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Abstract

Let & be a special parahoric group scheme of twisted type over the ring of formal power series over C, excluding
the absolutely special case of Ag?. Using the methods and results of Zhu, we prove a duality theorem for general
Z: there is a duality between the level one twisted affine Demazure modules and the function rings of certain torus
fixed point subschemes in affine Schubert varieties for €. Along the way, we also establish the duality theorem for
E¢. As a consequence, we determine the smooth locus of any affine Schubert variety in the affine Grassmannian of

& . In particular, this confirms a conjecture of Haines and Richarz.
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1. Introduction

Let G be an almost simple algebraic group over C and let Grg be the affine Grassmannian of G. The
geometry of the affine Grassmannian is related to integral highest weight representations of Kac-Moody
algebras via the affine Borel-Weil theorem. Similarly, the geometry of affine Schubert varieties are
closely related to affine Demazure modules.

Let T be a maximal torus in G and let X, (T')* be the set of dominant coweights. For any A € X..(T)",

let ﬁé be the associated affine Schubert variety in Grg, which is the closure of the G (O)-orbit Gré,
where O = C[[t]]. Evens-Mirkovi¢ [EM] and Malkin-Ostrik-Vybornov [MOV] proved that the smooth

locus of @é is exactly the open Schubert cell Gr’é. Zhu [Zh1] proved that there is a duality between the
affine Demazure modules and the coordinate ring of the T-fixed point subschemes of affine Schubert
varieties when G is of type A and D, and in many cases of the exceptional types Eg, E7 and Eg. As a

consequence, this gives another approach to determine the smooth locus of @é for type A, D and many
cases of type E.

In this paper, we study a connection between the geometry of twisted affine Schubert varieties and
twisted affine Demazure modules. Following the method of Zhu in [Zh1], we will use the weight
multiplicities of twisted affine Demazure modules to determine the smooth locus of twisted affine
Schubert varieties.

Let G be an almost simple algebraic group of simply-laced or adjoint type with the action of a
‘standard’ automorphism o of order m, defined in Section 2.1. When G is not of type Ay, o is just
a diagram automorphism. Assume that o acts on O by rotation of order m. Let & be the o-fixed
point subgroup scheme of the Weil restriction group Resy,5(Go), where O = C[[t"]]. Then &
is a special parahoric group scheme over O in the sense of Bruhat-Tits. One may define the affine
Grassmannian Grg of &. Following [PR, Zh2], we will call it a twisted affine Grassmannian. For any
A the image of a dominant coweight A in the set X,.(T), of o-coinvariants of X, (7T), the twisted affine

Grassmannian Grg and twisted affine Schubert varieties @; share many similar properties with the
usual affine Grassmannian Grs and affine Schubert varieties. For instance, a version of the geometric
Satake isomorphism for & was proved by Zhu in [Zh3].

In the literature, special parahoric group schemes are parametrized by special vertices on local
Dynkin diagrams. In this paper, our approach is more Kac-Moody theoretic. For this reason, we use the
terminology of affine Dynkin diagrams instead of local Dynkin diagrams. Following [HR], there are
two special parahoric group schemes for A;) , and in this case, the parahoric group scheme & that we
consider is special but not absolutely special. We prove Theorem 4.5 in Section 4, which asserts the
following.

Theorem 1.1. For any special parahoric group scheme € induced from a standard automorphism o,

the following restriction is an isomorphism:

H'(Gry. ) — H((Gry)"" . 2| ).

@7
where Z is the level one line bundle on Grg, T is the o-fixed point subgroup of a o-stable maximal
torus T in G and (G_r;)TG is the T'7 -fixed point subsheme ofﬁé.
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The above theorem can not be extended to the absolutely special parahoric group scheme of type
Ag,), as there is no level one line bundle on Grg (cf. [Zh2]). This theorem extends Zhu’s duality to

the twisted setting. The dual Ho(ﬁé, Z)V is a twisted affine Demazure module; see Theorem 3.10.
Hence, Theorem 1.1 is a duality between twisted affine Demazure modules and the coordinate rings
of the 77 -fixed point subschemes of twisted affine Schubert varieties. One of the motivations of the
work of Zhu [Zh1] is to give a geometric realization of Frenkel-Kac vertex operator construction for
untwisted simply-laced affine Lie algebras. The analogue of Frenkel-Kac construction for twisted affine
Lie algebras also exists in literature; see [BT, FLM]. In fact, our Theorem 1.1 implies a geometric
Frenkel-Kac isomorphism; see Theorem 4.9.

As a consequence of Theorem 1.1, we obtain Theorem 4.10 and Theorem 4.11, which asserts the
following.

Theorem 1.2.

1. If @ is not of type Ag,) , then for any 1 € X.(T)s, the smooth locus of the twisted affine Schubert

—A -
variety Grg, is exactly the open cell Gr%.

(2)

5 » then for any A € X.(T), the smooth locus of

2. If @ is special but not absolutely special of type A

—A = -
the twisted affine Schubert variety Grg, is the union of Gré and possibly some other cells Grg, which
are completely determined in Theorem 4.11.

When & is absolutely special of type Ag,), our method is not applicable, as there is no level one line

bundle on the affine Grassmannian of &. Nevertheless, Richarz already proved in his Diploma [Ri2] that
in this case, the smooth locus of any twisted affine Schubert variety is the open cell; see Remark 4.12.
Thus, our Theorem 1.2 confirms a conjecture of Haines-Richarz [HR, Conjecture 5.4]. Beyond that,
we also completely determine the smooth locus of twisted affine Schubert varieties for special but not
absolutely special parahoric group scheme & of type Aé?. Richarz studied the twisted affine Schubert
varieties in [Ri2] and determined their smooth loci in the case of absolutely special group schemes of
type Aé?) and the special parahoric group scheme of type Aé?_l. It is also worthwhile to mention that
the smooth locus of the quasi-minuscule Schubert variety for Df) is determined by Haines-Richarz
in [HR] by rather lengthy computations. In fact, one can define special parahoric group schemes over

any base field k of any characteristic, and the twisted Schubert variety E; over the field k. By the
works [HLR, HR, Lo], Theorem 1.2 remains true for normal twisted Schubert varieties over any field k
(Schubert varieties are always normal if the characteristic is not bad).

To prove Theorem 1.1, one ingredient is Theorem 4.2 in Section 4, which asserts that the 77 -fixed
point ind-subscheme (Grg)TU is isomorphic to the affine Grassmannian Grg, where  is the o-fixed
point subscheme of the Weil restriction group Resy 5 (To).

Let 7 : P! — P! be the map given by ¢ — ™, where P! is a copy of P'. Another main ingredient of the
proof of Theorem 1.1 is the construction of the level one line bundle £ on the moduli stack Bung of G-
torsors, where G is the parahoric Bruhat-Tits group scheme obtained as the o--fixed subgroup scheme of
the Weil restriction group Respi 1 (Gp1) with G being simply-connected. This is achieved in Section 3.
It is known that the level one line bundle on Bung does not necessarily exist for an arbitary parahoric
Bruhat-Tits group scheme G over a smooth projective curve — for example when G is of type Ay¢; cf.
[He, Remark 19 (4)] [Zh2, Proposition 4.1]. In Theorem 3.13, when o is standard, we prove that there
exists a level one line bundle £ on the moduli stack Bung of G-torsors. Following the method of Sorger
in [So], we use the nonvanishing of twisted conformal blocks to construct this line bundle on Bung,
where the general theory of twisted conformal blocks was recently developed by Hong-Kumar in [HK].

By the work of Zhu in [Zh2], for each dominant coweight A, one can construct a global Schubert

—2 —
variety Grg, which is flat over P'. The fiber over the origin is the twisted affine Schubert variety Grg,

—
and the fiber over a generic point is isomorphic to the usual affine Schubert variety Gr;. With the level
one line bundle on Bung when G is simply-connected, we can construct the level one line bundle on
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the global affine Schubert variety G_rg for G being either simply-connected or adjoint. The main idea of
this paper is that our duality theorem for twisted affine Schubert varieties can follow from Zhu’s duality
theorem for usual affine Schubert varieties via the level one line bundle on the global affine Schubert
variety @é

The proof of Theorem 1.1 relies on the duality theorem of Zhu in the untwisted case. However,
Zhu only established the duality in the case of type A, D and some cases of type Eg, E7.Eg. To fully
establish Theorem 1.1, we need to prove the duality theorem for E¢ in the untwisted setting. In the case
of Eg, the duality has been established by Zhu when A is the fundamental coweight @1, @», d3, @5, Wg
(Bourbaki labelling), and Zhu also showed that the duality theorem will hold in general if the duality
also holds for @4, which is the most difficult case. In Section 5, we establish the duality theorem for @4.
This completes the duality theorem for Eg in general. One of the main techniques is a version of Levi
reduction lemma (due to Zhu) in Lemma 5.2. In addition, we crucially use the Heisenberg algebra action
on the basic representation of affine Lie algebra, and the Weyl group representations in weight zero
spaces. To make Levi reduction lemma work for the w,-weight space of the irreducible representation
V(ws), we use the idea of “numbers game” by Proctor [Pro] and Mozes [Mo] which was originally
used to study minuscule representations. Finally, another key step is Proposition 5.8, which is verified
by Travis Scrimshaw using SAGEMATH [Sag], see Appendix A.

We should also mention another application of the duality theorem for simply-laced simple algebraic
groups. In [KTWWY], the duality theorem is crucially used for the proof of Hikita conjecture for the
transversal slices of affine Grassmannians.

After our work first appeared in arXiv:2010.11357, Pappas-Zhou [PZ] gave a different proof of the
Haines-Richarz conjecture for absolutely special parahoric subgroups.

2. Main definitions

Let G be an almost simple algebraic group over C of adjoint or simply-connected type. We choose a
maximal torus and Borel subgroup T C B ¢ G. We denote by X*(T) the lattice of weights of 7, and by
X.(T) the lattice of coweights. Their natural pairing is denoted by (, ). Let @ denote the set of roots of
G, and denote by ®* the set of positive roots of G with respect to B. Let & denote the set of coroots,
s0 (®, X*(T), d, X.(T)) is a root datum for G, and write W for the Weyl group of G. Let Q denote the
root lattice of G, and Q the coroot lattice.

We follow the Bourbaki labelling of the vertices of the Dynkin diagram in [Bo]. We denote by
{a;|i € I} (respectively {¢; | i € I} the set of simple roots in @ (respectively coroots in ®), where /
is the set of vertices of the associated Dynkin diagram of G. Let {w; | i € I} be the set of fundamental
weights of G, and let {&); |i € I} be the set of fundamental coweights of G. We also choose a pinning
{Xa,,Ya, | i € I} of G with respect to B and T.

Let g,b,h denote the Lie algebras of G, B, T respectively. Let {e;, f;|i € I} denote the set of
Chevalley generators associated to the pinning {x,, Y, | € I}. Let eg (resp. fy) be the highest (resp.
lowest) root vector in g, such that [eg, fg] is the coroot 8¥ of 6.

2.1. Standard automorphisms

Let o be an automorphism of order m on G preserving B and T. Let 7 be a diagram automorphism
preserving B, T and a pinning {x,,, Y, |7 € I}. Let r be the order of 7.

When g is not Ay, we take o to be 7. When g is Ay¢, by [Ka, Theorem 8.6], there exists a unique
automorphism o of order m = 4 such that

o(e)) =eruy, ifi#l,{+1;
o(e;) =iery, ifie{l,f+1} 2.1
o (fe) = fe,
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where i is a square root of —1. One can check that

o(f) = frw, i+l 0+1;
o(f;) = —ifew, ifie{t,€+1};. (2.2)
o(eg) =eq

In fact, o = 7 o i", where h € b such that

(k) = 0, ifizl,0+1
ST, ifis=e e+t

This automorphism induces a unique automorphism on G. We still call it o.

We call these automorphisms on G or g ‘standard’, as the fixed point Lie subalgebra g is the standard
finite part of the associated twisted affine Lie algebra L(g, o) (cf. Section 3.1) in the sense of Kac [Ka,
§6.3]. From o, we will construct a twisted affine Grassmannian and a line bundle of level one on it.
There will be no level one line bundle on the twisted affine Grassmannian associated to 7 on G of type
Aje. Throughout this paper, we will only consider standard automorphisms.

The following table describe the fixed point Lie algebras for all standard automorphisms:

(a,m)|(A2¢-1,2) [ (A2¢,4) | (De41,2) | (D4, 3) | (Eg,2)
e Ce Ce By G> Fqs |

(2.3)

where by convention, C| is Aj and £ > 3 for Dy.;. When (g, m) # (A3, 4), the fixed point Lie algebra
g7 is well known as listed in the above table. When (g, m) = (Az¢, 4), the fixed Lie algebra g7 is of
type C¢, which can follow from the twisted Kac-Moody theory; cf. [Ka, §6.3, §8.4].

Recall that we follow the Bourbaki labelling of the vertices of the Dynkin diagram. Set

,3,' = ailb"’ fori = 1,2, R ,f, if (g, m) = (Azg_l,z), or (D[+1,2)

B =ailye, B2 =azlye, if (g,m) = (D4, 3)

B1 = aalye, B2 = aalyer, B3 = azlye, fa = ailye,  if (8,m) = (Es,2)

Bi = ailye, fori=1,2,--- €= 1;8¢ = (ar + ags1) lye = 2a¢ly, if(g, m) = (Aze, 4).

(2.4)

Let /- be the set of all subscript indices of ;. Then for each case, the set { 8; | j € I } gives rise to
the set of simple roots of g“. One can see easily that this labelling will coincide with Bourbaki labelling
for nonsimply-laced types Dynkin diagrams.

We now define amap i : I — I,. When (g, m) # (A, 4), 7 is defined such that 3,,(;) = @; |y for
any i € I. When (g, m) = (Aye,4), set

n(i) =n(26+1—i) =i, forany | <i <.

Let { 8 | j € 15} be the set of simple coroots of 7. We can describe B ; as follows:

Bi= ) (2.5)

ien~1(j)

The description of 3 ; also appears in [Ha, Section 3] in a slightly different setting.
Let {1;|j € I, } be the set of fundamental weights of g, and let {/ij | j € I} be the set of
fundamental coweights of g . The fundamental weights can be described as follows:

Aj = wilpe, for some i with n(i) = ;. (2.6)
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In the case of fundamental coweights, we need to describe them separately. When (g, m) # (Aze,4),

i = Z & 2.7

ien~(j)

When (g, m) = (Ays,4), we have

5 _{Lbj-l-av)zml—j’ j=EL2 -1 2.8)

Jj = v v .
$(@e + Der), j=t

2.2. Affine Grassmannian of special parahoric group schemes

Let /C denote the field of formal Laurent series in ¢ with coefficients in C. Let O denote the ring of formal
power series in ¢ with coefficients in C. By abuse of notation, we still use o to denote the automorphism
of order m on K and O such that o acts on C trivially, and o-(¢) = €”'¢, where € = e . Set K = K
and O = O7. Then K = C((7)) and O = C[[7]], where f = ™.

Let & be the smooth group scheme Resy,5(Go)? over O, which represents the following group
functor

R G(O®p R)?, forany O — algebra R,

where the G(O ®45 R) denotes the group of o-equivariant morphisms from Spec (O ®5 R) to G, where
o acts on O as above and acts on G as a standard automorphism defined in Section 2.1. Then, ¥ is a
special parahoric group scheme in the sense of Bruhat-Tits, as we choose o to be standard. In fact, up to
isomorphism, this construction exhausts all special parahoric subgroups in &€ (K) when & is not of type
Ag,), and special but not absolutely special for A;? in the sense of [HR, §5], as in this case the special
fiber of & has a quotient isomorphic to Sp,,.

Remark 2.1. When G is of type Ay, the parahoric group scheme & = Resp,5(Go)” is absolutely

special of type Ag,), where T acts on G by a nontrivial diagram automorphism and acts on O by ¢ — —f.

But we will not consider this case, except in Remark 4.12.

We can similarly define the smooth group scheme I~ := Res,5(To)“, which has connected fibers
(cf. [BrT, Lemma 4.4.16, Lemma 4.4.8]). Note that, for general almost simple algebraic group G, we can
still define & and 7, but we need to take the neutral components of Res,,5(Go) and Resp 5 (To) 7,
respectively. For convenience, throughout this paper, we only work with G being adjoint or simply-
connected.

Let L*% denote the jet group and LE be the loop group of & over C; that is, for all C-algebras R, we
set L*E(R) = €(R][[t]]) and LZ(R) = €(R((t))). We denote by Gre the affine Grassmannian of &,
which is defined as the fppf quotient L /L*Z. In particular, we have

Grg(C) = G(K)7/G(O)7.

It is known that Grg is a projective ind-variety; cf. [PR, Theorem 1.4]. Following [PR, Zh2], we
will call it a twisted affine Grassmannian of €. We can also attach the twisted affine Grassmannian
Grg := LI /L*TJ of T . This is a highly non-reduced ind-scheme. Moreover,

Grg (C) =T(K)7/T(O)7.
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For any A € X, (T), we can naturally attach an element t* € T(K). We now define the norm nt € T(K)”
of t4,

m—1
nti= [ [ ol () = X0 TR ), 2.9)
i=0

There exists a natural bijection
T(K)/T(O)7 = X(T)e» (2.10)

where X, (T) denotes the set of o-coinvariants in X, (7). Any A € X, (T), corresponds to the coset
n*T(O)7, where A is a representative of 1. By Theorem [PR, Theorem 0.1], the components of Grg
can be parametrized by elements in 71 (G),-, where 7 (G) =~ X.(T)/Q, and (X.(T)/Q). is the the set
of coinvariants of o in X, (T)/Q.

When G is of adjoint type, we describe (X, (T)/Q), in the following table.

(G,m) |(A2-1,2)| (A2,4) |(D241,2)| (D2¢,2) (D4,3)  |(Eg,2)
X.(T)/0 | Zj20Z |Z]2l+)Z| ZJ4Z |Z)2ZxXZ2Z|Z)2ZxZ2Z[ Z/3Z|.  (2.11)
X.(1)/0)g| Z2Z 0 Z/2Z Z/2Z 0 0

2.3. Twisted affine Schubert varieties

Let e be the base point in Grg(C). For any A € X.(T), let e denote the point ntey € Grg(C). The
point e; only depends on A € X.(T).. Let X, (T)}. denote the set of images of X.(T)* in X.(T), via
the projection X,.(T) — X.(T)o. Then, we have the following Cartan decomposition for Gre (cf. [Ril,
Proposition 2.8]):

Grg(C) = U 6ri, 2.12)
AeX.(T)E

) __ 3 )
where Gr’é := G(O)7 e3. The Schubert variety Gre, is defined to be the reduced closure of Gr’é in Gre.
Moreover,

dimGroy = 2(1, p),

where p is the sum of all fundamental weights of g. It is easy to see that the dimension is independent
of the choice of A.

_ _ - — _
For any A, i € X.(T)}, we write fi < 1if Grl, C Grg. Forany i € I, let &; denote the image of &; in
X.(T)y.Forany j € I, set

yj =&, if j=n0). (2.13)

It is clear that y; is well defined.
The following lemma follows from [Ril, Corollary 2.10].

Lemma 2.2. ji < A if and only if A — ji is a nonnegative integral linear combination of { yili€ls}

By the ramified geometric correspondence [Zh3, §1], the set X.(T), can be realized as the weight
lattice of the reductive group H := (G)7, where G is the Langlands dual group of G and 7 is a diagram
automorphism on G corresponding to the one on G, and {y; | j € I, } is the set of simple roots for H.
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Moreover, X, (T)?}. is the set of dominant weights of H, and the partial order < is exactly the standard
partial order for dominant weights of H.

We now assume G is of adjoint type. From the perspective of the geometric Satake, we can determine
the minimal elements in X, (T)}., in other words the minimal Schubert variety in each connected com-
ponent of Grg. From the table (2.11), we see that when (G, m) = (Ays-1,2), Grg has two components,

where Gr;’ ! is the minimal Schubert variety in the non-neutral component, since ; gives the minuscule

dominant weight of H =~ Sp,,. When (G, m) = (D¢.1,2), Grg also has two components and Gr? is the

minimal Schubert variety in the non-neutral component, since &, is the minuscule dominant weight of
H = Spin,, ;. Otherwise, Grg has only one component. In fact, when (G, m) = (Az,4), H =~ SOz¢41,
in which case the lattice X, (T, concides with the root lattice of H.

Let S denote the following set:

{0} if (G,r) # (A2¢-1,2), (D¢41,2)
S=1{0,0} if (G,r) =(Az-1,2) . (2.14)
{O’J)[} lf(G,I") = (Df+l’2)

For any k € S, let Grg_, be the component of Grg containing the Schubert variety Gré, or equivalently
containing the point eg. Then,

Grg = Ues Gry « -

2.4. Global affine Grassmannian of parahoric Bruhat-Tits group schemes

Let C be a complex projective line P! with a coordinate ¢, and with the action of o such that # > ez. Let
C be the quotient curve C /o, and let 7 : C — C be the projection map. Then C is also isomorphic to
P'. LetG = Resc /e (G X C)7 be the group scheme over C, which is the o-fixed point subgroup scheme
of the Weil restriction Resc,(G X C) of the constant group scheme G x C from C to C. Then, G is
a parahoric Bruhat-Tits group scheme over C in the sense of Heinloth [He, §1]. Let o (resp.) be the
origin of C (resp.C' ), and let oo (resp. o) be the infinite point in C (resp. 0).

The group scheme G has the following properties:

1. Forany y € C, if y # 6, %, the fiber G |, over y is isomorphic to G; the restriction Gy to the formal
disc Dy, around y is isomorphic to the constant group scheme Gp, over D,

2. When y = 6 or & in C, g|y has a reductive quotient G ; the restriction G, to D, is isomorphic to
the parahoric group scheme &.

Similarly, we can define the parahoric Bruhat-Tits group scheme 7 := Resc,&(T X C)7.

Given an R-point p € C(R), we denote by I', C Cr the graph of p where Cgr := C x Spec(R), and
denote by fp the formal completion of Cg along I',, and let f; be the punctured formal completion
along T'),. Let /7 be the image of p in C. We similarly define Cg, I'5, I'5 and I'.

For any C-algebra R, we define

p € C(R)
Grg.c(R) := { (p.P,pB)| P aG-torsor on C , (2.15)
ﬁ : PlCR\F[) = P|CR\F]3
where P is the trivial G-bundle.

The functor Grg ¢ is represented by an ind-scheme which is ind-proper over C. We call it the global
affine Grassmannian Grg,c of G over C.
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For any p # 0,00 € C, the fiber Grg ,, := Grg c |, is isomorphic to the usual affine Grassmannian
Grg, and the fiber Grg , over p = 0, o0 is isomorphic to the twisted affine Grassmannian Greg of the
parahoric group scheme &.

Remark 2.3. One can define the global affine Grassmannian Grg over C; see [Zh2, Section _3.1]. The
global affine Grassmannian defined above is actually the base change of Grg along 7 : C — C.

We can also define the jet group scheme LG over C as follows,

C(R
P € C(R) } (2.16)

y is a trivialization of the trivial G-torsor on C along f‘f,

LEG(R) = {(p, Y)

Again, LL.G is the base change of the usual jet group scheme L*G of G along 7 : C — C. For any
p # 0,00 € C, the fiber LLG|), is isomorphic to the jet group scheme L*G of G, and the fiber LL.G|),
over p = 0, is isomorphic to jet group scheme L*Z.

We have a left action of L{.G on Grg ¢ given by

((p.y), (p.P.B)) = (p. P, B), (2.17)

where P’ is obtained by choosing a trivialization of P along I’ 5 and then composing this trivialization
with y and regluing with §.
We also can define the global loop group LcG of G over C,

p€C(R) }

- R 2.18
v is a trivialization of the trivial G-torsor on C along 1“; (2-13)

ch(R) = {(p’ 7)

Then Grg c is isomorphic to the fppf quotient Lc&/Ly.&. We can also define LL7T and LcT
similarly. Then,

Tx if p # 0,
LCT'pZ{g” ifpzo’oo s

where K, is the field of formal Laurant series of C at p.

2.5. Global Schubert varieties

For each p € C, we can attach a lattice X..(T),,

X.(T) ifp+#o0,0

X*(T)p:{X*(T)(,— ifp=o.co

By [Zh2, Proposition 3.4], for any A € X, (T), there exists a section st:C — LT, such that for any
p € C, the image of s*(p) in X.(T)p is given by

1e X (T) ifp+#o,00
1€ X, (T, ifp=o0,0

This naturally gives rise to C-points in Gry ¢ and Grg ¢, which will still be denoted by s*. Following

[Zh2, Definition 3.1], for each A € X,.(T), we define the global Schubert variety G_r/glyc to be the minimal
LE G-stable irreducible closed subvariety of Grg, ¢ that contains s, Then, [Zh2, Theorem 3] asserts the
following.
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Theorem 2.4. The global Schubert variety E/g],c is flat over C, and for any p € C, the fiber G_r/gl p IS
reduced and

—
— Grs ifp#o0,
Grg’p = 3 .

A
Gry ifp=o.00

3. Construction of level one line bundle on Bung

In this section, we keep the assumption that G is of adjoint type with the action of a standard automor-
phism o.

3.1. Borel-Weil-Bott theorem on Grg

Let L(g,0) := g(K)” @ CK be the twisted affine algebra as a central extension of the twisted loop
algebra g(K)“ with the canonical center K, whose Lie bracket is defined as follows:

[x[f]+ 2K, " [f'] +2'K] = [x,x'][f f'] + m™'Res,=o ((df) ') (x, 2K, (3.1

for x[ f],x"[f'] € a(K)? where x,x” € g, f,f’ € K, and z,z’ € C, and where Res;—( denotes the
coeflicient of r~1d¢, and (,) is the normalized Killing form on g (i.e., (é, é) =2).

We use P(o, ¢) to denote the set of highest weights of g which parametrizes the integrable highest
weight modules of L(g, o) of level ¢; see [HK, Section 2]. For each A € P(c, ¢), we denote by %, (1)
the associated integrable highest weight module of L(g, o).

Recall that {1; |i € I} is the set of fundamental weights of g“, where we follow the labellings in
(2.4). Also, { B |i € I, } is the set of simple coroots of g7 .

Lemma 3.1. For a standard automorphism o, we have

{0} if (g,m) # (Aze-1,2), (Des1,2)
P(o,1) =1{0,4:} if (g,m) = (Aze-1,2)
{Os /l(’} lf(g’m) = (D€+1’2)

Proof. We first consider the case when (g, m) # (Az¢,4). We can read from [HK, Lemma 2.1], for any
1€ (h?)Y, 1 € P(o,1) if and only if

(LBiy €Zso foranyi€ I,

and (4, éo> < 1, where 6 is the highest short root of g and 6o is the coroot of 8y, and hence, & is the
highest coroot of g“ . In this case, 4 € P(o, 1) if and only if 2 = 0 or a minuscule dominant weight of
g? (cf. [BH, Lemma 2.13]). Following the labellings in [Ka, Table Fin, p53], when g is of type C¢,
Ay is the only minuscule weight; when g is of type By, A, is the only minuscule weight. Any other
nonsimply-laced Lie algebra has no minuscule weight. This finishes the argument of the lemma when
(g,m) # (A2, 4).

Now, we assume that (g, m) = (Ay¢, 4). In this case, it is more convenient to choose a different set of
simple roots for g rather than the one described in (2.4). Namely, we can choose

{ailbf’ |i= 1,2,---,€— 1}U{—9|ba-}

as a set of simple roots of g“. With this set of simple roots, we can also read from [HK, Lemma 2.1],
forany 2 € (h?)Y, 1 € P(o, 1) if and only if 2 = 0. m]

Remark 3.2. It is not true that O € P(o, 1) for any automorphism o. For example, 0 ¢ P(t, 1), when
g = Ay and 7 is a diagram automorphism; instead, 0 € P(t,2).
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We define the following map:
L1 X(T) = (57)", (3.2)

such that for any 4 € X.(T), «(1)(h) = (4, h), where we regard A as an element in § and (,) is
the normalized Killing form on §. It is clear that ((0) = 0. This map naturally descends to a map
X.(T); — (§7)V. By abuse of notation, we still call it ¢.

Recall some terminology introduced in Section 2.1. I, is the set parametrizing simple roots of g,
and we also defined a map 5 : I — I,-. The set {1 j|Jj € 15} is the set of fundamental coweights of
g7, and {4; | j € 15} is the set of fundamental weights of . We also recall that ¢; is a simple coroot
of g for each i € I, and y; is the image of &; in X, (7). The following lemma already appears in [Ha,
Lemma 3.2] in a slighly different setting.

Lemma 3.3. Forany j € I, we have

(y7) = Bj. if(g.m) # (Az,4), or,(g,m) = (A, 4) and j # ¢
! %ﬂf’ if (g,m) = (Azp,4)and j =¢€

Proof. By the definition of ¢, forany y; = &; with j = (i), and k € I, we have the following equalities:
(A, v)) = Qi (@) = (i, &) = (i, @)

Then, this lemma readily follows from the description of fundamental coweights of g in (2.7) and
(2.9). O

Recall the set S defined in (2.14).

Lemma 3.4. For any i € I, we have 1((&;) = A; ;). As a consequence, 1 maps X.(T)}. bijectively into
the set of dominant weights of §°. Furthermore, t maps S bijectively into P(o, 1).

Proof. Foranyi € [ and j € I, we have
@), By = (@0, B)) = (@i ). Fa) = 0yiiy s
aen~1(i)

Hence, ((&;) = ;(;)-
In view of Lemma 3.1, ¢ maps S bijectively into P(c, 1). O

Remark 3.5. In view of Lemma 3.3 and Lemma 3.4, when (G, m) # (Ay¢,4), the root systems of g7
and H := (G)7 can be naturally identified, where H is discussed in Section 2.3. Namely, { &; |i € I}
is a set of fundamental weights of H corresponding to {4; | j € I} of g7, and the set of simple roots
{vjlj€ls}correspondsto {B;|jel,}of g7.

For any g € G(K)7, we can define a Lie algebra automorphism
— 1 _
Adg (x[f1) = Adg (x[f]) + —Res;o(g™'dg, x[DK, (33)
for any x[ f] € g(K)“, where (,) is the normalized Killing form on g. By Lemma 3.4, «(x) € P(o, 1)
for any « € S. Thus, ct(x) € P(o,c) for any level ¢ > 1.

Set

K = ®resI(ct(k)). (3.4)
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Let g := g ® K & CK’ ® Cd’ be the untwisted Kac-Moody algebra associated to g, where K’ is the
canonical center and d’ is the scaling element. We may define an automorphism o~ on § as follows:

cxlfOD =c@f(eN], o(K)=K' od)=4d,

for any x[f] €e g ® Ig Then the fixed point Lie algebra §¢ is exactly the twisted Kac-Moody alegbra
L(g,0) containing L(g,0) as the derived algebra. Following from [Ka, Theorem 8.7,§8], in this
realization, the canonical center K in L(g, o) is equal to mK’, and the scaling element d in § is equal to
d’ when g7 is not Aéf,), and d = 2d’ when §7 = Aéf,).

For any g € G(K), one can define an automorphism @g on g as in [Ku, Section 13.2.3]. From
the formula loc.cit, it is clear that if g € G(K)“, then //%?ig commutes with . In particular, it follows
tpat ;‘Iig restricts to an automorphism on L(g, o). One may observe easily that, restricting further to
L(g, 0), this is exactly the automorphism defined in (3.3). A

By demanding that d - v, = O for each « € S, the action L(g, o) on  extends uniquely to an action
of L(g,0).

Lemma 3.6. For any g € G(K)?, there exists an intertwining operator pg : #, = . such that

pg(X[f1-v) = Adg (x[f]) - pg(v), (3.5)
Jorany x[ f] € ¢(K)? and v € . In particular, for any k € S,
Ady-« (7.(0)) = Z(cu(k)), and Ady—+(Z.(ct(x))) = Z.(0). (3.6)

Proof. Let G’ be the simply-connected cover of G, and let p : G'(K)? — G(K)7 be the induced map.
Then,

G(K)7 = Ukesn™ G’ (K)7, (3.7

where G'(K)? = p(G’(K)7). By twisted analogue of Faltings Lemma (cf. [HK, Proposition 10.2]),
for any element g € G’(K)7, there exists an operator p, which maps . (ct(«)) to % (ct(«)) with the
desired property (3.5), for any « € S. By decomposition (3.7), it suffices to show that, for nonzero «,
n~* satisfies property (3.6).

Assume « # 0 in S. From the table (2.11), the group (X.(T)/Q). is at most of order 2. Therefore,
n=2 € G'(K)?. For each %, (ct(k)), we denote the action by 7. , : L(g,0) — End(Z.(ct(x))). Then
the property (3.5) for n~2¢ is equivalent to the existence of an isomorphism of representations,

Pt (He(eL()), e k) = (He(eL(K)), e © Adya). (3.8)

Let v, be the highest weight vector in %, (ct(k)). Then v, is of h7-weight ci(x). We regard f; as
elements in h“. By formula (3.3),

Ad,< (i) = Bi = (i, Bi)e = Bi = (u(x), Bi)e.
Hence, v, is of h7-weight 0 and a highest weight vector in the representation
(F:(ct(K)), e © Adyymr).
By Schur lemma, there exists an intertwining operator poy,

pox : (Ze(0),700) = (Fe(ct(K)), Te s © Adpr). (3.9)
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We also can regard po, as the following intertwining operator
Pox  (He(0), 7.0 0 Ady) = (He (c(K)). e e © Ad,y2). (3.10)
Combining isomorphisms (3.8),(3.10), we get

P2 — (p0i)™! —
(H(CL(K))s e i) —— (T (CL(K))s T © Adp-a) s (H(0), Te9 © Adyr).

We define p,-« to be the following operator:
pres = (Poxs (P0)™ © pyae) : Ho(0) @ Ho(cu(K)) = Ho(0) @ T (cu(x)).

The map p,,-« satisfies property (3.5). O

As discussed in Section 2.2, the components of Gry are parametrized by elements in (X..(7)/0)c .
Moreover, Grg = Lces Grg, «, Where S is defined in (2.14).

Let &’ be the parahoric group scheme Resy,5(G(,)? (G’ is the simply-connected cover of G), and
let L*E’ (resp. LE’) denote the jet group scheme (resp. loop group scheme) of &’. The group LE acts
on LE’ by conjugation. Set

L*G] := Ad,—«(L*Z").
Then, L*€/ is a subgroup scheme of LE’. We have
Gre , ~ LY /L*G). 3.11)

By the twisted analogue of Faltings lemma (cf. [HK, Proposition 10.2]), there exists a group homo-
morphism L€’ — PGL(%](0)). Consider the central extension

1 — G,, — GL(#(0)) —» PGL(#,(0)) — 1. (3.12)
The pull-back of (3.12) to L€’ defines the following canonical central extension of LE":

1 > Gy— LY — LY — 1. (3.13)

It is known that LE" is a Kac-Moody group of twisted type (up to a scaling multiplicative group) in
the sense of Kumar and Mathieu; see [PR, §9f]. Let E—?\,ﬁ denote the preimage of L*%, in LE’ via the
projection map LE" — LE’. As the same proof as in [BH, Lemma 2.19], Z:?\,Q is a parabolic subgroup
in I/:?’ ; moreover,

Gry, ~ L% |[*E] (3.14)

(i.e., Grg . is a partial flag variety of the Kac-Moody group L/Z?’).

Proposition 3.7. There exists a line bundle & on Grg such that & is of level one on each component
of Gre.

Proof. We first consider the simply-connected cover G’ of G. By [HK, Theorem 10.7 (1)], there exists
a canonical splitting of LE" — L%’ in the central extension (3.12) over L*&’. We may define a line
bundle & on Grg: = Le /L’Jf_\?’ via the character L*€" := G, X L*E’ — G,, defined via the first
projection. In fact, as the argument in [LS, Lemma 4.1], this line bundle is the ample generator of
Pic(Gre) of level 1. This finishes the proof of part (1).

We now consider the case when G is of adjoint type. Since the neutral component Grg , is isomorphic
to Grg-, we get the level one line bundle on Grg , induced from the one on Grg-. For any other component
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Grg ., by (3.14), we have an isomorphism Grg , =~ Grg .. Therefore, this gives rise to the level one line
bundle on Grg 4. ]

The line bundle £ on Grg naturally has a Le’ -equivariant structure, since & admits a unique LY'-
equivariant structure on each component of Grg as a partial flag variety of LZ’.

Theorem 3.8. As representations of L(g, o), we have H(Grg, Z€)Y ~ ., where ¢ is the c-th power
of &.

Proof. By [PR, §9f], Grg can be identified with the partial flag variety of the Kac-Moody group Lg’
constructed by Kumar [Ku]. Then, affine Borel-Weil-Bott theorem for Kac-Moody group (cf. [Ku,
Theorem 8.3.11]), the theorem follows. O

Let vg be the highest weight vector in %,.. For any A € X, (T),-, we define

vi = pu(vo), (3.15)

where p,. in defined in Lemma 3.6. Then v; is independent of the choice of the representative A in
X.(T) and is well defined up to a nonzero scalar.

Lemma 3.9. The §7 -weight of the vector v y is —ct(Q).

Proof. Forany h € h“, by Lemma 3.6,
hevy=h-pua(vo) = ppr(Ad,-a(h)vo).
By the formula (3.3), we have
Ad,-(h) = h— (A, h)K.
It follows that
h-vi=—(A hycvy=—cu(d)(h)v;y.
This concludes the proof of the lemma. O

Definition 3.10. For any dominant A € X, (7)}., we define the twisted affine Demazure module D (c, 1)
as the following g[¢]“ -module,

D(c,A) :==U(g[t]7)vy.

In view of Lemma 3.9, D(c, 1) contains an irreducible representation V(—ct(1)) of g7 of lowest
weight —ct(2). The following theorem follows from [Ku, Theorem 8.2.2 (a)].

Theorem 3.11. As g[]” -modules, H(Grig, Z¢)" = D(c, D).

3.2. Construction of level one line bundles on Bung

In this subsection, we consider the parahoric Bruhat-Tits group scheme G := Res¢ (G X C)! over C
as in the setting of Section 2.4.

Let Bung be the moduli stack of G-torsors on C. It is known that Bung is a smooth Artin stack (cf.
[He, Theorem 1]). By [He, Theorem 3], the Picard group Pic(Bung) of Bung is isomorphic to Z, since
the group X*(G|y) of characters for G|y is trivial for any y € C. In this subsection, we will construct
the ample generator £ € Pic(Bung) when G is simply-connected, and we will construct a level one line
bundle on every component of Grg ¢ when G is of adjoint type.
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By Lemma 3.1, we have 0 € P(o, 1) for any standard automorphism o. Recall that 77 (0) is the
basic representation of level one associated to 0 € P(o, 1).
We now define the following space of twisted covacua of level one,

71(0)

Zc,o(0) = NTEICIE AT

(3.16)

where g[77']7 is the Lie subalgebra of L(g, o).
Lemma 3.12. The dimension of the vector space V¢ ,o(0) is 1.

Proof. Let vq be the highest weight vector in #7(0). Then
70(0) = U(( g™ ) 7) -vo = U(('a[t' D7) a[+7']) Tvo @ Cvo,

where U((t"'g[t7'])?) denotes the universal enveloping algebra of (tr~'g[t~'])“. We can write
a[t™'19 =97 @ (+ 'g[t~']). Hence,

o[t™'17 - Z1(0) = g7 - UG gl D) gl ) Tvo + U gl D) g7 ]) Tvo
= U g™ D) g7 D) v,

where the first equality holds since g - vo = 0, and the second equality holds since g normalizes
(t7'g[¢7'])“ under the Lie bracket. Therefore, dim Z¢ - (0) = 1. o

Let G’ be the simply-connected cover of G. Recall the Heinloth uniformization theorem for G :=
Resc (G’ x C)Fover the affine line C\o (cf. [He]),
Bung: = G'[+7']7\ Gry,
where Grg- denotes the affine Grassmannian of &’ := Res,5(G(,) 7, and G’ [t71]19\ Grg: denotes the
fppf quotient.
Theorem 3.13. The line bundle &£ descends to a line bundle L on Bung .

Proof. Let £ be the level one line bundle on Grg: constructed from Proposition 3.7. To show that
the line bundle & can descend to Bung/, as in the argument in [So], it suffices to show that there is
a G’[t7']“-linearization on Z. This is equivalent to the splitting of the central extension (3.13) over
G’[t7']7. We use the same argument as in [So, Proposition 3.3], since the vector space Z¢. o (0) is
nonvanishing by Lemma 3.12, the central extension (3.13) splits over G’[t™']. ]

We consider the projection map pr : Grg,c — Bung . By abuse of notation, we still denote by £ the
line bundle on Grg ¢ pulling-back from £ on Bung:.

Corollary 3.14. The restriction of the line bundle L to the fiber Grg: , is the ample generator of
Pic(Grg: ), for any p € C.

Proof. Tt follows from Theorem 3.13 and [Zh2, Proposition 4.1]. m]
The following theorem is interesting by itself but will not be used in this paper.

Theorem 3.15. There is a natural isomorphism
H°(Bung:, £) ~ Z¢.»(0)",
where V¢, (0)Y denotes the dual of V¢ (0). In particular,

dim HO(Bungr, L)=1.
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Proof. The theorem follows from the same argument as in [HK, Theorem 12.1]. O

Now, we would like to construct the line bundle £ of level one on Grg ¢, where G = Res /E (Ge)?
with G of adjoint type.

Theorem 3.16. There exists a line bundle L on Grg c such that the restriction of L to the fiber Grg ,
is the level one line bundle on Grg , for any p € C.

Proof. Set C = C\{o, o}. Then, Grg ¢ = Grgcle = Grg xC. Let M be the set consisting of 0 and

miniscule coweights of G. Then, components of Gr can be parametrized by M ~ X, (T)/Q. For each
k € M, let Grg . denote the component of Gr containing e,. Let Grg ¢« be the closure of Grg xC
in Grg,c. We call Grg c « a k-component of Grg c.

The neutral component Grg ¢ o is naturally isomorphic to Grgs (cf. [HY, Lemma 5.16]). Thus, by
Theorem 3.13, we naturally get the level one line bundle £ on the neutral component Grg ¢ . For any
k € M, let s be a C-point in Grg ¢ as defined in Section 2.5. Then, the translation by s* gives rise to
an isomorphism

Grg,c,0 = Grg,c.« -

Accordingly, the line bundle £, can be translated to the level one line bundle £, on Grg, c «. Note that
given any two elements «, k” € M such that € = «’ in (X.(T)/Q)., Grg.c., and Grg c. . share the same
component Grg ¢z of Grg at o and co. Then £, and L, agree on Gryg ¢ as they have the same levels.
Thus, {L}«em glues to be a line bundle £ on Grg ¢ whose restriction to Grg_, is of level one, for any
peC. O

4. Smooth locus of twisted affine Schubert varieties

In this section, we always assume that o is a standard automorphism on G, and G is of adjoint type.

4.1. Grg as a fixed-point ind-subscheme of Gry
‘We first recall a theorem in [Zh1, Theorem 1.3.4].

Theorem 4.1. The natural morphism Gry — Grg identifies Grr as the T-fixed point ind-subscheme
(GI‘G)T ofGrc;.

The original proof of this theorem is not correct (communicated to us by Richarz and Zhu indepen-
dently); also, see [HR2, Remark 3.5]. A correct proof can be found in [HR2, Proposition 3.4], and a
similar proof was known to Zhu earlier.

It is clear that T is a subgroup scheme of LI and LZ. Hence, there is a natural action of 77 on
Grgz. We now prove an analogue of Theorem 4.1 in the setting of special parahoric group schemes.

Theorem 4.2. The natural morphism Grg — Gry identifies Grg as the TV -fixed point ind-subscheme
(GI‘g)T(T of Grg.

Proof. Let L™~ G be the ind-group scheme represented by the following functor, for any C-algebra R,
LG (R) :=ker(eve : G(R[t"']) = G(R)),

where ev,, is the evaluation map sending #~! to 0. Let L™~% be the ind-group scheme which represents
the following functor, for any C-algebra R,

L %€(R) :=ker(eve : G(R[1'])7 — G(R)?). 4.1)

We can similarly define L™"7 and L™~ 5.
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By the similar argument as in [Zh4, Lemma 2.3.5] or [HR2, Lemma 3.1], we have an open embedding
L% — Gre “4.2)

given by g — geg, where e is the base point in Grg. Let I be the Iwahori subgroup of L*%, which is
the preimage of B via the evaluation map ev : L*¢ — G for a o-stable Borel subgroup B in G. We
have the following decomposition:

Grg = |_| lej. (4.3)

AX, (T)or
For each A € X, (T)., we choose a representative A € X,.(T). The twisted Iwahori Schubert cell
le; = n'Ad,- (e

is contained in n*L="%e(. Then by the decomposition (4.3), Uiex, 7). ntL="%ey is an open covering
of Grg. We may naturally regard Grg as an ind-subscheme of Grg. Hence, we may regard e( as the
base point in Grg . Under this convention,

U nL" T eg = U LT n'e
AeX(T)o AeX, (T)o

is an open covering of Grg . Therefore, it suffices to show that for each A € X, (7).,
(n*L"%eq)T” =~ 'L T ey.

Further, it suffices to show that (L™"€)T” ~ L™=, where the action of 7 on L™~ is by conjugation.
From the proof of [HR2, Proposition 3.4], one may see that (L~~G)”" =~ L~"T. This actually implies
that (L~~%)7” ~ L™ . Hence, this finishes the proof of the theorem. o

An immediate consequence of Theorem 4.2 is the following corollary.

Corollary 4.3. The T -fixed C-point set in Grg is {ej|d € X.(T)s}-

4.2. A duality isomorphism for twisted Schubert varieties

Let Grg be the affine Grassmannian of G, and let L be the line bundle on Grg that is of level
one on every component of Grg. For any 1 € X,.(T), let Eé denote the closure of G(O)-orbit at

L, :=t'G(0) € Grg. Let (@é)T denote the T-fixed point subscheme of Eé Zhu [Zh1, Theorem
0.2.2] proved the following.

Theorem 4.4. When G is simply-laced and not of type E, the restriction map
— —
H°(Grg, L) — HO((Grg)T L] @Lyr)

is an isomorphism.

In Section 5, we will show that this theorem also holds for E¢. It was proved by Evens-Mirkovié [EM,

Thereorem 0.1b] and Malkin-Ostrik-Vybornov [MOV, Corollary B] that the smooth locus of @é is the
open cell Gr’(l; for any reductive group G. In fact, this theorem can also be deduced from Theorem 4.4
in the simply- laced type.

We will prove a twisted version of Theorem 4.4 in full generality, and as a consequence we get
the similar result of Evans-Mirkovi¢ and Malkin-Ostrik-Vybornov in twisted setting. In particular, this
confirms a conjecture of Haines-Richarz [HR].
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From Theorem 4.2, we have the identification Grg- 5 Gr;r. Let .74 denote the ideal sheaf of the

—A .70 =1
T -fixed subscheme (Grg)?” of Gry. Then we have a short exact sequence of sheaves

0 .71 Ot = Ot g = 0. (4.4)

re)T7

Recall that & is the line bundle on Grg which is of level one on every component. Tensoring the
above short exact sequence with & and taking the functor of global sections, we obtain the following
exact sequence:

0 —H(@ry. 51 © %) - H'@ry. £) 5 HU(@rg) . L] o) = -+ 4.5)
Ty
where r is the restriction map.

Theorem 4.5. For any special parahoric group scheme & induced from a standard automorphism o,
the restriction map

0 —/i r 0 —/i TIT
H (Gr?ag)_)H ((Gr?) ,g|(§;)7-o-)
is an isomorphism, where £ is the level one line bundle on Gre.
This theorem will follow from the following proposition and Lemma 4.8.

Proposition 4.6. The map r is a surjection.

Proof. It is well known that any twisted affine Schubert variety G_r; is a usual Schubert variety in
a partial affine flag variety of Kac-Moody group. See the identification (3.11) and an argument for
untwisted case in [BH, Proposition 2.21]. By [Ku, Theorem 8.2.2 (d)], we have that for any 1> [din
X.(T)}, the following restriction map

H'(Gry, ) — H(GTh, &) (4.6)
is surjective, and
0 i g0 A ]

We also have the following surjective map
HO(Gg)"", 2) = HU(Gr)" ", ) “8)

forall 1 > /i, since these T 7 -fixed closed subschemes are affine and the morphism (G_rgl)T(r — (G_r;)T 7
is a closed embedding. Moreover,

o . —/i o
HY((Grg)"", Ll (grgyr) = lim HY((Grg) ", L] ot o)

)T
Therefore, for any A € X, (T)}., we have the following surjective maps:

H(Grg, ) - H'(Gry, £). H((6rg)! ", 2) - H((Gry)" ", 2).
Then to prove the map

0,7 0/ F7oANT?
H'(Grg, £) — H”((Grg) ,3|(G—ré)r(r)
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is surjective, it is sufficient to prove that the map
H'(Grg, Z) - H'((Gre)" ", L (geyyr) 4.9

is surjective, since we will have the following commutative diagram, for all A:

HO(Grg,g) —_— HO((Grg)T‘ngkGrg)T‘r)

l | (4.10)

—1 r —d 7o
HO(Grg, Z1 1) —— HO(Gr)™" ] i o)-

—1
Gre

By Theorem 4.2, we have Grg ~ (Grg)””. Therefore, the surjectivity of the map (4.9) follows from
the following Lemma 4.7. m

We first make a digression on Heisenberg algebras and their representations. Recall that § is a fixed
Cartan subalgebra in g. The subspace H7 := (hx)? @ CK — L(g, o) isaLie subalgebra. In fact, h7is
an extended (completed) Heisenberg algebra with center h @ CK. Therefore, any integrable irreducible
highest weight representation of §? is parametrized by an element u € (§”)¥ and the level ¢ (i.e.,
K acts by the scalar ¢ on this representation). We denote this representation by 7, .. By the standard
construction,

e = ind Cucs (4.11)

I)(T
(bo)“®CK

where ind is the induced representation in the sense of universal enveloping algebras, and C,, . is the
1-dimensional module over (hp)? @ CK where the action of ()p) factors through h .

Lemma 4.7. The restriction map H(Grg, Z€) — H°(Grg, £ |or, ) is surjective.

Proof. Proving surjectivity here is equivalent to proving injectivity for the dual modules,
0— H(Grg, % lor,)" — H'(Grg, 2°)".

Note that both of these spaces are modules for the Heisenberg algebra )¢ ; the morphism is a 7 -
morphism. Since I is discrete, we naturally have the following decomposition:

HO(Grg,gchrg) = @ @Grg,e;{@‘gcle/p
AeX.(T) o

where Oy o; is the structure sheaf of the component of Grg containing e;. We also notice that the
identity component of Grg is naturally the formal group with Lie algebra (hx) 7 /(ho)“ . In view of the
construction (4.11), we have

HO(Grg, gC|Gry)v = @ T—ci(d),c
/iEX*(T)a'

where themap ¢ : X.(T)o — (7)Y is defined in (3.2). Since each T_ci(1),c isirreducible, and generated
by a —ct(1)-weight vector W_¢,(3)» it suffices to show that the morphism

0 =\ V
T, H'(Grg, Z°)
sends w_,, (7 to a nonzero vector.
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By Theorem 3.8, we may define a Pliicker embedding
¢ : Grg — P(H,)

givenby geg — [pg(vo)] forany gey € Gry, where py is defined in Lemma 3.6, and [, (vo)] represents
the line in 7. that contains pg(vo), where vy is the highest weight vector in .. Then we may pick a
linear form f; on #, which is nonzero on the line [v;] containing the extremal weight vector v 3, and
which is 0 on other weight vectors, where vz is defined in (3.15). The restriction f3|4(cr,) produces a
nontrivial element in H%(Grg, Z), since ¢(e;) = v;.

Observe that the map 7_, (3, — H'(Grg, £¢)V sends W_¢,(3) to a nonzero scalar of v 3. Thus, the
map m_.,(3),c — H(Grg, Z¢)V is nontrivial and thus injective. m]

By Lemma 4.7, we obtain the following short exact sequence:
0 — H'Gry, 7' ® #) — HO(Gry, &) 5 H'(Gry, £ ® 0g1) = 0.

Thus, the obstruction to the map r being an isomorphism is the vanishing of the first term
HO(Gry, 71 ® 2).

Let I denote the ideal sheaf of the T-fixed subscheme on Eé We will show that the vanishing of
the first term can be deduced from the vanishing of H O(Eé, "®L).

Recall that G_r/gl,c is a global Schubert variety defined in Section 2.5. The constant group scheme
T? x C over C is naturally a closed subgroup scheme of 7. Hence, T7 acts on Eg,c naturally. Let
(@é’C)T‘T be the T7-fixed subscheme of G_ré,c, and let Z* be the ideal sheaf of (@é’C)T”. Then,
T4, is the ideal sheaf of (@g’d )77 Recall that

Gry, =Gl Gl =Glp, Gy pp = Gre.
In particular, we have
Y =Y Yo 2N TYprow = TN
Lemma 4.8. The ideal I is flat over C.

Proof. Consider G_r/gl’c\ (0.0} and the T -fixed subscheme (G_rg,c\ (o.0))T” - We denote by Z* the flat
closure of (ﬁg,c\{o’w})T” in Grg c. Since Z is the closure of a T7-fixed subscheme, we see that
7, € GTg.clo» and Z4 € GTg ¢ o.

To show Z4 is flat over C, it is sufficient to show that (@é’c)T‘r is flat over C. This is equivalent
to showing Z* = (G/gl’c)T”. In particular, it suffices to show the fibers Z4|, and Z*|,, are isomorphic
to (E;)T(’: Since the fiber Z4|., at oo is similar to the fiber Z%|, at o, it suffices to show that

—A. o ) . . .
Z4, = (Grg)T”. Note that both of these are finite schemes; we can compare the dimensions of their
structure sheaves as follows:

. 7 > 1 = i —_—
dim @(EQ)T” > dim 0., = dim @(Grg’mw’m)m

= dim06 = dim HO(GT 3. L] p20.00)

(Grg,pio,m)T
= dim H(Gr'y, &) > dim 0,

—1
Grg)T7”’
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where the first equality follows from the flatness of Z* over C, the third equality follows from

Theorem 4.4 and Theorem 5.1, the fourth equality follows since a/gl,c is flat over C (cf. Theo-
rem 2.4), and the last inequality follows from Proposition 4.6. From this comparison, it follows that

dimOza), = dim O —a .Hence, 071, = 0 . This concludes the proof of the lemma. O

o o =A o
(Grg,p¢o)T (Grg,p;tO)T

Proof of Theorem 4.5. By Lemma 4.8 and the properness of @é’c over C, we have

3 (-1 dimH (GG e L) = Y (<1) dim Hi (G, 5 © ). 4.12)

i>0 i>0

By [PR, 9.h.] and [Ku, Theorem 8.2.2], we have H' (G_ré, L) =0and H' (@;, &) =0foranyi > 0.
From [Zh1, Section 2.2] when G is of type A and D and from Section 5 when G is of type Es, we have
the following vanishing H' (Eﬁ;, I"®L) =0 for any 1 € X.(T)*, by considering the exact sequence
(4.5) in the untwisted case. From Lemma 4.7 and the long exact sequence (4.5), we can see easily that
Hi(aé, I Z) =0 for any i > 1. Hence, the equality (4.12) implies that Ho(ﬁé, IJ1® Z) =0 for
any A € X.(T)}.. Therefore, the theorem finally follows from the long exact sequence (4.5). O

As an application of Theorem 4.5, we get a geometric Frenkel-Kac isomorphism for twisted affine
algebras.

Theorem 4.9. For any special parahoric group scheme & induced from a standard automorphism o,
the restriction map

H'(Grg, #) — H(Grg, Zlor,)

is an isomoprhism, via the embedding Grg — Gre.

Proof. By Theorem 4.2, it suffices to show that the restriction map r : HY(Grg, %) —
HO(Grg, < |(Grg)T‘r) is an isomorphism. In view of (4.7) and (4.8) and as a consequence of Theo-
rem 4.5, the restriction map r is an isomorphism. O

4.3. Application: smooth locus of twisted affine Schubert varieties

—1
We now wish to investigate the smooth locus of the Schubert variety Grg.

—A
Theorem 4.10. Assume that & is not of type A;?. For any A € X, (T)?., the smooth locus of Grg, is
precisely the open Schubert cell Gr%.

—2
Proof. For any ji € X.(T), if ez = n*eq is a smooth point in Grg, then by [Zhl, Lemma 2.3.3],
dim @(71—1 =1.

GI‘g)T” s€

By Theorem 3.11, we have H® (E;, L)Y =~ D(1, 1), where D(1, A) is the Demazure module defined
in Definition 3.10. Then by Theorem 4.5, we have

dim D(1,2)_,(z) = le“gth(@(c?§;>7‘”.ep)’

where D(1,1)_,(z) is the —u(fz)-weight space in D(1,1). We will prove that for any g 3 A4,

dim D(l,i)_L( i) = 2, which would imply that e is not a smooth point in G_r;. From the surjectivity
of (4.6), we have an embedding D(1, i) <— D(1, 1). However, V(-t(1)) < D(1, 1), where V(—t(1))
is the irreducible representation of g of lowest weight —¢(1). In view of Lemma 2.2, Lemma 3.3
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and Lemma 3.4, when G is not of type Ay, the relation @ = A implies that «(7) = t(1). Hence,
V(=t(A))-,(a) # 0. Furthermore, as subspaces in D(1, 1),

D(1,@) NV(=u(d)) =0
It follows that dim D(1, Z)_L( ) = 2. This concludes the proof of the theorem. O

Now we will deal with the case of Ag,). Recall the group H = (G)7 mentioned in Section 2.3. By
the ramified geometric Satake, (X, (7)o, X.(T)?, v}, j € 1) can be regarded as the weight lattice, the
set of dominant weights, and simple roots of H. When (G, m) = (Ay¢,4), H is B of adjoint type. Let
@, @, -+ , ¢ be the set of fundamental dominant weights of H.

Theorem 4.11. Let & be of type A . For any A € X.(T)}, the smooth locus of E; is exactly the

union ofGr and those Gr such that/l = Z i vjand p = Zk | ATy withall ay € 2 20 for some
1<i<t

Proof. We first prove the following result: for any A, i € X.(T)}. with i = A, the Schubert cell Grg is

contained in the singular locus of G_r;, except when /i < A is a cover relation and the simple short root
ve appears in A — . We will prove this fact by several steps. Let ¢, be the coefficient of y, in 1 — f.
Step 1. Observe that using Lemma 3.3 and by the same proof of Theorem 4.10, when the coefficient

- —1
ce is even, we have dim D (1, 2)_,(z) = 2. Thus, e is singular in Gre.

Step 2. Assume that the coefficient ¢, > 1 and ¢, is odd. There exists sequence of dominant elements
in X,.(T)?,

ﬂ=ik</ik_1<---</11</io=/l, 4.13)

such that each < is a cover relation. Then, by a theorem of Stembridge [St, Theorem 2.8], for each i,
A; — Aj41 is a positive root of H, for any 0 < i < k — 1, and the coefficient of 7y, in each 1; — ;41 is
either 0 or 1. Let j be the least integer such that the coefficient of y, in A 1= A 7 is 1. Such j exists,
since ¢y # 1. Then the coefficient of y, in /ij — [ is even. By Step 1, we have dim D (1, /ij)_,(,;) > 2.
However, we have the inclusion D(1,4;) € D(1,4). It follows that dim D (1, 2)_,(z > 2. Hence, the

variety E; is singular at the point e;.

Step 3. We now assume that the coefficient c, = 1. By assumption, /i < A is not a cover relation. Then,
in the sequence of cover relations in (4.13), either the coefficient of y, in Ag—1 — A is 0 or the coefficient
of y¢ in Ag — 4y is 0. If the coefficient of y, in Ag_; — Ak is 0, by Step 1, dim D(1, Ak—1)-,(a) = 2,

implying that dim D (1, A)_,(z) > 2. Hence, e is singular in E;. If the coefficient of y, in 1g — A; is 0,
then by Step 1 again, e, is a singular point in @;. Since the singular locus of @; is closed, the point

ej; is also singular in @;

We now explicitly describe the cover relation & < A such that y, appears in A — . Note that X, (T is
aroot lattice of H ~ SOy,,41. In fact, the lattice X,.(T). is spanned by @, @, - - - , w¢—1, 2w¢. Reading
more carefully from [St, Theorem 2.8], we can see that 7 < A is a cover relation and Ye appears in A — fi,
if and only if one of the followings holds:

1. 1- ,u ve and ({1, y¢) # 0, where ¥, is the coroot of y,.
2. - Zf,)’; and u = Zk 1akwk,forsomel<z<£

Let G be the simply-connected simple group of type A,, with the standard automorphism o consid-
ered in this paper. Let a1, @y, -+ , @y is a set of simple roots of G. Let L be the Levi subgroup of G
generated by the simple roots

Ay Ajgls s AL, Ayl 5 A, Xlyis] -
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Let M be the derived group [L, L] of L. Then M is simply-connected simple group of type As(,—;+1) and

o still acts on M as a standard automorphism. Let .# be the parahoric group scheme Resy 5 (Mo)?,
which is of type A;)efm)' Let 77 = T N M be the maximal torus of M. We have the inclusion
X.(T") — X.(T), and this induces an inclusion X, (T"); — X.(T)o and X..(T")} — X.(T)Z.. We write

A=Yt broy and i = Y5_, cxmy with b > 0,¢x > Oforany k = 1,--- . Set

14

4
=S o i =Y e
k=i

k=i

Then, A’, i’ € X.(T’)}.. Moreover, I’ — ji’ = A — ji. We have the following twisted analogue of Levi
lemma,

L% eiNGry ~ LM -ey NGry, (4.14)

where L™~& and L™~/ are defined as in (4.1). It can be proved by exactly the same argument as in
[MOV, Corollary 3.4], relying on the following main ingredients:

1. L7™7F - ¢j (resp. L™~/ - eg) is open in Gry (resp. Gr »); cf. (4.2).

2. Transversal slice lemma for Gre and Gr 4 (cf. [MOV, Lemma 2. 5] [KLu, Section 1.4]); that is,
L% eg (resp LM -ez)isa transverse slice to Grg (resp. Gr /%)

3. L7% ez N Grgg and L™ M - e N Gr " are reduced, irreducible and normal; cf. [MOV, Lemma

2.6]. Here, the main point is that Grg and Gr _« are normal, cf. [PR, Theorem 0.3].

From the 1som0rphlsm (4.14) and the transversal slice lemma we have the following Levi reduction:

e is singular in or ~« if and only if e is singular in Grg
Case (1): A — i = y¢ and {1,7,) # 0 In this case, we are reduced to A(z) It is known from [HR,

Proposition 7.1] that e,, is singular in Gr /%, as A’ is not quasi-minuscule.
Case (2): A—fi = Zl _;yjandp = Z akwk withall ax > 0, forsome 1 <i < ¢.Inthiscase, 7’ =0
and A’ = Zf ;vj- Thus, we are reduced to consider the singularity of quasi-minuscule afﬁne Schubert

variety Gr - It was observed by Richarz (using [Arz, Prop 4.16]) that the variety Gr 18 smooth.
We give a different argument here. We consider the parahoric group scheme & = Resy,5(Go)?, and

let G; be the quasi-minuscule Schubert variety. Let g; be the eigenspace of o on the Lie algebra g
of eigenvalue i = V—1. The vector space g; consists of two G 7 -orbits, as g; is actually the standard
representation of G = Sp,, which is of dimension 2¢. Thus, any element in g; is nilpotent. Then we
consider a G -equivariant embedding g; — Grg given by x — exp((adx)r™!) - ¢p € Grg, where ¢
is the base point in Gry, and we regard adx as an element in G = G,q4. Since e; + €41 € @j, and

. . . - ——A
{ec+ers1, fo+ fee1, he+heyr } form a slp-triple, one may check easily that g; is mapped into Grg = Gre
— in particular, 0 — e¢. By comparing their dimensions and G “-equivariance, one may see this is an

open embedding. Thus, E; is smooth. O
Remark 4.12. When & is absolutely special of type Aé é,), the smooth locus of twisted affine Schubert
variety @; is the big cell. This was proved by Richarz in [Ri2]. The idea is to use Levi reduction lemma
of Malkin-Ostrik-Vybornov and Stembridge’s combinatorial result [St, Theorem 2.8] to reduce to split
rank one cases — in particular, the case Agz) (a proof of this case also appears in [HR, Prop.7.1]), and the
quasi-minuscule Schubert variety (a strong result of this case was proved by Zhu [Zh2] that this variety
is not Gorenstein). For the remaining cases, one can use nontriviality of Kazhdan-Lusztig polynomials;
cf. [MOV, Prop.6.4.3].
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Remark 4.13. One can define the affine Grassmannian Grg and twisted affine Schubert varieties G_r;
of the special parahoric group scheme & with the base field k of characteristic p. In [HR, Section 6],

when p # r, Haines and Richarz reduced the question of the smooth locus of the @; over characteristic
p to characteristic zero case. In fact, by the work of Lourenco [Lo], one may construct a global twisted
affine Schubert variety over Z so that the base change to the field k of characteristic p (including p = r)
is the given twisted affine Schubert variety defined over k.

5. Duality theorem for E¢

In [Zh1, Proposition 2.1.2], Zhu showed that the duality theorem (cf. Theorem 4.4) holds for any
dominant coweight if the theorem holds for all fundamental coweights. For type Eg, Zhu was able to
prove that the theorem holds for the fundamental coweights &y, &>, @3, @5, W (Bourbaki labelling).
However, the most difficult case @4 remained open. In this section, we will prove that the theorem holds
for 4. Thereby, we complete the duality theorem for E¢ in general.

5.1. Some reductions

Let G be a simply-laced simple group of adjoint type. Let 7' be a maximal torus in G. Let L be the level
one line bundle on Grg. For any A € X..(T), a general question is if the following restriction map is an
isomorphism:

H(Grg, L) — HO((Gre)T,L). (5.1)

Zhu proved that this map is always surjective (cf. [Zh!, Prop.2.1.1]), and he also proved that the map is
an isomorphism for type A, D and many cases of E.

Theorem 5.1. The map (5.1) is an isomorphism for any dominant coweight A when G is of type Eg.

Since Zhu has proved this theorem for &1, &>, @3, W5, We, by [Zh1, Prop.2.1.3], we will only need to
prove that the theorem holds for 4.
For convenience, we assume that A is dominant and A is in the coroot lattice, and we set

D(1,2) == H'Grg, L)Y, DT (1,1) = H((Gre)T, L)Y,

Then, we can identify D7 (1, 1) as a subspace of the affine Demazure module D(1, 1).

Let L(g) = g((¢)) ® CK @ Cd be the affine Kac-Moody algebra associated to g with center K and
scaling element d. Let % (A¢) denote the integrable highest weight representation of L(g) of highest
weight Ag. Let vg be the highest weight vector of % (Ag). For any w € W, set

w(d)

Vw) =1 - V0.

Then v,, () is an extremal vector in ' (Ao), and h-weight of v, (4 is —t(w(4)), where the map
t: X.(T) — B is induced by the normalized Killing form; cf.(3.2). By the theory of affine Demazure
module (cf. [Ku, Theorem 8.2.2 (a)]), we have

D(1,2) =U(g[t]) - viw(p), foranyw e W.

Given a Levi subgroup L of G, let M be the derived group [L, L]. Let m denote the Lie algebra of
M, and denote the current algebra of m by m[¢]. By [Zh1, Corollary 1.3.8, Lemma 2.2.6], we have the
following Levi reduction lemma.

Lemma 5.2. If the map (5.1) is an isomorphism for M, then U(m[t]) - v, (q) is contained in DT (1,2),
for any element w in the Weyl group W of G.
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Let p be a dominant coweight of G such that y < A. The following restriction map is surjective:
HO(Gr, L) — HO(GTh, L.
Hence, it induces an inclusion D (1, u) ¢ D(1, A). The following lemma is easy.

Lemma 5.3. If the map (5.1) is an isomorphism for y1, then D(1, u) is contained in DT (1, 2).
Let Ng(T) denote the normalizer group of T in G. Then Ng(T) acts on (@é)T and thus on the
vector space DT (1, 1). Note that
(@) = (Grg)T NGry = Gry NG,
where the second isomorphism follows from Theorem 4.1. Hence, the Lie algebra h[¢] acts on DT (1, 2).

Notation 5.4. Let V (5, i) denote the irreducible representation of g of highest weight n and of degree i
with respect to the action of d, that appears in the affine Demazure module D(1, 1). For any h-weight
v, we write V(n, i), for the v-weight space of this representation.

We now consider the case when G is of type E¢ and A = @4. All dominant coweights dominated by
w4 are described as follows:

0 < Wy <D+ W < W4. (5.2)
For convenience, we set

Vwy = Vwy(dg)-

Then v,,, is an extremal weight vector in # (Ag) whose h-weight is w4, since —wo(w4) = w4 and
1(@4) = w4. The Demazure module D(1, &) contains V (w4, —3), and v,,, is the highest weight vector
of V(wg, =3). By [KI, Section 3], we have the following decomposition:

D(1,d4) =V(0,0) ® V(wz,—1) & V(w| + wg, —2) ® V(ws, -2) & V(ws, -3). (5.3)

Since Zhu has proved that the map (5.1) is an isomorphism for @ and &g, hence also for @ + wg (cf.
[Zh1, Prop.2.1.3]), by Lemma 5.3, we have D (1, &1 + w¢) C DT (1, &4). Moreover, it is easy to see that

D (1,01 + ) =V(0,0) & V(wy,—1) & V(w; + wg, —2).

It follows that V(0,0) & V(w,—1) @ V(w; + wg, —2) is contained in DT (1, ). Thus, it suffices to
show that V(w>, —2) and V (w4, —3) are also contained in DT (1, &4). Since D (1, @4) is Ng (T)-stable,
it can be further reduced to show that for any dominant weight v of g, the weight space V (w5, —=2), and
V(wa, =3), are contained in DT (1, @4). In the remaining part of this section, we will analyze case by
case and show that it is indeed true.

5.2. The representation V(wy, —3)

The dominant character of V(ws) is e + 4e“1%<6 + 15¢%2 + 45¢°. By Lemma 5.2, we have v,, (s,) €
DT (1, w4) for any w € W. We conclude that V (wy, —3)w, C DT (1, s).

5.2.1. The weight space V (w4, =3)w,+ws

In terms of simple roots, we have w4 = 2@ + 3@ + 4as + 6aq + 4as + 2ap and w1 + we = 21 + 207 +
3a3 + 4ay + 3as + 2a6. Thus, the difference wg — (w1 + wg) = @ + a3 + 2a4 + a@s; in other words, this
difference is supported on the Levi of type D4 with simple roots as, a3, as, @s. By applying Chevalley

https://doi.org/10.1017/fms.2025.10057 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10057

26 M. Besson and J. Hong

generators f>, f3, f4, f5 on the highest weight vector v,,,, we can get a spanning set of the weight space
V(w4, =3)w,+ws- By Lemma 5.2, we have

V(@4 =3)wr+ws € DT (1,04).

5.2.2. The weight space V (w4, —3).,
This case requires some brute force. We have the following difference: = ws — w2 = a1 + a2 + 23 +
3a4 + 2a5 + ag, whose height is 10.

We actually consider all expressions of the form f;, ... fi,,V, such that this vector is of weight w»;
this provides a spanning set of vectors in V (w4, —3),,, (With many relations!).

Definition 5.5. We say a nonzero vector of the form f;, f;, . .. fi,,Vw, is Levi-extremal, if there exists
1 < k <10, such that

1. fii, fi,»- -, fi, are contained in a proper Levi subalgebra of g;
2. fira = JiVw, is an extremal vector in V(ws, —3).

Observe that any proper Levi subalgebra of Eg is either of type A (or their product) or of type D, and
the restriction map (5.1) for these types is always an isomorphism, which is due to Zhu. Then, to show
that V(w4,—3)w, € DT (1, c4), by Lemma 5.2, it suffices to prove the following proposition.

Proposition 5.6. Any nonzero vector fi, fi, . .. fi,,Vw, 0f weight w is Levi-extremal.

Proof. Before we prove this proposition, we first describe a poset of weights u with partial order <,
such that y < w4, and y — w; is a sum of positive roots. For any two weights u, p” in the poset, we write
u SN w if p’ = s;(u) and (u, &;) > 1. The partial order < of this poset is generated by these simple
relations. The weight y will be labelled by * once the support of u — w; (as a linear combination of
simple roots) is contained in a proper sub-diagram of the Dynkin diagram of E¢. We will not describe
those weights below the x-labelled weights. In the following two figures, we describe this poset by
representing weights respectively in terms of the coordinates with respect to fundamental weights and
simple roots. We have the following rules.

1. In the first figure, if u N u’, then the number at vertex i decreases by 2, and the adjacent vertices
increase by 1;

2. Inthe second figure, if u RN w1, then the number at vertex i decrease by 1, and no changes elsewhere.

We first show that any nonzero vector f;, fi, fi, fi,oVw, Of weight u is an extremal weight vector. This
can be easily checked from the first figure, since no integer > 2 appears as a coefficient of w; until the
4th step at least. As a result, fi; fig fio fioVws = SizSigSioSiyoVw, fOr any nonzero vector fi, fiq fio fioV ws-
Now it is clear from the second figure that any nonzero vector f;, - - - fi; fig fio fi1oV w4 is Levi-extremal if

Siofir fis fio firg # faS3fsSa = fafs[a/a

Thus, the ‘worst possible case’, from the perspective of producing Levi-extremal vectors, has the
first four lowering operators as follows: fif5 f3 favw, = fafs5f3faVw,. All other nontrivial applications
of four lowering operators will result in a Levi-extremal vector or the 0 vector. We further observe that
both fifafs f3favw, and fefa fs f3 fav o, result in Levi-extremal vectors.

The only remaining vector to consider is f2f4fsf3fav.,. Note that this is the first case where
§254855354V 0, F 1[4 S5 13 4V w,» SiNCE (d2, w4 —2a4 — @3 —as5) = 2. Thus, every element f;, ... f;,,Vew,
is Levi-extremal, except those of which the first five lowering operators are precisely f> fa fs f3.f4 (up to
the order of f3 and f5); what remains are the lowering operators fi, f3, f1, f5, f6. By the same logic,
the next lowering operator must be fi, since any other lowering operator would commute with f>,
returning us to the Levi-extremal vectors situation. Thus, we are left with is considering the element

Saafafs 304V -
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Figure 1. Inthis diagram, the weight i is represented by the coordinates of u with respect to fundamental
weights. When 1 occurs at vertex i, it indicates that we can apply reflection s;.

(=]
—_
(S8}
—_

12321
1
S4
12221
1
/ \
52
53
1221 12221 12211
1 0 = 1
/ \ / \L S6
$2
$3

11 12211 122
0 = 1

2
1
S4
1 1 111 112
1 1

01 1 11110
1 =

—

Figure 2. This is the same diagmm as in Figure 1. The difference is that the weight u is represented by
the coordinates of u — wy with respect to simple roots. This diagram tells when the support u — wy is

contained in

Note that fo,+q, =

a proper subdiagram.

fafafafsfifavw, = farranfatfsf3favw,.

Sfaufar = far fay 1s aToOt Vector of root @ + 4. Since fi fa f5 f3 f4v o, = 0, we have

This is the extremal vector §g,+q,54555354V,, since the weight of the extremal weight vector
Saufasfay fasVw, 18 w1 + 2wy — wa + we, and the pairing (w; + 2wy — w4 + we, &2 + d4) = 1. Our
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remaining lowering operators are fi, f3, f5, f¢. They are contained in a proper Levi subalgebra. Thus,
any nonzero vector of the form

JufofufiJafafafs 3 avw,

is always Levi-extremal. This concludes the proof. O

Remark 5.7. The construction of the above figures comes from the ‘Numbers game’, due to Proctor
(unpublished) and explored in Mozes [Mo] and Proctor [Pro]. When the representation is minuscule,
the action of the simple reflections is described by the algorithm above; adding one to adjacent nodes
and subtracting two from the given node (precisely the action of subtracting a simple root in the simply-
laced types). While the representation V (w4) is not minuscule or quasi-minuscule, these techniques still
proved useful in this case and could be useful for the study of the remaining fundamental representations
of E7 and Ejg, where the restriction isomorphism is not yet known.

5.2.3. The weight space V (w4, —3)o
Let 6 be the highest root of g, and let 8 = w4 — w72 = a1 + @ +2a3 + 34 + 25 + 6. B is also a positive
root of g. We consider the element fg fgv ., . The following proposition is verified by Travis Scrimshaw
using SAGEMATH. See Appendix A.

Proposition 5.8. The W-span of fo fgV ., is the weight zero space V(w4, —3)o.

One can check that a1, a3, a4, as, 8, — form a system of simple positive roots of E¢, and 8, —3 form
a subsystem of type A;. Then by Lemma 5.2, fp fgvew, € DT (1,d4). By W-invariance on DT (1, &4)
and the above proposition, we can conclude that

V(ws, =3)0 € DT (1, d4). (5.4)

5.3. The representation V(w,, —2)

First, we consider the ‘O-string’ of the full basic representation % (Ag); this is the direct sum
@107 (Ao)-ns- The Weyl group W acts on each of these weight spaces, so # (Ag)-,s is a direct
sum of irreducible representations of the Weyl group W. We first describe # (Ag)-,s forn =0,1,2,3,
as representations of W. By [Ka, Proposition 12.13], we have the following decompositions:

I (Aol =Cvg = C,
T (No)-s =Bt ™" v =
H(Mo)-25 =Bt - hr™' v @bt vg = SPh @b (5.5)
H(No)zs =bt - pr ! ovge b 2 vg Y v = SPhe Th @b, (5.6)
The weight space V (w4, —3)o is a subrepresentation of % (Ag)-3s with respect to the action of W. It
is known that V (w4, —3)p is a direct sum of two irreducible W-representations, one 15-dimensional and

the other is 30-dimensional; cf. [AH, Lable 5,p.24]. We will denote these subrepresentations by I1;s and
159 indexed by their dimensions.

Lemma 5.9. The subspace 115 is the exactly the span of vectors
(W[ [ 72 - W[ R[] - ve,  forall h, B €.

Proof. First of all, we observe that I3 is contained in S3I); this follows from a dimension check since
dim(h) = 6 and T?h ~ S%h & A”D. This decomposition is compatible with the W-module structure,
and the dimensions of each summand are both less than 30. Secondly, we will prove that S°f does not
contain a 15-dimensional irreducible representation.
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Suppose that it is not the case. From the character table of the Weyl group of Eg (cf. [Car, p.415]),
we know that the dimensions of irreducible representations of W are 1,6,15,20,24, etc. Then S3I)
must decompose into a 15-dimensional module and then either a 6-dimensional irreducible and five
1-dimensional irreducibles or a 15-dimensional and eleven 1-dimensional irreducibles.

Both of these options are impossible for the following reasons. The only two one-dimensional
representations of W are the trivial representation and the sign representation. The trivial representation
cannot appear in S3b, since this would give a W-invariant degree 3 polynomial on § ~ BY. This is
impossible, because the possible degrees of invariant polynomials are 2,5,6,8,9,12; this list is the set of
exponents +1 which can be found in [Bo, p.231].

The other option is that all of these 1-dimensional irreducibles are the sign representation. However,
we have the following decomposition as representation of g:

H (No)-3 =V(ws) ® k1V(wy +ws) & kaV(w2) & k3V(0)

for certain multiplicities k1, k2, k3, where % (/Ag)-3 denote the degree —3 part of # (Ag) with respect to
the action of d. From [AH, Lable 5,p.24], one can see that no sign representation appears in the weight
zero space of these irreducible representations. Thus, this option is also impossible.

Therefore, I1j5 must be contained in T2. Note that 72 = S} & A%H. Moreover, V(w; + we)y and
V(wy)y are contained in # (A)_ps. From the decomposition (5.5) and [AH, Lable 5,p.24], we know
that S?f is decomposed as a direct sum of a 20-dimensional irreducible and a 1-dimensional trivial
representation. Thus, I1;s is exactly the subspace AZB. In other words, IT;5 is exactly the span of all
vectors (h[t R/ [¢72] = W [ R[72]) - vo, b, B € D). o

5.3.1. The weight space V(w;, —2)y
We have V(w;, —2)g = B2 - vg, which is an irreducible representation of dimension 6.

We choose any two nonzero elements &, 2’ in b such that (k|h) = 1 and (h|h’) = 0, where (+|-) is the
normalized Killing form on g. Then

[ R TR (2] = W[ TR L2]) - vo = 1 (172 - vo € V(wa, 2. (5.7)

This is a nonzero vector. By the inclusion (5.4) in Section 5.2.3 and Lemma 5.9, (h[t~']h'[t7?] -
R [t h[t7?]) - vo € DT (1, 4). Since DT (1, 4) is stable under the action of h[¢], by (5.7), we have
h't72 - vg € DT (1, ). Since V(wy, —2)o is an irreducible representation of W and DT (1, &) is W-
invariant, we get

V(w, =2) € DT (1,4).

5.3.2. The weight space V (w2, —2).,,

We choose hy = &) and hy = &; in . Then (h1|hy) = 0 and (h|h;) = 2. By Lemma 5.9, we may
consider the following element

(hi [t Tha[172] = ha [t~ T [172]) - vo
in V(ws, —3). Set
w:=eq(h [t Tha[t72] = ho[t™ 1y [£72]) - vo.
This is an element in V (w4, —3)g. Note that 6 = w;. One may compute easily and get

w= ([ Neglr] = eqlt™ 1M [17]) - vo.
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Then we have the following:
hi[t] - u=2eg[t™2] - vo.

Now, it is easy to see that /& [¢] - u is nonzero and is a highest weight vector of g of weight w,. Thus, we
have shown that

V(wa, —2)w, € DT (1,04).

Thus, we may conclude that D7 (1, &4) = D(1, @4). This finishes the proof of Theorem 5.1.

A. Proof of Proposition 5.8, by Travis Scrimshaw

We will prove Proposition 5.8 by using SAGEMATH, which asserts that the W-span of fg fgV ., is the
weight zero space V(wy)p of the fundamental representation V(wy) of Eg.

A.l. Lie algebra representations and crystals

We briefly review some basic material on finite dimensional simple Lie algebras and their finite
dimensional highest weight representations. For more information, we refer the reader to [FH91]. Let k
be an algebraically closed field of characteristic 0. In this appendix, we restrict to the case when G is a
simple Lie group, and we typically consider the case k = C.

By looking at the tangent space of the identity, we have a finite dimensional simple Lie algebra g
over k that is generated by E;, F;, H; for i € I with the relations

[H;, H;] =0, [E;, Fj] = 0;;H;,
[Hl',Ej] =<a/l-,é/j>Ej, [H,,F]] =—<ai,éj>F‘,
ad(Ep)S{ecd)p, 0 ad(F){ed)tlp =0 (i %)),

where ad(X)Y = [X,Y] is the adjoint operator. Let f) = span,{%;};c; denote the Cartan subalgebra
corresponding to 7.

A representation of a Lie algebra V is a vector space over k such that [X,Y]v = X(Yv) — Y(Xv) for
all v € V. For two g-representations V and W, their tensor product is naturally a g-representation by

Xvew)=Xvew+v®Xw

forall X e gand v ®w € V ® W. We restrict to the category of finite dimensional highest weight
representations, and we let V(1) denote the irreducible highest weight representation for the dominant
integral weight A € P*. The Weyl group action on V given by

s; = exp(F;) exp(—E;) exp(F;).

For any nilpotent element X € g and v € V, we can implement exp(X)v by finding K = min{k € Z. |
X*y # 0} and then computing

K vk
X
exp(X)v = ey
k!
k=0

We give an explicit realization for a minuscule representation following the construction in [OS, Sec.
3.1.1], where we prove the analog of [OS, Prop. 3.2, Prop. 3.3] for g-representations. For the remainder
of this section, let r € I be such that {(w,, &) < 1 for all @ € ®*, which characterizes the minuscule
representations V(w; ). _

A crystal for g is a set B with crystal operators e;, f;: B — B {0}, for all i € I, that satisfy certain
properties and encode the action of the Chevalley generators E; and F;, respectively. Kashiwara showed
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[Kas1, Kas2] that all highest weight representations V(1) have corresponding crystals B(1). We denote
by u, the unique highest weight element of B(1). For more information on crystals, we refer the reader
to [BS].

For a minuscule node r, let J := I\ {r}, and let W; := (s; | i € J) denote the corresponding
subgroup. Denote by W the set of minimal length coset representatives of W/W;. Define crystal
operators ¢;, fi: W/ — W7 L {0} by

— siw if €(s;w) < £(w) f siw  if €(s;w) > €(w) and s;w € WY
eiw = W =
! 0 otherwise, ! 0 otherwise,
and weight function wt(w) = w, —a;, — - - —«a;,, where s;, - - - 5;, is any reduced expression for w € w.

By Stembridge [St2], this is well defined, and this gives W the structure of a crystal associated to the
minuscule representation V(w, ) [Scr].
Now we give an explicit construction of the minuscule representation.’

Proposition A.1. Consider the vector space
V(wy) :=span{vy, | W € w’}.
Then V(w,) is made into a g-representation by
eiVw = Ve, Jivw =vz,, hivy = (Wt(w), hi)v,,,

where vy = 0, and extended by linearity. Furthermore, V(w,) = V(w,) as g-representations.

A.2. Implementation

We now give our implementation using SAGEMATH. For our crystals, we will use the realization using
rigged configurations [Sch, SS].
We build the minuscule representation V(w1) in type Eg, which is constructed as V(wy):

sage: La=RootSystem([ ,6]) .weight_lattice (). fundamental_weights ()
sage: M = crystals.RiggedConfigurations(La[1l])

sage: VM = ReprMinuscule(M, QQ)

sage: v = VM.maximal_vector ()

Let v denote the highest weight vector of V(w;). There exists a highest weight vector v, of weight
wy in V(w)®3. Explicitly, it is given as

Vo, =V® fiv® f3AIv—fiveve f3fiv-ve ffive fiv
+five® fafivev+ LAvO®V® fiv— 3/ive® fiIvv.

It is a finite computation to show this is a highest weight vector. We also perform this computation in
SAGEMATH:

sage: x = (tensor([v, v.£f(1), v.£(1).£(3)1)

booo8 - tensor([v.£f(1), v, v.£(1).£(3)])
tensor([v, v.£(1).£(3), v.£(1)])
tensor ([v.£(1), v.£(1).£(3), v])
tensor ([v.£(1).£(3), v, v.£C1)])
tensor ([v.£(1).£(3), v.£(1), v])

~ o+ o+

sage: all(x.e(i) == 0 for i in M.index_set())
True

1A different construction was also recently given [DDW], which appeared while writing this appendix.
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Thus, we can build a g-representation by V(ws) = (ve,) € V(w1)®3, and since the decomposition
of tensor products of finite dimensional g-representations is determined by computing highest weight
vectors, we have V(wy4) = V(w4). In order to do computations, we need to construct a weight basis for
V(w4). We do so by using the crystal B(ws). Let b € B(wa), and then define vy, = f;, - - - fi,V w,, Where
b = f~l-] --~ﬁ,uw4 for some fixed path (iy,...,i¢). Define B := {vp | b € B(w4)}. Clearly, this may
depend on the choice of path from u,,, — b, but regardless of this choice, we have v;, € V(w4)wi(p)-

Below, we construct V(wy4) in SAGEMATH by using B as follows. For each b € B(ws), we take the
path recursively constructed by taking the minimal iz such that we have a path to b from fi, - - - fi, U,
(although any such path could do). This gives us a set of elements 3, and we need to show that B
are linearly independent. We verify this by seeing the rank of the matrix of these vectors is 2925 =
dim V(w4) = |B(wy)|. Furthermore, we verify that this does give us a g-representation by checking all
of the relations are satisfied on each basis element:

sage: S=SubRepresentation(x,crystals.RiggedConfigurations(La[4]))
sage: verify_representation(S) # long time few minutes

Next, consider the positive roots

1
,8=0zl+0z2+2a3+3a/4+26y5 +ag = 12321°

0 = a1 +2az +2a3 + 3a4 + 205 + @ = 12§21'

Since all of the root spaces in g are 1-dimensional (that is, dimg, = 1 for all @ € ®), we construct
the basis element f, of g, (which forms the unique basis up to scalar) by finding some sequence
(i1,i2,...,I¢) such that

k ¢
Zai, € O*, Zaij =7,
j=1 j=1
forall 1 < k < ¢. In particular, we can take any path from «;, to y in Figure 3. Then we have

fy = [ [[fiwﬁz]’fl'3] ﬁp]

We write f, in the free algebra generated by ( f;)ie; using the commutator property [X,Y] = XY - YX
and apply the result to any vector in the g-representation. In other words, we compute

f)’ = Z ifal e .fa[—lfa[” fyv = Zi(fal ce (faf,](fatv)) cee )

a a
Using this process, we construct the vector v = fg fgV ,:

sage: v = S.maximal_vector()

sage: al = RootSystem([ ,6]1).root_lattice().simple_roots()
sage: bl = al[1] + 1*%al[2] + 2*al[3] + 3*al[4] + 2*al[5] + al[6]
sage: b2 = al[1] + 2*al[2] + 2*al[3] + 3*al[4] + 2*al[5] + al[6]

sage: ops = build_root_operators ([ ,61)

sage: vzero = apply_£f_operators(ops[b2],

P apply_f_operators(ops[bl], v))
sage: vzero != 0
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Figure 3. The root poset ®* in type Es,.
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Lastly, we construct the orbit up to sign and show that it spans a 45-dimensional vector space:

sage: orbit = set([vzero])

sage: nl = [vzero]

sage: I = CartanType([ ,6]1).index_set ()
sage: while nl:

et cur = nl

P nl = []

for vec in cur:

for i in I:

vs = vec.s(i)

if vs in orbit or -vs in orbit:
P continue

cooo8 orbit.add(vs)

60008 nl.append(vs)

sage: len(orbit)

sage: wt® = [b for b in S.basis().keys() if b.weight() == 0]
sage: matrix([[vec[b] for b in wt®] for vec in orbit]).rank()

Remark A.1. The SAGEMATH code for the implementation in this appendix is included as an ancillary

file on arXiv:2010.11357.

Acknowledgements. M. Besson and J. Hong would like to thank the hospitality of Max Planck Institute for Mathematics at Bonn
during our visits in November and December of 2019, where part of the work was done. They also would like to thank Thomas

Haines, Timo Richarz, Michael Strayer and Xinwen Zhu for helpful conversations and valuable comments.

Competing interest. The authors have no competing interests to declare.

Funding statement. J. Hong is partially supported by the Simons collaboration Grant 524406 and NSF grant DMS-2001365.

References

[AH] P. Achar and A. Henderson, ‘Geometric Satake, Springer correspondence and small representations’, Selecta Math.
(N.S.) 19(4) (2013), 949-986.
[Arz] K. Arzdorf, ‘On local models with special parahoric level structure’, Michigan Math. J. 58(3) (2009), 683-710.
[BD] A. Beilinson and V. Drinfeld, ‘Quantization of Hitchin’s integrable system and Hecke eigensheaves’,
http://math.uchicago.edu/~drinfeld/langlands.html.
[BH] M. Besson and J. Hong, ‘A combinatorial study of affine Schubert varieties in affine Grassmannian’, Transform.
Groups 27 (2022), 1189-1221.
[BT] D. Bernard and J. Thierry-Mieg, ‘Level one representations of the simple affine Kac-Moody algebras in their
homogeneous gradation’, Comm. Math. Phys. 111(2) (1987), 181-246.
[BrT] F. Bruhat and J. Tits, Groupes réductifs sur un corps local: II. Schémas en groupes. Existence d’une donnée radicielle
valuée’, Publ. Math. Inst. Hautes Etudes 60 (1984), 5-184.
[Bo] N.Bourbaki, Lie Groups and Lie Algebras (Elements of Mathematics) (Springer-Verlag, Berlin, 2002), chapters 4—6.
Translated from the 1968 French original by Andrew Pressley.
[BS] D. Bump and A. Schilling, Crystal Bases (World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2017).
[Car] R. Carter, Finite Groups of Lie Type. Conjugacy Classes and Complex Characters (Wiley Classics Library) (John
Wiley & Sons, Ltd., Chichester, 1993). Reprint of the 1985 original.
[DDW] R. Donnelly, M. Dunkum and A. White, ‘Explicit constructions of some infinite families of finite-dimensional
irreducible representations of the type E 6 and E 7 simple Lie algebras’, Appl. Algebra Engrg. Comm. Comput. 36
(2025), 387-413.
[EM] S. Evens and I. Mirkovi¢, ‘Characteristic cycles for the loop Grassmannian and nilpotent orbits’, Duke Math. J. 97(1)
(1999), 109-126.
[FHO1] W. Fulton and J. Harris, Representation Theory (Graduate Texts in Mathematics) vol. 129 (Springer-Verlag, New
York, 1991). A first course, Readings in Mathematics.
[FLM] 1. Frenkel, J. Lepowsky and A. Meurman, Vertex Operator Algebras and the Monster (Pure and Applied Mathematics)
vol. 134 (Academic Press, Inc., Boston, MA, 1988).
[He] J. Heinloth, ‘Uniformization of G-bundles’, Math. Ann. 347(3) (2010), 499-528.
[Ha] T. Haines, ‘Dualities for root systems with automorphisms and applications to non-split groups’, Represent. Theory
22 (2018), 1-26.
[HLR] T. Haines, J. Lourenco and T. Richarz, ‘On the normality of Schubert varieties: Remaining cases in positive
characteristic’, Ann. Sci. Ec. Norm. Super. 57 (2024), 895-959.

https://doi.org/10.1017/fms.2025.10057 Published online by Cambridge University Press


https://arxiv.org/abs/2010.11357
http://math.uchicago.edu/~drinfeld/langlands.html
https://doi.org/10.1017/fms.2025.10057

Forum of Mathematics, Sigma 35

[HR] T. J. Haines and T. Richarz, ‘Smoothness of Schubert varieties in twisted affine Grassmannians’, Duke Math. J.

169(17) (2020), 3223-3260.
[HR2] T.J. Haines and T. Richarz, “The test function conjecture for parahoric local models’, J. Amer. Math. Soc. 34 (2021),

135-218.

[HK] J. Hong and S. Kumar, ‘Conformal blocks for Galois covers of algebraic curves’, Compos. Math. 159(2023), 2191-
2259.

[HY] J. Hong and H. Yu, ‘Beilinson-Drinfeld Schubert varieties of parahoric group schemes and twisted global Demazure
modules’, Selecta. Math. (N.S.) 31 (2025), 16.

[Ka] V. Kac, Infinite-Dimensional Lie Algebras, third edn. (Cambridge University Press, Cambridge, 1990).

[Kas1] M. Kashiwara, ‘Crystalizing the g-analogue of universal enveloping algebras’, Comm. Math. Phys. 133(2) (1990),
249-260.
[Kas2] M. Kashiwara, ‘On crystal bases of the g-analogue of universal enveloping algebras’, Duke Math. J. 63(2) (1991),
465-516.
[K1] M. Kleber, ‘Combinatorial structure of finite-dimensional representations of Yangians: the simply-laced case’, Int.
Math. Res. Not. 1997(4) (1997), 187-201.
[KLu] D. Kazhdan and G. Lusztig, ‘Schubert varieties and Poincaré duality’, in Geometry of the Laplace Operator (Proc.
Sympos. Pure Math., Univ. Hawaii, Honolulu, HI, 1979), 185-203 (Proc. Sympos. Pure Math.) vol. XXXVI (Amer.
Math. Soc., Providence, RI, 1980).
[KTWWY] J. Kamnitzer, P. Tingley, B. Webster, A. Weekes and O. Yacobi, ‘Highest weights for truncated shifted Yangians and
product monomial crystals’, J. Comb. Algebra 3(3) (2019), 237-303.
[Ku] S. Kumar, Kac-Moody Groups, Their Flag Varieties and Representation Theory (Progress in Mathematics) vol. 204
(Birkhduser Boston, Inc., Boston, MA, 2002).
[Lo] J.N.P. Lourenco, ‘Grassmanniennes affines tordues sur les entiers. Grassmanniennes affines tordues sur les entiers’,
Forum Math. Sigma 11 (2023), el2.
[LS] Y. Laszlo and C. Sorger, ‘The line bundles on the moduli of parabolic G-bundles over curves and their sections’,
Ann. Sci. Ecole Norm. Sup. (4) 30(4) (1997), 499-525.
[Mo] S. Mozes, ‘Reflection processes on graphs and Weyl groups’, J. Combin. Theory Ser. A 53(1) (1990), 128-142.
[MOV] A. Malkin, V. Ostrik and M. Vybornov, ‘The minimal degeneration singularities in the affine Grassmannians’, Duke
Math. J. 126 (2005), 233-249.
[OS] S. Oh and T. Scrimshaw, ‘Categorical relations between Langlands dual quantum affine algebras: Exceptional cases’,
Comm. Math. Phys. 368(1) (2019), 295-367.
[Pro] R. Proctor, ‘Minuscule elements of Weyl groups, the numbers game, and d-complete posets’, J. Algebra 213(1)
(1999), 272-303.

[PR] G. Pappas and M. Rapoport, ‘Twisted loop groups and their flag varieties’, Adv. Math. 219 (2008), 118-198.

[PZ] G. Pappas and R. Zhou, ‘On the smooth locus of affine Schubert varieties’, Math. Ann. 392 (2025), 1483-1501.
[Ril] T. Richarz, ‘Schubert varieties in twisted affine flag varieties and local models’, J. Algebra 375 (2013), 121-147.
[Ri2] T. Richarz, ‘Local models and Schubert varieteis in twited affine Grassmannians’, Diploma, Bonn university.

[Sag] The Sage Developers, Sage Mathematics Software (Version 9.4), 2021, https://www.sagemath.org.
[Sch] A. Schilling, ‘Crystal structure on rigged configurations’, Int. Math. Res. Not. (2006), Art. ID 97376, 27.
[Scr] T. Scrimshaw, ‘Uniform description of the rigged configuration bijection’, Selecta Math. (N.S.) 26(3) (2020),
article 42.
[So] C. Sorger, ‘On moduli of G-bundles of a curve for exceptional G’, Ann. Sci. Ec. Norm. Sup. (4) 32(1) (1999),
127-133.
[SS] B. Salisbury and T. Scrimshaw, ‘Rigged configurations and the *-involution for generalized Kac-Moody algebras’,
J. Algebra 573 (2021), 148-168.
[St] J. Stembridge, ‘The partial order of dominant weights’, Adv. Math. 136(2) (1998), 340-364.

[St2] J. Stembridge, ‘Minuscule elements of Weyl groups’, J. Algebra 235(2) (2001), 722-743.

[Zh1] X. Zhu, ‘Affine Demazure modules and T-fixed point subschemes in the affine Grassmannian’, Adv. Math. 221(2)
(2009), 570-600.

[Zh2] X.Zhu, ‘On the coherence conjecture of Pappas and Rapoport’, Ann. of Math. (2) 180(1) (2014), 1-85.

[Zh3] X. Zhu, ‘The geometric Satake correspondence for ramified groups’, Ann. Sci. Ec. Norm. Supér. (4) 48(2) (2015),
409-451.

[Zh4] X. Zhu, ‘An introduction to affine Grassmannians and the geometric Satake equiv- alence’, in Geometry of Moduli
Spaces and Representation Theory (IAS/Park City Math. Ser.) vol. 24 (Amer. Math. Soc., Providence, RI, 2017),
59-154.

https://doi.org/10.1017/fms.2025.10057 Published online by Cambridge University Press


https://www.sagemath.org
https://doi.org/10.1017/fms.2025.10057

	1 Introduction
	2 Main definitions
	2.1 Standard automorphisms
	2.2 Affine Grassmannian of special parahoric group schemes
	2.3 Twisted affine Schubert varieties
	2.4 Global affine Grassmannian of parahoric Bruhat-Tits group schemes
	2.5 Global Schubert varieties

	3 Construction of level one line bundle on BunG
	3.1 Borel-Weil-Bott theorem on Gr=142 =168 =194 =195 =512   ==71==71 G   
	3.2 Construction of level one line bundles on BunG

	4 Smooth locus of twisted affine Schubert varieties
	4.1 Gr=142 =168 =194 =195 =512   ==84==84 T    as a fixed-point ind-subscheme of Gr=142 =168 =194 =195 =512   ==71==71 G   
	4.2 A duality isomorphism for twisted Schubert varieties
	4.3 Application: smooth locus of twisted affine Schubert varieties

	5 Duality theorem for E6
	5.1 Some reductions
	5.2 The representation V(ω4, -3)
	5.2.1 The weight space V(ω4,-3)ω1+ω6
	5.2.2 The weight space V(ω4,-3)ω2
	5.2.3 The weight space V(ω4,-3)0

	5.3 The representation V(ω2, -2)
	5.3.1 The weight space V(ω2, -2)0
	5.3.2 The weight space V(ω2,-2)ω2


	A Proof of Proposition 5.8, by Travis Scrimshaw
	A.1 Lie algebra representations and crystals
	A.2 Implementation

	References

