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A Finite-time Condition for Exponential
Trichotomy in Infinite Dynamical Systems

Arnaud Ducrot, Pierre Magal, and Ousmane Seydi

Abstract. In this article we study exponential trichotomy for infinite dimensional discrete time dy-
namical systems. The goal of this article is to prove that finite time exponential trichotomy conditions
allow us to derive exponential trichotomy for arbitrary times. We present an application to the case of
pseudo orbits in some neighborhood of a normally hyperbolic set.

1 Introduction

Consider the linear non-autonomous discrete time dynamical system

(1.1) X1 = Apx,, foreachn > m,
Xm =x € X,
where x = {x,},>m s a sequence in a Banach space (X, ||-|) and A = {A,}.cx

is a sequence in L£(X), the space of bounded linear operators on X. The discrete
time evolution semigroup associated with the system (1.1), or equivalently, associ-
ated to the sequence of bounded linear operator A = {A,},cz C £(X), is defined as
{Ua(n, p)}u>p C L(X), which is a parametrized family of bounded linear operators
on X defined on

Ay :={(n,p) €7*:n> p}
by

An_i--A, ifn> p,
1

UA(”;P)Z lfn:p

In this work we will use the following notion of exponential dichotomy taken from
Hale and Lin [11].

Definition 1.1 Let I be an interval in 7 and let A = {A,},e: I — L£(X) be
a map. Then Uy has an exponential dichotomy (or A is exponentially dichotomic)
on I with constant x and exponents p > 0 if there exist two families of projectors
IT* = {II%},er: 1T — L£(X) with o = u, s satisfying the following properties.

(i) Fornelanda,B € {u,s}, we have IS, + [T = T and if o # 3, ISTIY = 0.
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(ii) For all n, m € I with n > m we have
Ui (n,m) :=II;Ua(n,m) = Ua(n, m)IL;, for a = u,s.

(iii) Uj(n,m) is invertible from II% (X) into IT}(X) for all # > m in I, and its inverse
is denoted by U§ (m, n): 1I3(X) — II%(X).
(iv) For each x € X we have, foralln > min|,

U G, m) I x| < e x|,

[UR G, I < ke~ ]

We also introduce the following notion of a relatively dense subset of integers
taken from Palmer [15].

Definition 1.2 LetD = {0;},cy C 7 be anon-decreasing sequence of integers and
let Ty € N\{O}

(i)  We will say that D is a relatively dense subset of integers for T if every interval
(in Z) of length T; contains at least one point of ID.
(i) We will say that D is a Ty-covering of 7. if
7= U [9i7 01' + T0]7
icz

where [0;, 0; + Ty] is understood as an interval in 7.
Lemma 1.3  Properties (i) and (ii) in Definition 1.2 are equivalent.

Proof (i) = (ii) Let n € Z be given. Then [n — Ty, n] is an interval of length T
and there exists 0; € [n — Ty, n] such that n € [0;,0; + Tp].

(ii) = (i) Let [n, p] be an interval of Z of length T;. Then one has [n, p] =
[n,n + Ty]. By using (ii) and since p = n+ Ty € 7, we can find 6; € D such that
n+ Ty € [0;,0; + Ty]. Therefore, 6; € [n,n+ Tp]. The proof is completed. [ |

Continuing a recent work by Palmer [15] on the finite time condition for expo-
nential dichotomy, we will prove the following theorem.

Theorem 1.4 Letp > p > 0andk > 1. Let D = {6; };c7 be a Ty-covering of 7. Let
A = {Ay} ez C L(X) be a given sequence of bounded linear operators on a Banach
space X. Assume that ||A,|| 2y < K, for some positive real constant K > 0.

Then there exist two constants T := f(To, K,k,p,p) >0and s := k(K,k,p) > K
such that for each T > T, if A is exponentially dichotomic on each interval [0;,6; + T]
of 7 (with constant k > 1 and exponent p > 0), then A is exponentially dichotomic on
7 (with constant K and exponent p).

Compared to [15, Theorem 2.1], one may observe that in Theorem 1.4 the invert-
ibility of the bounded linear operators A, is not required. We also refer to Palmer
[18, Lemma 2.17] for early results on this topic. In [18, Lemma 2.17], Palmer con-
siders intervals of the form [(i — 1)m, im] (where m is a fixed positive integer) and
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assumes that the projectors

{IL*, n € [(i — Dm,im]}
for v = u, s are close at the endpoints, i.e., that the norm of IT¢, — Hf;: D §s small
enough. In Palmer [15] this condition is no longer required. Actually the closeness
of the projectors follows from the exponential dichotomy property on intervals large
enough (see Lemma 4.9). Nevertheless, the proof of Lemma 4.9 will be different from
Palmer [15] due to the non-invertibility of the linear operators.

We should also mention that there are various perturbation results using finite
time conditions. We refer to Henry [12, Theorem 7.6.8 p. 234], Sakamoto [25, The-
orem 4], Palmer [15-18], and Potzsche [20] for more results on this subject.

Theorem 1.4 has many consequences, namely shadowing in dynamical systems,
robustness of hyperbolic sets (see also Sacker and Sell [23, Theorem 6] for spectral
theory approach), hyperbolicity along pseudo orbits, slowly varying systems, and
almost periodic systems (see for instance [15, Section 3] and [6]). This concept is
also the main tools in the theory of invariant hyperbolic sets and invariant normally
hyperbolic sets using Lyapunov-Perron approach. We refer the reader to Sakamoto
[24,25] and Henry [12] for more results on this topic.

The main goal of this article is to extend Palmer’s [ 15] results from the exponential
dichotomy to the exponential trichotomy (see Section 2) for infinite dimensional
dynamical systems.

The plan of the article follows. In Section 2 we will present Theorem 2.3, which
is the main result. In section 3 we present an application of this theorem to study
the persistence of exponential trichotomy along pseudo orbits. Sections 4 and 5 are
devoted to the proofs of these results. In the spirit of Palmer’s work, in Section 6 we
apply Theorem 2.3 in the context of slowly varying systems, almost periodic systems,
and to a perturbation problem.

2 Main Results

Before presenting the main results of this article, we first need to define the notion of
exponential trichotomy. The notion used here is taken from Hale and Lin [11].

Definition 2.1 Let Il be an interval of Z and let A = {A,},c1: I — L£(X) be a
map. Then Uy has an exponential trichotomy (or A is exponentially trichotomic) on I
with constant x and exponents 0 < py < p if there exist three families of projectors
IT* = {II%}er: 1 — L(X) with o = u, s, ¢ satisfying the following properties.

(i) Foralln €land o, 8 € {u,s,c}, we have
e’ =oifa # B, and I+ 11+ 11 = 1.
(ii) Foralln > min I we have
Uy (n,m) :=II;Ua(n,m) = Up(n, m)II;,  fora = u,s,c.

(iii) Ug(n, m) is invertible from II$, (X) into I3 (X) foralln > min I, &« = u,c and
its inverse is denoted by U§ (m, n): II (X) — 112 (X).
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(iv) For each x € X we have

1T, I x| < el =[x

foralln,m € 1, and

IUA G, m) I x[| < e x|,

[UX(m, mix|| < ke~ x|
for n > m.

Remark 2.2 The above definition coincides with the Definition 1.1 whenever IIf, =
OL(X)y foralln € l.

The main result of this article is the following theorem.

Theorem 2.3 Letp > p > pyp > po > Oand k > 1. Let D = {0;}icy be a
To-covering of Z. Let A = {A,}nez C L(X) be a given sequence of bounded linear
operators on a Banach space X. Assume that

Anll ey <K, neZ,

for some positive real constant K > 0.
Then there exists T := T(Ty,K, k, p, p, po, Po) > 0 and & := K(K, Kk, p) > k such
that for each T > T, if A is exponentially trichotomic on each intervals [0;,0; + T] of

7. (with constant K exponents p and py), then A is exponentially trichotomic on 7. (with
constant k exponents p and po).

3 Application
In this section, we present an application of Theorem 2.3 to study the persistence of
the normal hyperbolicity along pseudo orbits for the discrete time dynamical system
Xpr1 = F(x,), Vn2>0, xy=x€X,

whenever F: X — X is a continuously differentiable map on the Banach space X.
Recall that a sequence x= {x, },cz C X is called a d-pseudo-orbit for F if

(31) ||xn+1 - F(xn)” S 67 Vn € Za
while we will say that x= {x, },e7 is a complete orbit for F if
Xp1 = F(x,), Vn € Z.

So a complete orbit is nothing but a §-pseudo-orbit with 6 = 0 in (3.1).

Next we recall the definition of normally hyperbolic invariant sets inspired by
Bates, Lu, and Zeng [1]. This notion plays a crucial role in the context of the theory
of geometric singular perturbation, and we refer the reader to [1,9,13] (and reference
therein) for more results.
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Definition 3.1 (Normally hyperbolic set) Let F: X — X be a continuously differ-
entiable map on the Banach space X. Let M C X be an invariant subset for F, that is,
F(M) = M. Then we will say that M C X is normally hyperbolic for F if the following
properties are satisfied.

(i) For each x € M, there exist three closed subspaces X¢ with a = s, ¢, 4, such
that

(3.2) X=X'®X B XE
for each o = s, ¢, u, DF(x)(XY) C Xfy and for a = u, ¢, the map DF(x)|XQ is
invertible from X' into Xp.

(ii) There exist a constant x > 1 and rates 0 < py < p such that for each n > 0 and
eachx € M,

|IDF"(x)

xs|| < Ke ",

1
—e" < inf{||DF"(x)x"|| : x* € X¥ and ||x"|| = 1},
K

and
%e_"(’” < inf{ | DF"(e)x’]| : x € X and [<]| = 1}
< |IDF"(50)|xc || < we™",
where
|DF"(x)|x || = sup{||DF"(x)x|| : x € X and ||x|| = 1} for a = s, c.

By using property (i) for each x € M, we can define three projectors 11 for o =
u, s, ¢ associated with the state decomposition (3.2). For each x € M and each o €
{s, ¢, u}, these projectors are uniquely determined by

RAIY) = X2 and NIIY) = @ X2
o’ e{s,cur\{a}
Define an (open) e-neighborhood of a subset M C X,
V(M,e):={x€X:dx,M) < e},
where
M) := inf ||x — y||.
d(x, M) := inf |lx — yll
One may equivalently define V(M, ¢) as
V(M,e):= | B(x,e),

xEM
where
B(x,e)={yeX:|x—y| <e}.
Now we make the following assumption.

Assumption 3.2 Let F: X — X be a continuously differentiable map on the Banach
space X. Let M C X be an invariant subset for F. We assume the following:

(i) M is normally hyperbolic for F with the constant k > 1 and the rates 0 < py < p.
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(i) There exists ko > 1 such that

(3.3) sup [[TI¢]| o) < ko, @ = s, ¢, 1.
xeM

(iii) There exist K > 0 and ¢y > 0 such that the map x — DF(x) is uniformly
continuous from V(M, g¢) into L(X) and

[F(x) = F()|l < Kllx =yl Vx,y € V(M, &),
sup [|[DF(x)|| ¢ < K.
xeM

Remark 3.3 Whenever V(M, ) is convex, assertion (iii) can be replaced by

sup ||DF(x)||cx) < K.
x€V(M,e0)

The main result of this section is the following proposition.

Proposition 3.4 Let Assumption 3.2 be satisfied. Let 0 < py < po < p < p. There
exist two constants

60 = 60(K7 H7K'07p07p71/5071/5) >0 andEO = EO(Ka H7"<‘:07p07p71/5071/5) > Oa

such that for each § € [0,0¢), € € [0,¢0) if x={xy}ncz C V(M,¢) is a d-pseudo-
orbit of F in the neighborhood V(M, €) of M then DF(x) = {DF(x,)}nez C L(X) is
exponentially trichotomic on 7 with a constant k := K(K, k, p, p, po, Po) and exponents
o> -

Remark 3.5 Under Assumption 3.2, for each complete orbit x = {x,},c7 of F
in M, the family of bounded linear operators DF(x) = {DF(x,)}n.cz C L(X) is
exponentially trichotomic on Z with constant k¥ := kkg and exponents py, p.

4 Proof of Theorem 2.3

We will start this section by considering the case where A: Z — £(X) is exponentially
trichotomic on intervals of the form

(i —1)m,im], i€Z,
where m > 0 is some integer. We observe that 7 is a disjoint union of the intervals

{[(i — 1)m, im[};cz. Therefore,

7= [(i — l)m,im[ =U [(i — Dm,im — 1] )
icz icz
As we will see at the end of this section, this is not a real restriction for the proof of
Theorem 2.3. In order to clarify the notion of exponential trichotomy on a family of
intervals, we introduce the following definition.

Definition 4.1 Let m > 0 be an integer. We will say that a sequence of bounded
linear operators A = {A, },cz C L£(X) is exponentially trichotomic on the family of
intervals {[(i — 1)m, im] : i € Z} with uniform constant x and uniform exponents
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p > 0and py € (0, p) if on each interval [(i — 1)m, im] the following properties are
satisfied:

(i)  There exist three families of projectors {II!*, n € [(i — 1)m, im]} C L(X), with

n
o = u,s,c, such that for each n € [(i — 1)m, im]

e =0ifa # B, and II5 + ¢+ T = 1.
(i) Foralln, p € [(i — 1)m,im] with n > p, we have
Uy (n, p) == Ua(n, p) = Ua(n, p)IT§* for a = u,s,c.

(iii) The map Ul"\“(n, p) is invertible from H;‘* (X) into TI!*(X) forall n > pin [(i —
1)m, im] and o = u, ¢, and its inverse is denoted by

UR' (p,m): LX) — TI5(X).

(iv) Foreachx € X, wehaveforalln, p € [(i — 1)m,im]

(4.1) U5 (n, Y]] < el
andifn > p, then

(4.2) IUX (G, pIx]| < e =Pl

(43) U3, mIE]| < e P

Remark 4.2 Let us note that due to condition (iv), we have for each i € Z and each

(4.4) 1T e o) < Ky o= u,5,c.

The proof of the following theorem is given in Appendix A. An extended version
has been proved recently in Ducrot, Magal, and Seydi [8, Theorem 1.8].

Theorem 4.3 (Perturbation) Let A: Z—XL(X) be given. Assume that A is exponen-
tially trichotomic on L with constant K, exponents 0 < py < p, and associated with
the three families of projectors {I1*: Z — L(X) }a=scu- Let po < po < p < p and
K > 2k be given. Then there exists &y := 0o(po, Po, P, P, Ky k) € (0, 1) such that for
eacheachB: 7 — L(X) withsup,; ||Bu|lcx) < 9, the sequence A+B is exponentially
trichotomic on 7. with constant 5* and exponents p, po.

An easy consequence of the above theorem is the following corollary.

Corollary 4.4  Let I be an interval (finite or infinite) in Z and let A = {A, }er: 1 —
L(X) be a map. Assume that A is exponentially trichotomic on | with constant
K, exponents 0 < po < p, and associated with the three families of projectors
{I1*: Z — L(X)}amscu Let po < po < p < pand K > 2k be given. Then there
exists § > 0 such that for each B: 7. — L(X) with

sup || Bull ) < 0,
nel
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the sequence A + B ={A,, + B, }nc1 is exponentially trichotomic on Il with constant k>
and exponents p, po.

Proof Define
n_ :=inf{k: k € I} and n, := sup{k: k € I}.

We will give the arguments for the case n, < +oo and n_ = —oo. The remaining
cases hold similarly. Define the following sequences of bounded linear operators

y Ay, ifn < ny,
" e I, +elIL, +115 , ifn>ny,

and

Enlz 1[[(71)3,,, Vn € Z,

where 1;( - ) is the characteristic function on I. Then the sequences A and B trivially
satisfy the conditions of Theorem 4.3. Hence the result follows by applying Theorem
4.3 with A and B and using the fact that A, + B, = A, + B, for alln € (—oo, n; — 1].

|

In the next lemma we will show that if A = {A,},cz C L£(X) is exponentially
trichotomic on the family of intervals {[i — 1m, im]};cz (m a positive integer large
enough) and the norm of ITi% — Hfin+ Ve i € 7 is small, then A is exponentially

trichotomic on Z. This lemma generalizes [15, Lemma 2.3].

Lemma 4.5 Letp > p > py > po > 0,k > 1and K > 1 be fixed. Define

R := max{2x’e”*" (3kK + K)r}
(4.5)

2 - 2 -
my := max{z, —InR&, = In lﬁ:}.
pP—0p Po — Po

Let A = {A, }nez C L(X) be a sequence of bounded linear operators on X. Assume that
(1)

(4.6) sup ||AnH£(X) S K.
nerz

(ii) There exists an integer m > myg such that A = {A,},cz C L(X) is exponentially
trichotomic on the family of intervals {[(i — 1)m,im] : i € 7} with uniform
constant k and uniform exponents p and py.

Then there exist two constants
Ri=R(K, K, p,po) > 2R and 1y = no(po, Po, P ps ks Ry K) € (0,V/2 — 1)

such that

”Hi% - HZ:I)Q”L(X) < o, Vie Z, Va = u,s, ¢,

implies that A = {A, } ez C L(X) is exponentially trichotomic on 7 with constant k>
and exponents p and py.
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In order to prove Lemma 4.5, we will need the following auxiliary lemma (see
[8, Lemma 2.1] or [1, Lemma 4.1]).

Lemma 4.6 Let1l: X — X and I1: X — X be two bounded linear projectors on a
Banach space X. Assume that

ITL— Il ) < 6 with0 < 6 < V2 —1.

Then 11 is invertible from ﬁ(X) into I1(X) and

1
—1
10T 00) ™l < g5 lIxll, Vx € TIX).
Remark 4.7 By symmetry, the bounded linear projector 11 is also invertible from
II(X) into II(X) and

| ([l ~'x|| < Ixll,  Vax € TI(X).

1
1-0
Proof of Lemma 4.5 The principle of the proof is to construct an auxiliary se-
quence of bounded linear operators A: 7Z —£(X) and three families of projectors
{ﬁa}a:u,s_ﬁ C L(X), such that A is exponentially trichotomic on Z, and A is close
to A.

To do so let m > myg be the positive integer defined in the assumption of
Lemma 4.5. Recall that for each i € Z, A is exponentially trichotomic on
[(i — 1)m, im], with uniform constant £ and uniform exponents p > 0, po € (0, p)
and projectors {II)*, n € [(i — 1)m,im]} C L(X), a = u,s, c satisfying properties
(i)—(iv) in Definition 4.1.

We define a family of bounded linear projectors {ﬁ:}nel C LX), a = u,s,¢c,
given on each interval [(i — 1)m, im[= [(i — 1)m,im — 1] of Z by

(4.7) ﬁ: = H;’”, fori—1)ym<n<im-—1.
It follows that
(4.8) M, =TI viez.

We define A: 7Z —£(X) on each interval [(i — 1)m, im[= [(i — 1)m,im — 1] of Z by

An, ifn € [(i — V)m,im — 2],
> HEZI)aAim—lﬂffn',l ifn=im—1.

a=u,s,c

(4.9) A, =

Next we will prove that A :{En}nez C L(X) is exponentially trichotomic with pro-
jectors {II a}a:umc and that A is close to A.

To do so, we verify properties (i)—(iv) stated in Definition 2.1. Without loss of
generality, we can assume that 7y € (0,1/2), and that
(4.10) ([T — TTD2 o) < o, Vi € Zand o = u, s, c.

m
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Proof of (i) From (4.7) for each n € 7 we have
I, + T, + I, = I (x) and ﬁfﬁj = 0g(x) fora, B € {u,s, c} with o # 3,
and property (i) is satisfied.

Proof of (ii) We will prove that

=01

(4.11) I, A, =AJL, VneZand o = u, s, c,
or equivalently
(4.12) foy(n,p) = Ux(n,p)ﬁ(; = ﬁ:UX(n,p), Vn > pand o = u, 5, c.

Let n € 7/ be given. Let i € Z be given such thatn € [(i — L)m,im[. If i — 1)m <
n+ 1 < im, thatis, n # im — 1, then by using (4.7) and (4.9), property (4.11) is
clearly verified.
Ifn+1=im(ie,n=1im—1),one hasfrom (4.8)—(4.9) that for each & = u, s, c,
QU

o o e
1_In+1An = HimAimfl
R TFARED W | SARLY PN § 1

B=us,c 1 e
=, T
= [ Z Hz(‘;:l)ﬂAimflnifn—l} Hf%*l
B=u,s,c
= KW—lH%—la

so we obtain

O, A, = A 10 = Ap L, =AdL, VYa=u,s,c

Proof of (iii) We need to prove that for each n > p and each @ = u, ¢, the linear
operator U%(n7 p) is invertible from ﬁg (X) into ﬁ: (X). Due to the definition of the
evolution semigroup U in (4.12) it is sufficient to prove that for each n € Z and
each o = u,c, the operator A,II, is invertible from II, (X) into II,,, (X). But on
each interval [(i — 1)m, im[, i € /7, the operator

AT = AL withn € [(i — 1)m, im[ and n # im — 1,

n
is invertible from ﬁ: (X) = H;“(X) into ﬁ:H (X) = Hfﬁrl(X). Therefore, it is suf-
ficient to prove that A, I, , is invertible from II;,_,(X) = II%  (X) into
ﬁ?m (X) = HEZI)Q(X). But due to (4.9), we have

VSRS | PO § ARy PN § L Vi€ Zand o = u,s,c,

im—1»
hence

A I, | = H(::U“Kim,l, Vi€ Zand o = u,s,c.

1

But by assumption, A;,_, is invertible from TI;,,_,(X) = II%_ (X) into ITi(X),
and since
[T, = T 00 < V21,

m
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we deduce from Lemma 4.6, that Hf;; Do i invertible from I12 (X) into Hg::l)“ (X).
Therefore, A;,—; is invertible from IT%_ (X) into HEZ Ve (x), and

(Aim Ty )78 = (Ajp IS ) THITEV 71 Vi Zand o = u, ¢

[Hl(-::l)a]_lz Hl(-::l)“(X) — M2 (X) is the inverse of HEZI)“: 12 (X) — HE;:I)“(X).
So we deduce that for each n > p and each a = u,c, the operator U%(n,p) is
invertible from ZR(ﬁg) into .’R(ﬁi), and its inverse is defined by

US(p,n): RAT,) — R(T,).

More precisely, for each i € 7 and each a = u, ¢ the inverse of U%(im7 im—1)is
given by

Q

US(im — 1,im): R(T,,) — R, ),
which is defined by

U(im —1,im) = Uy'(im — 1,im)[II"*]™", Vi € Zanda = u,c,
and by using Lemma 4.6 again combined with (4.10), we also deduce that for each
i€Zandeacha = u,c
KZelo

1L —mn

(4.13) UL (im — 1, im)IT, || oo < <2K%eP. Vi € (0,1/2).

Closeness of Aand A Let us now give some estimate of the supremum norm of A —
A. By using (4.9) we have

sup |4y — Aullcx) = sup [[Aim—1 — Aim—1 ]l c0-

nez i€7
But
[Aim—1 — Aim—tlleco = | 2 oAt — 32 T A1 [|ex)

a=u,s,c a=1u,s,c

= 3 [ ATl = T Ay T |00
a=1u,s,c

< IS = T o ool Aim—1 Ty [l 2.
a=u,s,c

< 3 I = T o ool Aim—1 | e oo 1Ty e co-
a=u,s,c

So by using (4.4), (4.6), and (4.10) we deduce that

(4.14) sup [|[A, — Aullzx) < 36Kng, Vo € (0,V2 — 1),
nerz

and by using (4.6) and (4.14) we obtain

(4.15) sup [|[Aull oo < sup |4y — Anlleco + sup [|An]l e o < 3KK +K.
nevz nez nez

Proof of (iv) We will proceed in three steps to provide some growth rate estimates
for Uy.
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Step 1. Leti € Z be given. Let n, p € [(i — 1)m, im] be such that
i—-1m<p<n<im.
Then we have
Uz(n,p) = UX(n,p)ﬁZ = UA(n,p)H;” = Ui(n, p), fora = u,s,c.
Hence we deduce from (4.1), (4.2), and (4.3) thatfor (i — 1)m < p < n < im,
U, p)llex) < me™ =P, 1Us(p, m 00 < re™ =P,
U, p)lcoy < e =P, IUR(p, |z < e =P,
Step 2. Leti € Z be given. Letn,p € [(i — 1)m,im] be such that (i — 1)m < p <
n = im. First note that we have
UL(im, p) = 10, = 0, " if p = im,
UL(im, p) = Us(im,im — DU (im — 1, p) = Aim_ Uy (im — 1, p), if p < im.
Therefore it follows from the Step 1 and (4.15) that
1US(n, p)|| cx) < (B3KK + K)el e =P,
||U§(n,p)|| < (3kK + K) ke Pogrolim=p),
Note that one has for o = u, c,
—(i+1)a

1T II

(Y
Him = im

Ui (p,im — 1)U§(im —1,im) ifp <im,

. if p =im,
US(p, im) = { p
so that we deduce from Step 1 and (4.13) that
[Ux(p,m]| < 2K%eM kel Pim=P)  and HU%(p7 n)|| < 2K2eM e e PUm=P),
Step 3. We can summarize Steps 1 and 2 as follows for each i € 7Z and each n,p €
[(i — 1)m,im] withn > p, we have
|Us(n, p)|| ey < Re™ PP, 1U%(p,n)|| ) < Re PP,
[US(n, p)|l cxy < Re™" P, IUS(p, )| cix) < Re" P,

where £ is defined in (4.5).
Now let n, p € Z with n > p be given. Then there exists j < 7 such that

(j—1Im<p<jm and (—1)m<n<im.

Since the case j = i is already studied in Step 1 and Step 2, it is sufficient to study the
case j <i—1l.Infactif j <i—1,onehasfora=:s

[Ux(n, p)|| = [Ux(n, (i — )m)UZ((i — 1)m, jm)Uz(jm, p)||
<N Uz, i = Dm) || UZ(G = Dm, jm)|[[|[Ux(jm, p)||
S I%efp(nf(ifl)m)(Refp)(ifl)mfjmiéefp(jmfp)

IN

72 Rl—l—le—/’(”—P) ,
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and since (i — 1 — j)m < n — pand £ > 1, one obtains

||U%(n,p)” < ’%z(e_p’%é)n_p < g2e—(p— 5 &) (n—p)
Similarly, we also obtain
U (n, p)|| < R2em* 5 m0=p)
HU%(pv n) < I%Ze(pﬁﬁlnff)(nfp)’
[U%(n, p)|| < RZe~ = nPln—p),

Now note that since m > mjg with m, defined in (4.5), one has the inequality

1 Do + D+ 1
p0+—ln/%<u<u<p——lnf%.
m 2 2 m

Therefore, one can claim that A is exponentially trichotomic with constant &2, expo-
nents 222 and 232, The proof is complete. [

Remark 4.8 Note that in Lemma 4.5, condition (4.6) can be replaced by
(4.16) AT sy <K, Vi€Z and ne[(i— 1)m,im].
In fact by using (4.1), (4.3) and (4.16), we deduce that for each i € Zand n €
[ — D)m,im],
14ull e < AL Nl eoo + AL e + [1AATL e x)
< K+ ke ”+ re™.
The next lemma will allow us to derive the closeness of the projectors. This lemma

generalizes [15, Lemma 2.2], but this proof is different, since the linear operators are
not invertible.

Lemma 4.9 Letr > 0,0 < py < p be given and let | > 0 be an integer. Let a,b € 7
such that b — a > 21. Assume that there exist two families of projectors {I1“} oy,
and {ﬁa}a:uﬁ,c such that A = {A,}nez C L(X) has two exponential trichotomies
on [a,b] NZ, with constant k, exponents 0 < py < p, with respect to both families of
projectors. Then we have

Y o
(4.17) sup ||, — I gy < 6K,
n€la+l,b—1NZ

Proof Letn € [a+,b — I] be given. Denote by U, the evolution semigroup as-
sociated to A. For each o = u,c and each n,p € [a,b] with n > p, we defined
UX( p,n): ﬁ: X) — ﬁ; (X) the inverse of the bounded linear operator

Ua(n, p)IT,: T, (X) — TT, (X).
We claim that

T x|| < w2e=®=x|, VxeYX), Ya=u,c.
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Let x € II(X) with & = u, c. We have
x =1Ix = Ua(n,n — DUZ (n — I, n)x,
which implies
L x = Ux(n,n—DIL,_US(n—1,n)x,
hence
x| < wZe@m0||x].

Similarly, by using IT;, and U (n — I, n) instead of ﬁsn and Ug(n — [, n), we obtain
that

(4.18) x| < k2e™P=l|x||, VxelIl,(X), Va =u,c.
Next we claim that
(4.19) |Mix|| < k2eP=|x]|,  Vx eI, (X), Va =s,c.
Letx € ﬁ:(X) be given with a = s, c. Then
'x = Ul (n,n+ DUx(n + 1, n)x = U(n,n+ DUa(n + 1, n)IL, x,

so that
Thax]| < w2e™ =[],

and we obtain in a similar way that

x| < ke P=l|x|], Vx e II%X), Va=u,c.
Finally we claim that
(4.20) ITEx|| < w2e=®=x||, VxeTI,(X), Ya=u,c.
Let x € II,,(X) be given. Then one has
x =" = Up(n,n — DU (n — I, n)x,
which implies that
x = US(n,n— DUy(n — 1, n)x,

thus

]| < el
Letx € ﬁ; (X) be given. Then

Mx =Ug(n,n+ DUa(n+Ln)x =Ug(n,n+ DUa(n+ 1, n)ﬁix,

and we obtain

M| < wPe @)l
Now we prove inequality (4.17).

Let x € X be given. Then we have

7;_ nlX|| = - nijlx_ n _7ilx
(II, —IT° ] (I -1 ]II 1[I - 11 ]
= || [T}, + T T, — T3 (1T, + T, ]|
< |[TIETT, x| + || TIATE, || + | TT5TE ]| + || TE T,
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Hence by (4.18), (4.19), and (4.20), we obtain

(421)  [[IL, =I5 Ja|| < w2 @[ |TLc] + [ TE,x]| + |TL,¢] + || T,

< 3,{36—(ﬂ—/}n)l||x”.

Similarly we have

=14 = U —C ==
(4.22)  |[IL, — i ]x|| = ||TXS 1T, + IL5 1T, x — TIRIT x — IIXIT, x||
= = = =S

< [T e[| - [T, T, | + [ TEIL x| =+ [[TT,TE, x|
< ke PP TLx]| + || TEx]| + (| TEx]| + [T ]
< 3n3e*(p*”“)l||x||.

Since ﬁ; =1- ﬁZ - ﬁ; and II{, = I — IT% — II;,, we obtain from (4.21) and (4.22)
that

T, — 03] < 6r7e™ ).

The proof is complete. ]

Proof of Theorem 2.3 LetD = {6, };c7 be a Ty-covering of Z. Therefore from Def-
inition 1.2 one knows that for each interval of 7Z of length T} there exists some 6; in
this interval. Let T > 3T; be an integer that is assumed to be divisible by 6. Assume
that A is exponentially trichotomic on each interval [0;, 0; + T].

Let n € Z be given. Since T > 37T, it follows that the interval [n — %, n] contains
at least one 6; € ID, and

T T 2T
[n,n+5] C [0;,0;+T), {n+g,n+?} C [0;,0;+T).

Since n is an arbitrary integer, by choosing n = i for some integer i € Z, there exists
an integer j € Z such that

T . T T T . T 3T
ST
6 6 2

+

lg,lg 6 :| C [9179]+T]

Assuming that A is exponentially trichotomic on [0;, 8; + T, it follows that A is also
exponentially trichotomic on

T T
i+ 1)—,(i+2 —}, VieZ,
[G+Dz.G+22], vie
and the exponential trichotomy can be extended to the interval

T . T T
{z—, (i+2)—+ —} .
6 6 6

Now since T' > 3T; can be chosen arbitrarily large, the result follows from Lemma
4.5 and Lemma 4.9. ]
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5 Proof of Proposition 3.4

Before proving Proposition 3.4, we first prove Remark 3.5. This remark will be useful
during the proof of Proposition 3.4.

Claim 5.1 We claim that if x = {x,},cz is a complete orbit of F in M, then the
evolution semigroup Uy = Upp(x) associated with DF(x) = {DF(x,)},cz has an ex-
ponential trichotomy with constant ko and exponents py, p.

Let x be a complete orbit of F in M. By (4.2) and Definition 3.1(i) we can find
three families of projectors {II{ },cz, @ = u,s, ¢ satisfying

(5.1) MOTY =0ifa’ #a and 1%+ +11 = 1.

Xn

Recall that the evolution semigroup Uy associated with DF(x) is defined by

DF(x,—1)---DF(x,) ifn> p,

Ux(n, = .
(n.p) {I ifn=p.

Observe that since x is a complete orbit of F, by Definition 3.1(i), one has that for

eachn €7,
() DF(xa)IIE = DF(x)IL
(5.2) I3 DF(x,)II; = DF(x,)IL .
Hence (5.2) combined with (5.1) implies that for each n € Z and each o = u, s, ¢,
(5.3) Iy DF(x,) = II3  DF(x,)II;
and (5.2) combined with (5.3) yields
(5.4) Iy DF(x,) = DF(x,)IIy , Vn €L

Therefore by using (5.4) one can deduce that for each n > p and each o = u, s, ¢
Ug (n, p) == 1I{ Ux(n, p) = Ux(n, p)II = DF(x,— I _ - - DF(xp)IIY .

By using Definition 3.1(i) again we have for each n > p and each o = u, ¢ that the
bounded linear operator U§ (n, p): HSP (X) — II¢ (X) is invertible. Define its inverse
as

Uy (p,n): 1T (X) — H;’é(X).
By observing that

Ux(n, p) = DF" ?(x,), Vn2>p,

we obtain from Definition 3.1(ii) and (3.3) that for each n > p,

1Ux(n, Pl oo < womoe P,

UK (P mlex) < roe™ ",
and for each (n, p) € 72,

U, Pl oo < rroe! "2l

This proves the exponential trichotomy for Uy.
We now turn to the proof of Proposition 3.4.
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Claim 5.2 Let0 < py < py < p < p be given. We claim that if z ={z, },c7 is a
0-pseudo-orbit of F in a neighborhood V(M, €) of M for some € and § small enough,
then the evolution semigroup U, := Upg(,) associated with DF(z) = {DF(z,)},cz has
an exponential trichotomy with constant & and exponents py and p.

Proof of Claim 5.2  First recall that, by Claim 5.1, for each complete orbit x =
{x }nez of F in M, the evolution semigroup Uy associated with DF(x) has an expo-
nential trichotomy with constant £ > 0 and exponents 0 < pg < p. Letz ={z, }nez
be a §-pseudo orbit of F lying in a neighborhood V(M, ¢) of M. Then there exists a
sequence z ={z,},cz C M such that

1Zo —zi]| <e, Vnel.

Let us prove that z ={z,},cz C M is a pseudo orbit of F in M. In fact by using
Assumption 3.2(iii) we have

||Zn+1 - F(Zn)H S ||Zn+1 - Zn+1|| + ||Zn+1 - F(Zn)H + ”F(Zn) - F(Zn)”
<e+d+Ke,

so that z ={z, },e7 is a (1 + K) + d-pseudo orbit of F in M. Nextlet § € Zand T
be a positive integer. Consider the complete orbit x given by x, = F"=9(zy) for each
n € 7 with the notation zg = F°(z). Then since z is a (1 + K) + 6-pseudo orbit of
Fin M, one has
llx042 — zp+2 || = ||IF*(29) — zp42 |

< ||F(F(z9)) — F(zg41)| + [|F(zp+1) — o142

< K||F(z9) — zgs1|| + ||F(z9:1) — zg1]|

<K[e(Q+K)+6]+e(1+K)+9.
By induction one can easily derive that for each k € [0, T]

X0k — zgsk]| < A+ K+ -+ K- [e(1 +K) + 6]
<A+K+---+KYH[e(1+K) +4].

Since by Assumption 3.2 the map x — DF(x) is uniformly continuous on V(M, &),

we can define the modulus of continuity of x — DF(x), which is a map w: [0,&¢] —
[0, +00) defined by

w(e):= sup ||DF(x) — DFE(y)||.
x,yEV(M,e0)
eyl <e
Thus one gets for each k € [0, T],
IDF(x914) — DF(zg10)|| < w((1 +K +--- + K" )[e(1 +K) +6]).
Therefore we obtain that
| DF(xg+x) — DF(Zg) ||
(5.5) < ||DF(xp+x) — DF(zp14)|| + |[DF(z01x) — DF(Zg14)||
<w@)+w(@+K+---+KIYH[e(1 +K) +6]).
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Next observe that
DF(z) = DF(x) + [DF(z) — DF(x)].

Recalling that the evolution semigroup Uy has an exponential trichotomy on 7 and
writing (5.5) as

sup ||DF(xx) — DF(z)|| < w(e) + w((1 +K +---+ KT H[e(1 + K) + 6]),
kE[6,6+T]
Corollary 4.4 applies and ensures, for § and ¢ sufficiently small, depending only on
K, &, po, P, Po, p> and T, that U, has an exponential trichotomy on (6,6 + T] with
constant & = (2k + 1)?, exponents &£, 250 ¢ (0, Z£) and projectors {IT Y ez
with o = u, s, c.

We now complete the proof by applying Theorem 2.3. To do so, first note that
since U, has exponential trichotomy on each [0, 6 + T] with § € 7Z whenever ¢ and e
sufficiently small, one can use Z as a relative dense subset of integers or equivalently
a 1-covering. Furthermore, we also note that

. _ptD
<m<p<E
and since the choice of ¢ and & depend only on K, x, pg, p, po, p» and T, one
can choose T large enough (depending only on K, &, po, p, Po, p) in the previous
lines such that Theorem 2.3 holds for T with the constant of trichotomy (2x + 1)?

Po+Po

and exponents 25 and %ﬁ . The proof is complete. ]

Po + Po

6 Further Consequences

In this section we present more consequences of Theorem 2.3. We use some exam-
ples presented by Palmer [15], but for finite time exponential trichotomy instead of
exponential dichotomy.

6.1 Slowly Varying Systems

Proposition 6.1 Letp >p>py>po>0andk > 1. Let A = {A,}ner C L(X)
be a given uniformly bounded sequence with

lAullcy < K, ne€Z,

for some positive real constant K > 0. There exists 0 := d(po, Po, P, p, &) > 0 and
R(K, Kk, p, P, Po, Po) = K such that if the following two properties hold, then A is expo-
nentially trichotomic on 7. with constant K, exponents p and py.

(i)  For each k € 7, the constant sequence B¥ := Ay, n € 7, is exponentially tri-
chotomic on /. with constant k, exponents p and py.
(i) The sequence {A,}nez C L(X) satisfies

||An+1 _AnHL(X) < 6, Vn el

Proof Let us first observe that if
|An — Aullccx) <0, Vnel,
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then for any given and fixed T' € N one has for each n € [0,0 + T

0+T—1
1An = Billcoo = lAn — Aollecn < X2 Ak — Axlleco < T6.
k=0

Thus due to Corollary 4.4, there exists 0 > 0 depending only on T, py, po, p, p> and
k such that if conditions (i) and (ii) hold, then A is exponentially trichotomic on
each interval [0, 0 + T], @ € 7 (T an arbitrary fixed integer) with constant (2« + 1),
exponents %ﬁ and %ﬁ". Next observe that 2 ”;ﬁ” < po<p< pzﬁ so that the
result follows by applying Theorem 2.3 by first taking T large enough depending

only K, k, p, D, po, po and secondly choosing 4. [ ]

6.2 Almost Periodic Systems

Consider I*°(Z, £(X)) the space of bounded sequences of bounded linear operators
endowed with the usual supremum norm ||A|| . := sup,, ||A4|. Define the shift
operator S: I°°(Z,£L(X)) — 1°(Z,L(X)), S(A), = Aps1,Vn € Z. In the follow-
ing definition, property (i) corresponds to the notion of almost periodic map in the
sense of Bohr [4], and (ii) corresponds to the notion of almost periodic function
introduced by Bochner [3] for continuous time maps. We also refer the reader to
Corduneanu [7, p. 93] (see also [14]) for more results about the discrete time case.

Definition 6.2 A sequence of bounded linear operators A = {A, } ez C L(X) is
almost periodic if one of the two following (equivalent) properties is satisfied:

(i) Foreach d > 0 there exists Dy = {6; };c7 a Ts—covering of Z such that
||An+0,' _AnHL(X) < (5, VnelZ, Yiel.
(ii) Thesequence {S"(A)},cz is relatively compact in the Banach space I°°(Z, £(X)).

Let us recall that if A = {A, },ez is almost periodic, then A € I°°(Z, £L(X)) (see
for example [4]). Thus our proposition reads as

Proposition 6.3 Letp > p > pg > po > 0and k > 1. Let p € 7 be given. Let
A = {A,} ez C L(X) be given. Assume that A is almost periodic.

There exists T := f(T(g, |Allcos &5 Ps Py Pos Po) > O (where Ty is given by Defini-
tion 6.2) and & := R(||Allso, K, ps Py o, Po) > K such that for each T > T if A is
exponentially trichotomic on [p, p + T] with constant k, exponents p and py, then A is
exponentially trichotomic on 7 with constant K, exponents p and py.

Proof In order to prove this proposition, we will apply Theorem 2.3. Hence we look
foralD = {0;};c7 a T-covering of Z such that A is exponentially trichotomic on each
interval of the form [6;, §; + T] for some T € N large enough.

Let 6 € (0, 1) be given. Then since A is almost periodic, there exists Dy = {0; }icz

a Ts-covering of 7 such that

(6.1) ||An+9; _AnHL(X) <dé,Vnelriel.
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Let T € N such that A is exponentially trichotomic on [p, p + T] with constant
exponents p and py. Next note that due to (6.1), for each n € [p, p+ T], the operator

Ao, = Ay + Aprg, — Ay, foreachn € [p, p + T1,

is a small perturbation of A, of order §. Therefore by Corollary 4.4 for ¢ small enough
depending only on &, p, pg, p and py, the sequence A = {A,},c7 is exponentially
trichotomic on each [p + 6;, p + 6; + T] with constant (2x + 1)?, exponents %ﬁ and
Potpo
2It is follows that A is exponentially trichotomic on each interval of the form
[0;,0; + T), with ; = p + 0;. Clearly Ds = {p + 0;};c7 is a Ts-covering of Z.
To complete the proof of the proposition it remains to apply Theorem 2.3. Since

we chose - R
potp . . ptp
< p< —
5 SPo<p >
the result follows from Theorem 2.3 by taking T large enough depending only on
T57 ||A||OO7’%7 paﬁa Po and ,/50. -

6.3 A Perturbation Theorem

Proposition 6.4 Letp > p > py > po > 0and k > 1. Let I be an index set and
let A' = {AL}hez C L(X), i € 1begiven. Let A = {A,}nez C L(X) be a given
uniformly bounded sequence with

|Anll ey <K, nez,

for some positive real constant K > 0. There exists 0 := 0(po, po, P, p, &) > 0, T =

?(K7 Ky Py Dy Po, Po) > 0and k& := K(K, K, p, p, po, Po) = K such that if the following

two properties hold, then A is exponentially trichotomic on 7. with constant K, exponents

p and py.

(i)  Foreachi € I, A’ is exponentially trichotomic on 7 with constant k, exponents p
and po;

(ii) Foreach 6 € 7 and some fixed T > f, there exists i € I such that

An — ALl e <6, Vne[0,0+T).

Proof Due to Corollary 4.4, there exists ¢ depending only on pq, o, P, p, and &
such that if conditions (i) and (ii) hold, then A is exponentially trichotomic on each
interval [0,0 + T], & € Z (T an arbitrary fixed integer) with constant (2x + 1),
exponents %ﬁ and @ Next observe that 2 O;’ﬁo <po<p< %ﬁ so that the result
follows by applying Theorem 2.3 up to T large enough depending only K, &, p, p, po,

and py. ]

Appendix A  Persistence of Exponential Trichotomy

This section is devoted to a short proof of Theorem 4.3. It will be derived from the
usual results for perturbation of exponential dichotomy coupled with spectral shift
arguments. Theorem 4.3 could be considered as a classical result, but we did not find
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an appropriate reference for this statement. The arguments based on spectral shift in
the proof below have been mentioned in Pliss and Sell [19]. Such ideas have also been
used in Hale and Lin [11] with additional finite dimensional assumption for center
and unstable spaces. We also refer to Barreira and Valls [2], where an additional
invertibility assumption has been crucially used.

Define for each A € Rand L = {L,},cz C £(X) the operator L) := ¢*L.The
associated evolution semigroup reads as

ULA(na P) = e/\(nip)UL(na P); Vf’l Z P

Recalling Definition 1.1 of exponential dichotomy, the following lemma holds true.

Lemma A.1 Let A: 7—L(X) be given. Assume that A is exponentially trichotomic
on Z with constant k, exponents 0 < py < p and associated with the projectors
{I1°: 7 — L(X) }amscu Ifweset X = 22, then the following properties hold true.

(i) A\ is exponentially dichotomic on 7 with constant 2k, exponent 52 > 0 and
associated with the projectors IL® and TT* := I1¢ + II*.

(i) A_, is exponentially dichotomic on 7 with constant 2, exponent = > 0 and
associated with the projectors I1* and I1< := I1¢ + IT°.

By using the persistence result for exponential dichotomy in Henry [12, p. 232,
Theorem 7.6.7] or in Zhou, Lu and Zhang [26, p. 4027, Theorem 1] (see also P6tzsche
[21] for further results) combined with Lemma A.1, one obtains the following result.

Lemma A.2  Let A: 7—XL(X) be given. Assume that A is exponentially trichotomic on
1 with constant , exponents 0 < py < p and associated with the projectors {I1*: 7 —
LX) }azscu Letn € (0,252) and & > 2k be given. Then, setting X = p;”“, there
exists § := 0(pg, p, K, M, k) € (0, 1) such that if the sequence B: 7. — L(X) satisfies

sup || Bull ) < 0,
nerz

then the following properties hold:

(i)  The sequence of operators Ay + B, is exponentially dichotomic on 7 with con-
stant K, exponent 1) > 0 and associated with the projectors I: 7 — L£(X) and
II%: 7 — L(X).

(ii)  The sequence of operators A_y + B_ ) is exponentially dichotomic on 7. with con-
stant K, exponent > 0 and associated with the projectors o7 — L(X) and
e 7 — L(X).

Remark A.3 Under the assumptions of the above lemma, one also has a characteri-
zation for the range of the projectors IT* and IT “* defined in (i), respectively IT* and
IT“ defined in (ii). Following Potzsche [22], the characterization reads as follows:
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for all n € Z, one has
I (X) := {x € X : sup || Up,p(k, n)x|| < +00},
k>n

x € X+ H{ X be<n with xp = (Ak—1 + Br—1)Xk—1, Xn = X

Tycu —
I (X) = { and sup,, e AP ||| < +o0

2

and, for all n € Z one has
ﬁff(X) ={xe€X:sup ||e*’\(k*”)UA+B(k, n)x|| < +oo},
k>n

xeX: El{xk}kgn with xx = (Ax_1 + Br_1)xk—1, Xy = X

TTu —
Hn(X) L { and SUPkgn e)\(n—k)kaH < +00

.

Using the characterization of Remark A.3, we are able to derive some basic proper-
ties of the perturbed projectors provided by the above lemma. The following lemma
will be used to complete the proof of Theorem 4.3.

Lemma A.4  Under the assumptions of Lemma A.2, the perturbed projectors satisfy
the following properties:

(i) Forallnel,

(A.1) I (X) C IS(X) and IT*(X) C TI5(X).

(ii) Foralln € 7,

(A.2) (TE(X) N TI(0) @ T (X) @ TI(X) = X,
and

etionx = Tmox, Vx € X.

Proof Property (i) is a direct consequence of Remark A.3. Let us now prove (ii). In
the remaining part of this proof, n € 7Z denotes a given and fixed integer. Recall that
due to Lemma A.2 one has

(A.3) X)) e IeX) =X and 1500 ® I¥(X) = X.
Hence on one hand we have from (A.3)

(II5(X) N (X)) N T (X) = {0},

(II5(X) N II(X)) N II(X) = {0}.
On the other hand by using (A.1) combined with (A.3), one gets

(IL,() NI 0) < (70 NIT;00) = {0}
To achieve the proof, it remains to show that
(IS0 NI (X)) + TI5,(X) + TT(X) = X.

Let x € X be given. By using (A.3), we have
(A4) x= ﬁf,“x + ﬁ;x,
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and
(A.5) x= ﬁZx + ﬁffx

Hence by using (A.1) and by applying ﬁ;” (respectively ﬁf) on the right-hand side
of (A.5) (respectively of (A.4)) yields

(A.6) ¢ = Tl + ITI%x,
respectively
(A7) % = TSI + I .
Next, plugging the right side of (A.6) (resp. (A.7)) into (A.4)) (resp. (A.5)) provides
that R R o R R L

x = Iix + 1T + 11T x = Ihnx + 1T + TI5TL .
This implies that

HTI8x = ST e (II(X) N (X)),

and the result follows. u

We are now able to complete the proof of Theorem 4.3.

Proof of Theorem 4.3  Set A = 22 and fix

(A.8) n=max{p— A —Do} € (O,p_zpo) and K > 2k.
Let 6 := d(p, po, P, Po, k) be the value provided by Lemma A.2. Let us fix B =
{B., }nez such that

sup || Byl cx) < 0.
ner

In the sequel we will denote by TI° and TT*“ the associated projectors for Ay +B) and
by IT1* and IT“ the projectors associated with A_, + B_,.
Next using Lemma A.4(ii) let us define
(A.9) ¢ = [T = IS, Vnel,
and observe that for all n € Z, ﬁfﬂ is a projector on X. Next observe that due to
Lemma A.2 combined with (A.1)) and (A.9) one has foralln € Z
ﬁﬁﬁf =0gx), Vo, B € {u,s,c} and a # 5.
Furthermore note that by using (A.2) combined with (A.9), one also has for alln € 7
¢ =1 — I — 0.
Finally let us notice that Lemma A.2 ensures that

(A.10) sup Hﬁ;:”g(x) <R, a=s,u,cu,cs.
nel
To complete the proof of Theorem 4.3, we will show that A + B is exponentially
trichotomic with constant %2, exponents 0 < Py < p and associated to the family
of projectors {ﬁ“ : 7 — L(X)}azscu- We will split the argument into three parts to
investigate the behaviour of the perturbed evolution semigroup respectively on the
stable, unstable and center spaces.
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Estimate along the stable space Let x € X be given. Then by using Lemma A.2 one
obtains foralln > p

(A1) |Unen(n, PTG = [le™ " 2U 1, (n, )T
< Ee—(Mn)(n—p)”xH
S
Estimate along the unstable space By using Lemma A.2 it follows that for all n >

p the operator Uy,p(n, p)ﬁ’l‘, is invertible from ﬁ;‘,(X) into ﬁZ(X). The inverse is
denoted by Uy z(p, n). Moreover for all x € X we have foralln > p

(A.12) UK (P, ILix|| = [l X" PUR 5 (p, mILix]|
< Ee_(“”)("_P)HxH
< Re PP x|,

Estimate along the center space Before proceeding to the estimates, we will first
prove that for n > p, the operator Up,p(n, p)H; is invertible from H;(X) into

I (X).

Let n, p € 7 be given such that n > p. Let x € X be given. Then recall that due to
Lemma A.2 the operator U, +p, (1, p)H;“|ﬁ§u(X): H;“(X) — II$(X) is invertible. We
will denote its inverse by

Ut g, (p, m): TIE(X) — TI9(X).
Then on the one hand one has
Ua,+B, (1, p)ﬁ;x = Ua,+s, (1, P)ﬁ;uﬁ;sx-
Multiplying the left hand side of the above equality by U}’ , 5, (p, n) implies that
(A.13) US 5, (p, mUn, b, (n, p)TT5x = T9TTSx = TTx.
On the other hand, we have
Unys, (1, pYIISUS 5 (p, m)x = U, op, (n, p)ISTISUS g (p, n)x
= [%Un, 8, (n, p)TISUS 5, (p, n)x
= TSTISx = T
Hence (A.13) and the above equality ensures that the operator Ua.p(#, p)ﬁ; =
e~ An—p) Ua,+8, (1, p)ﬁ; is invertible from ﬁ;(X) into ﬁ;(X) for all n > p with in-
verse U 5 (p, n) := eX""PUL 4 (p,n).

Let us now derive the estimates along the center space. Let n, p € 7 be given such
that n > p and let x € X be given. Then we have

[Unsn(n, p)TT5x]| = (|2 Uy, (n, p)TISTIS || < e 0P[5
and by using (A.8)—(A.10) it follows that
(A.14) [Unsn(n, p)TIS]| < 7202 |x].
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Proceeding similarly one obtains
(A15)  [|[Usen(p, mITox|| = (| PURL 5 (n, p)TIGTISK]| < R2e™0)||x]].

The proof is completed by combining (A.11), (A.12), (A.14), and (A.15) together
with Lemmas A.2 and A.4. [ |
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