
(5.42)

for all m € M;’i}::‘g. The sign in Equation (5.42) may depend on m but the invariant £, 5 ; does not.

The leading term f 5§ ® (m © 8- k,s—p) in (5.42) lies in a single bihomogeneous piece

(p.q) = (p(a,b,i),q(a, b, i) (5:43)
of the decomposition Q,, = @p,qzo Q. (p, q) defining <.
The observations of the previous paragraph give rise to a filtration of n jHirll ;- Forany p,q > 0, we
set

(r) _
(T]J'Hn,k,s)ﬂ(p 9 -

span |_| [8j . (xli‘ ---x}j 01 0,)®m| Ok i mE Mf::s,zr;?}, (5.44)
(p(a,b,i).q(a,b.i))2(p.q)

where (p(a, b,1), g(a, b,1)) is defined as in (5.43). Analogously, we define

(r) -
(njH”’k’s)«d(p,q) -

span |_| {[8j . (xi‘ ~~~x;.f “01--0,) ® m] OOnkys : ME Mf::‘;rs__‘;)} (5.45)
(p(a,b.i),q(a,b,i))<(p.q)

and the corresponding quotient space

(r) _ (r) (r)
(njH"’k’s ) =(p.a) (njH”’k’s) (p.q) / (njH"’k’s ) “(p.q) (5.46)

By Observation 5.13, the decomposition Q, = P .30 Q,(p, q) is S, j-stable. Therefore, the three
vector spaces (5.44), (5.45) and (5.46) are graded &,,_ ;-modules under x-degree. Furthermore, we have
an isomorphism

" o ")
nHY = P (’th,k,s):(p " (5.47)
p.q=0 ’

What does the summand (T]A,VHS,)( Y) () in (5.47) look like? The expansion (5.42) implies an isomor-
0 =(p.g
phism of graded S,,_;-modules

(’ifof,z)(,s)_( = Vi (5.48)
TP (pabai)glabi)=(p.g)
where
Vapi= span{ Fari® (MO S jrs) i mE Mfﬁ“}.f,;f;?}. (5.49)
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In light of Corollary 4.14, the space V, j, ; affords a copy of the G,,_ j-module Hir__j] Z‘i‘i) with degree
shifted up by
b . . .
x-degree of f, pi= ) +b-(s=b)+(k=1)-(j=b)—i1—---—ij. (5.50)
This completes the proof. O

5.8. The S, -structure of W, i s

All of the pieces are in place for us to prove our combinatorial formula for grFrob(W,, « s; ¢, z).

Theorem 5.20. Let n,k > s > 0 be integers. The bigraded Frobenius image grFrob(W,, « s; g, z) has
the following combinatorial expressions in terms of the statistics coinv and codinv.

grFrob(Wi k53¢, 2) = Cnk,s (X3¢, 2) = Dnk,s(X: ¢, 2). (5.51)

Proof. It suffices to show

grFrob(H") :1q)=CV) (xiq) (5.52)

n,k,s

for all . Lemmas 2.3 and 2.4 reduce this task to proving

ngrob(nj]HI(r)

n,k,s

1q) = hiC!) (x:q) (5.53)

n,k,s

for any j > 1. By Lemmas 3.14 and 5.19, both sides of Equation (5.53) satisfy the same recursion and
we are done by induction on n. O

As an example of Theorem 5.20, let (n, k, s) = (3,2,2). We list the 12 ordered set superpartitions
o € OSPs3 5 together with their coinversion numbers, reading words and inverse descent sets.

o coinv(o) read(o) iDes(read(o))
(1,213) 2 312 {2}
(1,312) 1 213 {1}
(2,311 0 123 %
(112,3) 2 213 {1}
(211,3) 1 123 %
(311,2) 1 132 {2}

o coinv(o) read(o) iDes(read(o))
(1,213) 1 231 {1}
(1,312 1 321 {1,2}
(2,311 0 312 {2}
(11]2,3) 2 321 {1,2}
(211,3) 1 312 {2}
31]1,2) 0 213 {1}

This leads to the expression

Fos3+q-(Fos+Fis+F3)+q* (Fis+F3)+z- (Fiz+Fa3)+qz- (Fiz+Fas+Fios) +q°z- (Fios)
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for grFrob(Ws 5 »; g, z) which has Schur expansion
2 2
s3+q-(s3+501)+q° -s201+2-521+qz- (S20+S1,1,1) +9°2- 5111
As with the bigraded Hilbert series, the bigraded Frobenius image is more attractive in matrix format

§3 S3+s21 821

grFrob(W32.0;¢9,2) =
o s21 $2,1+ 81,11 S,

where the Rotational Duality of Theorem 1.2 becomes apparent.

Remark 5.21. In the case k = s, the family OSP,, i » admits an involution ¢ sending an ordered set
superpartition o = (B | --- | Bx) € OSPpix to (o) = (B | --- | By), where B, is obtained from
B; by switching the barred/unbarred status of every nonminimal element of B;. It may be checked that
¢ complements both the statistic coinv and the subset iDes in the sense that

coinv(o) + coinv(t(o)) = (];) +(n—k)-(k—=1) and iDes(read(o)) U iDes(read(¢(c))) = [n— 1]

for any o € OSP,, k k. The Rotational Duality statement of Theorem 1.2 is, therefore, consistent with
Theorem 5.20.

The authors do not know a combinatorial formula for the Schur expansion of grFrob(W, x s; ¢, z).
On the other hand, if we consider W,, . s as a singly graded &,,-module under 6-degree, we have a simple
formula for this Schur expansion. Recall that a partition A is a hook if it has the form A = (a, 1™~ ¢) for
some a. The anticommutative graded pieces of W, ¢ are built out of hook shapes.

Corollary 5.22. Consider W, i s as a singly graded &,,-module under 0-degree. Then

YO RN
grFrob(W, k55 2) = Z 7 4 CSA S ) S A /(1) T S A (1) (5.54)

where (1D ..., A0 ranges over k-tuples of nonempty hooks with a total of
AV 4 AP =pr k-5

boxes.

Observe that the skew partitions AG+D/(1),...,A4%) /(1) indexing the last k — s factors in
Corollary 5.22 can be empty and we have the factorisation (4 1m-a)/(1) = ha-1 * €m—q. When
(n,k,s) = (4,3,2), Corollary 5.22 says that the piece of W43, of anticommuting degree 1 has
Frobenius image

S271-S1+S1’1-S2+S2-S1,1+S1-S2,1+S1’1'Sl-/’l1+sl-Sl’l-h1+S2-S1-€1+Sl~SQ-€1+S1 -sl-(hlel).

Proof. We have a natural bijection between column tableaux and tuples of hook-shaped semistandard
tableaux, where a e at height zero corresponds to a skewed-out box, viz.

il6] [4]
315 |1
2(3|e|oe]|e & T
3] [7[1 1]
oD 3[4, [o]. [+17). [+1]1)
Now apply Theorem 5.20. O
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6. Conclusion

In this paper, we gave a combinatorial formula (Theorem 5.20) for the bigraded Frobenius image
grFrob(W,, k55 ¢, z) of a family of quotients W, s of the superspace ring €,,. The following problem
remains open.

Problem 6.1. Find the Schur expansion of grFrob(W, « s; g, z).

A solution to Problem 6.1 would refine Corollary 5.22. We remark that symmetric functions admit
the operation of superisation which has the plethystic definition f[x] +— f[x —y], where x and y
are two infinite alphabets; see [20] for more details. Although superisation can be used to yield (for
example) the bigraded Frobenius image of Q, from that of Q[xy, ..., x;], we do not know of a way to
use superisation to solve Problem 6.1.

One possible way to solve Problem 6.1 would be to define a statistic on ordered set superpartitions
which extends the major index statistic on permutations. In the context of ordered set partitions, two
such extensions are available: maj and minimaj [1, 12, 23, 24]. If such an extension were found, an
insertion argument of Wilson [33] (in the case of maj) or the crystal techniques of Benkart, Colmenarejo,
Harris, Orellana, Panova, Schilling and Yip [1] (in the case of minimaj) could perhaps be used to solve
Problem 6.1.

The substaircase basis of W,, x s of Theorem 4.12 is tied to the inversion-like statistics coinv and
codinv on ordered set superpartitions. Steinberg proved [29] that the set of descent monomials {d,, :

w € S, } form a basis for the classical coinvariant ring Q[x1,...,x,]/{e1,...,en), Where
do="[] xwemxwee- 6.1)
1<i<n-1

w(D)>w (i+1)

This basis was studied further by Garsia and Stanton [8] in the context of Stanley-Reisner theory and
extended to the context of R, by Haglund, Rhoades and Shimozono [13].

Problem 6.2. Define an extension of the major index statistic to ordered set superpartitions in OSP,, s
and a companion descent monomial basis of W, i .

In the context of R, x, Meyer used the descent monomial basis to refine the formulas for
grFrob(R;, k; q) of Haglund, Rhoades and Shimozono [13, 19]. This refinement matched a symmetric
function arising from the crystal-theoretic machinery of Benkart et al. [1]. A solution to Problem 6.2
might lead to similar refinements in the W-module context.

There are several results about the anticommuting degree zero piece of W, ;. one could try to push
to the entire module W, ;. We mention a couple briefly. One could look for a Hecke action on all of
superspace, extending work of Huang, Rhoades and Scrimshaw [15]. One could also hope to generalise
the geometric discoveries of Pawlowski and Rhoades to the entire module W,  [21]. In particular,
it would be interesting to see if this larger module allows for the definition of a Schubert basis with
nonnegative structure constants, eliminating the negative constants that can appear in [21].

We close with a discussion of the superspace coinvariant problem [34] which was a key motivation
of this work. As mentioned in the Introduction, it is equivalent to the following.

Conjecture 6.3. Let ((Qn)+G "y C Q, be the ideal generated by S, -invariants with vanishing constant
term. For any k, we have

{2"7*} grFrob(Qu /((Qn)"): 4. 2) = {"*} grFrob(W,, 43 4. 2). (6.2)
where q tracks x-degree and 7 tracks 0-degree.
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Let k < n be positive integers, and let Q,(in_k) be the piece of Q,, of homogeneous §-degree n — k,
viewed as a free Q[xy, . . ., x,]-module of rank (}). We define two submodules A, x, B, x € Q%) in

terms of generating sets as follows. Let £ = Y, -9~

i=1 3y, i be the Euler operator.

Ank=Aej-0r : j2 1. TSl [Tl=n-k)+(E(py)-6r = j= 1, T'C[nl [T'| =n—k~1)
(6.3)

Bux={ej(S)-0r : j=>1, SUT = [n], |T| =n—k)+
(Ep)) -0 j2 1, T'Cnl, [T =n—k-1)+&F-0r - TCn], T|=n-k). (6.4)

Both of the submodules A, i, B, x € Q,(lnfk) are homogeneous under the x-grading and stable under
the S,,-action. While their generating sets are similar, they differ as follows:

o The generators e; - 7 of A, involve elementary symmetric polynomials in the full variable set
{x1,...,xn}, whereas the corresponding generators e (S) - 67 of B, x involve a ‘separation of
variables’ with S U T = [n].

o The submodule B, i has generators of the form x{‘ - @7 which are not present in A, .

Proposition 6.4. Let n > k be positive integers, and let ((,);”") € Q, be the ideal generated by S,,-
invariants with vanishing constant term. Also let I,, = ann 6, x C &, be the defining ideal of W, .
We have

(@IZY Q™ = A L@ =B (6.5)
Therefore, Conjecture 6.3 is equivalent to the isomorphism of graded S,,-modules
N A i = QB . (6.6)

Proof. The equality ((Qn)f" ) ﬂQfl"*k) = A, i follows from a beautiful result of Solomon [30]: the ideal
((Qn)f") C Q, is generated by ey, ez, ..., e, together with £(p1),E(p2),...,E(py). In fact, either
list of polynomials ey, ..., e, and py, ..., p, could be replaced by any algebraically independent set of
generators of the ring Q[xy, .. ., x,]®" of symmetric polynomials and this assertion would remain true.

The second equality I, x N Qfl”_k) = B, r may be deduced as follows. From the definition of /,, f,

we see that [, x N Qfl"_k) is generated by B, i together with generators of the form

e;j(S)-0r : SUT =[n], |T|=n—k, j>|S| -k, 6.7)

where the union S U T = [n] need not be disjoint. If we consider such a generator e;(S) - 67, we may
write the set S as a disjoint union S = S LI Sp, where §1 = S — T and S, = S N T. The identity

ej(8)-Or =e;(S1US)-0r = > ea(S1)-en(S2) - 0r (6.8)
a+b=j

and the assumption j > |S| — k = |S1| + |S2| — k imply that all nonvanishing terms e, (S1) - €5 (S2) - 67
in this sum satisfy a > 0 and are, therefore, members of B,, . O

Proposition 6.4 gives a side-by-side comparison of the S,,-modules on either side of the conjecture
(1.17) as explicit quotients of the same free Q[x1, . . ., x, |-module. The authors hope that this will help
shed light on the ring of superspace coinvariants.

In the case of only commuting variables, the theory of orbit harmonics (see [25] for an exposition) has
been successfully applied to discover and study a variety of combinatorial quotient rings [7, 9, 16, 17,
32] including the ring R,,  [13]. Conjecture 6.3 would ideally be attacked by extending orbit harmonics
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to the fermionic setting, with the ideals in Proposition 6.4 arising in quotient rings thereby. Such an
extension would ideally incorporate the quotient rings in [5, 17] which involve fermionic variables.
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