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Abstract. We extend splitting theorems due to Zaicev and Duan proving the
following result. Let G be a locally soluble FC-hypercentral group and let A be a
periodic artinian ZG-module. If A has no ®nite ZG-submodules then any extension
E of A by G splits conjugately over A.
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1. Introduction. There have been a number of results of the following type: let
G be a group with property X and A a ZG-module with property Y then any
extension E of A by G splits over A and any two complements are conjugate in E.
We say that E splits conjugately over A.

A number of these results have nilpotency conditions on G and conditions on A
which ensure that there are no central factors of E inside A (or the ZG-module A has
no trivial ZG-sections). Among these results are those given by Robinson [4] in
homological terms. Perhaps the simplest and most striking form is:

Let G be a hypercentral group and A a ZG-module. If A is noetherian and
H0�G;A� � 0 (i.e. �A;G� � A) or A is artinian and H0�G;A� � 0 (i.e. CA�G� � 0) then
Hn�G;A� � Hn�G;A� � 0 for all n.

This implies that any extension of A by G splits conjugately over A as this con-
dition is equivalent to H1�G;A� � H2�G;A� � 0.

Both the statement of the above result and the methods used by Robinson seem
to indicate that this is the best approach when G has a nilpotency condition. How-
ever other results of this type have not been successfully put into a homological
setting partly because it is not possible to give such a nice description of the condi-
tions on the module A. For these results more purely group theoretic methods have
been used.

D. I. Zaicev [5±8] considered hypercyclic and hyper®nite extensions of abelian
groups with conditions ensuring that the module A had no cyclic, respectively ®nite,
ZG-sections. Z. Y. Duan [1,2] showed that these results could be amalgamated by
considering a locally soluble hyper-(cyclic or ®nite) group G and a noetherian or
periodic artinian ZG-module A with no ®nite ZG-sections. The conclusion was that
in these situations any extension E of A by G splits conjugately over A.

However, L. A. Kurdachenko has pointed out an error in [1] and [7], the papers
dealing with the artinian case. The error occurs in Lemma 1 of [7] where in the case
that A 6� C0 it is possible that A � C0 �D when the argument fails to provide a
nonzero ZG-image. The same error was repeated in [1] and also in an earlier version
of the present paper.

We aim then to correct and extend the results of Zaicev and Duan in the arti-
nian case proving the following
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Theorem. Let G be a locally soluble FC-hypercentral group and let A be a peri-
odic artinian ZG-module. If A has no ®nite ZG-submodules then any extension E of A
by G splits conjugately over A.

Of course, the only di�erence between this result and Duan's is that we can
include free abelian factors of ®nite rank greater than one in the group G. Apart
from the error referred to above the parts of the proof which do not involve these
factors are very similar to those given by Zaicev [7] and Duan [1] but signi®cant
extra work is needed to deal with the ®nite rank factors. The methods used are
therefore derived from those of Zaicev and we make no attempt to ®nd a suitable
homological setting for the theorem.

2. Notation and preliminaries. The FC-centre of a group G is the characteristic
subgroup consisting of all elements having only ®nitely many conjugates in G. It is
denoted by FC�G� and, being an FC-group, contains a periodic characteristic sub-
group with a torsion-free abelian factor group. We can form the upper FC-series of
G by de®ning G��1=G� � FC�G=G�� and G� � [�<�G�, for limit ordinals �. If
G� � G for some ordinal � then G is said to be FC-hypercentral. By considering
normal closures of elements in the periodic part of FC�G� and then of those in the
torsion-free factor, we see that an FC-hypercentral group has an ascending normal
series in which the factors are ®nite or are free abelian of ®nite rank generated by the
conjugates of a single element.

If A is a ZG-module, we shall say it is periodic if it is periodic as an abelian
group. A ZG-image of A is a factor A=B, where B is a ZG-submodule of A; a ZG-
section of A is a ZG-module B=C where both B and C are ZG-submodules of A. A
ZG-composition factor of A is a ZG-section which is simple (=irreducible) as a ZG-
module.

If a subgroup H of G acts trivially on A (that is, ah � a, for all a 2 A, h 2 H) we
say that A is ZH-trivial. If x 2 Z�G� and A is a ZG-module then A�1ÿ x� and CA�x�
are ZG-submodules and A�1ÿ x� � A=CA�x� as ZG-modules. The ZG-modules
CA�x� and A=A�1ÿ x� are Z < x >-trivial.

We shall use �A;H� to denote the ZH-submodule
P

h2H A�1ÿ h�. If H / G, then
�A;H� is a ZG-submodule of A. Although this commutator notation seems incon-
sistent with the notation for the action of ZG on A, it is in common use in our
situation as later we shall be thinking of the ZG-module A as a normal abelian
subgroup of an extension E of A by G.

Similarly, we use CA�H� for the ®xpoint submodule a 2 A : ah � a;f for all
h 2 Hg.

Some of the inconsistency could perhaps be avoided by writing ax rather than
ax for the action of G on A and, in fact, we do use this notation later when we are
de®nitely within the extension setting.

Frequently, we shall have a subgroup G1 of ®nite index in G and need to con-
sider the ZG-module A as a ZG1-module. In this situation it is well-known that A is
ZG-artinian if and only if it is ZG1-artinian and also that A has no non zero ®nite
ZG1-sections if and only if it has no non-zero ®nite ZG1-sections.

In the statement of our main theorem we have given the condition that A has no
non-zero ®nite ZG-submodules. This is, in fact, equivalent to A having no non-zero
®nite ZG-sections as is shown by the following decomposition theorem which has
appeared recently.
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Theorem 2.1. (Kurdachenko, Petrenko and Subbotin [3]) Let G be an FC-
hypercentral group and A an artinian ZG-module. Then A has a direct decomposition
A � A� � Aÿ, where every ZG-composition factor of A� is ®nite and Aÿ has no non-
zero ®nite ZG-sections.

This decomposition is usually referred to as an f-decomposition of A.

3. Proof of the theorem. There are a number of places in the proof where we will
have a normal subgroup G1 of ®nite index in G and the ZG-module A will have a
nonzero ZG1-image A=B with certain properties. To obtain a nonzero ZG-image in
which we can work we use the following canonical construction of a ZG-image
which is a direct sum of suitable ZG1-images.

Lemma 3.1. Let G=G1 be ®nite with T � g1; . . . ; gn
� 	

a transversal to G1 in G. Let
A be a ZG-module and B a proper ZG1-submodule of A. For each set J of subsets of

g1; . . . ; gn
� 	

form B�J� �P
I2J

T
i2I

Bgi

� �
and let B�J0� be a maximal member of the set

B�J� j B � B�J� and B�J� 6� A
� 	

. Then B0 � \g2GB�J0�g is a ZG-submodule of A and

A=B0 � � A=B�J0�g j g � gil ; . . . ; gil ; some l � n
� 	

:

Proof. Clearly we can write B0 � B�J0�g1 \ . . . \ B�J0�gn. We show, by induction
on r, that A=�B�J0�g1 \ . . . \ B�J0�gr� is a direct sum of certain A=B�J0�g. So we
assume that

A=�B�J0�g1 \ . . . \ B�J0�grÿ1� � � A=B�J0�g j g � gi1 ; . . . ; gik
� 	

:

If B�J0�gr � B�J0�g1 \ . . . \ B�J0�grÿ1, then

A=�B�J0�g1 \ . . . \ B�J0�gr� � � A=B�J0�g j g � gi1 ; . . . ; gik
� 	

If B�J0�gr 6� B�J0�g1 \ . . . \ B�J0�grÿ1 then, by the maximality of B�J0� and
hence of B�J0�gr, we have

B�J0�gr � �B�J0�g1 \ . . . \ B�J0�grÿ1� � A

and so

A=B0 � � A=B�J0�g j g � gi1 ; . . . ; gik ; gr
� 	

:

The ®rst key step in the proof is the following lemma and its corollary which
takes the role of Lemma 1 of [7] and Lemma 2 of [1].
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Lemma 3.2. Let A be a non-zero artinian ZG-module and let H be a normal sub-
group of G contained in the FC-hypercentre of G. If A � �A;H� then there is a normal
subgroup K of G and a nonzero ZG-image �A of A such that � �A;K� � �A, K=CK� �A� is
®nitely generated and K=CK� �A� � FC�G=CK� �A�� \ �HCK� �A�=CK� �A��.

Proof. By the artinian condition, we may assume that the lemma is true for any
proper ZG-submodule A0 of A and normal subgroup H0 contained in the FC-
hypercentre of G such that �A0;H0� � A0.

Clearly, by passing to G=CG�A�, we may assume that G acts faithfully on A.
There is a non-trivial ®nitely generated normal subgroup F �< xG > contained

in H \ FC�G�. If A � �A;F� then we can take F to be the required subgroup and A
the required ZG-image.

So we may suppose that A1 � �A;F� 6� A; since G acts faithfully on A, A1 6� 0.
Put G1 � CG�F� so that G=H is ®nite and hence A and A1 are artinian ZG1-modules.
Let H1 � H \ G1 � CH�F�.

(I) Suppose �A1;H1� 6� A1.
Consider the ZG-module A� � A=�A1;H1� and its ZG-submodule A�1 �

A1=�A1;H1�. Now A�1 is a trivial ZH1-module and, for each y 2 F,
A��1ÿ y� � �A�;F� � A�1. So A��1ÿ y� is a trivial ZH1-module. As ZH1-modules,
A��1ÿ y� � A�=CA� (y) and so A�=CA� �y� is ZH1-trivial, for all y 2 F. Hence
A�=CA� �F� is ZH1-trivial.

The ZG-module �A � A�=CA� �F� is non-zero; for if CA� �F� � A� then �A;F� �
�A1;H1� and so A1 � �A;F� � �A1;H1� contrary to our assumption. Since �A;H� � A
we have �A�;H� � A� and also � �A;H� � �A. Also �A is ZH1-trivial and so H=CH� �A� is
®nite. Therefore in this case we can take H to be the required normal subgroup.

(II) Suppose �A1;H1� � A1.
By our initial assumption about A, there is a normal subgroup K1 of G and a

nonzero ZG-image �A1 of A1 such that � �A1;K1� � �A1;K1=CK1
� �A1� is ®nitely generated

and K1=CK1
� �A1� � FC�G=CK1

� �A1�� \ �H1CK1
� �A1�=CK1

� �A1��.
Let F �< x1; . . . ; xn > and let Di � A�1ÿ xi�, a ZG1-module. Then A1 �

�A;F� � D1 � . . .�Dn and �A1 � �D1 � . . .� �Dn, where �Di is the image of Di in �D.
Let k be the largest integer such that �A1 � �Dk � . . .� �Dn. Then

�A1=� �Dk�1 � . . .� �Dn� � �Dk=� �Dk \ � �Dk�1 � . . .� �Dn��:

is a ZG1-module which is non-zero by the choice of k and, since � �A1;K1� � �A1, we
also have

� �Dk=� �Dk \ � �Dk�1 � . . .� �Dn��;K1� � �Dk=� �Dk \ � �Dk�1 � . . .� �Dn��:
That is, Dk has a nonzero ZG1-image D�k such that �D�k;K1� � D�k. But there is a

ZG1-isomorphism

A=CA�xk� � A�1ÿ xk� � Dk

and so A has a nonzero ZG1-image A=B � D�k such that �A=B;K1� � A=B.
Now form the ZG-module B0 as in Lemma 3.1. Then

B0 � \g2GB�J0�g;B�J0� � B and A=B0 � � A=B�J0�g : g � gi1 ; . . . ; gil
� 	

:
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Since �A=B;K1� � A=B, we have �A;K1� � B � A and so �A;K1� � Bg � A, for
all g 2 G. Since B�J0�g � Bg, it follows that �A=B�J0�g;K1� � A=B�J0�g and, since
A=B0 is the direct sum of the modules A=B�J0�g, we have �A=B0;K� � A=B0. Write
�A � A=B0 so that � �A;K1� � �A.

Since CK1
� �A1� acts trivally on �A1, it also acts trivially on �Dk. Since A=B � D�k,

we see that CK1
� �A1� acts trivially on A=B; hence on each A=B�J0�g and so on

�A � A=B0.
Since CK1

� �A� � CK1
�A=B0� � CK1

� �A1� and K1=CK1
� �A1� is a ®nitely generated

subgroup of FC�G=CK1
� �A1�� \ �H1CK1

� �A1�= �A1� we see that K1=CK1
� �A�� is ®nitely

generated subgroup of FC�G=CK1
� �A�� \ �H1CK1

� �A�=CK1
� �A��. Therefore we can take

�A and K1 to be the required nonzero image and normal subgroup respectively.

The condition that K=CK� �A� is ®nitely generated can be re®ned and the follow-
ing corollary takes this further for the case in which H is locally soluble.

Corollary 3.3. Let A be a non-zero artinian ZG-module and let H be a normal
locally soluble subgroup of G contained in the FC-hypercentre of G. If �A;H� � A then
there is a normal subgroup K of G and a nonzero ZG-image �A of A such that
� �A;K� � �A;K=CK� �A� � FC�G=CK� �A�� \ �HCK� �A�=CK� �A�� and K=CK� �A� is the normal
closure of a single element of G=CK� �A� and is either a ®nite elementary abelian q-group
or a free abelian group of ®nite rank.

Proof. We may replace A by the �A in the Lemma and H by K and so assume
that H=CH�A� � FC�G=CH�A��, H / G, �A;H� � A and H=CH�A� is ®nitely gener-
ated. Then H has a ®nite series of normal subgroups of G

CH�A� � H0 � H1 � . . . � Hn � H

such that Hi�1=Hi is the normal closure of a single element and is either free abelian
of ®nite rank or ®nite abelian. Choose m minimal such that �A;Hm� � A and con-
sider the non-zero ZG-image �A � A=�A;Hmÿ1�. Then � �A;Hm� � �A and CHm

� �A� �
Hmÿ1 so that Hm=CHm

� �A� is the normal closure of a single element and is ®nitely
generated abelian. If Hm=CHm

� �A� is in®nite then there is an integer t such that
K=CHm

� �A� � fHm=CHm
� �A�gt is free abelian. If � �A;K� � �A, then we are through. If

� �A;K� 6� �A then consider ~A � �A=� �A;K�. We have � ~A;Hm� � ~A and CHm
� ~A� � K, so

that Hm=CHm
� ~A� is ®nite.

So the only case left to consider is that A has a ZG-image ~A and G has a normal
subgroup L=CL� ~A� � FC�G=CL� ~A�� such that � ~A;L� � ~A and L=CL� ~A� is ®nite. Now
L has a ®nite series of normal subgroups of G

CL� ~A� � L0 � L1 � . . . � Lr � L

such that Lj�1=Lj is an elementary abelian group and is the normal closure of a
single element of G=Lj. Choosing s minimal such that � ~A;Ls� � ~A we can take
~A=� ~A;Lsÿ1� for the required ZG-image and Ls as the required normal subgroup.

Lemma 3.4. Let A be a normal abelian p-subgroup of the group E such that E=A is
FC-hypercentral and A is artinian as a ZE-module and has no nonzero ®nite ZE-sections.
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If N=A is a normal subgroup of E=A such that N � CE�A�, then N �M� A
for some normal subgroup M of E. Furthermore, M is contained in any supplement to
A in E.

Proof. Let M be a normal subgroup of E contained in N maximal subject to
M \ A � 1. By considering E=M we may assume that M � 1. Then E satis®es the
property

(1) If S / E;S � N and S 6� 1; then S \ A 6� 1:
We show that, in this situation, A � N.
Suppose that A 6� N. Since E=A is FC-hypercentral there is a K / E with

A / K � N and K=A ®nite or free abelian of ®nite rank and E=CE�K=E� is ®nite.
If K=A is ®nite, then K is centre-by-®nite and so K0 is ®nite. Thus A \ K0 is ®nite

and, since A has no ®nite ZE-submodules, A \ K0 � 1. By condition (1), K0 � 1 and
so K is abelian. Now K is an artinian ZE-module and so, by Theorem 2.1, has an f-
decomposition K � A� K�. But now, applying condition (1) to K�, we see that
K� � 1 and so K � A, a contradiction.

If K=A is free abelian of ®nite rank then K is nilpotent of class two. Write
K �< y1; . . . ; yn > Z�K� and �yi; yj� � aij 2 A. There is an integer k such that

a
pk

ij � 1, for all i, j, and so �ypki ; yj� � 1, for all i, j, and so y
pk

i 2 Z�K�. Therefore
K=Z�K� is ®nite and so K0 is ®nite. Again A \ K0 � 1 and, by condition (1), K0 � 1.
That is, K is abelian.

Since A is artinian as a ZE-module we can choose a normal subgroup D of E
contained in K such that D=D \ A is in®nite and D \ A is minimal with this property.

By condition (1), D \ A 6� 1. Since D \ A has no ®nite ZE-submodules,
E=CE�D� must be in®nite but E1 � CE�D=D \ A� has ®nite index in E. Therefore
there is a nontrivial normal subgroup X=CE�D� of E=CE�D� such that X � E1, X is
either ®nite or free abelian of ®nite rank and E=CE�X=CE�D�� is ®nite. Let
E2 � E1 \ CE�X=CE�D�� so that E=E2 is ®nite.

For x 2 XnCE�D�, D�1ÿ x� � D \ A and D�1ÿ x� 6� 0. Now D�1ÿ x� has no
nonzero ®nite ZE2-sections; but D�1ÿ x� � D=CD�x� as ZE2-modules, so that
D=CD�x� is a nonzero ZE2-image of D with no nonzero ®nite ZE2-sections.

Let X=CE�D� � CE�D� < x1; . . . ; xm >; then CD�X� � CD�x1� \ . . . \ CD�xm�
and so D=CD�X� has no nonzero ®nite ZE2-sections. Since D=D \ A is a ®nitely
generated abelian group we have CD�X� � �D \ A� � D and hence CD�X� � A �
D� A. But CD�X� / E and CD�X� \ A 6� D \ A giving a contradiction to the choice
of D.

This completes the proof that, under condition (1), A must be equal to N and so
under the hypotheses of the lemma we have shown the existence of an M / E such
that N �M� A.

Finally, let S be a supplement to A in E; that is, SA � E. Then N � �S \N�A
and S \N / SA � E. Now

M�S \N�=�S \N� � N=S \N � A�S \N�=�S \N�

and so M�S \N�=�S \N� has no ®nite ZE-section. But M�S \N�=�S \N� �
M=�M \ S� which does have ®nite ZE-sections if it is non-zero. Therefore
M �M \ S, as required.
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The following two lemmas give partial splitting and conjugacy results. They are
well known in various forms but we give details in order to state the versions we
need and also to indicate the reasons for the lemmas which follow.

Lemma 3.5. Suppose that A is a ZH-module, < x > is a central cyclic subgroup of
H such that A�1ÿ x� � A and let E be any extension of A by H. Then for any ZH-
submodule B of A containing CA�x�, E=B splits over A=B.

Proof. Let g 2 E and let y be an inverse image of x in E; then �yÿ1�g � ayÿ1, for
some a 2 A. Since A�1ÿ x� � A, there is an element b 2 A such that a � byÿ1bÿ1y
and so �yÿ1�g � ayÿ1 � �yÿ1�bÿ1 . Therefore gb 2 CE�y� and g 2 ACE�y�. Since
CE�y� \ A � CA�y� � CA�x� we see that CE�y�=CA�x� is a complement to A=CA�x� in
E=CA�x�. It is now clear that if B � CA�x� then BCE�y�=B is a complement to A=B in
E=B.

Lemma 3.6. Suppose that A is a ZH-module, < x > is a central cyclic subgroup of
H such that A�1ÿ x� � A and let E be a split extension of A by H. If K is a second
complement to A in E and if B is any ZH-submodule of A containing CA�x�, then HB
and KB are conjugate in E.

Proof. It is clear that A < x > \H �< x > and that A < x > \K is generated by
an element axÿ1, for some a 2 A. Thus K � CE�axÿ1� and CE�axÿ1� � KCA�x�. Also
CE�x� � HCA�x�.

Since A�1ÿ x� � A, there is an element b 2 A such that a � bxÿ1bÿ1x and so
axÿ1 � bxÿ1bÿ1. It follows that

KCA�x� � CE�axÿ1� � CE�bxÿ1bÿ1� � b�HCA�x��bÿ1:

If B contains CA�x�, then KB � b�HB�bÿ1, as required.

Our ®rst step towards making use of these two lemmas is to obtain a suitable
ZH-image �A such that �A�1ÿ x� � �A.

Lemma 3.7. Let A be an artinian ZH-module and x 2 Z�H� such that x does not
act polytrivially on A. Then there is a nonzero ZH-image �A � A=B such that
�A�1ÿ x� � �A and B � CA�x�.

Proof. There is a descending chain of ZH-submodules

A � A�1ÿ x� � A�1ÿ x�2 � . . .

Since A is artinian, there is a least integer n such that A�1ÿ x�n � A�1ÿ x�n�1 and,
since x does not act polytrivially, A�1ÿ x�n 6� 0. We prove the result by induction on
this integer n, the result being trivially true if n � 0.

Write Ai for A�1ÿ x�i. Then

An � Anÿ1�1ÿ x� � Anÿ1=CAnÿ1 �x�:
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Consider A=CAnÿ1 �x� and write A�i for Ai=CAnÿ1 �x�. Then x does not act poly-
trivally on A�0, A

�
i � A�0�1ÿ x�i and A�nÿ1�1ÿ x� � A�nÿ1. By induction, A=CAnÿ1�x�

has a nonzero ZH-image �A � A=B such that �A�1ÿ x� � �A and B=CAnÿ1 �x� �
CA�

0
�x� � CA�x�=CAnÿ1�x�. Therefore B � CA�x�.

In the situations where we apply Lemmas 3.5 to 3.7, the group H will be the
centralizer G1 of some normal subgroup < xG >, so that G=G1 will be ®nite. Lemma
3.7 will give us a ZG1-image of A in which we can apply Lemmas 3.5 and 3.6, but we
will need a ZG-image. This will be provided by the construction given in Lemma 3.1.

The direct sum constructed in that lemma will be used in a number of places in
the main proof to give the existence and conjugacy of complements in certain sec-
tions E1=B0 where E=E1 is ®nite and B0 / E. The simple step of moving from
E1=B�J0� with B�J0� / E1 to E1=B0 is given in the next lemma.

Lemma 3.8. Let A be a normal subgroup of the group E and suppose that A con-
tains subgroups Ai / E with A � Drni�1A=Ai.

(i) If A=Ai has a complement Si=Ai in E, for each i, then A has a complement S in E.
(ii) If S and T are complements to A in E such that SAi is conjugate to TAi, for

each i, then S and T are conjugate in E.

Proof. (i) Let A1 \ . . . \ Arÿ1 � B and assume, inductively, that A=B has a
complement R=B in E=B. Consider R \ Sr. Certainly R \ Sr \ A � B \ Ar. Also

�R \ Sr�A � �R \ Sr�BAr � �R \ SrB�Ar � �R \ SrA�Ar � RAr � RBAr � RA � E.

Therefore R \ Sr=Ar \ B is a complement in E=A1 \ . . . \ Ar.
(ii) Again writing B � A1 \ . . . \ Arÿ1 we assume inductively that SB and TB

are conjugate. Replacing T by an appropriate conjugate we may assume that
SB � TB. There is an element a 2 A such that SaAr � TAr. Since A � BAr we may
assume that a 2 B and so SaB � TB. Now T�Ar \ B� � T��T \ A�Ar \ B� �
T�TAr \ B� � TAr \ TB. So T�Ar \ B� � SaAr \ SB � Sa�Ar \ B� and so
T�A1 \ . . . \ Ar� is conjugate to S�A1 \ . . . \ Ar�, as required.

Theorem 3.9. Let G be a locally soluble FC-hypercentral group and A a periodic
artinian ZG-module with no non-zero ®nite ZG-submodules. Then any extension E of A
by G splits conjugately over A.

Proof. Existence of complements.
Since A is artinian, E has a subgroup E0 minimal with respect to E � AE0. We

prove that A \ E0 � 1.
Suppose, if possible, that A0 � A \ E0 6� 1. The group E0 and its subgroup A0

considered as a ZG-module satisfy the conditions of the lemma. We may therefore
assume that A � A0, E � E0 so that

(2) A has no proper supplement in E.
Under this extra hypothesis we shall obtain a contradiction.
Clearly, we may assume that A is a p-group. Since A has no ®nite ZG-sections, it

follows that �A;G� � A. By Corollary 3.3, there is a non-zero ZG-image �A � A=B of
A and a nontrivial normal subgroup K=A, K=CK� �A� � FC�E=CK� �A��, K=CK� �A� is the
normal closure of a single element �x in �E � E=CK� �A� such that � �A;K� � �A and is
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either a ®nite elementary abelian q-group or a free abelian group of ®nite rank.
Passing to the factor group E=B, we can take B � 1, so that �A;K� � A.

(I) K=CK�A� is a ®nite abelian q-group.
By Lemma 3.4, CK�A� �M� A, for some M / E. Passing to the factor group

E=M, we can take M � 1 and so assume that CK�A� � A and K=A is a ®nite abelian
q-group.

If q � p, then by Lemma 4 of [7], A has a proper supplement in E, contrary to
(2).

If q 6� p, then K � AQ, where Q is a ®nite Sylow q-subgroup of K and the Sylow
q-subgroups of K are conjugate. The Frattini argument shows that E � ANE�Q� and
so, by (2), NE�Q� � E and �A;Q� � 1, contrary to CK�A� � A.

(II) K=CK�A� is free abelian of ®nite rank.
Again we may apply Lemma 3.4 to assume that CK�A� � A so that K=A is free

abelian of ®nite rank and K=A �< xA >E=A.
Let E1 � CE�K=A� so that E=E1 is ®nite. Thus A is an artinian ZE1-module and

has no non-zero ®nite ZE1-sections. Write xA � �x 2 G1 � E1=A and let
�xG
� 	 � �x � x1; x2; . . . ; xnf g with xi � �xgi . If x acts polytrivially on A then so does
each xi. Hence A�1ÿ xi� 6� A and, inductively, A�1ÿ x1� � . . .� A�1ÿ xrÿ1� 6� A.
But then xr acts polytrivially on A=A�1ÿ x1� � . . .� A�1ÿ xrÿ1� and so A�1ÿ x1�
� . . .� A�1ÿ xr� 6� A. It follows that �A;K� � A�1ÿ x1� � . . .� A�1ÿ xn� 6� A,
contrary to our de®nition of K. Therefore x does not act polytrivially on A and so,
by Lemma 3.6, A has a nonzero ZE1-image �A � A=B such that �A�1ÿ x� � �A and
B � CA�x�.

Now form the ZE-submodule B0 as in Lemma 3.7. Then B0 � \g2GB�J0�g,
B�J0� � B � CA�x� and A=B0 � � A=B�J0�g j g � gi1 ; . . . ; gil

� 	
. Note also that

B�J0�g � Bg � CA�xg�.
By Lemma 3.4, E1=B�J0�g splits over A=B�J0�g. By Lemma 3.8, there is a com-

plement L=B0 to A=B0 in E1=B0.
Since B�J0� � B, we have �A=B�J0�1ÿ x� � A=B�J0� and so CA=B�J0��x�

6� A=B�J0�. De®ne the ZE1-submodule C by C=B�J0� � CA=B�J0��x�. Then
Cg=B�J0�g � CA=B�J0�g�xg� so that Cg=B0 � CA=B0

�xg�. Let C0 � \g2GCg; then C0 is a
ZE-submodule and A=C0 � �fA=Cg j g � gi1 ; . . . ; gilg.

Let L and M be two complements to A=B0 in E1=B0. By Lemma 3.5, LCg and
MCg are conjugate in E1. It now follows from Lemma 3.8(ii) that LC0 and MC0 are
conjugate in E1.

The Frattini argument now shows that E � ANE�LC0�. Since A has no proper
supplement in E, we must have LC0 / E. Hence �A;LC0� � A \ LC0 �
�A \ L�C0 � C0 6� A, contrary to �A;K� � A.

This completes the proof that E splits over A.
Conjugacy of complements

Let L1 and L2 be two complements to A in E. Since A is artinian there is a
normal subgroup A0 of E contained in A such that L1A0 and L2A0 are conjugate but
for any normal subgroup A1 of E properly contained in A0, L1A1 and L2A1 are not
conjugate. We may assume that L1A0 � L2A0, E � L1A0 and A � A0, so that we
have

(3) L1A � L2A � E and if A1 is a normal subgroup of E properly contained in A,
then L1A1 and L2A1 are not conjugate in A1.

By Corollary 3.3, there is a non-zero ZG-image �A � A=B of A and a normal
subgroup K=A of E=A such that � �A;K� � �A and K=CK� �A� �< �x

�G > is a nontrivial
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®nite abelian q-group or is free abelian of ®nite rank. Passing to the factor group
E=B we can take B � 1 so that �A;K� � A.

(I) K=CK�A� is a ®nite abelian q-group.
By Lemma 3.4, CK�A� �M� A for some M / E and M is contained in L1 and

L2. We may therefore pass to the factor group E=M and assume that CK�A� � A so
that K=A is a ®nite abelian q-group.

If q � p, then by Lemma 4 of [7], L1 and L2 are conjugate modulo some proper
E-invariant subgroup of A, contrary to (3).

If q 6� p, then L1 \ K and L2 \ K are ®nite Sylow q-subgroups of K and so
are conjugate in K. By the Frattini argument, E � ANE�Li \ K� and
A \NE�Li \ K� � CA�Li \ K� � CA�K�. By Fitting's Lemma, A � CA�K� � �A;K�
and since �A;K� � A, CA�K� � 1. Therefore A \NE�Li \ K� � 1 and, since
Li � NE�Li \ K� we must have Li � NE�Li \ K�. Since L1 \ K and L2 \ K are con-
jugate, it follows that L1 and L2 are conjugate.

(II) K=CK�A� is free abelian of ®nite rank.
Again we may apply Lemma 3.4 to assume that CK�A� � A, so that

K=A �< xA >E=A is free abelian.
Let E1 � CE�K=A� so that E=E1 is ®nite and E1 \ Li is a complement to A in E1.
As in the existence part of the proof, x does not act polytrivially on A and so

there is a non-zero ZE1-image �A � A=B of A such that �A�1ÿ x� � �A and B � CA�x�.
We form the ZE-submodule B0 as in Lemma 3.1 so that B0 � \g2EB�J0�g and
A=B0 � � A=B�J0�g j g � gi1 ; . . . ; gil

� 	
with B�J0� � B � CA�x�.

Then, for each g 2 E, B�J0�g � CA�xg� and so, by Lemma 3.6, �E1 \ L1�B�J0�g is
conjugate to �E1 \ L2�B�J0�g. By Lemma 3.8(ii), �E1 \ L1�B0 is conjugate to
�E1 \ L2�B0 in E1.

But �E1 \ Li�B0 � E1 \ LiB0 and LiB0 � NE�E1 \ LiB0�. Therefore
NE�E1 \ LiB0� � LiNA��E1 \ Li�B0�. But NA��E1 \ Li�B0 � CA=B0

�E1� and since A
has no non-zero ®nite ZE1-section, it follows that NA��E1 \ Li�B0� � B0 and so
NE�E1 \ LiB0� � LiB0. Therefore L1B0 and L2B0 are conjugate, contrary to (3).

This completes the proof of the main theorem.

Two questions concerning this result remain open. As with the results on abe-
lian-by-hyper®nite groups we have assumed that the module A is a periodic abelian
group and also that the group G is locally soluble. It would also be more satisfactory
if this type of result could be ®tted into the homological setting of [4].
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