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Abstract. We construct an example of a C~ diffeomorphism of an annulus into
itself which has an attracting invariant circle such that the map restricted to this
circle has no periodic points and no dense orbits. By studying two parameter families
of maps of the plane which undergo Hopf bifurcation, particularly the set of
parameter values for which the rotation number is irrational, we see that the above
example can be considered as a ‘worst case’ of the loss of smoothness of an attracting
invariant circle without periodic orbits.

1. Introduction

Letf,: R? - R? be a family of C* functions which depend smoothly on the parameter
w € C. Suppose for all u € C, £,(0,0)=(0, 0) and Df, (0, 0) has eigenvalues . and
@. When |u| <1 the origin is asymptotically stable while when |u|>1 the origin is
a repeller. Provided the higher order terms of f, satisfy some conditions and " is
bounded away from one for n =1, 2, 3, 4, the Hopf bifurcation theorem implies
that, as . passes from the inside to the outside of the circle || = 1, a stable invariant
circle bifurcates from the origin ([18], [21], [8], [20], [16]). As Ju| increases, the
radius of the invariant circle increases, and examples show that the invariant circle
can eventually bifurcate into what is called by some a ‘strange attractor’ exhibiting
‘chaotic’ behaviour ([§], [2]). The process by which the attracting invariant circle
loses smoothness when its rotation number is rational was studied numerically in
[2]. In this case the invariant circle loses smoothness gradually. Of particular interest
were the mechanisms by which the invariant circle could stop being C'. One of
these mechanisms is the development of a heteroclinic tangency for the lift of the
map to the projective bundle over R?, [2]. This mechanism will be seen to be
important when the rotation number is irrational where otherwise the situation is
quite different.

The main result of this paper is the construction of an example of a C*
diffeomorphism of an annulus which has an attracting Lipschitz invariant circle
such that the map restricted to this circle is a Denjoy map, i.e. a homeomorphism
of the circle with no periodic points and no dense orbits. Similar examples have
been constructed by Knill [15], Harrison [10, 11] and Herman [13]. Knill constructs
a C* diffeomorphism of an annulus with an invariant circle on which the map is

https://doi.org/10.1017/50143385700001826 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700001826

88 G. R. Hall

a Denjoy map. However, the map he constructs is hyperbolic on the invariant circle
and so the structure of the map near the invariant circle is very complicated. In
particular, the invariant circle is not isolated. Harrison’s example is of a C?
diffeomorphism with the restriction to an invariant circle being a Denjoy map and
this invariant circle is semi-stable. Herman’s example is a C*>~° diffeomorphism of
the annulus which is area preserving and which contains an invariant circle on
which the map is a Denjoy map. See also [9].

The construction we give can be accomplished C'-close to certain maps of the
annulus which arise after Hopf bifurcation in even simple (polynomial) maps of
the plane. However, since the construction uses a degenerate connection between
invariant manifolds in the projective bundle over the annulus, we obtain no other
information concerning how often these maps occur. Also, it is unknown whether
or not an analytic map of this type exists.

§ 2 will be used to fix notation used throughout. In § 3 we review the Hopf
bifurcation theorem for two parameter families of maps of the plane, particularly
when the rotation number is irrational. In particular, we show that the set of
parameter values on which a fixed irrational rotation number is assumed is a
Lipschitz curve. § 4 considers the smoothness of invariant circles with irrational
rotation number and in § 5 we construct the example discussed above. §5 is
independent of §§ 3, 4.

2. Notation and definitions
Let 2nZ={2mn:n € Z}, and let T =R /2w Z be the circle with circumference equal
to 27. Let A =[0, 11X T. Note that the maps

11:R->T; 0->0+2nZ

n:[0, 1]XR~>A;  (,0)>(r,0+27Z)
are smooth (natural) covering maps which can be thought of as coordinate systems
on T and A respectively. We will deal with these coordinates extensively and hence
we will allow the context to determine whether we are speaking of a map from T

to T (A to A) or its lift from R to R ([0, 1]XR to [0, 1]XR). If f is a map from a
space to itself then we will let f* denote the n’th iterate of f, i.e. f* =fof" .

Definition. A continuous map h: T - T is called degree one if
Hx+27)=Hx)+27
for any lift H of 4 and any x e R.

Definition. If h: T—T is a degree one homeomorphism then the rotation number

of h, denoted rot (h), is defined to be
1 .. H'x)
— lim ———
24 nao n

where H is a lift of & satisfying H(0)e [0, 27) and x eR.
Remark. This limit exists and is independent of the choice of x ([19)).
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Definition. Let h: A > A be a continuous map. We say h is degree one if
H(r,x+27)=H(r,x)+(0,2m)
for any lift H of h and any (r, x) € [0, 1] XR.
Notation. Let
A [0, 1]xR~>[0, 1]: (r,0)>r
and
A2: [0, 1]XR->R: (r,8)->8
be the natural projections.

Definition. If h: A > A is a continuous, degree one map and z € A then we define
the rotation number of h at z, denoted rot (h, z) to be
1 . A2(H"(2))

— lim ——=

27 noeo n
where H is a lift of & with H(, 0)e[0,1]1x[0,27) and 7€[0, 1]xR satisfies
n{Z) = z. If the limit does not exist we say rot (4, z) does not exist.
Definition. Suppose for some integer n =0, the degree one maps 4, g: T>T are
n-times continuously differentiable. Then define

I, glico = sup |[H (6) — G(6)|
8eR

d'H(6) d'G(6)

n = — -+ + -
7, glic zgng(ﬂ) G(9)] sup | — i 20

l=i=n
where H and G are lifts of h, g respectively with H(0), G(0)€ [0, 27). Similarly,
if h, g: A > A are n-times continuously differentiable maps then

Ir, gllco= " sup |\H(r, 6)—G(r, 6)]

(r,80)€(0,1]xR

Ik, gllc== sup  |H(r,8)=G(r, )|

(r,6)e[0,1]xR

+ sup |D'(H)(r, 0)-D'(G)(r, )|
(r,0)€[0, 1IxR
l<i=<n

where || - || denotes the usual vector and matrix norms, and H, G are lifts of A, g
respectively satisfying H G, 0), GG, 0)€[0, 11x[0, 27).

Remark. From now on, when we use the coordinates induced by n; and n on T
and A respectively we will not distinguish between the maps /: T-» T, h:A->A
and their lifts to R and [0, 1]XR respectively. For example, in the above, if
h,g:A - A are continuous degree one maps then we will write

IR, gllco= sup Ik (6)—g(6)].

Definition. f f:T->T (or f:R ->R) and 8, <, are such that f(8,) = 8, then [6, 6-]
is called a fundamental interval of f.
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We will use the following terminology from [4]:

Definition. If X is a metric space, C a compact subset of X and f: X ->X a
continuous map then we call C an attractor block for f if

f(C) cinterior C.
The set

Y

foyec

1

It

which is the largest invariant set in C, is called the atrractor for the attractor
block C.

Notation. If U is a subset of R", f: U » U a C* diffeomorphism and x € interior U
such that f(x) = x then we let

Wi, f)={zeU:f(z)>x asi->o}

W, f)={zeU:f (z)»x asi->—oo}
If Df(x) has eigenvalues with modulus one then we call the invariant manifold
corresponding to the eigenvalues with modulus less than one the strong-stable
manifold and we denote it by W*(x, f).

We will let TA denote the tangent bundle to A, and T,A the tangent space to
A at z. The (r, #) coordinates on A induce coordinates on T,A. We let §/dr denote
the unit vector in the r-direction and 3/3€ the unit vector in the §-direction.

We will find it convenient to deal with the projective (or line) bundle over A.
At each point z € A, each line through the origin of T,A intersects the circle

d d 1,2 2 1 }
—t+y i (x—3)+y =3
{xar g & D +y =3
at the origin and at one other point (except the y axis, see figure 1). Hence we can
identify the set of lines through the origin with the circle

d d 1,2, .2 1}
—+y— (x =’ +y’=i}.
{xar y60 x—2)"+y“ =1

a
ar
/
/
/.
[¢) (C]
= /
\ 2 / \ 9
a8
FIGURE 1
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In particular, we can put coordinates on this set of lines by taking twice the
arctangent of the slope. This is precisely the angle of intersection between the ray
{x(3/ar): x =3} and the segment connecting (58/dr) with the point of intersection
away from the origin (or the origin for the y-axis). Hence, letting P denote the
projective bundle over A, then P=A X T and we will denote the coordinates just
described by (r, 6, ®). Again, when using these coordinates we will let the context
determine whether we'are speaking of a map to P or its covering space [0, 1] xR XR.

If f:A-> A is a diffeomorphism then Df(z): T,A - T;,,A preserves the set of
lines through the origin and hence f induces a map from P to itself which we will
denote by f,. Similarly, if y: T > A, then the derivative of ¥ induces amap y,: T P.

We will let Q denote the projective bundle over R*~{(0, 0)}. Note that polar
coordinates (r, @) on R*~{(0, 0)} induce coordinates on Q exactly as above and
we will also use (7, 8, ®) to denote these coordinates.

3. Review of Hopf bifurcation
In this section we review the Hopf bifurcation theorem for diffeomorphisms of the
plane following the proof of Ruelle and Takens [20]. By making some of the
required estimates more precise we will obtain information about the set of para-
meter values at which particular rotation numbers are assumed on the invariant
circle.

ForueC,letf,: R?-> R? be as in the introduction, that is, it satisfies

(a) f. is jointly C* on C and R?;

(b) for all u €C, £,.(0,0) = (0, 0);

(c) for all u €C, the eigenvalues of Df, (0, 0) are u and x.
Since we are following Ruelle and Takens [20], we begin by fixing ¢; >0, small,
and let

C={ueC:|u"-1l=¢, n=1,2,3,4,5.

From now on we assume u € C, avoiding points of ‘low order resonance’. The
possible behaviour near these parameter values has been discussed in {1]. In
particular, the Hopf bifurcation theorem itself is valid about x such that u°=1.

If we write u = s exp (i¢) then by a u-dependent change of coordinates we may
write f,, in the polar coordinate ‘normal form’ as

fulr, 8)=(sr = fi(u)r®, 0 + & +Folu)r*) + (O(F), O(r*), (3.1)
where fi, f,:C>R are C™ functions. We assume there exists ¢, >0 such that
fiw)>{,forall u e C.

Let
fulr, 8)=(sr=f1(w)r*, 8 + & + fo(u)r?). (3.2)
When s >1 the circle
e s—1
f1lp)

is invariant under f,..
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LEMMA 1. There exists 8:>0 such that for u =s exp (ip)eC with 1<s<1+86;

the set
{0y JH=D_, _ 261
U —{(r, 0): 3fi(u) =r= filw) }

is an attractor block for f,.

Next we point out that there is a corresponding attractor block for (f, ), the lift
of f,, to the projective bundle over the annulus U,,.

LEMMA 2. There exists 63>0 with 8;<8, such that if u=sexp(i¢p)eC with
1<s<148; then the sets
W.={(a b):la|=(s—1)lb]}
V.={(a,b):|a]=(s-1)b]}
satisfy
DL.(r, 0)(a£—+b£) eV,

whenever (a,b)e W, and (r, 8) € U,,. (See figure 2.)
The proofs of lemmas 1 and 2 are elementary and are essentially contained in the
proof of [20, theorem 7.2], so we omit them.

W,

u

FIGURE 2
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Now by the linearity of Df,, it follows that for u € C and 1 <|u|< 1+ 83 we have
Df.(r,)V,cV,

whenever (r, 8) € U,.. In fact, the above suffices to show that there exists a constant
¢3 >0 such that the set

Vu ={(r, 6, G)EQ: (", 0)6 U,,,, —C3(S—1)<®<C3(S—1)}

is an attractor block for (f,), when w is as above.

Using inequalities such as these lemmas, Ruelle and Takens [20] proceed to
show that when |« | is sufficiently close to one there is a Lipschitz invariant circle
for f,.. By using the invariant manifold theorems of [14] they obtain some differentia-
bility properties for this circle. Specifically they show the following:

HorF BIFURCATION THEOREM. For f,, as above and for n a positive integer there
exists a, >0 such that if w € C and 1<|u|<1+ay,, then there exists a C" attracting
invariant circle which surrounds the origin and whose domain of attraction includes
every point in its interior except the origin.

Having shown that f, has an invariant circle we may ask for which parameter values
f. restricted to its invariant circle has a given rotation number. Arnol’d [1] has
shown that given a rational p/q [0, 1] with g >4 the set u € C for which the
rotation number of f, on its invariant circle is p/q is contained in (and is generically)
a horn shaped region with tip at exp (2ip/q) (see figure 3). He also gives a formula

exp (2mip/q)

FIGURE 3. Shaded region contains all values of u for which f,, has a point with rotation number p/q.

for the degrze of contact between the edges of the horn. We can obtain information
about the set of parameter values where an irrational rotation number is assumed
by considering more carefully how the invariant circle changes with u € C.

Fix 8,>0 such that a, =8, and §; =84 and such that when u € €, 1 <|p|<1+84;
the invariant circle of f,, given by the Hopf bifurcation theorem may be represented

https://doi.org/10.1017/50143385700001826 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700001826

94 G. R. Hall

as the graph of a function g, : [0, 27) - (0, ®©), i.e. the invariant circle for f, is

{(r, 0): r =g,.(8)},
where g, is C?. The rest of this section will be devoted to the discussion and proof
of the following theorem.

THEOREM 1. Fix an open set E <[0, 1] such that
E c{a €[0, 1]: exp 2mia)e C}.

Then there exist constants L and 85> 0 such that 85 =< 84 and for any irrational B € E
there is a Lipschitz curve

ve:[1,1+85)>[0, 27)
with Lipschitz constant L such that, if u € C and 1<|u|<1+8s, then f, restricted

to its invariant circle {(g,.(8), 8)} has rotation number B if and only if u = s exp (ivg(s))
for some s.

Remarks. (1) The fact that the regions of the u plane where a particular rotation
number is assumed extend a uniform distance from the |u|=1 circle away from
low order resonance was shown (in the setting of flows on the torus) in [3].

(2) The edges of the regions where a given rational rotation number is assumed
are given by the implicit function theorem and hence will be at least piecewise C*.
The proof below shows that the edges of these horns are Lipschitz where the
Lipschitz constant is independent of the rational p/q € E (see figure 4).

FIGURE 4. The invariant circle has rational rotation number under f, for parameter values in the
shaded regions. The invariant circle has irrational rotation number for values of . on Lipschitz arcs
between the shaded regions.

Define, for u =s exp (i¢p)eC and 1<s <1+6,
h(',,5): T->T
h(-,b,5): 0> A20fcexp o) Bsexpis)(F), 6).
This gives a two parameter family of homeomorphisms of the circle. If we can
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show that h is Lipschitz in ¢ and s then theorem 1 will follow easily. To obtain
information on how A varies with ¢ and s we must establish estimates of how g,
varies with x. In lemma 3 we fix a narrower attractor block containing g,. than was
done in lemma 1. In lemma 4 we give an estimate of how g.(8) varies with u
particularly near || = 1. This is accomplished by changing coordinates for a par-
ticular o so that in the new coordinates the invariant circle has centre at the origin
and a constant radius. Then the implicit function theorem can be applied to bound

Buo+a,. (6) = 8uo(6)
in terms of |A,|. Finally, in lemma 5 we apply the estimates of lemma 4 to obtain
estimates on h(-, ¢, s) from which the theorem follows.

LEMMA 3. There exist constants 8¢ and c4>0 such that §¢<8,4 and for eC,
1<|u|<1+8¢ and u =s exp (i) we have

gu(ﬂ)—\/f(—1

Proof. From equa_tions (3.1) and (3.2) we see that there exists a constant ¢s>0
such that for u € C, 1 <|u|<1+8, we have
EUUARPRLLTA
or or

Hence we may fix 8¢>0 so small that §¢=<84 and for u €C, 1<|u|<1+8¢ and
(r,8)e U, we have

<cq(s — 1)2

4
<csr'.

(r,0)

3A1f) s=1_3-s
0< o (r,8)<1 =73 <1.
So when
s—l /2(5—
fl(/-l«) (I—L)
we have

(A1of)(r, 8)=(Arof,) (\/;?T a)+37’s(r— ;;Ll))

If we fix cg so that [A;of, (r, 8) —Apfl(r, )| <cer’ for all u as above then we see that

o=t Vi e Vig) 2520

1 1

Hence if
s—1 3-s5 s—1 s—1\°
(r Vfl(m) 2 (’_Vfl(m)”"(*'??@) *
then
Arefu ), 8)<r.

But (*) holds if and only if

o as-1)

"TNRW T )
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By a similar argument for r<+ (s —1)/f1(r) we see that there exists a constant

¢4 >0 such that
{(r 4): \/7—04(s—1)%sr5\/f(71+c4(s—1)}

is an attractor block for f, whenever x € C, 1<|u|<1+8¢ and the proof of the
lemma is complete. O

LEMMA 4. There exist constants 87 and ¢7>0 such that 6,<8¢ and if w and v € c,
1<|u|<1+687, 1<|v|< 14687 and |u —v| is sufficiently small, then

18.(6)— 2. (8)| < collad |+ |As|/ (|- 1)),
where (As, A@) is the difference of w and v in polar coordinates.
Proof. Fix poeC with 1< |po] <1+86 and fix «,>0 so small that when veC,
lwo—v| <« implies v € C,

|Mo|— <_0

1<|lyv|<1+6 d —< .
Iv] ¢ M0 -1 "9

With 5o exp (ido) = o, define
O:R>~{(r,0):r <calso— 1)%}—>IR2

(r,0)> (r—gm(0)+ \/f(;ol) 0).

1\

Then

& Yr, 6)= (r +guo(0)—

whenever it is defined. Let
=@of,op"

qr‘({( fsl"(;ol) o)}) = {(2.0(0), O},

we see that the circle r=+v(so—1)/fi(no) is invariant under k,, Letting
p(r,0,0,5)= Aok exp o) (r, 8) We see that

N7 1) 0,d0.50) = fs(;l)

1l

Noting that

Moreover, since for u = s exp (id)

1
p(r,0,¢,s)= \/ e — 8uoA20fu (D 7H(r, )+ A1of, (D7(r, 8))

-1 .
=y ;1"(“0) — Buo(A2of (@717, 6)))
1

o{r+ 5001~
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—(r+guo(e)—\/f( ) filw)

5

so—1
f( 0)) pl(r, 09 ¢,S),

+(r+8u060)-

where p; is a smooth function, we have

—(r 0,¢,5)= 8uo()\2°fu<’+guo(0) fo(_j 0))

: %(Azofu(r + 8uol0) — f—°(-—l 6)))

)fl(ﬂv)

+s— 3(r +g,.(0)— f (

+0’<(r +8,,(0)— ;10(;()1))4>.

By lemma 2 we may assume |g,, (6)| <(so— 1) and if we choose s and ¢ so that
lwo~s exp (i)} <«; then

9 So— 1 10

=< <—.

10 s-1 9
Hence there exists a constant cg>0 independent of w such that for (r,8)e U,,
we have

d
5‘;’(r, 8, b, s)=(s —3r*fi(w))

guo(Az°fu(r+guo(0) 3 (;1 0))

((Azofu (r+g,,o(0) f"(;:) e))

~6r(gui) - 22 o))
S CRORRECS Y i

+0((r gl ;<;1))4)

=1 —g(So— Dfi(w)/f1(po) +cglso—1)(Vso—1)
+cs(Vso—1)(s0— 1)¥ +cslso— 1)° +calso— 1)%

Hence we may choose 8, > 0 so small that §, =8¢ and when poeC, 1 <|uo/<1+8,
and s exp (i¢) € C satisfies |uo—s exp (i¢)| <1, then

op
0<6 (r,0,d,s)<
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Hence we can apply the implicit function theorem to obtain a map o(6, ¢, s)

such that
so—1
8, ,S0)=\ ——
o (8, o, So0) \/fl(IJ'O)
and

p(c(6,¢,5),0,d,5)=0(6,,s)
whenever |uo— s exp (i¢)| <« for a fixed k, >0, k, = «;. Moreover
do _ dp/od an oo __dp/os .
ap 1—ap/or as 1—apjar
Now

Z—‘s’(r, 6, 0, 5) = —gluo(Aaofu (@ 1(r, 6) - %()\2°fu(q)_l(r, o)

(r+guo(0) f( ) (r+guo(0)— ;ﬁ;—jgff(#)

+0((r+ 6@~ fsl(;l)))

Hence, as above, when (r, 8) € U, there is a constant ¢y >0 such that

o(s0—1)(s0— 1) +co[vs0~1 + (s~ 1)?]

9
—p(r, 0,¢,8)|=c
as

+co[Vso—1+(so~ 1)%]3'*‘09(30— 1)%-
A similar argument for dp/d¢ shows that, by taking §¢ smaller if necessary, there
exist constants ¢ and ¢y so that

a —_—
’a—p(r, 0,,5)|=coVso—1,
;(nﬁ ¢, 5)| =crolso—1).
So letting ¢;; = max (2cg, 2¢10) We have

da c1o(s0— 1) -

Y =C11,

apl 1-(1-(s0—1)/2)

a \/ —

E ALY 1 _<_C11/‘/So‘_1
1-(1—(s50—1)/2)

Now fix k3>0 with x, =«3 and such that when |4 —uo| <«3, and (r, 8) € U, with
s exp (i¢p) = u we have

0=2(6,¢,5)<1-21
ar
and
|A l 2(s9—1) 2(s0—1)
CII(IA¢,+ So— ) sem { fl(ﬂo) fl(,U«o) l\/fl(l—bo) 3f1(#~0)}
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where As exp (iA¢) = u —o. Then the set

{(r 0): \/f( 1) 2c11(lA¢|+JltTll>sr<\/fs )+2Cu(|A¢|+~/]_t_é|_l)}

Mo 1(uo

is an attractor block for k, and hence its image under ® " is an attractor block for
fu i.e., the set

|As| |As|
(r, 0): guo(8) —2¢ (A + ><rs 6)+2¢ (A + )}
{ 8 11 , ¢| ~/s0 gm,( ) 11 , 4” \/S—o——_T
is an attractor block for f,,. Hence
As
1 (0)— (@) <co{ 180 + - 2L),
‘/So"‘l

where ¢; = 2c¢,; and the proof of the lemma is complete. d
Now define
. ‘//(09 ¢s s)=(/\2°fp.)(gy.(0)’ 0)_0_(p1
ie.

h(8,¢,s)=6+d +y(6,¢,s).
LEMMA 5. There exist constants 65 and M >0 such that §g<6, and for eC,
1<|u|<1+85 and u =s exp (i) we have
(@) ¢(6, @, s)|<M(s—1);
A
(b) |¢(6, ¢ +Ad,5)— (6, &, s )|<| ¢|
) |¢(6, b, s +As)— (6, &, 5)] <M|ASI;
wherep.l =(s+As)exp (i¢) and u,=s exp [i(¢p + Ad)]satisfy u; € C, 1 <|u:| <1+ 8
fori=1,2 and u, 1, w2 are in the same component of {u € C: 1 <|u|<1+8g).
Proof. Recall from equation (3.1) that we may write
(A20£)(r, 0) = 0+ +fo(u)r* +O(*).

Now fix u =s exp (i¢) and s > 1 sufficiently small that if u; and w, differ in polar
coordinates from u by (As, 0), (0, A¢) respectively then by lemma 4

g%, (8)— 87 (8)] = 18, (8) + 8. ()] 1g...(8) — 8. (6)|

=/¢|As|

g% (0)~ gL (0) =cVs ~ 1|Ad]
where ¢>0 is independent of u when 1<|u|<1+8,;. Hence choosing §3>0
sufficiently small, with 85 <&, we obtain for u € €, 1 <|u|<1+8s,

[4(6, & +Ad, s)~ (8, ¢, 5)| <|Ad|/2
and
(6, @, s +As)— (6, ¢, )| <C|As|
when A¢ and As are sufficiently small, i.e., ¢ is pointwise Lipschitz at each
point. But since the Lipschitz constants are independent of u the function ¢ sat-
isfies the above inequalities for any u, and u- in the same component of {v e C:
1<|v|<1+8g}as u.
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Also for some constant ¢ >0
(6, d,s)=A2°£.(8.(0),6)—6—¢
=g.(0)f2(n)+0(gL.(9))
=é(s—1)
for pe{reC: 1<|v|<1+8g}. Taking M =max {¢, ¢}, the proof of the lemma
is complete. O

LEMMA 6. (Herman, [12].) Suppose hy, hy: T > T are degree one homeomorphisms
with
Hq(x)>H,(x) forevery x € R,
where H; is a lift of h; satisfying
H;(0)e[0, 27), i=1,2.
Then if either rot (hy) or rot (hy) is irrational then
rot (h1) >rot (h,).
Proof. See [12, proposition 111 4.1.1].
Proof of theorem 1. For u € {v € C: 1<|v| <1+ g} the rotation number of f, restric-
ted to {(g.(8), 6)} is the same as rot (h(-, ¢, s)) where u =s exp (id), so it suffices
to consider only the maps A(*, ¢,s): T>T.
Fix an irrational 8 € E and suppose
rot (h(-, @o, s0)) =B
where s exp (ido) € € and 1<so<1+8s. Suppose A¢, As are chosen so that
0=|As|<|A¢|/4M. Then
|h(6,  +Ad,s+As)—h(8,d,5)|=|Ad + (8, b +Ad, s +As)~¢(6, &, 5)|
=|Ad|—|¢(8, ¢ +Ad, s +As)— (6, b, s + As)|
—[¢(8, &, s +As)— (6, ¢, 5)|
A¢ A¢ A¢
Y] Ag]_1ag]

Hence rot (h(-, ¢ +Ad, s +As)) #B.

Next we fix §5>0 so small that 65<§g and for any a € E and each s with
1<s<1+8;s there exist ¢, and ¢, such that s exp (i¢;) and s exp (i¢,) e C, and
s exp (ih1), s exp (i¢2) and exp (2mria) are in the same componentof {u € C: 1 < |u|<
1+65}, and

-M|As|=—-——>0.

rot (h(' ’ ¢1’ S))<a <rot (h(', ¢2, s))'

This is possible since by lemma 5, ¢y >0 as s> 1.

Hence, for a fixed irrational 8 € E and s satisfying 1<|s|<1+8s there exists
precisely one ¢ such that

rot (h(-, @5, 5))=P.

Defining vz (s) = ¢, and letting yg(1) = 273, the above shows that g is a Lipschitz
curve on [1, 1+85) with Lipschitz constant L =4M which completes the proof of
the theorem. O
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4. Smoothness

In this section we consider the smoothness of attracting invariant circles of maps
of the annulus, particularly when the rotation number is irrational. The tools we
use are the invariant manifold theorems of [7] and [14] and the ideas of [22] and
{17]. The aim of this section is to gain more information about the smoothness of
the invariant circle near Hopf bifurcation and to point out explicitly the effect of
the structure of a lift of an annulus map to the projective bundle. The example in
§ 5 occurs just when this stucture breaks down.

Notation. For § >0 we let Cs, W < R? denote the sets

Cs ={(x, y)eR™: [x| =5lyl},

W, =R~ Cs ={(x, y): |x|>8y[}.
(See figure 5.) If (r, #) € A then we let

a d
Cs(r,8)= {x—+y—e TeaA: (x,y)€ Ca},
or 208

d d
Wi(r, )= {"a‘ﬁ%e TunA: (x,y)€ wa}.

FIGURE 5. The shaded region (including the boundary) is C;, the complement is W,

The Cs(r, ) and W;(r, ) are called sector bundles over A. Let
Cs(r, 8) ={(, 6, ®) € P: the line represented by (r, 6, ©) is in Cs(r, 6)}.
Definition. Let & be the set of f: A > A such that:
(1) fis a C* diffeomorphism of A into A of degree one,
(2) A is an attractor block for f,
(3) there exists 8§ >0 such that for all z€e A

Df(2)(Cs(z))~{(0, 0)} = interior C5(f(z))
(or f4(Cs(2)) < interior C5(f(2))),

(4) there exist constants @ and K with 0<a <1 and K >0 such that for each
n>0andzc A if we Ws(z) and D(f"}(z)(w)e Ws(f"(2)) then

ID(f) )W)l =< Ka"|w]|.
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THEOREM 2. If f€ % then the attractor associated with the attractor block A is the
graph of a C' map g:T [0, 1]. If the rotation number of f on the invariant circle
is irrational then the circle is a C* curve and for each integer n >0 there exists k, >0
such that if h: A > A with ||k, fllct <k, then h has a C" invariant circle.

Remark. Referring back to § 3 we see that the above theorem implies that there
exists & >0 such that if u €C, 1 <|u|<8§ and f, has irrational rotation number on
its invariant circle then the invariant circle is C*.

We break the proof of the theorem into several lemmas, first showing in lemma 7
that f € ¥ implies f has a Lipschitz invariant circle. In lemma 8 we show that this
invariant circle is C' using ideas of [22] and [17]. These first two lemmas also
follow from the graph transform techniques of [14], since condition (4) above is
the ‘hyperbolicity’ needed for those techniques. However, we will include a proof
of lemma 8 which uses only condition (3) of the definition of £ on the topological
structure of the map on the projective bundle over A. The example of the next
section occurs precisely when this topological stucture breaks down. Finally, after
recalling a fact about homeomorphisms of the circle with irrational rotation number,
we can apply the invariant manifold theorems of [7] and [14] to complete the proof.

LEMMA 7. If fe ¥ then the attractor U = A associated with the attractor block A is
the graph of a Lipschitz function g: T [0, 1], i.e.,
U ={(g(8),6): 0eT).

Proof. The proof of this lemma is standard and the details are essentially the same
as those in [20, proof of theorem 7.2}, so we omit it.

LEMMA 8. Suppose <€ with invariant circle the graph of the Lipschitz function
g:T->[0,1]. Then g is actually a C' function.

Proof. Let P, ={(r, 8, ®)e P:r = g(6)}. Then f,(P,) =P, and condition (4) of the
definition of ¥ implies that the set

V={(r60)eCsr,0): r=g@)cP,

is an attractor block for fy|p,. Let S < V denote the attractor associated with the
attractor block V. For each ¢ €T, let

T8 = {(r, 8, ©) € P, : there exist sequences {6, }n-1, {6n}n-1in T

with 9, and03l—>0 asn —» o
e\ .. (6.)—8(82)
and tan (5) = 1lim, 50 g_e_,:—_t?}._}

Then to show that g is C' it suffices to show that T,g is a single point for each
6eT. But U,.y Tog =V and is invariant under f,|p,. Hence (Uy.y Tog =S and it
suffices to show that for each 6 € T the set

So = {(g(e)a 0’ ®) € S}

is a singleton.
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Suppose for some fixed 4 € T the set S, is not a singleton. Then the sets
I,={0:(g(0),6,0)eV and f;'(g(6),6,0)eV fori=1,...,n}

form a nested sequence of intervals with S, =ﬂf=1 I,. Let x,, and y, be the end
points of I, and let v and w be the end points of §,, chosen so that x, > v and
Y. > W asn->m,ie.
I,={0:y,=0=x,}, S={0: w=0=v},

(see figure 6). (We suppress the dependence of x,, y,, v and w on §.) We define
the cross-ratios of x,, y,,, v, w to be

cos (x,./2) cos (v/2)
sin (x,/2) sin (v/2)
cos (x./2)  cos(y./2)
sin (x./2) sin (y,/2)

cos (w/2) cos (yn/2)
sin (w/2) sin (y,/2)
cos (w/2) cos (v/2) |’
sin (w/2) sin (v/2)

C(xp v, W, y,)=

S|V

F1GURE 6. The projective space P over (g(8), 8).

Then C is invariant under f;’ for each i >0 in the sense that if
(F'(g(6), 8), ) =£4' (2(6), 6, x.),
(f(8(6), 0), 7.) =4 (8(6), 6, yn),
(f'(g(0),6), D) =f4'(g(8), 6, 0)
and
(f(8(6),8), W)=£'(8(6), 6, w)
then
C(x,, 0, W, )7,,2 =C(xn, U, W, Yn).
(See [22].) Now since x,, » v and y,, > w, for each £ >0 there exists N so that
Cxp, 0, W, y,)<e whenever n = N. (4.1)

Next we note that if
(f"(g(6), 8), %x) =f4"(g(8), 6, x,)
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then X, = xo and similarly for y,. By the compactness of V and continuity of f,
there exists §; > 0 such that for every n, if &, is such that

(f"(g(0),0),5,)=f4"(g(8), 6,v)
and w, is such that

(f"(g(8), 0), wa) =f"(g(6), 6, w)
then
|xo—5.|>81 and |yo—wn|>61.
Hence there exists §, >0 such that
C(xo, D, Wp, o) > 82
for every n. This contradicts equation (4.1) above which implies that for n sufficiently
large
Cxp, v, W, yn) <82.
Hence, for each § €T, S, must be a singleton and the proof of the lemma is
complete. O

Remark. It is interesting to note that in the proof of lemma 8 we did not use
conditions (2) or (4) of the definition of £. Hence a diffeomorphism of the annulus
which has a Lipschitz invariant circle with the tangent cone of the circle an attractor
with attractor block as described in condition (3) of the definition of %, then the
circle is actually C*.

In order to apply Fenichel’s theorem we must consider the derivative of the map
restricted to the invariant circle.

LEMMA 9. (Denjoy, [6]; Herman, [12].) If h: T->T is a C' diffeomorphism with
irrational rotation number then

lim [D(k")(®)F= 1 (4.2)
forevery 6€T.
Proof See [12, proposition VI 1.1].
Proof of theorem 2. That a map fe.¥ has a C' invariant circle is precisely lemmas
7 and 8. Then condition {(4) of the definition of £ and equation (4.2) applied to

the restriction of f to its invariant circle are precisely the hypotheses for Fenichel’s
theorem, which completes the proof of the theorem. d

5. A Denjoy attractor
In this section we construct an example proving

THEOREM 3. There exists a C™ diffeomorphism h from the annulus A into itself
such that A is an attractor block for h, the attractor associated with A is a Lipschitz
circle given by a function y: T > A, and h|.,y) has no periodic orbits and no dense orbits.

Remark. The set y(T) will be a Lipschitz circle in the sense that it satisfies a ‘cone
condition’ so that in properly chosen coordinates the set y(T) is the graph of a
Lipschitz function.
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The desired map 4 will be the limit of a sequence {k,: A > A}, - each h, having
a C* invariant circle as an attractor, and each h, having a single periodic orbit
with periods increasing with n. We will construct carefully the first map of the
sequence since it serves as a prototype, having the same qualitative features as
each of the A,’s.

We begin with a map f: A » A which may be defined in (r, #)-coordinates by

f:(r, 0) = G(r—3)+3, f(6))
where f: T - T is a degree one, C™ diffeomorphism of T which has a single periodic
orbit. Let p1/q: be the rotation number of f and let 0< 8, < <6, <1 be the
points on the periodic orbit of f Since f has only one periodic orbit it must be a
node, i.e.
D(f"e)=1, i=1,2,...,q.

We assume that Dz(f"'-')(e,.)>0, i=1,...,q. Since the circle r =1 is an attractor
for f with attractor block A, f has only one periodic orbit. This orbit consists of
the points 3, 61), G, 62), . . ., (3, 6,,). The eigenvalues of D(f™)@3, 6;) are 1 in the
#-direction (along the invariant circle), and (3)* in the r-direction. We may character-
ize the invariant circle as

U wH (&, 8), ),

i.e. the invariant circle is the union of the unstable components of the centre
manifolds of the points (3, 8;) with respect to the map f*.

Next we consider the map f,: P —» P. This map has precisely two periodic orbits
which as sets are given by {3, 6, 0):i=1,...,¢:} and {3, 6, w), i =1,...,q:}. The
first corresponds to the periodic orbit of f with tangent direction along the invariant
circle while the second corresponds to the strong stable direction of the periodic
orbit of f. The map f, preserves the set {3, 8, 0): 6 € T} since this is the lift to P of
the invariant circle. Also

fod(r, 0, 7):(r,0)e AD {(r, 8, 7): (r, 8) e A}.
This corresponds to the fact that the curves # = constant give a smooth, f-invariant
foliation of A with segments connecting the boundary components of A. We note
that the strong stable manifolds
W (G, 6), f%) ={(r, 6:): 0=r=1}
are leaves of this foliation fori =1, 2, ..., q,. Finally

{(r’ 0’ 77'): (ry G)EA}= (:_IJI Ws((%9 0!', W)vf?kl )s

i.e. the invariant surface in the projective bundle corresponding to the invariant
foliation is given by the stable components of the centre-stable manifolds of the
periodic orbit {(3, 6, m): i=1,2,..., g1} (see figure 7).

We will set f equal to h, the first map of the sequence {h,:A > A};-; which
~onverges to the desired example. Each of the maps A, will satisfy the description
given above for f and we will describe these properties carefully later.
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FIGURE 7. Representation of invariant manifolds for f* in A and f3 in P.
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The construction of k; from f = h; (and of A,., from h,) takes place in two steps.
First we construct a one parameter family of maps f;, { €[0, 1], such that fo,=f,
each f; satisfies the description given above for f, f and f; have precisely the same
periodic orbits and (f1), has an interval of heteroclinic points between the two
periodic orbits in P. Loosely we can say that a segment of the invariant circle of
f1 lies along a leaf of the foliation associated with the strong stable direction of the
periodic orbit of f;. Hence for o near one, there will be an interval on the invariant
circle whose length decreases at an exponential rate for a large number of iterates.
The next step of the construction is to make a small perturbation of the map f;,
near the periodic orbit without affecting the invariant foliation, which produces a
map with a single periodic orbit with much longer period and which satisfies the
conditions described above for f. Since the interval on the invariant circle near the
leaf of the foliation is small with respect to the fundamental interval which contains
it, we can arrange that the new periodic orbit of the perturbed map misses this
interval. The result will be the next map in our sequence.

We begin by giving an explicit construction of the one parameter family f,. This
provides motivation for the definitions which follow giving the conditions which
each h, must satisfy, Finally we give the induction step described in the paragraph
above in lemma 11.

To construct the one parameter family f; first fix x; and x; € (6, 62) such that
x1<x, and fq‘(x1)=x2, i.e. [x1, x2] is a fundamental interval for f"‘. Fix y1 <y,

with x; <y; <y, <x, and
— Y1 X2~ X4

y
R

Let I, = {8} x[y1, y2] and J, = {3} X [x1, x2]. We assume x, —x; < 3. Let y:R->R be
a C™ bump function with support contained in (—(x2—x1)/2, (x2—x1)/2), 1=¢ =0
and ¢ (x) =1 whenever |x|<(y,—y1)/2. For { €[0, 1] let

cos (Tewlas))  sin(Zeuia, b))

V,:R*>R?; (a, b) > - -
—sin(Zz00(@,6))  cos(Feutiia b))

b)
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Now we define, for ¢ €[0, 1],
[itA-A
1 - 1 —
fr:(r, 6)->f(‘lf;((r, 0)—(5, X1 +x22 x1)> +(5’ x1+xl 3 xz)).

Since f; differs from f only on the strip [0, 1]X (x;, x,) we see that f, has exactly
one periodic orbit made up of the points G, 60,4, 6.),...,06, 8,,). Moreover, for
£ €[0, 1] the set

0w 00,77
is the invariant circle for f; and when ¢ <1 this circle is C*. Also for ¢ €[0, 1],
(f¢)« has precisely two periodic orbits
{3,6,0:i=1,...,q1}
and
3,0, m:i=1,...,q:}
and when ¢ <1 the set

QWW&JMWM

is a C”, (f;)s-invariant surface in P which yields a smooth f;-invariant foliation of
A. When ¢ =1, the set

£

1

U Wu((%: 0i)1 f‘lll)

o

i=

is a Lipschitz f;-invariant circle (i.e. it satisfies a cone condition) and the set
{G,6,0:y1=0=<y,}cP

is contained in the set

W*(G, 81, 0), (f)E)NW*(G, 82, m), (f)D).
This last statement says that the interval {3, 6, 0): y1 =8 <y,} forms an interval of
heteroclinic points between the two periodic orbits of (f1),. This is a degenerate
heteroclinic tangency between the centre manifold of &, 61, 0) and the centre-stable
manifold of (3, 8, 7) (see figures 8 and 9). Each of the maps {h,:A > A};r-, will

A 4
v

PRSI -

JT"A
T

-+

FIGURE 8. Representation of the invariant manifolds for (f3)* and (f) .
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A bl
¢

FIGURE 9. Representation of the invariant manifolds for (f1)* and (f1)§"

have a one parameter family of maps associated with it which have many of the
qualitative features of f, described above with respect to periodic orbits of increas-
ingly large period.

In order to make this precise we make the following tedious technical definitions.
Definition. Let a1 and a, € (0, ) with a;<a,. We say a map h: A > A satisfies
conditions (1-8) (for a1, a,) if h satisfies the following conditions:

(1) & is a C* diffeomorphism of A into 4;

(2) A is an attractor block for &;

(3) % has exactly one periodic orbit; we let p/q denote the rotation number of
this orbit and we let (r1, 6,), (r2, 82), . . ., (r4 6,) denote the points on the orbit;

(4) the eigenvalues of D(h*)(r;, 6;) are 1 and @ where 0 <a <1;

(5) the strong stable manifolds W*((r; 6;), h?) are segments connecting the
boundary components of A;

(6) the set { J°, W*((r;, 6:), h?) is the image of a continuous, injective map
v: T~ A, and y(T) is the attractor for the attractor block A;

(7) if (r, 8), (+', 8" e y(T), and (r, §, ®) e P represents the line in the tangent
space T, ¢A tangent to the segment (7, 8), (', 9"), then O¢[a,, a;] (i.e. this is
the ‘cone condition’ for the invariant circle);

(8) foreachi=1,...,q,

W*((rs 6:), RN y(T) ={(r;, 8:)}.
Definition. We say a map h: A - A satisfies conditions (1-12) (for a1, @, as above)
if & satisfies conditions (1-8) and A satisfies
(9) y:T> A is a C* embedding;

(10) if {(r, 6, ©;):i=1,...,q}<P are the points on the periodic orbit of A,
corresponding to the eigendirection for the eigenvalue «, then the set

U W*((r, 6, ©)), h2)

is the image of a C* map o: A - P which is a section of the natural projection of
PontoA;

(11) the vector field given by o(A4), (by giving the points of o(A) orientation
in a continuous way and unit norm) has solution curves which are segments
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connecting the components of the boundary of A, and each such curve intersects
v(T) in a single point;

(12) c(A)Ny (M =T =c(A)N{(s,6,0):s=0,1, 6€[0,27)}.

Remarks. Conditions (10) and (11) can be restated in terms of the existence of a
smooth, h-invariant foliation. In fact, if A: A > A satisfies conditions (1-12) with
invariant circle y: T > A then we can let ® be the flow associated with the invariant
surface in P given by condition (10) as described in (11) by orienting the vectors
on {(1, 8): 8 €[0, 27)} pointing into A. Then each solution of ® contains exactly
one point of {1}x T<= A and one point of y(T). Hence we can use ® to give a
coordinate system on A as follows:

If z € A then let ®(z, ) be the solution curve containing z and ®(z,0)=z. Let
FfeR be such that ®(z, —7)e y(T) and let 6 € T be such that there exists r€R
with ®(z, t)=(1, §). Then (7, §) form a smooth coordinate system on A. In these
coordinates

h: (7, 6)~> (k(F, 6), u(8)),

i.e. the curves 6 = constant make up the h-invariant foliation. Also, 7 =0 is the
invariant circle y(T) for k, and in these coordinates u: T T equals 4}, ). We will
name these coordinates by the diffeomorphism which induces them, e.g. (7, (7) above
will be called A-coordinates.

We still need one more technical definition which makes precise the notion of
a map being C" close to a map with an interval of heteroclinic points in P, e.g. f;
is close to f, when ¢ is close to 1. We will need to arrange that the smooth structure
(e.g. the invariant foliation) persists until the heteroclinic points appear as is the
case for f, described above.

Definition. Suppose h:A -» A satisfies conditions (1-12) for some a,, a>€(0, 7)
with invariant circle given by y: T > A and rotation number p/q. Suppose J = y(T)
is an interval which is contained in a fundamental interval of A%, and I =J is
an interval which does not contain the end points of J. Suppose U is a neighbourhood
of I in A, U Ny(T) is contained in J and U is bounded away from y(T)~J. Fix
8 and n >0. We say that 4 is (8, n)-close-to-connection with respect to I, J and U
for a, a, if there exists a one parameter family 4;: A » A for ¢ €[0, 1] such that

(a) ho=h,andforall f€[0,1]and all ze A~U, h,(z)=h(z);

(b) for all { €[0, 1], h, satisfies conditions (1-8) for a1, a, and for all £ €[0, 1),
h, satisfies conditions (1-12) for a;, a»;

(c) if ¥,:T> A is the invariant circle for A, £ €[0, 1], then vy, is continuous in
in the C° topology and for each integer m, h, is continuous in the C™ topology
for ¢ €[0, 1];

(d) for £ €[0, 1], |a;, hlic~ <& and ||y, yollco < &;

(e) J < v,(T) for all {€[0, 1] and U is bounded away from (U, (o 13 (v:(T)~J);

(f) leto,:A > P denote the smooth invariant surface in P giving the /,-invariant
foliation, then there exists an open set W containing |, 0,17 ¥:(T) such that if
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(€l0,1) and (r, 8, ®) € o, (A) with (r, §) € W then O ¢ [a;, a2],
(g) each point of the segment

{(r,6,0):(r,0)e I and (r, §, ®) € v+(T)}

is a heteroclinic point for (4,), between the two periodic orbits of (41) in P.
Remarks and notation. For h: A > A as in the definition above we may assume
that the points of the periodic orbit (rs, 61), . . ., (4, 8,) Of A are ordered so that for
each z € [,

(h")'(z)>(r;,61)  asi—>—0
and

(h")(z)>(r,82)  asi—>co.
Then let (ry, 81,0,),..., (74 64 O4) and (r1, 61, 0,),..., (7, 6, 0,) denote the
periodic orbits of h, corresponding to the direction tangent to y(T) and the
direction of the strong stable manifold respectively. Since 4; equals # near
{(r, 8:):i =1, ..., q} we see that the periodic orbits of h, and (h,), are precisely the
same as those of & and A, for any { €[0, 1]. By conditions (a) and (e) we see that

Yy (MAU=y(T)nU  forall{e€[0,1]

and that the foliation is independent of ¢ on a neighbourhood of |2, (h4)'(J).
Finally note that we can restate condition (g) as

{(r’ 0’ G))' (ra 0) € I and (r, 0’ 9) € ‘Y*(T)}
< W*((r1, 81, 81), (h1)3) n W' ((r2, 62, ©3), (R1)3),

and note that since I < v,(T) for each ¢ €[0, 1] we know that {(r, 8, ®): (r,8)e [
and (r, 8, ©) € y4(T)} is contained in (v, ),(T) for each ¢ [0, 1).

We can now give the induction step of our construction in the following three
lemmas. In lemma 10 we take care of a technical detail, showing that a fundamental
interval doesn’t change much when passing near a point which is almost a fixed
point. Lemma 11 is the heart of the construction. Finally in lemma 12 we collect
the details of the construction of the desired sequence {A,: A > A} -1.

LEMMA 10. Let v:[~8,8]>R be a C* map such that v(x)=x, > Du(x)>3 and
D?v(x)=0 for all x €[—8,8]. Suppose v(—8)>—8. Then there exists a constant c
which we can take to be '3 such that for every N >0 which satisfies
v'([-6,v(-8))<=[-6,6] for0O=i=N
we have for any by, boc[—8, v(—8)]
N

lsD(DN)(bl)sc.

¢ D(v7)b2)
Proof. First suppose b, <b,. Sin;e [-6,v(-8)]is a‘fundam.ental interval for v and
Dv >0on[-8, §litfollows thatv'(b,) <v'(by)andv'(b,) <v'*'(b))foralli,0<i<N.
Since D*v >0 on [—§, 8] we see that

Dy (v'(b1)) =Dv (' (b2))
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and
Do (v'(b2))=Dv(v""(b1))
forall/, 0=i=<N. Now

D(™)(b)= Nﬁl Dv(v'(d)), j=1,2
i=0
so we have

N-1 ,
Dw")(b1)= H Do(v'b:)= I Du(v'(b2)) = D(v"™)(b2).

Also
D(U Wb2) = H Do (v'(b3))
N-1 N2 i
=Duv(v" " (b2)) .l;lo Dv(v'(b7))
N-=-2 )
=Dv(w™ (b)) 11 Dv(v™*'(b1)
i=0
-1
=Do (" (b2)) [I Do (v'(b1))
Dv(vN b)) N
Doy I, Delw'6)
Do) . N
= Doy D(v" )(b1).
Hence
Duv(b,) D(v )by) _
Dv(o™~ l(bz)) D" )(bz)
$O
9 _DMBY _,
16" D@™)(by)
Similarly, if b, > b, we obtain
1< D" )by _
DY) z)
Combining these inequalities we complete the proof of the lemma. O

Notation. Suppose h:A > A, I, J and U are as in the definition of close-to-connec-
tion and in the remark following the definition. Fix intervals Io =Jo < such that
neither I nor J, contains either end point of J, nor I, respectively (see figure 10).
Let W be a neighbourhood of the U(E[O,I]Y((T) given in condition (f) of the
definition above.

LEMMA 11. Suppose h: A - A is (8, mo)-close-to-connection with respect to I, J and
U for a1, as. Let p/q be the rotation number of the periodic orbit of h. Then for any
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FIGURE 10

61,82>0 and neighbourhood V of Io with V< U W, V bounded away from
v(T) ~ Jo, there exists a C* diffeomorphism g: A > A such that

g, Allcmo <28

and g is (81, mo+ 1)-close-to-connection with respect to Iy, Jo and V for a., a,.

Moreover, g may be chosen so that the rotation number po/qo of the periodic orbit of
g satisfies

0< ' P_Po

q4 Qo

<8s.

Proof. Let h;: A > A, { €[0, 1] denote the one parameter family of maps associated
with 4. Since A, is continuous in ¢ €[0, 1] in the C™*' topology, we may fix
£1€[0, 1) sufficiently close to 1 so that A, is (81/2, mo+ 1)-close-to-connection with
respect to Iy, Jo and V for a,, a, for any £ € [{1, 1).

Let (7, §) denote the h;,-coordinate system (e.g. we may consider 6 a function
of (r,8), d=4 (r, 8)). We assume (by rigidly rotating the (7, ) coordinates if
necessary) that 6(ra, 8,) = 6>. In these coordinates h;, may be written

Ry (7, 6) > (k(F, 6), v(6))

where v: T~ T is a C* diffeomorphism with a single periodic orbit which contains
the point #,. Fix a neighbourhood K of (r,, 8;) in A so that
KinU=,
Kin{(r, 0):i=1,...,q}={(r2, 62)},
K~ y(T)is an interval
and
$>DH@)>i D*)@)#0

for all § such that (7, )e K, for some 7. We may assume D*v%)(6)>0 on K;
without loss of generality.

https://doi.org/10.1017/50143385700001826 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700001826

A Denjoy attractor 113

Fix numbers 4;, ¥, w; and 7;, with { =1, 2 so that
T={(#6):7=0,d,<6=<dy}
[={(6):7=0,5,<6=y,}
To={(,6):F=0, %, <6 <y}
Io={(76):7=0,%,<6 <%}

A

and hence 4, << W1 <Z1<Z,<wy<§,<d»< 8, (see figure 10).
Let K;={6: (F, 8)e y(T) n K, for some 7}. Fix {( <0 so that
Uio([dl, d,)) gl&l-
The set K; ~ {8,} is disconnected with
v'([d,, 42))
in one component and
U (v))"([dy, 2] m1'21
n>0
in the other.
By lemma 10 there exists a constant ¢; >0 such that
v () - Uif)_"q(wz)
0 (d5) — v " (dy)

<<

for all n =0.
For ¢ €[{1, 1) let (7, 8) denote the i, -coordinates (where we suppress the depen-
dence of 7 and 8 on ¢), i.e. F=F(F,8) and § = 6(F, 8). We assume 6(0, 9,) = 6, and
we let
a; = 6~(O, di), )7i = 5(0, fi), W; = 5(0, wi), ;= é(O, fi),
for i =1, 2. Writing
he: (F, )~ (ka(7, 6), u(6))
where we suppress the dependence of k; and u on {, we have, again by lemma 10,
| (72) = u™ (§1)]
[u*(d2) —u"(dy)|

uniformly in i >0 as ¢ > 1. Hence there exists ¢, €[¢1, 1) such that for all £ €[5, 1)

-0

() —u Gl _ e
lu'(dz)—u' (@)l 16

(5.1)

for all i >0.
Fix {3€[{2, 1) and fix a neighbourhood K of {(r», #,)} such that K = K,

oF  oF
FY Y

—< ’ 0,.<2 on K,
a6 a6
7 38|

and K ny,,(T) is an interval. Fix N; >0 so large th.

uh ([, @) K
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and
u™((d,, d,)) ck
whenever n = N, where K ={08 € T: (7, 8) € K for some r}. Then for n =N,
™" (F) —u T (W) ca
lu " (@) —u""(d@y)| " 47

(5.2)

(see figure 11).

— - - ~—
~
e
K AN
/ ¥ \
WN(d, ) WG da)
l —_— —_——
+—H—t— >— H—
v .23 I
\uN“‘([y'n,y'z]) u N (5,) WM ()
\ ‘ /
N /
yd
N - B -
FIGURE 11

Next we wish to perturb u to form a new map @:T->T which has a single
periodic orbit with rotation number po/q, satisfying

0<|2-2e
9 4o
and such that J, is contained in a fundamental interval of i,
Let ¢:R~>R be a C* bump function with support in K, 1=¢ =0, ¢/(6,) = 1. For
each a >0 let u,: T> T be the map given on [0, 27) by
ua(6) = u(6)+ay(6).
Fix 81> 0 so that whenever 0 <a < 81, u, is a diffecomorphism and u, satisfies (5.1)
for i =N,, (5.2) for n =N, and

<6,

0<

rot(ua)—q3|<6z, $>Dul>3  D%ui>0,

on K.

By lemma 10 and the continuity of u, in a, there exists a sequence {an} =1 such
that a, 0, 0 <a; < B, and for each n there exists M,, > N such thatfor Ny =i <M,,
ard uq ([d1, d2)) =K,

(ua,l)M"q([fl, vyl < (HLDH_N‘q(Wz), ufx°:N’q(}72))-
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Hence u,, has a periodic orbit with some period s, and J, is contained in a
fundamental interval of (u,, )™ For each n, let v, denote the smallest positive
number such that

Uy, TVn: T>T

has a single periodic orbit with period s,. Then J, is contained in a fundamental
interval of

(U, +¥n)™
and since a, —» 0 as u » 0 it follows that v, > 0 as n > 00, Define

g A->A

gn: (7, §) > (k1 (7, 6), Ua, (6) + vn).
Note that for each n, g.|v = h;,|v and the invariant circle (as a set) and invariant
foliation of A are the same for g, as for h,,, so g, satisfies conditions (1-12).

Let (h;,).:A > A, k €[0, 1], be the one-parameter family of maps associated with
hg, by which it is (8;, 12, mo+ 1)-close-to-connection with respect to Iy, Jo and V
for a1, Ar. Let

,OonA~V
(8n) = { &
(hg)conV
Let ¥: T > A be the invariant circle for (g,). (we suppress the dependence of ¥ on
«, n) and note that J, < ¥(T) for all « €[0, 1]. By choosing n sufficiently large, we
may fix a neighbourhood W, of

for « €[0, 1].

U U (g)iZo))

xel0,1]i>0
such that
WonV =y,
so there is a neighbourhood of UKE[O,I] (g2)¥Jo) in which the (g, ).-invariant folia-
tion is independent of «. Hence, fixing n sufficiently large, we see that g, =g is

(81, mo+ 1)-close-to-connection with respect to I, Jo and V for «;, a5, and the
proof of the lemma is complete. O

Now to construct the desired sequence {h,: A > A}r~; of diffeomorphisms we let
h1=f be the map of the first part of this section. Let I; and J; be the intervals
associated with f also as defined in the first part of this section. Define a sequence
of intervals I,,, J,, such that

Jh20,2),22: -

each interval containing neither of the end points of the interval before it in the
sequence and

NL=I#J
i=1

and 7 is not a singleton. Fix §; so that f=h; is (§,, 2)-close-to-connection with
respect to I;, J; for some neighbourhood V' and constants oy, as. Choose {8, }n-2
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so that

x €
Sp=7<
L5273

and every C* map in an 2e¢-neighbourhood in the C' topology of f;, for any
¢ €[0, 1], is a diffeomorphism of A into A.

LEMMA 12. Suppose we have chosen hi:A-> A, i=1,...,n such that for each
i=1,...,n there exists a neighbourhood V,i=1,...,n such that

(i) hiis (8; i +1)-close-to-connection with respect to I, J; and V; for a1, as;

(i) if p;/q; is the rotation number of h;, j =1, ..., n then

0< l&—&' < L >
4i g 10g;
whenever j <i,
(iii) let v;: T—> A be the invariant circle for h;; then there exists a neighbourhood

Wi of vi(T) such that
Winch(W)e W, Viere Wiy,
and for each zoe W;

inf ||z, 2ol <&;;
zeyi(T)

(IV) ”hi’ hl’+1”C‘ < 26,‘.
Then there existsamap h,.1: A - A such that (1)-(iv) are satisfied fori =1, ..., n+1.

Proof. The proof is immediate from lemma 11. O

Remark. Condition (ii) above is needed only to ensure that lim, ., p;/q; is irrational.
We could replace this estimate by much more severe estimates requiring the
lim;..« pi/q: to be a Louiville number (well-approximable by rationals).

Since the induction step requires us to make small perturbations we can not gain
any information about how poorly-approximable by rationals the rotation number
of our example might be.

Proof of theorem 3. By induction and lemma 12 there exists a sequence {h,: A >
Al}y-1 of C* diffeomorphisms satisfying (i)—(iv) of lemma 12. By condition (iv) the
limit 4 =1lim, . h. exists and is a C* diffeomorphism. If y,: T > A denotes the
invariant circle for 4, then by conditions (i) and (iii) there is a curve y: T > A such
that y =lim,.. v. and vy satisfies condition (7) above (with (ai, a;) replacing
a1, a2)). By condition (iii) the set y(T) is the attractor for the attractor block A.
Since I =ﬂ‘:°=1 I; is a subset of y; for each j=1,2,..., we see that I e y(T). Let
z, be a point on the periodic orbit of A,. Then

hi(z,)egI  foralli>0.

Hence if z, is the limit of a convergent subsequence of {z,}7-1 then for any I<i,
I a non empty, non-singleton interval not containing either end point of I then

hi(zo)eI  foralli=0.
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Hence h|, 1) has orbits which are not dense. Since
hlyn = lim A,|, )
n—-»o00

we see that the rotation number of A1) is

p = lim 2=,

n—»oo qn
By condition (ii) of lemma 12 we see that p has infinitely many rational approxi-
mates, so p is irrational. Hence # is the required map and the proof of the theorem
is complete. O

Remarks. (1) Again we note that the only control we have on the rotation number
of the example above is to make the rotation number as well-approximable by
rationals as we wish and close to any given rational. We do not know if such
examples exist for arbitrary irrational rotation numbers.

(2) The starting point of the above construction is a map with an interval of
heteroclinic points in the projective bundle, or, in other terms, an interval on the
invariant circle lies on a leaf of an invariant foliation near a periodic orbit. It has
been observed numerically (see [2]) that points of tangency of this type between
an invariant foliation and an invariant circle occur even for two-parameter families
of quadratic maps of the plane. By a C' perturbation we can turn this point of
tangency into an interval of tangency. Then a C* small perturbation leads to
examples as in theorem 3. Other than this, we have no information on how common
such maps are in the space of C* diffeomorphisms of the annulus. In particular
we do not know if ‘C*™’ can be replaced by ‘analytic’ in theorem 3.

This paper is the author’s Ph.D thesis, written at the University of Minnesota under
the direction of Richard McGehee. Without his patient assistance this work would
hardly have been started, much less completed. The author would also like to thank
R. McGehee and D. G. Aronson for the opportunity of serving as research assistant
in the Dynamical Systems Laboratory in the University of Minnesota.
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