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Abstract. Finite groups in which the Frattini subgroup of each proper normal
subgroup is trivial, while the group itself has a nontrivial Frattini subgroup, are
investigated. A direct result of this study leads to a classification of finite groups
in which the Frattini subgroup of each proper subgroup is trivial, while the group itself
has a nontrivial Frattini subgroup.
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1. Introduction. A group G is called an elementary group if the Frattini subgroup
of each subgroup of G is trivial. Elementary groups, which were introduced and studied
by Bechtell in [1], have elementary abelian Sylow subgroups and each normal subgroup
is complemented. More precisely, he showed that for a finite group the three conditions
are equivalent. Bechtell, also in [1], generalized elementary groups through the study
of E-groups, which have the property that the Frattini subgroup of each subgroup is
contained in the Frattini subgroup of the group. Tani Corsi, in [6] and [7], extended
these approaches by imposing a minimal condition on the Frattini subgroup. A group
G is called a proper F-group if the Frattini subgroup of G is nontrivial, but the Frattini
subgroup of each proper subnormal subgroup is trivial. Her investigation resulted in
necessary and sufficient conditions for when a group with a nilpotent derived subgroup
is a proper F-group.

This motivates the study of finite groups which have a minimal Frattini subgroup
condition and satisfy certain Frattini subgroup containment properties. The first
natural approach is to study finite groups in which the Frattini subgroup of each proper
subgroup is trivial, while the group itself has a nontrivial Frattini subgroup. This class
of groups is classified in Corollary 3.3. The next step, motivated by Corollary 3.3
and the fact that the Frattini subgroup of a normal subgroup is always contained in
the Frattini subgroup of the group, is an investigation of finite groups in which the
Frattini subgroup of each proper normal subgroup is trivial, while the group itself has
a nontrivial Frattini subgroup.

The notation used is standard. For a group G, �(G) denotes its Frattini subgroup,
F(G) denotes its Fitting subgroup, Z(G) denotes its center, and G′ its derived subgroup.
A normal subgroup N of a group G has a complement in G if there is a subgroup H
of G such that G = NH and N ∩ H ={1}. In this case, G is said to split over N and is
denoted G = [N]H. All groups considered are finite.

To make the terminology less cumbersome, we make the following definitions.
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DEFINITION 1.1. A group G is a minimal non-elementary group if �(G) �= {1}, but
�(H ) = {1} for all proper subgroups H of G.

DEFINITION 1.2. A group G is proper NF -group if �(G) �= {1}, but �(N ) = {1} for
all proper normal subgroups N of G.

2. Preliminary results. In this section, some general results concerning proper
NF -groups are given.

LEMMA 2.1. Let G be a proper NF -group. Then
(i) G is direct product indecomposable;

(ii) all nilpotent proper normal subgroups of G are elementary abelian. In
particular, �(G) is elementary abelian;

(iii) the Fitting subgroup F(G ) exists nontrivially in G. Furthermore, if F(G) �= G,
then F(G ) is elementary abelian.

Proof. To prove (i), suppose G = N1 × N2, where N1 �= {1} and N2 �= {1}. Since N1

and N2 are both proper normal subgroups in G, �(N1) = �(N2) = {1}. This implies
that �(G) ={1}, a contradiction.

To prove (ii), let N be a nilpotent proper normal subgroup of G. Since �(N) = {1},
N must be elementary abelian.

The first part of statement (iii) follows from the fact that �(G) is nilpotent and
exists nontrivially in G. If F(G) �= G, the second part follows from (ii). �

THEOREM 2.2. Let G be a nonabelian proper NF -group. Then Z(G) ≤�(G).

Proof. By Lemma 2.1(ii), Z(G) is elementary abelian. Assume there is an element
x ∈ Z(G)\�(G). Then 〈x〉 ∩ �(G) ={1}, where 〈x〉 is an abelian normal subgroup of G.
Thus, by 5.4.10 of [2], G = [〈x〉]H = 〈x〉× H for some H < G. This is a contradiction
by Lemma 2.1(i).

Therefore Z(G) ≤�(G). �

3. Main results. In this section, results are obtained concerning the structure of
certain classes of proper NF -groups. The classification of minimal non-elementary
groups is presented as a corollary to Theorem 3.2.

PROPOSITION 3.1. A minimal non-elementary group is a p-group, for some prime p.

Proof. Let G be a minimal non-elementary group. Suppose that G has two or more
Sylow subgroups. Then each Sylow subgroup is a proper subgroup of G and must
have a trivial Frattini subgroup. By Theorem 2.3 in [1], this implies that �(G) ={1}, a
contradiction. Thus G is a p-group. �

THEOREM 3.2. A nilpotent group G is a proper NF -group if and only if G is cyclic
of order p2, p any prime, or a nonabelian elementary p-group of order p3, p an odd prime.

Proof. Suppose G is a nilpotent proper NF -group. Then G is a p-group by
Lemma 2.1(i).

If G is abelian, then again by Lemma 2.1(i), G is cyclic. Thus G = 〈a〉, where
|a| = pα, and by Lemma 2.1(ii), �(G) is elementary abelian. Since �(G) �= {1}, α = 2
and G is cyclic of order p2.
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If G is not abelian, then |G| = pα, with α ≥ 3, and Z(G) ≤�(G) by Theorem 2.2.
For any element y ∈ G, the subgroup �(G)〈y〉 is proper in G since G is not abelian, and
normal in G since G′ ≤ �(G). Thus �(G)〈y〉 is elementary abelian by Lemma 2.1(ii).
Therefore G is of exponent p, with p odd, and �(G) is contained in Z(G). Hence
G′ = �(G) = Z(G).

Now let v and w be two non-commuting elements of G. From �(G)〈v,w〉
nonabelian, it follows that G = �(G)〈v,w〉 = 〈v,w〉; therefore |G′| = p and |G| = p3.

The converse is clear. �

COROLLARY 3.3. A group G is a minimal non-elementary group if and only if G is
cyclic of order p2, p any prime, or a nonabelian elementary p-group of order p3, p an odd
prime.

Proof. By Proposition 3.1 the result follows immediately from Theorem 3.2. �

The case for non-nilpotent supersolvable proper NF -groups is much more in-
volved. The investigation here is limited to certain types of non-nilpotent super-
solvable groups whose order is divisible by two distinct primes. First a preliminary
lemma is given.

LEMMA 3.4. Let G be a non-nilpotent supersolvable proper NF -group, let p be the
largest prime dividing the order of G and let Sp be the Sylow p-subgroup of G. Then

(i) Sp is elementary abelian;
(ii) G = [Sp]H, where H is a Hall p′-subgroup of G with �(G) < H;

(iii) G is metabelian;
(iv) Sp < F(G).

Proof. Since Sp is a proper normal subgroup of G, it is elementary abelian by
Lemma 2.1(ii).

To prove (ii), suppose that p divides |�(G)|. Then �(G) ∩ Sp = N �= {1}, where
|N| = pα, α ≥ 1. By Lemma 2.1(ii), �(G), and thus N, are elementary abelian. Since Sp

is elementary abelian, Sp splits over N. By a result due to Gaschütz (4.2.4 in [2]), G
must also split over N. This is a contradiction as N ≤�(G). Thus p does not divide
|�(G)| and �(G) is a p′-subgroup of G. Since G is solvable, �(G) is contained in a Hall
p′-subgroup H of G. As a result, G = [Sp]H, where �(G) < H.

To prove (iii), notice that G′ is nilpotent since G is supersolvable. Consequently, by
Lemma 2.1(ii), G′ is elementary abelian and G is metabelian.

Finally (iv) follows immediately from (ii). �

While not within the same context of this paper, it should be noted here that
metabelian groups with abelian Fitting subgroups have been studied by Steffen in [4]
and [5].

THEOREM 3.5. Let G be a non-nilpotent supersolvable proper NF -group of order
pαqβ , p and q primes with p > q, and having abelian Sylow q-subgroups. Let Sp be the
Sylow p-subgroup of G and Sq be a Sylow q-subgoup of G. Then G = [〈a1〉 × · · · × 〈aα〉]Sq,
where |ai| = p and 〈ai〉 normal in G for any i, �(G) < Sq, and G′ = Sp.

Proof. By Lemma 3.4, �(G) < Sq and Sp is elementary abelian, with Sp =
〈a1〉 × · · · × 〈aα〉. By 5.4.10 of [2], each 〈ai〉 is normal in G.
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Obviously G′ ≤ Sp. Since Sq is a p′-group acting on Sp, Sp = CSp (Sq) × [Sp, Sq] by
5.3.5 of [3], where [Sp, Sq] = G′ and CSp (Sq) = Z(G) ∩ Sp (see also 8.3.6 of [2]). Since
Z(G) ≤�(G), by Theorem 2.2, Z(G) ∩ Sp = {1} and G′ = Sp. �

COROLLARY 3.6. Let G be a non-nilpotent supersolvable proper NF -group of
order pαqβ , p and q primes with p > q, and having cyclic Sylow q-subgroups. Let Sp

be the Sylow p-subgroup of G and Sq = 〈x〉 be a Sylow q-subgroup of G. Then G =
[〈a1〉 × · · · × 〈aα〉]〈x〉, where β = 2, |ai| = p and 〈ai〉 normal in G for any i, �(G) =
Z(G) =〈xq〉, and G′ = Sp.

Proof. By Theorem 3.5, �(G) < 〈x〉, Sp is elementary abelian where Sp =
〈a1〉 × · · · × 〈aα〉 with each 〈ai〉 is normal in G, and G′ = Sp. Moreover �(G) �= {1}
implies β ≥ 2 and xqβ−1 ∈ �(G). Thus Sp〈xqβ−1〉= Sp × 〈xqβ−1〉≤ F(G).

Suppose that β ≥ 3 and consider the proper normal subgroup N = [Sp]〈xq〉 of
G. Since xqβ−1

is in the center of N, xqβ−1
is in each maximal subgroup of N. This

contradiction implies that β = 2. Consequently �(G) = Z(G) =〈x〉. �
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