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Abstract. We extend splitting theorems due to Zaicev and Duan proving the
following result. Let G be a locally soluble FC-hypercentral group and let 4 be a
periodic artinian ZG-module. If 4 has no finite ZG-submodules then any extension
E of 4 by G splits conjugately over 4.
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1. Introduction. There have been a number of results of the following type: let
G be a group with property X and 4 a ZG-module with property ) then any
extension E of 4 by G splits over 4 and any two complements are conjugate in E.
We say that E splits conjugately over A.

A number of these results have nilpotency conditions on G and conditions on 4
which ensure that there are no central factors of E inside 4 (or the ZG-module 4 has
no trivial ZG-sections). Among these results are those given by Robinson [4] in
homological terms. Perhaps the simplest and most striking form is:

Let G be a hypercentral group and A a ZG-module. If A is noetherian and
Hy(G, A) =0 (i.e. [A, Gl = A) or A is artinian and H*(G, A) = 0 (i.e. C4(G) = 0) then
H,(G, A) = H'(G, A) = 0 for all n.

This implies that any extension of A4 by G splits conjugately over A as this con-
dition is equivalent to H'(G, A) = H*(G, A) = 0.

Both the statement of the above result and the methods used by Robinson seem
to indicate that this is the best approach when G has a nilpotency condition. How-
ever other results of this type have not been successfully put into a homological
setting partly because it is not possible to give such a nice description of the condi-
tions on the module 4. For these results more purely group theoretic methods have
been used.

D. 1. Zaicev [5-8] considered hypercyclic and hyperfinite extensions of abelian
groups with conditions ensuring that the module 4 had no cyclic, respectively finite,
ZG-sections. Z. Y. Duan [1,2] showed that these results could be amalgamated by
considering a locally soluble hyper-(cyclic or finite) group G and a noetherian or
periodic artinian ZG-module 4 with no finite ZG-sections. The conclusion was that
in these situations any extension E of 4 by G splits conjugately over A.

However, L. A. Kurdachenko has pointed out an error in [1] and [7], the papers
dealing with the artinian case. The error occurs in Lemma 1 of [7] where in the case
that 4 # Cy it is possible that 4 = Cy + D when the argument fails to provide a
nonzero ZG-image. The same error was repeated in [1] and also in an earlier version
of the present paper.

We aim then to correct and extend the results of Zaicev and Duan in the arti-
nian case proving the following
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THEOREM. Let G be a locally soluble FC-hypercentral group and let A be a peri-
odic artinian ZG-module. If A has no finite ZG-submodules then any extension E of A
by G splits conjugately over A.

Of course, the only difference between this result and Duan’s is that we can
include free abelian factors of finite rank greater than one in the group G. Apart
from the error referred to above the parts of the proof which do not involve these
factors are very similar to those given by Zaicev [7] and Duan [1] but significant
extra work is needed to deal with the finite rank factors. The methods used are
therefore derived from those of Zaicev and we make no attempt to find a suitable
homological setting for the theorem.

2. Notation and preliminaries. The FC-centre of a group G is the characteristic
subgroup consisting of all elements having only finitely many conjugates in G. It is
denoted by FC(G) and, being an FC-group, contains a periodic characteristic sub-
group with a torsion-free abelian factor group. We can form the upper FC-series of
G by defining Guy1/Gy = FC(G/Gy) and Gp = UypG,, for limit ordinals B. If
G, = G for some ordinal p then G is said to be FC-hypercentral. By considering
normal closures of elements in the periodic part of FC(G) and then of those in the
torsion-free factor, we see that an FC-hypercentral group has an ascending normal
series in which the factors are finite or are free abelian of finite rank generated by the
conjugates of a single element.

If A is a ZG-module, we shall say it is periodic if it is periodic as an abelian
group. A ZG-image of A is a factor A/B, where B is a ZG-submodule of A4; a ZG-
section of A is a ZG-module B/C where both B and C are ZG-submodules of 4. A
ZG-composition factor of A is a ZG-section which is simple (=irreducible) as a ZG-
module.

If a subgroup H of G acts trivially on A4 (that is, ah = a, for all a € 4, h € H) we
say that A is ZH-trivial. If x € Z(G) and A4 is a ZG-module then A(1 — x) and C4(x)
are ZG-submodules and A(1 — x) =2 A/C4(x) as ZG-modules. The ZG-modules
Cy(x) and 4/A(1 — x) are Z < x >-trivial.

We shall use [4, H] to denote the ZH-submodule ), ,; A(1 — h). If H< G, then
[4, H] is a ZG-submodule of A. Although this commutator notation seems incon-
sistent with the notation for the action of ZG on A, it is in common use in our
situation as later we shall be thinking of the ZG-module 4 as a normal abelian
subgroup of an extension E of 4 by G.

Similarly, we use C4(H) for the fixpoint submodule {a € 4 : ah = a, for all
h e H}.

Some of the inconsistency could perhaps be avoided by writing a* rather than
ax for the action of G on 4 and, in fact, we do use this notation later when we are
definitely within the extension setting.

Frequently, we shall have a subgroup G; of finite index in G and need to con-
sider the ZG-module 4 as a ZG1-module. In this situation it is well-known that 4 is
ZG-artinian if and only if it is ZG-artinian and also that 4 has no non zero finite
ZG-sections if and only if it has no non-zero finite ZG4-sections.

In the statement of our main theorem we have given the condition that 4 has no
non-zero finite ZG-submodules. This is, in fact, equivalent to 4 having no non-zero
finite ZG-sections as is shown by the following decomposition theorem which has
appeared recently.
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THEOREM 2.1. (Kurdachenko, Petrenko and Subbotin [3]) Let G be an FC-
hypercentral group and A an artinian ZG-module. Then A has a direct decomposition
A= A% @ A~, where every ZG-composition factor of A" is finite and A~ has no non-
zero finite ZG-sections.

This decomposition is usually referred to as an f~decomposition of A.

3. Proof of the theorem. There are a number of places in the proof where we will
have a normal subgroup G; of finite index in G and the ZG-module A will have a
nonzero ZG-image A/B with certain properties. To obtain a nonzero ZG-image in
which we can work we use the following canonical construction of a ZG-image
which is a direct sum of suitable ZG1-images.

LEMMA 3.1. Let G/G be finite with T = {gl, . ,g,,} a transversal to Gy in G. Let
A be a ZG-module and B a proper ZG-submodule of A. For each set J of subsets of

{g1..... gn} form B(J) = Z(ﬂ Bg,-) and let B(Jy) be a maximal member of the set

leJ \iel

{B()) | B < B(J) and B(J) # A}. Then By = NeeB(Jo)g is a ZG-submodule of A and

A/BO = 69{Iq/B(JO)g | g :gils . '~’gfla some l S n}~

Proof. Clearly we can write By = B(Jy)g1 N ... N B(Jy)g,. We show, by induction
on r, that 4/(B(Jo)g1 N...N B(Jy)g,) is a direct sum of certain A/B(Jy)g. So we
assume that

A/(B(Jo)g1 N... N B(Jo)gr—1) = ®{A/BJo)g | & = &iys -+ it}

If B(Jo)gr = B(Jo)g1 N ... N B(Jo)gr—1, then

A/(B(Jo)g1 N ...N B(Jo)g,) = ®{A/B(Jo)g | § =iy -+ &}

If B(Jo)g # B(Jo)g1 N...N B(Jy)g,—1 then, by the maximality of B(Jy) and
hence of B(Jy)g,, we have

B(Jo)g, +(B(Jo)g1 N ...N B(Jo)gr—1) = A4
and so
A/By = &{A/BJo)g | &= gir»-- -+ Qi &}

The first key step in the proof is the following lemma and its corollary which
takes the role of Lemma 1 of [7] and Lemma 2 of [1].
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LEMMA 3.2. Let A be a non-zero artinian ZG-module and let H be a normal sub-
group of G contained in the FC-hypercentre of G. If A = [A, H) then thele is a normal
subgroup K of G and a nonzero ZG-image A of A such that [A, K] = A, K/Cx(A) is
finitely generated and K/ Cg(A) < FC(G/Cg(A)) N (HCx(A)/Cg(A)).

Proof. By the artinian condition, we may assume that the lemma is true for any
proper ZG-submodule 4y of A and normal subgroup H, contained in the FC-
hypercentre of G such that [4,, Hy] = Ay.

Clearly, by passing to G/Cg(A), we may assume that G acts faithfully on A.

There is a non-trivial finitely generated normal subgroup F =< x“ > contained
in HN FC(G). If A =[A, F] then we can take F to be the required subgroup and A4
the required ZG-image.

So we may suppose that 4, = [4, F] # A; since G acts faithfully on 4, 4; #0.
Put G, = Cg(F) so that G/H is finite and hence 4 and A, are artinian ZG;-modules.
Let H = HN G| = Cy(F).

(I) Suppose [Ay, Hi] # A\.

Consider the ZG-module A* = A/[A|, H|] and its ZG-submodule A} =
A/[41,H]. Now A} is a trivial ZH;-module and, for each yeF,
A*(1 —y) <[A*, F] < A}. So A*(1 — y) is a trivial ZH;-module. As ZH,-modules,
A*(1 —y) =2 A4*/C4(y) and so A*/C(y) is ZH,-trivial, for all y € F. Hence
A*/C 4+(F) is Z H,-trivial.

The ZG-module A4 = A*/C4(F) is non-zero; for if C(F) = A* then [4, F] <
[41, Hi]and so 4| = [4, F] = [4,, H}] contrary to our assumption. Since [4, H] = 4
we have [4*, H] = A* and also [A4, H] = A. Also A is ZH,-trivial and so H/Cp(A) is
finite. Therefore in this case we can take H to be the required normal subgroup.

(IT) Suppose [4\, H|] = A,.

By our initial assumption about A, there is a normal subgroup K of G and a
nonzero ZG-image A; of Ay such that [4;, K;] = Ay, K1/Ck,(Ay) is finitely generated
and K,/Cx,(A) < FC(G/Ck, (A1) N (H Ck,(A41)/Ck, (A1)

Let F=<xj,...,x, > and let D; = A(l —x;), a ZG,-module. Then 4, =
[A4,F]=Dy+ ...+ D, and A, =D +. -+ Dy, where D; is the i image of D; in D.

Let k be the largest integer such that A, =Dy + ...+ D,. Then

A1 /(Dis1 + ...+ D,) = Dy /(D O (Dyy1 + ...+ Dy)).

is a ZG1-module which is non-zero by the choice of k& and, since [/11, K= Ay, we
also have

[Di/(Di O (Dgy1 + - - . + D)), Kil = Di/ (D N (D1 + - .. + D).

That is, D, has a nonzero ZG;-image Dj such that [D}, K;] = D}. But there is a
ZGy-isomorphism

AJCy(xp) = A(1 — xp) =

and so A4 has a nonzero ZG-image 4/B = Dj such that [4/B, K|] = A/B.
Now form the ZG-module By as in Lemma 3.1. Then

By = NgecB(Jo)g, B(Jo) = Band A/By = ®{A/B(Jo)g: g =giy.--.. &}

https://doi.org/10.1017/S0017089500010089 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500010089

A SPLITTING THEOREM 59

Since [4/B, K11 = A/B, we have [4, K|]+ B= A4 and so [4, K|]+ Bg = A, for
all g € G. Since B(Jy)g > Bg, it follows that [4/B(Jy)g, Ki] = A/B(Jy)g and, since
A/Bo is the direct sum of the modules A/B(Jy)g, we have [A/By, K] = A/By. Write

= A/By so that [4, K;] = A.

Since Ckg, (A 1) acts trivally on Ay, it also acts trivially on Dy. Since A /B = D},
we see that Ck (A;) acts trivially on 4/B; hence on each A4/B(Jy)g and so on
A= A/By.

Since CKI(/i) Ck,(4/By) = Ck;, (Al) and KI/CKI(Al) is a finitely generated
subgroup of FC(G/CK](AI))ﬂ(HlCKl(Al)/Al) we see that K;/Ck,(A4)) is finitely
generated subgroup of FC(G/Cg,(A)) N (H,Ck, (A)/CK1 (A4)). Therefore we can take
A and K to be the required nonzero image and normal subgroup respectively.

The condition that K/Ck(A) is finitely generated can be refined and the follow-
ing corollary takes this further for the case in which H is locally soluble.

COROLLARY 3.3. Let A be a non-zero artinian ZG-module and let H be a normal
locally soluble subgroup of G contained in the FC-hypercentre of G. If [A, H| = A then
there is a normal subgroup K of G and a nonzero ZG-image A of A such that
[4,K]= A, K/Cx(A) < FC(G/CK(A)) N (HCx(A)/Cx(A)) and K/Cx(A) is the normal
closure of a single element of G/Ck(A) and is either a finite elementary abelian q-group
or a free abelian group of finite rank.

Proof. We may replace 4 by the 4 in the Lemma and H by K and so assume
that H/Cp(A) < FC(G/Cu(A)), H<G, [A, H = A and H/Cg(A) is finitely gener-
ated. Then H has a finite series of normal subgroups of G

Cy(A)=Hy<H, <...<H,=H

such that H;,1/H; is the normal closure of a single element and is either free abelian
of finite rank or finite abelian. Choose m minimal such that [4, H,,] = 4 and con-
sider the non-zero ZG-image A = A/[A, H,,_]. Then [A4, H,] = A and CH,”(/I) >
H,,_ so that H,,/ CHm(/‘I) is the normal closure of a single element and is finitely
generated abelian. If H,,/Cp, (A) is infinite then there is an integer ¢ such that
K/Cy,(A) = {Hu/CH, (A)} is free abelian. If [, K] = A, then we are through. If
[4, K] # A then consider 4 = A/[A, K]. We have [4, H ] A and Cp,(A4) = K, so
that H,,/Cy,, (A) is finite.

So the only case left to consider is that 4 has a ZG-image A and G has a normal
subgroup L/C(A) < FC(G/C1(A)) such that [4, L] = A and L/C;(A) is finite. Now

L has a finite series of normal subgroups of G
ClA)=Ly<Li<..<L =L

such that L;;;/L; is an elementary abelian group and is the normal closure of a
single element of G/L;. Choosing s minimal such that [4, L] = A we can take
A/J[A, Ls—] for the required ZG-image and L; as the required normal subgroup.

LEMMA 3.4. Let A be a normal abelian p-subgroup of the group E such that E/A is
FC-hypercentral and A is artinian as a Z E-module and has no nonzero finite 7 E-sections.
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If N/A is a normal subgroup of E/A such that N < Cg(A), then N=M x A
for some normal subgroup M of E. Furthermore, M is contained in any supplement to
Ain E.

Proof. Let M be a normal subgroup of E contained in N maximal subject to
M N A =1. By considering E/M we may assume that M = 1. Then F satisfies the
property

(DIfFS<E,S<NandS+#1, then SN A4 # 1.

We show that, in this situation, 4 = N.

Suppose that 4 # N. Since E/A is FC-hypercentral there is a K< E with
A< K < N and K/A finite or free abelian of finite rank and E/Cg(K/E) is finite.

If K/ A is finite, then K is centre-by-finite and so K’ is finite. Thus 4 N K’ is finite
and, since A4 has no finite ZE-submodules, 4 N K’ = 1. By condition (1), K’ = 1 and
so K is abelian. Now K is an artinian ZE-module and so, by Theorem 2.1, has an f-
decomposition K= A4 x K. But now, applying condition (1) to K*, we see that
K™ =1 and so K = 4, a contradiction.

If K/A is free abelian of finite rank then K is nilpotent of class two. Write
K=<yi,...,ya > Z(K) and [y;,y] =a; € A. There is an integer k such that

ag-k =1, for all i, j, and so [yfk,yj] =1, for all i, j, and so yflk € Z(K). Therefore

K/Z(K) is finite and so K’ is finite. Again 4 N K’ = 1 and, by condition (1), K’ = 1.
That is, K is abelian.

Since A is artinian as a ZFE-module we can choose a normal subgroup D of E
contained in K such that D/D N A is infinite and D N A is minimal with this property.

By condition (1), DNA#1. Since DN A has no finite ZE-submodules,
E/Cg(D) must be infinite but E; = Cg(D/D N A) has finite index in E. Therefore
there is a nontrivial normal subgroup X/Cg(D) of E/Cg(D) such that X < E|, X is
either finite or free abelian of finite rank and E/Cg(X/Cg(D)) is finite. Let
E; = E; N Cg(X/Cg(D)) so that E/E, is finite.

For x € X\Cg(D), D(1 —x) < DN A and D(1 — x) #0. Now D(1 — x) has no
nonzero finite ZEj-sections; but D(1 —x) = D/Cp(x) as ZE,-modules, so that
D/Cp(x) is a nonzero Z E>-image of D with no nonzero finite Z E,-sections.

Let X/CE(D) = CE(D) < Xy ooy Xip >, then CD(X) = CD(xl) n...N CD(xm)
and so D/Cp(X) has no nonzero finite ZF,-sections. Since D/D N A is a finitely
generated abelian group we have Cp(X)+ (DN A)=D and hence Cp(X)+ 4 =
D+ A. But Cp(X) < E and Cp(X)N A # DN A giving a contradiction to the choice
of D.

This completes the proof that, under condition (1), 4 must be equal to N and so
under the hypotheses of the lemma we have shown the existence of an M <« E such
that N = M x A.

Finally, let S be a supplement to A4 in E; that is, SA = E. Then N = (SN N)4
and SN N<SA = E. Now

M(SNN)/(SNN) < N/SOAN = ASN N)/(SN N)

and so M(SNN)/(SNN) has no finite ZE-section. But M(SNN)/(SNN) =
M/(MNS) which does have finite ZE-sections if it is non-zero. Therefore
M = M NS, as required.
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The following two lemmas give partial splitting and conjugacy results. They are
well known in various forms but we give details in order to state the versions we
need and also to indicate the reasons for the lemmas which follow.

LEMMA 3.5. Suppose that A is a ZH-module, < x > is a central cyclic subgroup of
H such that A(1 — x) = A and let E be any extension of A by H. Then for any Z H-
submodule B of A containing C4(x), E/B splits over A/B.

Proof. Let g € E and let y be an inverse image of x in E; then (y~')¢ = ay~!, for
some a € A. Since A(1 — x) = A, there is an element b € 4 such that a = by~ 67y
and so (") =ay~! =(")’". Therefore ghe Cp(y) and ge ACk(y). Since
Ce(y) N4 = Cy(y) = Cy(x) we see that Cg(y)/C 4(x) is a complement to 4/C 4(x) in
E/C4(x). It is now clear that if B > C,4(x) then BCg(y)/B is a complement to A/B in
E/B.

LEMMA 3.6. Suppose that A is a ZH-module, < x > is a central cyclic subgroup of
H such that A(1 — x) = A and let E be a split extension of A by H. If K is a second
complement to A in E and if B is any Z H-submodule of A containing C 4(x), then HB
and KB are conjugate in E.

Proof. Itis clear that A < x > NH =< x > and that 4 < x > NKis generated by
an element ax~', for some a € A. Thus K < Cg(ax™") and Cg(ax™') = KC 4(x). Also
CE(X) = HCA(X).

Since A(1 — x) = A, there is an element b € 4 such that @ = bx~'h~'x and so
ax—' = bx~'h7". It follows that

KC4(x) = Celax™") = Cp(bx™'b7") = b(HC 4(x))b™".

If B contains C 4(x), then KB = h(HB)b™!, as required.

Our first step towards making use of these two lemmas is to obtain a suitable
Z H-image A such that A(1 —x) = 4.

LeEmMA 3.7. Let A be an artinian Z H-module and x € Z(H) such that x does not

act polytrivially on A. Then there is a nonzero ZH-image A = A/B such that
A(l = x) = A and B > C4(x).

Proof. There is a descending chain of ZH-submodules
A>A(1—x)> A1 —x)*> ...
Since A is artinian, there is a least integer n such that A(1 — x)" = A(1 — x)""! and,
since x does not act polytrivially, A(1 — x)" # 0. We prove the result by induction on
this integer n, the result being trivially true if n = 0.

Write A; for A(1 — x)". Then

An = An—l(l - X) = An—l/CA,,_1 (X)
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Consider A/Cy4, ,(x) and write A} for A;/Cy4, ,(x). Then x does not act poly-
trivally on A4, A7 = Aj(1 — )E)i and A4;_,(1 —x) = A4;_,. By induction, 4/Cy,_ (x)
has a nonzero ZH-image A = A/B such that A(1 —x)=A4 and B/Cy, ,(x) >
Caz(x) = C4(x)/Cy, ,(x). Therefore B> Cy(x).

In the situations where we apply Lemmas 3.5 to 3.7, the group H will be the
centralizer G| of some normal subgroup < x% >, so that G/G; will be finite. Lemma
3.7 will give us a ZG-image of A in which we can apply Lemmas 3.5 and 3.6, but we
will need a ZG-image. This will be provided by the construction given in Lemma 3.1.

The direct sum constructed in that lemma will be used in a number of places in
the main proof to give the existence and conjugacy of complements in certain sec-
tions E;/By where E/E; is finite and By < E. The simple step of moving from
E,/B(Jy) with B(Jy) < E| to E; /By is given in the next lemma.

LEMMA 3.8. Let A be a normal subgroup of the group E and suppose that A con-
tains subgroups A; <« E with A = Dr}_| A/ A;.

(1) If A/ A; has a complement S;/ A; in E, for each i, then A has a complement S in E.
(ii) If S and T are complements to A in E such that SA; is conjugate to TA;, for
each i, then S and T are conjugate in E.

Proof. (i) Let A\ N...NA,_; = B and assume, inductively, that 4/B has a
complement R/B in E/B. Consider RN S,. Certainly RNS,NA=BNA,. Also
(RNS)A=(RNS,)BA, =(RNS,B)A, = (RN S;A) A, = RA, = RBA, = RA=FE.
Therefore RN S,/A, N Bis a complement in E/A; N...N A4,.

(i1) Again writing B= A4;N...N A,_; we assume inductively that SB and TB
are conjugate. Replacing T by an appropriate conjugate we may assume that
SB = TB. There is an element a € A such that S?4, = TA4,. Since A = BA, we may
assume that ¢€ B and so SB=TB. Now T(A,NB)=T(TNA)A,NB) =
T(TA,NB)=TA,NTB. So T(4,NB)=584,NSB=SA,NB) and so
T(A; N...N A,) is conjugate to S(4; N...N A4,), as required.

THEOREM 3.9. Let G be a locally soluble FC-hypercentral group and A a periodic
artinian ZG-module with no non-zero finite Z G-submodules. Then any extension E of A
by G splits conjugately over A.

Proof. Existence of complements.

Since A is artinian, E has a subgroup Ey minimal with respect to £ = AE,. We
prove that AN Ey = 1.

Suppose, if possible, that 490 = A N Ey # 1. The group Ej and its subgroup Ay
considered as a ZG-module satisfy the conditions of the lemma. We may therefore
assume that 4 = A4y, E = E, so that

(2) A has no proper supplement in E.

Under this extra hypothesis we shall obtain a contradiction.

Clearly, we may assume that 4 is a p-group. Since 4 has no finite ZG-sections, it
follows that [4, G] = A. By Corollary 3.3, there is a non-zero ZG-image A = A/B of
A and a nontrivial normal subgroup K/A4, K/Cg(A) < FC(E/Ck(A)), K/Cg(A) is the
normal closure of a single element ¥ in E = E/Ck(A) such that [4, K] = 4 and is
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either a finite elementary abelian g-group or a free abelian group of finite rank.
Passing to the factor group E/B, we can take B =1, so that [4, K] = 4.

(I) K/Ck(A) is a finite abelian g-group.

By Lemma 3.4, Cx(A) = M x A, for some M < E. Passing to the factor group
E/M, we can take M = 1 and so assume that Cg(A4) = A and K/ A is a finite abelian
g-group.

If ¢ = p, then by Lemma 4 of [7], 4 has a proper supplement in E, contrary to
(2).

If ¢ # p, then K = AQ, where Q is a finite Sylow g-subgroup of K and the Sylow
g-subgroups of K are conjugate. The Frattini argument shows that £ = ANg(Q) and
s0, by (2), Ng(Q) = E and [4, Q] = 1, contrary to Cg(A4) = A.

(IT) K/Ck(A) is free abelian of finite rank.

Again we may apply Lemma 3.4 to assume that Cx(A4) = 4 so that K/ A4 is free
abelian of finite rank and K/4 =< x4 ~E/A.

Let E; = Cg(K/A) so that E/E) is finite. Thus A is an artinian ZE;-module and
has no non-zero finite ZFE)-sections. Write x4 =x¢€ G, =E;/A and let
{x°} ={x =x1,x2, ..., x,) with x; = x¢. If x acts polytrivially on 4 then so does
each x;. Hence A(1 — x;) # A and, inductively, A(1 —x;)+ ...+ A(1 — x,_1) # 4.
But then x, acts polytrivially on 4/A4(1 —x;)+ ...+ A(1 — x,—;) and so A(1 — x))
+...+A(1 —x,) # A. It follows that [4,K]=A(1 —x))+...+A(1 —x,) # A,
contrary to our definition of K. Therefore x does not act polytrivially on 4 and so,
by Lemma 3.6, 4 has a nonzero ZE;-image A = A/B such that A(1 — x) = A and

B > CA(X).
Now form the ZE-submodule By as in Lemma 3.7. Then By = NgegB(Jo)®,
B(Jo) = B> C4(x) and A/By=®{A/B(Jo)’ | g =gi.....&} Note also that

B(Jo)* = B® > C4(x®).

By Lemma 3.4, E,/B(Jy)? splits over 4/B(Jy)?. By Lemma 3.8, there is a com-
plement L/By to A/By in E}/By.

Since B(Jo) > B, we have (4/B(Jy)l —x)=A/B(Jy) and so C,p(x)
# A/B(Jy). Define the ZFE;-submodule C by C/B(Jo) = Cu4/pu,)(x). Then
C¥/B(Jo)® = C/pu,(x%) so that C¥/By > C4/,(x¥). Let Cp = NeeC¥; then Cp is a
ZE-submodule and A/Cy = &{4/C* | g=gi,, ..., &}

Let L and M be two complements to 4/By in E;/By. By Lemma 3.5, LC$ and
MC$ are conjugate in E;. It now follows from Lemma 3.8(ii) that LCy and MC are
conjugate in Ej.

The Frattini argument now shows that £ = ANg(LCy). Since 4 has no proper
supplement in E, we must have LCy<E. Hence [4,LC)]<ANLCy=
(AN L)Cy = Cy # A, contrary to [4, K] = A.

This completes the proof that E splits over 4.

Conjugacy of complements

Let L; and L, be two complements to 4 in E. Since A4 is artinian there is a
normal subgroup Ay of E contained in 4 such that LAy and L, A4, are conjugate but
for any normal subgroup 4, of E properly contained in 4y, L4, and L,A4, are not
conjugate. We may assume that L; Ay = L, Ay, E= LAy and A = Ay, so that we
have

(3) L1A = L,A = E and if Ay is a normal subgroup of E properly contained in A,
then LA\ and L, A, are not conjugate in A,.

By Corollary 3.3, there is a non-zero ZG-image A = A/B of A and a normal
subgroup K/A of E/A such that [4, K] = A and K/Cg(4) =< X > is a nontrivial

https://doi.org/10.1017/50017089500010089 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500010089

64 M. J. TOMKINSON

finite abelian g-group or is free abelian of finite rank. Passing to the factor group
E/B we can take B =1 so that [4, K] = A4.

(I) K/Ck(A) is a finite abelian g-group.

By Lemma 3.4, Cg(A4) = M x A for some M < E and M is contained in L; and
L,. We may therefore pass to the factor group E/M and assume that Cx(A4) = A4 so
that K/A is a finite abelian g-group.

If ¢ = p, then by Lemma 4 of [7], L; and L, are conjugate modulo some proper
E-invariant subgroup of A, contrary to (3).

If ¢ #p, then LN K and L, N K are finite Sylow g-subgroups of K and so
are conjugate in K. By the Frattini argument, E = ANg(L;NK) and
ANNg(L;NK)= Cy(L; N K) = C4(K). By Fitting’s Lemma, 4 = C4(K)® [4, K]
and since [4,K]=A, C4(K)=1. Therefore AN Ng(L;NK)=1 and, since
L; < Ng(L; N K) we must have L; = Ng(L; N K). Since L; N K and L, N K are con-
jugate, it follows that L; and L, are conjugate.

(I) K/Ck(A) is free abelian of finite rank.

Again we may apply Lemma 3.4 to assume that Cg(4) = A4, so that
K/A =< x4 > is free abelian.

Let E; = Cg(K/A) so that E/E) is finite and E; N L; is a complement to 4 in Ej.

As in the existence part of the proof, x does not act polytrivially on 4 and so
there is a non-zero ZE,-image A = A/B of A such that A(1 — x) = 4 and B > C4(x).
We form the ZE-submodule By as in Lemma 3.1 so that By = NyepB(Jy)* and
A/By = ®{A/BUJo)Y* | g = giy -, g} With B(Jp) = B = C4(x).

Then, for each g € E, B(Jy)® > C4(x®) and so, by Lemma 3.6, (E; N L)B(Jy)® is
conjugate to (E; N Ly)B(Jy)°. By Lemma 3.8(ii), (E; N L{)By is conjugate to
(E1 N Lz)BO in El.

But (EiNLj)By=E NL;By and L;By < Ng(E, N L;By). Therefore
NE(EI N L,’Bo) = L,'NA((EI n L,’)B()). But NA((El n L,’)B() = CA/B[)(EI) and since A
has no non-zero finite ZFE|-section, it follows that N ((E; N L;)By) = By and so
Ng(Ey N L;By) = L;By. Therefore LBy and L, B, are conjugate, contrary to (3).

This completes the proof of the main theorem.

Two questions concerning this result remain open. As with the results on abe-
lian-by-hyperfinite groups we have assumed that the module A4 is a periodic abelian
group and also that the group G is locally soluble. It would also be more satisfactory
if this type of result could be fitted into the homological setting of [4].
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