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VERTICES OF IDEALS OF A *>-ADIC NUMBER FIELD II

YOSHIMASA MIYATA

Let k be a p-adic number field with the ring o of all integers in k,

and K be a finite normal extension with Galois group G. Π denotes a

prime element of the ring Q of all integers in K. Then, an ideal (Πa) of

<Q is an oG-module. E. Noether [5] showed that if Klk is tamely ramified,

Ω is a free oG-module. A. Frδhlich [2] generalized E. Noether's theorem

as follows: O is relatively protective with respect to a subgroup S of G

if and only if S Ξ2 Gu where Gx is the first ramification group of K/k. Now

we define the vertex V(Πa) of (Πa) as the minimal normal subgroup S of

G such that (Πa) is relatively projective with respect to a subgroup S of

G (cf. [7] § 1). Then, the above generalization by A. Frδhlieh implies

V(O) = <?!. In the previous paper [7], we proved Gx 2 V(Πa) 2 G2, where

G2 is the second ramification group of Kjk (cf. [7] Theorem 5). Further,

we dealt with the case where G = Gλ is of order p2, and proved that if

V(Πa) # Gu then a = l(p2) and t2 = l(p2) for the second ramification num-

ber t2 of K\k (cf. [7] Theorems 15 and 21). The purpose of this paper is

to prove the similar theorem for the wildly ramified p-extension of degree

pn (Theorem 7).

Throughout this paper, we assume that p is an odd prime and the

p-extension K\k is wildly ramified. In the first section § 1, we shall

prove that (Πa) is an indecomposable oG-module under the assumption

relating to the ramification numbers of subextension of Kjk (Theorem 2),

which is a generalization of S.V. Vostokov's theorem concerning to the

indecomposablity of ideals (Πa) of abelian p-extensions ([10] Theorem 5).

In the second section § 2, we shall deal with the case where G2 is of order

p, and we shall prove that if a ^ 1 fl^l), then V(Πa) = Gu where |G,|

denotes the order of Gx (Theorem 6). In the last section § 3, we shall prove

that if V(Πa) ^ Gj and tx = 1, then a = 1 {\G,\) and tt = l QGJG^A) for

1 <̂  i ^ r, where tί912, , tr are ramification numbers of Kjk and Gt is
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the ti-th ramification group of K/k (Theorem 7).

Let K/k be a wildly ramified p-extension of degree pn, and tu t2, , tr

be ramification numbers of K/k with tx < t2 < < tr. In this section,

we shall prove that (Πa) is oG-indecomposable. First we observe that if

a = af (pn), then (Πa') is oG-isomorphic to (Πa). Therefore, without loss

of generality, we assume

0 ^a <pn.

We define a function m(t) by

m(t) = t - [tip] ,

where [x] denotes an integer such that [x] <I x < [JC] + 1. Denote by eκ

the absolute ramification index of K. For 1 <1 ί <1 r, let Ĝ  be the ίΓth

ramification group of K/k and jfiTt be the subfield corresponding to Gt.

Clearly,

k = Ϊ : 1 C J K 2 C .

We state now S. V. Vostokov's results which are used in the following.

First, from [9] Proposition 1, we have

PROPOSITION 1. Let K/k and ti be as in the above. Let et be the

absolute ramification index of Kt. Then, m(tr) — eκ/p if and only if K/k

is cyclic and ^n(^) = et for 1 <̂  i ^ r.

From [10] Theorem 5, we have

THEOREM 1. Let K/k be an abelian p-extension. Then, if m(tr) < eκ/p,

(Πa) is oG-indecomposable.

Then, from Proposition 1 and Theorem 1, we can prove

COROLLARY 1. If K/k is a non-cyclic abelian p-extension, then (Πa) is

oG-indecomposable.

In this section, we assume

(1) m(tr)<eκlp.

Further, we need some lemmas. Let σ be an element of Gr with σ =̂  1.

Then, it is well known that σp = 1 and σ belongs to the center of G (for

example, see [8] p. 77). Denote by Z and Kz the subgroup generated by
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σ and the subfield corresponding to Z, respectively. Clearly, the ramifica-

tion number t of K/Kz is tr. Let t — t — p[t/p] and so ϊ ^ O since (t,p)

= 1 by (1). For 0 <J ί < p 7 Z " 1 and 0 ^j <p, we define integers a(ί,j) and

b(ί,j) as follows:

Φ,j) = KP* + jt + t - a)lpn] and b(ij) = pi + jt + t - a(ij)pn .

Obviously, a <̂  6(i, j) < α + p Ώ and

( 2 ) σ(i, 0) ̂  α(i, 1) ̂  ••• ^ α ( i , p - l ) .

LEMMA 1. Suppose m(t) < eκjp. Then, b(ί\ /) = b{ί, j)(pn) if and only

if V = ί and j ' = j .

Proof. Suppose b(ϊ,j') = b(ίj)(pn). Then, b(i',j') ΞΞ b(i,j)(p) and k)

/ = 7 because (t, p) = 1 as remarked above. Thus /' = ί. The proof of

the converse is obvious.

Next, we define submodules L, of (Πa) for 0 ^ i <pn~\ For 0 ^ i <

p71"1 and 0 <j <p, elements Auj of K are defined by

AUJ = Π[x\Πι)π-a^i\

where x = σ — 1, and 77! and TΓ are prime elements of Kz and £, respec-

tively. Let Lt be

L, = oA,,0 + oAίfl + + oAUp_,.

We shall prove that Li is an oG-module.

LEMMA 2. Lei val^ denote the valuation of K. Then,

Proof. From (j, p) = 1 for 1 ̂  j < p, it follows

vslκ(x'(Πι))=jt + t.

Thus, valjfίAi^) = p i + ; ϊ + ί — pna(ίj) and hence valA (Auj) = b(i,j).

By Lemma 1 and Lemma 2, we have

(Πa) = L 0 ΘL 1

Clearly, for 0 <; < p - 1,

( 3 )
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Since (x + 1)* = σp = 1, x* = -Z|?:ϊ(?)x'. Then, we have

(4) x(AUp_d = -Σ'j-lifa*"'"'**'*-1^^

LEMMA 3. For 0 <: i <pn'\ Lt is an oZ-module.

Proof. By (2), π ^ ^ - « ^ e o . Then, by (3), x(AUJ)eL, for 0£j <

p — 1. Define integers ί̂  by

6t = Pi + (P - l)t + t - a - pna(hP - 1).

By the definition of a(ί, p — 1), we have 0 <; bt < p \ Since pm(t) ==

(p - l)ί + ί < ^ by (1),

pi + eκ - a^ pna(hP - 1) + 6*.

Then,

e* — Pnβ(i, p — 1) ^ 6̂  + α — pi > — pn .

Therefore, we obtain eκ —pna(ί,p — 1) :> 0. By (4), x(AitP^) e Lt9 which

completes the proof of Lemma 3.

Now, let θ be a primitive p-th root of 1 and kQ = k{θ). For 0 ^ j <

p, £ denotes a central idempotent (ΣZ~Λ θiuσu)jp of kQZ. According to the

arguments used in [6], we can prove

LEMMA 4. Let E be a central idempotent of kZ and a be an element

of £> such that val^ (a) = ί(p). Then,

LEMMA 5. Let e be the absolute ramification index of k and suppose that

m(t) <pn-ιe - p * - 1 + 1. Then, for O^i <pn~\ Lt is oZ indecomposable.

Proof, By the definition of AUQ, we have

val* (Aii0) = t(p).

Let E be an idempotent of kZ. Then, from Lemma 4, it follows

val* (pEAU0) ^ val,, ((Σ σu)AUQ) = pi + (p - ΐ)t + t - p*α(i, 0).

Since (p — ΐ)t + ί = pm(t) < pne — pn + p by the assumption, we have

(5) pi + (p - ΐ)t + t -pna(i,0) <pne-pn + p + pi - pna(i,0).

We distinguish two cases: (i) pi + t ^ a, (ii) pi + t < α. In case (i), pi +

ί >̂ a, we have α(i, 0) = 0 because 0 < a < pn. Therefore, by (5),
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V3L\K(EAU0) < 0 and so

val* (EAUO) < a ,

which implies that Lt is oZ-indecomposable. In case (ii) pi + t < a, we

have a(i, 0) = — 1 because 0 <̂  a <pn. From (5), it follows

pi + pm(t) — pne <pi + p .

Since p divides (pi + pm(t) — pne),

pi + pm(t) — pne <1 pi.

As pi + t < α, we have

valjr (#A ί j 0 ) < α .

This also implies that Lt is oZ-indecomposable, and the proof is completed.

We finally request the next proposition.

PROPOSITION 2. Let K/k be a wildly ramified p-extensίon of degree pn,

and let Z, Li (0 ^ i <pn~γ) be as above. Suppose that (Πa) Π Kz is an

indecomposable o[GIZ]-module and oZ-modules Li are indecomposable. Then,

(Πa) is an indecomposable oG-module.

Proof. Let / be an oG-endomorphism of (Πa) such that p = f. Then,

/ is a £G-endomorphism of K. Let Eό = ( Σ θjuσu)lp as before. Since Z

is contained in the center of G, Eo is a /eG-endomorphism of K. Let

/o = EJ and so fQ is an &G-endomorphism of K. Clearly, for a 6 Kz, f(μ)

= fo(a) and f(ά) e Kz. Therefore, by the assumption that (Πa) (Ί Kz is

indecomposable, we have /„ = Eo. Since f((Πa)) is an oZ-module, f((Πa))

can be expressed as a direct sum of indecomposable oZ-modules Mu for

1 ύ u £ v:

f((Πa)) = M1 Θ M2 Θ θ Mυ.

Since Lt is oZ-indecomposable by the assumption, it follows from Krull-

Schmidt Theorem that for some ί(ύ) with 0 <1 i(ύ) <pn~\ Mu is isomorphic

to Luu). We note that kLt = feZ and hence kMu ~ kZ. Thus

kf((Πa)) = kZ® ... ®kZ.

Since /0 = JBQ as verified above, kf((Πa))^Kz and so ϋ = pn'\ This im-

plies / = 1 and hence (Πa) is oG-indecomposable.

We are ready to prove the following theorem, which is one of the
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main results of this paper.

THEOREM 2. Let Kjk be a wildly ramified p-extensίon of degree pn.

Let L\F be a subextensίon of degree p in the extension K/k, and t be the

ramification number of LjF. Suppose m(t) < eF — ([F: k] — 1) for each ex-

tension LjF, where [F: k] denotes the degree of F/k. Then, (Πa) is oG-

ίndecomposable for each a >̂ 0.

Proof We use induction on n. For n = 1, the result follows from

Theorem 1. Let Z be as above. Then, by the induction hypothesis, we

have (Πa) Π Kz is o[G/Z]-indecomposable. By Lemma 5, Lt is oZ-indecom-

posable for 0 <̂  i < p w " 1 . Hence, the result follows from Proposition 2,

and the proof of Theorem 2 is completed.

§2.

Let Kjk be a wildly ramified p-extension of degree pn as before. In

the rest of this paper, we deal with investigating the vertex V(Πa) of

(77α). Let us begin with recalling the results of the previous paper [7].

THEOREM 3 ([7] Theorem 5). Let K/k be a wildly ramified extension.

Let G1 and G2 be the first and second ramification groups of K/k, respec-

tively. Then, Gλ 2 V(Πa) 2 G2.

THEOREM 4 ([7] Theorem 6). Let K/k, G{ and G2 be as in Theorem 3.

Suppose G2 = {1}.

(i) Ifa^l (1^1), then V(Πa) = Gt.

(ii) Ifa = l (1G.1), then V(Π«) = {1}.

By the definition of the vertex of the ideal and [7] Lemma 7, we can

prove

LEMMA 6. Let Kjk be as above and V be the vertex of (Πa), Let L/F

be a subextensίon of Kjk such that Kv c: F ^ L ̂  K. Then,

(i) V((Πa) Π L) c V.

(ii) V(tγκ/F((Πa) Π L)) ̂  V, where tτL/F is the trace map from L to F.

Proof, (i) By the definition of the vertex of (Πa), there exists an

o V-endomorphism / of (Πa) such that 1 = Σggfg~\ where the sum is

taken over a set of coset representatives of left cosets of V in G. Since

the Galois group S of K\L is contained in V, we have f((Πa) ΠL)^ (Πa)

Π L, which implies that (Πa) Π L is relatively projective with respect to
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V/S of GIS. Thus V((Πa) Π L) ^ V and the proof of (i) is completed.

(ii) It is sufficient to prove that y(trL / F ((77α) Π L)) g V((Πa) Π L).

Therefore, we may assume L = K. Let Γ b e a subgroup of G correspond-

ing to F and tr Γ = Σ g e r £ . By the definition of the vertex of (77α), there

exist an oG-module M and an oV-module N such that

Thus,

) ®tττM= oG ®v tr Γ

Since trτ N is an o[V/!Γ]-module, tτκ/F((Πa)) is relatively projective with

respect to V/Γ. The proof is completed.

Now, from Theorem 3, we can conclude that if Gλ — G2, then V(Πa)

— Gx. Therefore, throughout the rest of this paper, we may assume

Gj ^ G2. In this section, we treat the case where G2 is of order p. Denote

by pm the order of the factor group GJG2. In [7], we treated the case

where m = 1 and proved the following theorem.

THEOREM 5 ([7] Theorems 15 and 21). Let Kjk be a wildly ramified

p-extensίon of degree p2. Assume Gx ^ G2. Then, V(Πa) ^ Gι if and only

if a = 1 (p2) and t2 = 1 (p2)-

In this section, we treat the case where m ^ 2 and prove the next

theorem.

THEOREM 6. Let Kjk be a wildly ramified p-extension of degree pn.

Suppose that Gx ^ G2 and G2 is of order p. Then, if a ^ 1 (pn), V(Πa) = GL.

At first, we remark that t2 = 1 (p) because ί2 = 1 by the assumption

Gj ^ G2. Then, from [8] p. 91 Lemma 4, we have

LEMMA 7. Let KjL be a wildly ramified extension of degree p with

the remίficatίon number t. Suppose t = 1 (p). Then, (i) and (ii) hold.

(i) For p^ a ^ 2 , tr/c/L((/7α)) = (ττδ), wΛere 6 = (p - l ) [φ] + 2,

(ii) For o = 1, trκ/L((Π)) - (ττδ), α /ierβ 6 = (p - l)[ί/p] + 1.

As in Section 1, we note that if a = a' (pn), then (Πa') is oG-isomor-

phic to (Πa) and V(Πa') = V(Πa). Therefore, there is no loss of generality

in assuming 2 <! a < pn. Let K2 be a subfield corresponding to G2 and

denote by Πx the prime element of K,. Let (77?1) - (77α) Π ϋΓ2, and so p w

> αt ^ 1 by pw > a ^ 2.
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PROPOSITION 3. Let K\k be a wildly ramified extension of degree p w + 1

and suppose that G1 ^ G2 and G2 is of order p. Let aί be as in the above.

Then, if pm>ax> 1, V(Πa) = G1.

Proof. By Theorem 4 and the assumption p m > ax > 1, we have

V(/7f0 = Gx. From Lemma 6, it follows that V(Π?) c F(/7α), which im-

plies V(77a) = Gt.

We note that ax > 1 if and only if α > p. Therefore, from Proposition

3, we may assume

( 6) p :> α ^ 2 .

Let £ = £2 for brevity. Define an integer α2 by

Then, by Lemma 7 and (6), we have

( 7 ) α2 = ( p -

LEMMA 8. Le£ iί/^ 6e as above and assume m >̂ 2. TTiera, i/ V(Πa)

*G19 t=p*+p + 1 (p3).

Proo/. By Lemma 6, V(/Zϊa) c y(i7α) and so V(Π?) ^ Glβ Then, by

Theorem 4, α2 = 1 (pw) and hence by (7), (p - ΐ)[t/p] ΞΞ pm - 1 (pw). There-

fore, [ φ ] = p771"1 + pm'2 + • • • + ! (pm). Since t ΞΞ 1 (p), ί = 1 and so

t ΞΞpm +pm'ί + + 1 (pm+1). From the assumption m ^ 2, it follows

ί Ξ Ξ p 2 + p + l (p3).

Let p c be the order of the maximal abelian normal subgroup of Gx.

Then, we have

PROPOSITION 4. Let Kjk be as above. Then, if either m ^ 3, or Gi

is abelian, V(Πa) = G1 for p^a> 1.

Proo/. By [4] p. 302 Theorem 7.3, we have

c(c + 1) ^ 2(m + 1).

In case m >̂ 3, we have c >̂ 3. Therefore, there exists an abelian normal

subgroup N of G such that iV^G 2 and \N/G2\^p\ Hence, from [3]

p. 171 (V), it follows t = 1 (|iV/G2|) and so t ΞΞ l(p 2 ). Thus, by Lemma 8,

V(Πa) — Gj in this case. Next, we treat the remained case where m ^ 2

and Gj is abelian. In case m = 2, applying the same arguments as in
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the above, we have V(Πa) = Gx. In case m — 1, Theorem 5 yields the

desired result.

By Proposition 4, we may assume that G^ is a non-abelian group of

order p3. Moreover, by Lemma 8, t can be written in the form:

( 8) t= pztf + pι + p + 1.

Now, we start to prove lemmas which are used in proving Theorem 6.

LEMMA 9. Let Kjk be as stated in the above. Then, m(t) < p2e — p2 + 1.

Proof. By (8), m(t) = p\{p - ΐ)t' + 1). From Proposition 1, it follows

m(i) < p2e .

Then, (p - l)f + 1 ^ e - 1 and so m(t) £ p°e - p2 < p*e - p2 + 1.

For 0 <I i < p 2 , i can be written in the form:

i = hp + iQ,

where 0 ^ iu ί0 < p.

LEMMA 10. Let Kjk be as above and t — p*V + p2 + p + 1.

(i) If 0 <Li <(p -2)p + p - 1, JΛe/z α(i, 1) = ί7.

(ii) 1/ i > (p - 2)/> + /> - 1, ί/ien α(i, 1) = ί' + 1.

Proo/. By the definition of a(i, 1),

α(i, 1) - [QΛ' + p2 + p + 1 + 1 + pi - a)/p']

+ 1) + P(io + 1) + 2 - α

Since α ^ p by (6), we have that in the case (ii),

α(£, 1) = ί; + 1.

In case (i), we have

p\U + ί)+p(ί0 + 1) + 2 - a <p\p - 1) +p(p - 1) + 2 - a <p\

and so a(ί, 1) = ^.

For 0 ^ i < p2, let Li be the oZ-module as in Section 1 and let A{

be the matrix representation afforded by the oZ-module LL. Then, by (3)

and (4), we have that for x — a — 1,
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/0 0 ••• 0 \

Xui 0 • 0 yUί

\0 0 v . v , ,
where xUj = π«^»-a^-v and yuj = -(Pλπ*«^-»«>p-» for 1 <j < p.

LEMMA 11. For 0 < i < (p — 2)p + (p — 1), Lt is not ίsomorphic to

Proo/. Since Auj = Π[xj(Πι)π-a^J) and α ^ p by (6), we have that If

for i > 0, a(ί, 0) = 0. By Lemma 10 and the definitions of xuj9 xίΛ = π*'.

Since α(0, 0) = —1, xo,i = πί/ + 1. Suppose that for some ί, Lt is isomorphic

to Lo. Then, there exists an invertible matrix A = (auυ) in GL(p, o) such

that

( 9 ) AA0(*) = Λ ( * M .

Then, α12x0,i = 0, , alpx^p_ι = 0. Therefore, α12 = = αl2ϊ = 0. Also,

from the (2, 1) entry of (9),

(10) α22*o,i = tfi.Ai + y*,iαPi

By the definitions of yί?1 and a(i,p — 1),

vaU ( J O = p3e + p8α(i, 1) - p*a(i,p - 1)

= p3e + p3α(i, 1) - pi - (p - ΐ)t - t + b(i,p - 1)

= p*e — pm(i) + p*a(i, 1) + b(i, p ~ 1) — pi.

By Lemma 9 and Lemma 10,

val* (ytfl) > p3α(i, 1) + b(i, p - 1) + p 3 - p - pi > pψ .

Therefore, by (10), πtfan = 0 (ττί/ + 1) and so an e (π). This implies A £ GL(p, o),

which is a contradiction. The proof of Lemma 11 is completed.

LEMMA 12. Assume i >̂ (p — l)p. T/ien xiΛ = π ί /+1, xi>2 — = ^,P-i

= πtf and yitj = - ^ W * + 1 ) for l£j<p.

Proof. By definitions of a(ί, j), we have that for i = (p — l)p -f i0 and

+ P2 + P + 1) + 1 + P2(P - 1) + Ph -

= 7^ + 1 + [(0* - ΐ)p2+jP+Ph + 1 -
= jtf + l .
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By a ί g p , a(i, 0) = 0. By definitions of xid and yuj, we can conclude

Lemma 12.

Similarly as in Lemma 12, we have

LEMMA 13. xM = πt/+\ xo,2 = . .. = S o ^ - π*' and yOfi = -

/or l ^ i < p .

LEMMA 14. Lei s 6e the number of oG2-modules Lt such that Lt is

ίsomorphic to LQ for 0 <̂  i < p2. 27ιeτz, s is relatively prime to p.

Proof. By Lemma 12 and Lemma 13, Li is isomorphic to Lo for

p(p — 1) <1 i < p2. By Lemma 11, Lt is not isomorphic to Lo for 0 < i <

p(p — 1) — 1. Then, s = p + 1 o r p + 2 and hence (s,p) = 1.

We can easily prove the following lemma.

LEMMA 15. Let k'\k be a non-ramified extension of k with the ring o'

of all integers in k\ Let £)' be the ring of all integers in the composite

field k'K. Then, ©77α = o/ ®0 (77α) and V(O77α) = V(Πa).

An o'G-module o' ®0 (77α) is expressed as a direct sum of indecompos-

able o'V-modules Mu:

o7 ®0 (77α) = M 1 0 M 2 θ ΘAί o ,

where V = F(77α). Applying [1] p. 636 (30.31), we can choose o' such that

Mu is absolutely indecomposable for each u.

LEMMA 16. Let o' and £/ be as above. Then, there exists an o'V-

module M such that £)fΠa is o'G-isomorphίc to the o'G-module o'G ®Γ M.

Proof. By [1] p. 467 (19.24), o'G ®v Mu is also an absolutely indecom-

posable o'G-module. From Corollary 1 of Theorem 1, Lemma 5, Lemma 9

and Proposition 2, it follows that o' (x)0 (77α) is an indecomposable o'G-

module. Therefore, by the definition of V(Πa), o' ®0 (77α) is a direct sum-

mand of the o'G-module o'G (x)F Mu for some u. Since o'G ®Γ Mn is inde-

composable, o' ®0 (77α) = o'G ®v Mu, which completes the proof of Lemma

16.

We are ready to prove Theorem 6, which is the aim of this section.

Proof of Theorem 6. By the above discussion, we may assume that

p >̂ a 2̂  2 and Gx is a non-abelian group of order p3. Suppose V(Πa) ̂  Gj.

Let M be the o'V-module as in Lemma 16. Then, M is expressed as a
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direct sum of indecomposable o'G2-modules Mu:

M = axMi ® Θ avMv,

where au is an integer and for uf ^ u, Mu, is not D/G2-isomorphic to Mu.

Then, we have the decomposition of the o/G2-module o' ® (Πa):

o' <g> (Πa) = \GJV\aM θ θ IGJVΊMί, .

Using Krull-Schmidt Theorem, we have Lo is isomorphic to Mu for some

u. Let s be the number as in Lemma 14. Then, s = \GJV\au. By Lemma

14, (p, \GJV\) = 1, which implies G1 = V. This is a contradiction, and the

proof of Theorem 6 is completed.

§3.

Let Kjk be a wildly ramified p-extension. In this section, we shall

prove that if a ^ 1 (pn), then V(Πa) = Gx. Let tu t2, --,tr be ramification

numbers of Kjk and Gt be the ί Γ th ramification group of K\k for 1 <̂  i

^ r. As in Section 2, we may assume tx — 1. Let if be a normal sub-

group of G such that G,^H^G2 and |G2/Zf| =/>, and let /72 be a prime

element of KH. Then, the ramification number t of KH/K2 is £2

LEMMA 17. Lei if 6e as above and let (Πψ) = (/7a) Π if .̂ TΛβn, //

V{Πa) * Gl9 a3 = 1 (\G/H\) and t2 = 1 (|G/F|).

Proo/. By Lemma 6 and the assumption V(Πa) ^ Gl9 we have V(Π%3)

^GJH. Then, by Theorem 6, a3 ΈΞ I (\GJH\\ Also, V(trσ,/2r ((/7J ))) =̂

Gi/G2 by Lemma 6. Let pm = \GJG2\ as in Section 2. From Lemma 7, it

follows that trG2/H((Π^)) = (ΠT{t) + a'\ where Z^ is a prime element of K2

and αr = pm[(az - l)/pw+1]. By Theorem 4, m(ί) = 1 (pm) and so [ φ ] = 0

(pm), which completes the proof of Lemma 17.

PROPOSITION 5. Let Kjk be a wildly ramified extension of degfree p\

Suppose that there exist three ramification numbers tu t2 and tz with tγ = 1

and d/Gs is not cyclic. Then, if a =£ 1 (p3), F(/7α) = G2.

Proof. Similarly as in Section 2, we may assume p >̂ a ^ 2. By

Lemma 7, we have trG3 ((Πa)) = (77f), where α2 = (p - I)[ί3/p] + 2. Sup-

pose V(/7α) ^ Gx. Then, by Lemma 6, V(Π?) ±? GJGZ and so by Theorem

5, β2 Ξ 1 (p2). Thus ts ~ p 2 + p + 1 (p3). Applying the similar arguments

as in Section 2, we can conclude Proposition 5.
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L E M M A 18. Kjk be a wildly ramified extension which is not the exten-

sion stated in Proposition 5. Then, if V(Πa) ^ Gu t2= Ξ ί r Ξ l (p 2 ) .

Proof We use induction on r. For r = 2, the result follows from

Lemma 17 and Theorem 5. Without loss of generality, we can assume

| G r | = p . First, we treat the case where |Gi/G r |^>p3. As in Section 2,

let pc be the order of the maximal abelian normal subgroup N of G^

Clearly, N^Gr. As in the proof of Proposition 4, we have

c(c+ 1) ^ 2 - 4

and so c ^ 3. Then, from the induction hypothesis t2 = = £r_i Ξ 1

(p2), it follows that ί = 1 (p2) for a ramification number t of if/î iv with

t ^ ίr. By [3] p. 171 (V), we have also that t ΞΞ tr (p2) and hence t == 1

(p2). Next, we treat the remained case where \GJGr\ —p1. Since r ^ 3

and I Gj | = p 3 by | Gr | = p, we have r = 3. From the assumption that if/£

is not the extension stated in Proposition 5, it follows G^GZ is cyclic.

Hence Gx is abelian. Applying [3] p. 171 (V) as in the above, we can

conlcude the desired result.

Finally, we prove the following theorem, which is one of the main

results of this paper.

THEOREM 7. Let Kjk be a wildly ramified extension of degree pn. Let

tu t2, - , tr be ramification numbers of K/k with tx ~ 1 and Gt be the t^th.

ramification group of G for l^ί<Lr. Then, if V(Πa) ^ Gu (i) a = 1 fl^l)

and (ii) tt = 1 ^GJG^ for l < i < r , where Gr+1 = {1}.

Proof Let pι be the order of G2. We use induction on Z. For Z = 1,

the result follows from Lemma 17 and Theorem 6. Let Z be a subgroup

of order p in the center of Gί9 and t be the ramification number of K/Kz.

By the assumption V(Πa) ^ Gi and Lemma 6, we have V((Πa) Π Kz) ^

Gj/Z. Therefore, we may assume 1 <: a <L p. Also, V(trz(Πa)) c: V(77α) and

so V(trz ((Πa))) ^ GJZ. Suppose 2 ^ α ^ p. By Proposition 5, K\k is

not as stated in Proposition 5. From Lemma 7 and the induction hypo-

thesis, it follows

(P - l)[ί/p] + 2 = 1 (\GJZ\).

Therefore, [t/p] = 1 flGi/ZI) and so ί Ξ p + 1 (p2), which is contrary to the

fact stated in Lemma 18. Thus, we have a = 1 and conclude (i). Next,

we shall prove (ii). As in the proof of Lemma 17, we have
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(p - l)[f/p] + 1 ΞΞ 1 (\GJZ\).

Therefore, [tjp] ΞΞ 0 (\GJZ\) and so t ΞΞ 1 (l^l). This implies (ii) and the

proof is completed.

As an immediate consequence of Theorem 7, we have

COROLLARY 2. Let K\k be as in Theorem 7. Then, if a ^ 1 (| Gx |),

V(Πa) = Glβ
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