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Abstract

Let X be a smooth proper rigid analytic space over a complete algebraically closed field extension K of Q. We
establish a Hodge—Tate decomposition for X with G-coeflicients, where G is any commutative locally p-divisible
rigid group. This generalizes the Hodge—Tate decomposition of Faltings and Scholze, which is the case G = G,.
For this, we introduce geometric analogs of the Hodge-Tate spectral sequence with general locally p-divisible
coeflicients. We prove that these spectral sequences degenerate at E5. Our results apply more generally to a class of
smooth families of commutative adic groups over X and in the relative setting of smooth proper morphisms X — S
of seminormal rigid spaces. We deduce applications to analytic Brauer groups and the geometric p-adic Simpson
correspondence.
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2 L. Gerth

1. Introduction
1.1. The Hodge-Tate decomposition

Let X be a proper smooth rigid space over a complete algebraically closed field extension K of Q.
The Hodge—Tate decomposition, first conjectured by Tate in his celebrated article [51, §4.1], asserts the
existence of an isomorphism

H(X,Qp) ®g, K = EB H (X, Q}) (=), (1.1)

i+j=n

that is Galois-equivariant when X admits a model over a discretely valued subfield of K. The algebraic
case is due to Faltings [13, III Thm. 4.1] and was reproven via different methods by Tsuji [52] and
Niziol[42]. The existence of the decomposition in full generality was first proven in [7, Thm. 13.3],
building on [45, §3.3]. In this article, we prove the following generalization of the Hodge—Tate decom-
position.

Theorem 1.1 (Theorem 3.37). Let X be a proper smooth rigid space over K and let G be a locally p-
divisible rigid group. Then a choice of a Bj 1E%-lift X of X and the datum of an exponential Exp for K
induce a Hodge—Tate decomposition with G-coefficients, natural in X and G

H!(X,G)=HL(X.G)® P H'(X,Q)(~)) K Lie(G). (1.2)

i+j=n,i<n

We recover (1.1) as the case G = G, using the Primitive Comparison Theorem [44, Thm. 5.1]. By
an exponential, we mean a continuous homomorphism Exp: K — 1 + mg splitting the logarithm map
log: 1+mg — K and extending the exponential power series. The locally p-divisible rigid groups form
a class of commutative rigid groups, recently introduced in [32, §6], of which examples are G = G,, G,,,,
and more generally any connected commutative algebraic group over K. This also includes nonalgebraic
groups, such as abeloid varieties and analytic p-divisible groups in the sense of Fargues [14, §2]. As
we explain below, we also prove a more general relative version of this result (Theorem 1.6) and give
applications to rigid analytic Brauer groups (Example 3.51) and nonabelian p-adic Hodge theory (§1.3).
We also deduce a formula for the cohomology groups H} (X,B¥"), where B is the v-sheaf analog
of the ring of analytic functions on the “punctured Fargues—Fontaine disc” Spa(Ains, Aint)\V(p[p"])
(Theorem 3.43).

For the proof of Theorem 1.1, generalizing an idea of Faltings and Scholze, we construct a spectral
sequence, natural in X and G

- [HL(X,Q))(~)) ®k Lie(G ifj>0 L
E;j _ e?t( %) (—J) ®k Lie(G) . J. — HY(X,G). (1.3)
H!(X,G) ifj=0

We call it the Hodge-Tate spectral sequence with G-coefficients. We then show the following.

Theorem 1.2 (Corollary 3.30). Let X be a proper smooth rigid space over K and let G be a locally
p-divisible rigid group. Then the Hodge—Tate spectral sequence with G-coefficients (1.3) degenerates at
the E>-page.

For G = G,, the sequence (1.3) is the Hodge—Tate spectral sequence of Scholze [45, Thm. 3.20].
For G = G,,, this sequence is already defined by Ben Heuer in [26, §2.4], where it is called the
“multiplicative Hodge—Tate spectral sequence.” This last sequence is also the subject of recent work of
Ertl-Gilles—Niziof[ I 1] where it is studied for X a smooth Stein space.
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1.2. The geometric Hodge-Tate spectral sequence

The key idea for proving Theorem 1.2 is to upgrade the Hodge-Tate spectral sequence (1.3) to a
geometric analog. For this, we generalize the approach of [22]. We allow K to be an arbitrary perfectoid
field extension of Q,, and we let 7: X — Spa(K) denote the structure map. We consider the category
Perfg of affinoid perfectoid spaces over K. We then define for a locally p-divisible rigid group G the
diamantine higher direct images

Bun"G’T = R"n..G: Perfx — Ab,
where 7 is either the étale or the v-topology. Explicitly, this is the T-sheafification of the presheaf
Y € Perfx — HY (X Xk Y, G).

When G = G, and n = 1, this recovers the diamantine Picard functors Picx . of [22].

The étale Picard functor is often representable by a rigid group and is expected to be so in general. We
refer the reader to the introduction of [22] for an exposition of some known cases. This holds in particular
when 7: X — Spa(K) is the analytification of a proper smooth algebraic variety 742 : X2 — Spec(K),
in which case Picy ¢ is the analytiﬁcation of the Picard variety of X2, For the higher pushforwards, the
situation is different: Let 7r . Schyug ¢ — Schg ¢ denote the map of big étale sites, then the sheaves

R"ﬂaél[g*Gm: Schx — Ab

are generally not representable by smooth group schemes for n > 2 (see Remark 3.55). Moreover, the
analytification of this sheaf and the analytic higher direct image are generally not isomorphic. This is
exemplified in rank n = 2 where the analytic Brauer group Hgt(X ,Gm) typically contains nontorsion
elements, in contrast with the algebraic Brauer group H e?I(X ag G,,) which is torsion [39, Cor. IV.2.6].
This mirrors phenomena appearing in complex geometry: For X a projective smooth variety over C,
H?2,(X(C),G,,) is typically nontorsion, as can be seen using the exponential sequence.

Nevertheless, we obtain the following: Given a locally p-divisible rigid group G, we let GcG
denote the open subgroup of p-topological torsion of G, see Definition 2.16.

Proposition 1.3 (Proposition 3.39). Let X be a proper smooth rigid space and let G be a locally p-
divisible rigid group. Then for all n > 0 and T € {ét, v}, the sheafBun"é is representable by a locally
> T
p-divisible rigid group with Lie algebra H? (X, Ox ®k Lie(G)).
For G # G and n > 2, the sheaves Buny, _ need not be representable by smooth rigid groups. We
provide a counterexample in Corollary 3. 54
As an application, we obtain a new perspective on the presence of nontorsion elements in Brauer

groups of proper smooth rigid analytic varieties (cf. Example 3.51): The p-adic exponential yields an
open subgroup U C Bun@ « isomorphic to a rigid polydisc U = B¢, where d = h*(X, Ox). Moreover,

we show in Proposition 3. 49 that the kernel of the map of sheaves

2 2
Bun= P BunGMSt

ms

is a discrete group, so that the image of U is not torsion, as soon as d > 0. This generalizes to any
locally p-divisible group G and any degree n > 1.
In this article, we construct an E»-spectral sequence of étale sheaves on Perfg

E;J(G) :{ t(X Q )( ])®L16(G) ®k G, ifj >0 i

— Bun'*/ (1.4)
BunG’ét ifj=0

that we call the geometric Hodge—Tate spectral sequence with G-coefficients. We obtain the following.
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Theorem 1.4 (Theorem 3.29). Let X be a proper smooth rigid space over a perfectoid field extension K
of Qp and let G be a locally p-divisible rigid group. Then the geometric Hodge—Tate spectral sequence
(1.4) degenerates at the E;-page.

In particular, setting Bung . := Bung +» Theorem 1.4 yields a natural short exact sequence on
Perfg &

0 — Bung ¢ — Bung, — H(X,Q})(-1) ® Lie(G) ® G, — 0. (1.5)

This reproves the existence of the exact sequence in [22, Thm. 2.7] for G = G,, and geometrizes the
short exact sequence [32, Thm. 7.3.(1)]. In particular, this yields evidence for a new instance of the
geometric p-adic Simpson correspondence, as we explain further below.

For algebraically closed K, taking the K-rational points of the geometric spectral sequence (1.4) gives
back the group-theoretic spectral sequence (1.3). Hence Theorem 1.4 implies Theorem 1.2. This was
one motivation for introducing the moduli-theoretic spectral sequences (1.4), as it is the geometry that
makes the proof of the degeneration available.

Moreover, we also exploit the geometric properties of the sheaves Bun’é,T in order to split the
sequence (1.3). Indeed, we recall the following result.

Lemma 1.5 [32, Thm. 6.12]. Let H be a locally p-divisible rigid group over K and assume that K is
algebraically closed. Then a choice of exponential Exp for K induces a natural exponential

Expy : Lie(H) —» H(K).

Given a By, / £2-lift X of X and an exponential Exp for K, we therefore obtain two splittings of the
maps below

. ~ log . . .
Fil' H*(X,G) ég—gz Fil' H" (X, Ox ® Lie(G)) é_—X_Z H(X,Q¥")(i — n) ® Lie(G),

whose composition is the required splitting. This yields the Hodge—Tate decomposition and concludes
the proof of Theorem 1.1.

We also extend our results to a class of smooth families of commutative adic groups G — X. These
are the so-called admissible locally p-divisible X-groups, see Definition 2.23 for the precise definition.
In addition to constant families G X X, where G is a locally p-divisible rigid group, this also includes
vector bundles, families of analytic p-divisible groups [15, Def. 4.1] as well as G = B*, for B a finite
locally free commutative Ox -algebra. This last example appears naturally in the context of abelianization
in the p-adic Simpson correspondence [29] [33]. An admissible locally p-divisible group G — X defines
a v-sheaf on X and we show that analogs of all aforementioned results hold for such groups G.

We further extend our results to the relative setting of proper smooth morphisms 7: X — § of rigid
spaces. Relative variant of the Hodge—Tate spectral sequence were considered, for example, in [9, §2.2],
[2], [19, §7.1] and [28]. In the latter, which is the closest to our technical setup, Heuer shows that, for
reduced S, we have a spectral sequence of v-vector bundles [28, Cor. 5.12, Thm. 5.7.3]

E) = Riﬂét,*gi/s ®0s, Os, (—)) = (R™r,.Q,) ®, Os, (1.6)

that degenerates at E».
In our situation, we also have a relative variant of the geometric Hodge—Tate spectral sequences. Let
m: X — § be a proper smooth morphism of seminormal rigid spaces. We define analogously

Bunj y ¢ . = R"m;.G: Perfsr — Ab,

where 7 is either the étale or the v-topology. Our most general statement is the following.

https://doi.org/10.1017/fms.2026.10167 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10167

Forum of Mathematics, Sigma 5

Theorem 1.6 (Theorem 3.29, Corollary 3.32). Let m: X — S be a proper smooth morphism of seminor-
mal rigid spaces over a perfectoid field extension K of Q,, and let G be an admissible locally p-divisible
X-group. Assume that S = Spa(K) or that Lie(G) comes via pullback from a vector bundle on S. Then
there is an Ey-spectral sequence of sheaves on Perfg ¢

Rimg (@) ®o, Lie(§)(=))  ifj>0

op e ’X S’ °
Bun‘g’X/S,ét ifj=0 g.X/S,v

E(G) = { } = Bun''/ 1.7)

Moreover, this spectral sequence degenerates at the E,-page.

The degeneration of the relative Hodge—Tate spectral sequence (1.6) is an essential ingredient for our
proof of Theorem 1.6. As a corollary, we obtain the following.

Corollary 1.7 (Remark 3.35). In the situation of Theorem 1.0, the sheaves Bung x/s.6 4r€ small v-
sheaves on Perf.

1.3. Application to nonabelian p-adic Hodge theory

At last, we connect our results to the p-adic Simpson correspondence. Let X a proper smooth connected
rigid space over an algebraically closed field K/Q,, and fix x € X(K). The field of nonabelian p-adic
Hodge theory arose from the wish to find a p-adic analog of the Corlette—Simpson correspondence
in complex geometry. Initiated by Deninger—Werner [10] and Faltings [12] independently, it was first
envisaged (in their respective settings) as a correspondence between continuous K-linear (generalized)
representations of the étale fundamental group 71 (X, x) and Higgs bundles (E, 8) on X satisfying certain
properties. Reformulated in terms of Scholze’s perfectoid foundations for p-adic Hodge theory, it is now
understood as an equivalence of categories [29, Thm. 1.1]

{v -vector bundles V on X} — {Higgs bundles (E, 6) on X}. (1.8)

depending on choice of B} / £2-1ift X of X and an exponential Exp for K. A first instance of this modern
formulation is the isomorphism [23, Thm. 5.7]

Homcts(ﬂl(va): KX) = Picét,profét(X) D HO(X’ Q;)(_l)’ (1.9)

where Picg protsr (X) consists of those étale line bundles that are trivialized by a pro-finite-étale cover
X — X. From loc. cit, one can also deduce a decomposition

H!(X,G,,) = Picy(X) ® H(X, QL) (-1), (1.10)

underlying a p-adic Simpson correspondence for line bundles. These two decompositions were later
generalized [32, Thm. 7.3-4] to locally p-divisible rigid group G in place of G,,, and it is shown there
that it induces a p-adic Simpson correspondence for G-torsors. The Hodge—Tate decomposition of
Theorem 1.1 recovers (1.10) and its extensions to general G as the special case n = 1. Moreover, our
decomposition with n > 1

n-1

HJ(X. ) = Hy (X, G) @ (D H(X. Q) =)
i=0

is new already for G,,, and the author is not aware of an analogous result in complex geometry. We
suspect that it is an instance of a higher analogue of the p-adic Simpson correspondence, involving
étale and v-topological n-gerbes. We also obtain a version of the decomposition involving the étale
fundamental group 71 (X, x) in the case where X is either a curve of genus g > 1 or an abeloid variety,
cf. Theorem 3.48.
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Moreover, the perspective of moduli spaces in nonabelian p-adic Hodge theory was explored in [25]
and [33], where Heuer—Xu show that the p-adic Simpson correspondence can be upgraded from an
equivalence of categories to a comparison of small v-stacks. Our results yield a new instance of this
geometric p-adic Simpson correspondence. Namely, the sequence (1.5) can be interpreted geometrically
as saying that the coarse moduli space Bung , of v-G-torsors on X is a Bung «-torsor over the “Hitchin
base” HO(X, @})(—1) ® Lie(G) ®k G,. We claim that, under mild assumptions on G, one can derive
from (1.5) a geometric p-adic Simpson correspondence for G-torsors, following the strategy of [25].

Finally, it was discovered in [29] that the more difficult higher rank correspondence could be tackled
by trading the nonabelian p-adic Hodge theory of the group GL,, for the relative p-adic Hodge theory of
smooth families of abelian groups G — X, through the process of abelianization. Our approach yields a
systematic study of smooth commutative relative groups and their Hodge—Tate theory in a more general
setting. Given a finite locally free commutative Ox-algebra B on a proper smooth rigid space X over K,
Theorem 1.4 yields a short exact sequence

0 — Bungx ¢ —> Bungx, — H(X,Q} ®o, B)(-1) ® G, — 0. (1.11)
This recovers [29, Thm. 1.5]. Note that via the canonical decomposition of Theorem 1.1
H)(X,B*) = Hl(X,B) @ H'(X,Q} ® B)(-1),

we recover the association 6 € H*(X, Q) ® B)(—1) — [Lg] € H. (X, BX) of [29, 4] at least when B is
locally free. We note that it would be interesting to extend the methods of this article to more general
sheaves of groups over X such as B*, for B a coherent commutative Oy -algebra.

Notations and conventions

o We fix a prime number p. We denote by K a nonarchimedean field extension of Q,,, with ring of
integers Ok and subspace of topologically nilpotent elements m. More generally, we consider open
and bounded valuation subrings K* C K contained in Ok . Such a pair (K, K*) will sometimes be
referred to as a nonarchimedean field. Throughout, we will work with analytic adic spaces in the
sense of Huber [31]. For simplicity, we will simply talk about adic spaces over K when dealing with
adic spaces over Spa(K, K*).

o A rigid space over K will mean for us an adic space locally of topologically finite type over K. When
K* = Ok, there is an equivalence of categories between (quasi-)separated rigid analytic varieties in
the sense of Tate and (quasi-)separated rigid spaces in the above sense [31, (1.1.11)].

o We work with perfectoid spaces in the sense of [43]. We let Perfx denote the category of affinoid
perfectoid spaces over K, or equivalently of perfectoid (K, K*)-algebras. We may equip it with the
étale or the v-topology, and we denote the resulting sites by Perfx ¢ and Perfg ,,.

o Throughout we will often work with sousperfectoid adic spaces over Qp,, that is, adic spaces that are
locally of the form Spa(R, R*) where R is sousperfectoid [50, §6.3]. This contains both perfectoid
spaces and smooth rigid spaces over perfectoid fields.

o If X is either a sousperfectoid space or arigid space, the étale site X of Kedlaya—Liu [35, Def. 8.2.19]
consists only of sheafy adic spaces. Amap f: Y — X is called standard-étale if X and Y are affinoid
and f can be written as a composition of finite-étale maps and rational open immersions. These form
a basis of the étale site. More generally, the theory of smooth adic spaces over sousperfectoid spaces
is well-behaved, see [17, §1V.4.1]. In particular, this produces sousperfectoid spaces again. A map
Y — X is called standard-smooth if it can be written as a composition of finite-étale maps, rational
open immersions, and projections B; =B! Xspa(Q,) S — S, where B! = Spa(Q,(T)).

o Scholze’s diamond functor [47, §15] associates to any adic space X over Q, a diamond X?® over
Spd(Q,). Under the equivalence Perfr, /spa(q,) = Perfg,. sending a characteristic p perfectoid

space S — Spd(Q),) to the corresponding untilt S o Spa(Qp), we may equivalently consider X° as

https://doi.org/10.1017/fms.2026.10167 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10167

Forum of Mathematics, Sigma 7

asheaf on Perfg,, ,, namely the functor of points. By [47, Lemma 15.6], for any adic space X over Q,,,
we have an equivalence of sites Xy = th. Furthermore, we will often restrict to a situation where the
functor () is fully faithful. Thus, we will freely switch back and forth between adic spaces and their
associated diamonds, and we will sometimes omit the diamond symbol when the context is clear.

o We will also require to work with various big sites over adic spaces. If X is an adic space over Q,,, we
denote by X,, = LSDx_, the v-site of X, with underlying category all locally spatial diamonds over
X°? [47, §14]. We will occasionally also equip this category with the étale topology and denote it by
LSDyx «. We will also denote by Perfx the category of affinoid perfectoid spaces living over X, which
we can equip either with the étale or the v-topology. Note that Perfx need not be a slice category. If
X is a sousperfectoid space or a rigid space, we also set Sm;x ¢ to be the category of adic spaces
smooth over X, equipped with the étale topology.

o Given a morphism of adic space 7: X — S, we have an associated morphism of small étale site
mer: Xeo — Se. We will also consider the induced morphism between big étale sites, for a choice
of big étale site, for example, Sm/g ¢ or Perfg . To emphasize this difference, we will denote this
morphism by 7.

o This article is primarily concerned with commutative groups. Therefore, all groups will be taken to
be commutative, unless mentioned otherwise.

2. Preliminaries
2.1. Good adic spaces
We define a class of adic spaces that we will be working with throughout the paper.

Definition 2.1. Let X be an adic space over Q,, that is either a sousperfectoid space or a rigid space over
some nonarchimedean field (K, K*). We say that X is good if the natural map

Oxy = v:Ox,

is an isomorphism, where v: X, — X is the natural map of sites. We denote by Adicq,, the category
of good adic spaces over Q,,.

Example 2.2.

1. Any perfectoid space is a good adic space.
2. Let X be arigid space over a nonarchimedean field (K, K*) over Q p- Then by [30, Thm. 10.3, Lemma
6.4], X is good if and only if it is seminormal.

Remark 2.3. A similar condition on adic spaces was recently introduced in [18, Def. 3.1.9] under the
name locally fiercely v-complete adic spaces. We show below in Proposition 2.5 that good adic spaces
over Q,, are stable under smooth maps. It follows that the good adic spaces over Q,, are exactly the
locally fiercely v-complete spaces that are either sousperfectoid or rigid spaces. We do not know whether
any sousperfectoid space over Q,, is good.

Proposition 2.4. Let X be a good adic space over Q.

1. Let v: X, — Xg denote the natural map of sites, then we have isomorphisms

Ok, > 0%, Ox Ip" S vi(O%, Ip"), 0%, =limO% /p".
n

2. For Y another good adic space over Qp,, we have a natural isomorphism

Homspa(Qp) (X,Y) = Homspd(Qp) (XO, YO).
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Proof. To prove the second point, we may work locally on |Y| = |Y°| and assume that Y = Spa(B, B*)
is affinoid. We have the following adjunction, left to the reader

Homsyq(q,) (X°, Spd(B, B*)) = Home((B, BY), (O, (X°), 07 (X°))).
It thus remains to show that the natural map
O*(X) = O3(X°)

is an isomorphism, so that it suffices to show the first point. The isomorphism v*((’)}v /p") = O;(a /p"
is [41, Prop. 2.8, Prop. 2.13] when X is a rigid space and [24, Corollary 2.15] when X is sousperfectoid.
The isomorphism v. Oy = Oy follows from v.Ox, = Ox,. Finally, to show the last isomorphism, it
is enough to show the isomorphism

Oy, = lim Oy /p".
n
This can be checked on affinoid perfectoids Y. Injectivity is clear. For surjectivity, given a collection
(5u)n>1 of compatible sections s, € OF/p™(Y), let ¢, € H) (Y, O%) be the obstruction class to lifting
sn to a section in O*(Y)/p™. Then ¢, = pcuy. Since H) (Y, OF) is almost zero, by [47, Prop. 8.8],
it is in particular annihilated by p. Hence ¢, vanishes and (s,), is in the image of the above map, as
required. This concludes the proof. O

Proposition 2.5. Let X be a good adic space over Qp, and let f: X" — X be a smooth map. Then X' is
a good adic space.

Proof. The claim is local on Xg. Therefore, we may assume that X = Spa(A, A*), X’ = Spa(B, B"),
and f is standard-smooth, that is, a composition of finite-étale maps, rational open immersions, and
projections B}g — S. We may further assume that X’ = B ;( sothat B = A(T'). Fix a pro-étale presentation
X?® =Y/R for perfectoids Y and R C Y x Y. By Proposition 2.4.1, we have left exact sequences, for each
n>1

0 — O4/p"(X) — Ox/p"(r) D5 02/p"(R).

Upon adjoining a polynomial variable, taking the inverse limit over n and inverting p, we obtain the left
exact sequence

0 — Ou(B)) —— Oa(B)) —— Oa(B},).
By a 5-lemma argument, to show that
Oa(BY) = 0, (BY"),
it is enough to show that
Ou(By) = Oy (By®).  Oa(By) = O, (By").

Hence, we may assume that X is affinoid perfectoid. In that case, X is diamantine, in the sense of [30,
Def. 11.1], so that the result follows from [30, Thm. 11.18]. O

We denote by Adicx the category of good adic spaces over a fixed good adic space X. By Proposi-

tion 2.5, we may endow it with the étale topology, and we denote by Adicy ¢ the resulting site. We will
also sometimes consider v-sheaves on Adicy. These are defined to be presheaves F such that, for any
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v-cover Y’ — Y of good adic spaces over X (i.e., a map that induces a v-cover Y’° — Y°) and for any
v-cover Y/ — Y’® Xy Y’ from a good adic space Y/, we have

F(Y) = Eq(F(Y") = F(")).

These are equivalent to sheaves on the site X,,.

2.2. Smoothoid spaces

Fix a perfectoid field (K, K*) over Q,. We recall some facts about smoothoid spaces, introduced in
[27], which form a subclass of good adic spaces over K admitting a well-behaved notion of differentials.
All the results of this section are taken from [27, §2].

Definition 2.6 [27, Def. 2.2]. An adic space X over K is called smoothoid if it admits an open cover
by adic spaces that are smooth over a perfectoid space Y over K. We denote by Smdg the category of
smoothoid spaces over K.

Example 2.7. Given a smooth morphism of rigid spaces X — § over K and a morphism ¥ — S from
a perfectoid space Y, the fiber product X Xg Y is smoothoid.

By [27, Lemma 2.6], any smoothoid space over K is sousperfectoid and a good adic space in the
sense of Definition 2.1. Moreover, the category Smdg of smoothoid spaces is clearly closed under taking
small étale sites. We may thus turn Smdg into a site by equipping it with the étale topology, which we
denote by Smdg .

Definition 2.8 [27, Def. 2.10]. Let X be a smoothoid space and let v: X,, — Xg be the natural map of
sites. We set, for any n > 0

QI = R"v,0x.
Example 2.9.
1. For X a smooth rigid space, we have [45, Prop. 3.23]

ﬁ;( = Q;(/K{_l}’

where Q;( /K is the sheaf of relative differentials of Huber [31, (1.6.2)] and {—1} denotes a Breuil-
Kisin—Fargues twist [23, Def. 2.24]. If K contains Q,, (1), this is canonically isomorphic to a Tate
twist, by adapting the proof of [44, Prop. 6.7]. In general, if C denotes a completed algebraic closure
of K, we have a canonical, Galg -equivariant isomorphism

Q) @k C = Q) & C(-1).
2. Let Y be a perfectoid space over K, then by v-acyclicity of affinoid perfectoid spaces [47, Prop. 8.8],
Qf =0.
3. Given a diagram
Y

lg
X 258,

where 7 is a smooth morphism of rigid spaces and Y is any perfectoid space, we have [27, Prop.
2.9.12)]

Q;(xsy = 8*9;(/5{_1}~
This generalizes the two previous examples.
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For a general smoothoid space X, the sheaf S~2’):, is a vector bundle [27, Prop. 2.9.(1)], satisfying all
the compatibility properties of the Kéhler differentials. The assignment

Q": Smdg — Ab, X - I'(X,Q%) (2.1
defines a sheaf for the étale topology and we have
Q" = R" .0,

where u: K, — Smdg ¢ is the natural map of sites [27, Lemma 2.12].

2.3. Zariski-constructible sheaves

We recall the notion of Zariski-constructible sheaves on rigid spaces in characteristic 0 and some of
their basic properties. Let X be a rigid space over a nonarchimedean field (K, K*) over Q,,. Recall that
X comes with a natural Zariski topology Xz, [34, §2.1].

Definition 2.10 [21]. A sheaf F on X is Zariski-constructible if there exists a locally finite stratification
X =11; Xi where each X; is locally closed in X in the Zariski topology and F |y, is étale-locally constant
finite. The sheaf F is ind-Zariski-constructible if it can be written as a filtered colimit of Zariski-
constructible étale sheaves.

Remark 2.11. The Zariski-constructible sheaves on Spa(L, L*) are exactly the finite étale-locally
constant sheaves. Hence any Zariski-constructible sheaf F on a rigid space X is overconvergent [31,
Def. 8.2.1]. In particular, if Xo = X Xspa(x,x+) Spa(K, Ok ) and we leti: Xy — X denote the induced
inclusion, we have i.i* F = F. Moreover, the maps i, and i* are immediately seen to define an equivalence
of categories between the respective categories of Zariski-constructible sheaves. This allows us to
transport to our setup many results from [21] and [4], where there is a standing assumption that K* = Ok

Theorem 2.12 [4, Thm. 3.10, Thm. 3.15]. Let 7: X — S be a proper map of rigid spaces over K. Let
F be an ind-Zariski-constructible abelian sheaf on X¢. Fix any n > 0.

1. The sheaf R"ng . JF is an ind-Zariski-constructible sheaf on Sg. It is Zariski-constructible if F is.
2. LetY — S be any morphism from a rigid space over K and form the pullback diagram

’

Xxs¥V —5

i)

YT)S.

Then we have a natural isomorphism of sheaves on Yg
& R"mer o F = R"ﬂét’*(g'*]:).
Proof. Let us write F = h—n>l'e1 JFi where I is cofiltered and the J; are Zariski-constructible. As
1
m: X — Sisqcgs, we have, by [48, Tag 0739]
R"7tge o F = li_F)nR”nét,*}'i.
L

From this, we reduce to the case where F = F; is Zariski-constructible. Let Xy, So, Yy denote the
respective base change along Spa(K, Og) — Spa(K, K*).By [31, Prop. 8.2.3(ii)], the sheaves R" w4 . F
are overconvergent. Furthermore, their formations are easily seen to commute with base change along
So C S. Hence, we may assume that K* = Ok, in which case this is [4, Thm. 3.10, Thm. 3.15]. O
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2.4. Locally p-divisible groups

We now introduce locally p-divisible groups, which will be the central objects of focus of this paper. At
the same time, we will recall some facts about smooth relative adic groups, logarithms and exponentials
that we will need throughout. We fix an adic space X over Q, that is either a sousperfectoid space or a
rigid space over some nonarchimedean field (K, K*) over Q.

Definition 2.13. A smooth relative group over X is a group object G — X in the category of adic spaces
smooth over X.

Example 2.14.

1. Let G be arigid group over a nonarchimedean field K. Then G is smooth by [14, Prop. 1]. Whenever
X lives over K, the product Gx = G Xg X defines a smooth relative group over X. We may for
example take G = G, G, or G, := B! = Spa(K(T)) the closed unit ball. We will sometimes write
G for Gy, as it will be clear from context which base we are considering. We refer to [14] and [24]
for more background on rigid groups.

2. Let V be a finite dimensional K-vector space, then we have the smooth adic group V ®x G,. We call
a relative group of this form a vector group. More generally, if E is a finite locally free Ox-module,
the corresponding vector bundle E ®¢, G, is a smooth relative group over X.

3. Let G¥2 be a smooth group scheme over a finite type K-scheme X¢. Then its analytification
(G — X) = (G¥¢ — X%2)a" jg 3 smooth relative group.

4. Assume that X is a rigid space over K and let X be an admissible formal scheme over Spf(K*) with
adic generic fiber X. Let © be a smooth formal group scheme over X, then its adic generic fiber S,, is
a smooth relative group over X. A smooth X-group is said to have good reduction if it is of this form.

Definition 2.15. Given a smooth relative group G — X with identity section e: X — G, its Lie algebra
is defined to be

. o 1
Lie(G) = (e Qg/x)v.
It is a finite-dimensional locally free Ox-module and we let
g = Lie(G) ®o, G,

denote the underlying geometric vector bundle.

We now move to logarithms. Given a commutative rigid group G, Fargues [14, Théoreéme 1.2]
defines the subgroup G of p-topological torsion of G and shows that it is the domain of a logarithm
map, functorially associated with G. These definitions were later recast by Heuer in terms of v-sheaves
[25, Def. 2.6] and generalized by Heuer—Xu to relative groups [33, §3].

Definition 2.16 [25, Def. 2.6]. Let F be an abelian sheaf on X,,. The p-topological torsion subsheaf
F C F is defined to be the image as sheaves on X, of the map

evi: Hom(Z,, F) — F,
where Z,, denotes the profinite sheaf hHm Z/p".

Lemma 2.17 [33, Prop. 3.2.4]. Let G — X be a commutative smooth relative group.

1. The v-sheaf 6 is representable by an open subgroup of G and evaluation at 1 defines an isomorphism
of v-sheaves

Hom(Z,,9) = §.
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2. There is a unique homomorphism of adic groups
logg: é —g

whose derivative is D(logg) = id: Lie(G) — Lie(G). The map logg is natural in G and fits in an
exact sequence of smooth X-groups

logg

0 — G[p~] —> G —= g (2.2)

3. If [p]: G — G is étale, so is logg.

Remark 2.18. When X is a smooth rigid space, [p]: G — G is automatically étale by [33, Lemma
3.2.2].

Definition 2.19. Let § — X be a smooth commutative group. We define the sheaf G on Adicy ¢ to be
the quotient sheaf

G=G/G.

Remark 2.20. As we will see later in Proposition 3.12, a is a v-sheaf, such that we get the same result
if we compute the quotient in the category of v-sheaves instead.

We now introduce a relative variant of the locally p-divisible rigid groups of [32, §6].
Definition 2.21. Let G be a commutative smooth X-group.

1. We say that G is an analytic p-divisible X-group if G = G and [p]: G — Gis finite étale and surjective
([15, Def. 4.1]). R
2. We say that G is a locally p-divisible X-group if logg: G — g is étale and surjective.

Example 2.22.

1. Any analytic p-divisible group (e.g., a vector bundle) is locally p-divisible [15, §4].

2. Let G be a (locally) p-divisible rigid group over K, then Gx is a (locally) p-divisible X-group.
Examples of locally p-divisible rigid groups include G = G, G,,,, or more generally all commutative
connected algebraic groups G over K [32, Example 6.9].

3. If G contains an open subgroup U C G with [p]: U — U étale surjective, then G is locally p-divisible
[33, Prop. 3.2.4(3)]. If X = Spa(K, Ok) for algebraically closed K, the converse is true [32, Prop.
6.10].

4. Let X be arigid space and A — X be a relative abeloid variety, that is, a proper smooth commutative
X-group with geometrically connected fibers. Then [p]: A — A is surjective, such that A is locally
p-divisible, by the previous point.

5. Let G — X denote the analytification of a smooth commutative group scheme G2 — X212 where
X¥2 is an algebraic variety over K. Then G is locally p-divisible [33, Lemma 3.2.6].

We will restrict to the locally p-divisible groups satisfying a minor technical assumption.
Definition 2.23. Let G — X be a locally p-divisible X-group.

1. If X is a rigid space, the group G is said to be admissible if G[p™] is ind-Zariski-constructible.
2. If X is a sousperfectoid space, the group G is admissible if it arises as the pullback of an admissible
locally p-divisible group G’ — X’ along a map X — X', where X" is a rigid space.

By G[p®™] being ind-Zariski-constructible, we mean that there exists an ind-Zariski-constructible
sheaf F on Xg such that G[p™] = v*F, where v: X, — Xg is the natural map of sites. There is
no meaningful notion of Zariski-constructible sheaves on general sousperfectoid spaces, which is the
reason for this roundabout definition. We will be mainly interested in the case where the base X is a
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rigid space, but even so, some proofs will require to consider groups G over bases of the shape X Xs 7Y,
where X — § is a smooth morphism of rigid spaces and Y is a perfectoid space over S.

All locally p-divisible groups appearing in Example 2.22 except (3) are admissible'. One more
important example is the following. By Sm,x ¢, we denote the site of all rigid spaces smooth over X,
endowed with the étale topology.

Lemma 2.24. Let X be a smooth rigid space and let B be a finite locally free commutative Ox -algebra.
Then the sheaf
B*: Smyx s — Ab, (Y5 X) (Y, g"B)"

is represented by an admissible locally p-divisible X-group.

Remark 2.25. This is the prime example of a locally p-divisible group G where the torsion subgroups
G[p™] need not be finite étale over X, and which motivates the generality in Definition 2.23.

Proof. Let B — X denote the vector bundle underlying the locally free sheaf B. The norm map
Nr: B — Ox induces a map of X-spaces N: B — G, x and B> is easily seen to be represented by
the open subspace N~ (G, x). Let f: X’ — X denote the finite flat morphism associated with B. It is
clear that

"¢ G, x = BX
fEt,* m, X’ 5

where

rig |
Jg @ Smyx e = Smyx g

is the natural map of sites. By Theorem 2.12.1, BX[p™] = f];g ppm is Zariski-constructible. Moreover,

f];g* is exact, by [31, Cor. 2.6.6], such that

1 prig —
R fEt,*#pm =0.
It follows that [p]: B* — B* is surjective, and it is also étale by Remark 2.18. In particular B> is
locally p-divisible, as required. O

We will occasionally use the p-adic exponential, which converges on an open subgroup of the Lie
algebra and defines a natural section of the logarithm.

Lemma 2.26. Let X be a qcgs rigid space over (K, Ok ) and let G be a commutative smooth X-group.
Then there exists an open O -subvector bundle §° C g and an open embedding of X-groups

expg: g° — G
that is a section of the logarithm logg. The exponential is functorial in G (i.e., the obvious diagram

commutes after shrinking g°).

Remark 2.27. The lemma stays valid if X is any quasi-compact rigid space over (K, K*) or sousperfec-
toid space, assuming that the Lie algebra g comes from an O} -vector bundle, for example, if g is trivial.

Proof. We start by showing that there exists a finite locally free O} -submodule E C Lie(G) such that
Lie(G) = E [%] For this, we view X as a coherent rigid space in the sense of [1, Def. 4.1.6] and thus we
find a formal model X of X topologically of finite presentation over Spf(Ox ). By [1, Thm. 4.8.18.(ii)],

1'We note the following caveat: In the case of rigid groups G, admissibility amounts to asking that G [p*] is a filtered colimit
of finite étale-locally constant sheaves. This is automatic if K* = Ok but not in general.
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the Ox-module Lie(G) admits a coherent formal model F on X. By Raynaud-Gruson’s flattening, see
[1, Thm. 5.8.1], up to replacing X by an admissible formal blowup, we may assume that F is locally
free. Then E = F ®0, Oy is as required.

Next, we consider the induced open subgroup

h=E®0; G, Cg.

By [33, Prop. 3.2.1], we can find an open cover of X by affinoid opens X; € X and open subgroups

Vi C gx, such that the logarithm restricts to an isomorphism logél(Vi) 5 V;. By [33, Lemma 3.1.2],
there exists integers n; > 0 such that p"hx, C V; for each i. As X is quasi-compact, we can replace the
open cover {X;}; by a finite subcover, and we find that g° := p™} is as required, for n > 0. O

We now fix a nonarchimedean field (K, K*) over Q,. We recall from [32, §6] how a choice of
exponential for K induces a compatible system of exponentials on K-rational points for admissible
locally p-divisible rigid groups G.

Definition 2.28. An exponential for K is a continuous group morphism
Exp: K = 1+m

extending the usual analytic exponential function and splitting the logarithm map log: 1 + m — K.
Exponentials for K exist as soon as K is algebraically closed [32, Lemma 6.2].

Proposition 2.29. Let K be an algebraically closed complete extension of Q,, and let G be an admissible
locally p-divisible rigid group over K. Then a choice of exponential Exp for K induces a continuous
section

Exps: Lie(G) — é(K)

to the logarithm map logs on K-points. For fixed EXp, the map Exp is natural in G.

Proof. Let G’ = G Xspa(k,x+) Spa(K, Ok) be the associated locally p-divisible group over (K, Ok).
By [32, Thm. 6.12], we get an exponential, functorial in G’

Expg : Lie(G) — G'(K,Ok) = G(K, Ok).

It remains to show that G (K,Ok) = G (K, K*). By the logarithm sequence (2.2), it is enough to show that
G[p®](K,Ok) = G[p=](K, K"). This follows from the fact that G[p*] is ind-Zariski-constructible
and hence overconvergent, by Remark 2.11. O

3. Hodge-Tate spectral sequences

With these preparations, we are now ready to define and study the Hodge—Tate spectral sequences with
locally p-divisible coefficients and their geometric counterparts.

3.1. The group theoretic spectral sequence
We fix a perfectoid field extension (K, K*) of Q,. Let X be a smoothoid space over K (cf. §2.2).

Definition 3.1. Let G be a commutative smooth X-group, viewed as a v-sheaf on X. We define the
Hodge-Tate spectral sequence with G-coefficients to be the Leray spectral sequence associated to
v: X, — Xg

EY(G) = H\ (X, R'v.G) = H, (X, G). 3.1)
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Remark 3.2. When G = G, and X is a smooth rigid space, this recovers the Hodge-Tate spectral
sequence [45, Thm. 3.20].

We have the following result, generalizing the commutative case of [27, Thm. 4.1]. We delay the
proof to the next section.

Proposition 3.3. Let X be a smoothoid space over K and let G be an admissible locally p-divisible X-
group. Then v,.G = G and we have for each j > 0 a canonical isomorphism of sheaves on Xg, natural
inXand G

HTlog: R'v.G N Ezg( ®oy Lie(G).
Using Proposition 3.3, the Hodge—Tate spectral sequence takes the following form

HL(X,Q) ®o, Lie(§))  ifj>0

EJ @G =4"¢
29 {Héxx,g) ifj=0

} = H(X,0). (3.2)

We will prove later in Corollary 3.30 that the Hodge—Tate spectral sequence with G-coefficients
degenerates in the proper smooth case. For now, we treat the case where G = g is a vector bundle,
in which case it essentially follows from the case G = G, and is due to Scholze [45, Thm. 3.20] and
Bhatt—-Morrow—Scholze [7, Thm. 13.3.(ii)].

Proposition 3.4. Let X be a proper smooth rigid space and E a finite locally free Ox -module. Then the
Hodge—Tate spectral sequence

EY = HL(X,Q} ®0y E) = H\" (X, E) (3.3)

degenerates at E. If K is algebraically closed, a Bd+R/§2-lift X of X induces a splitting of the spectral
sequence and hence a decomposition, natural in X

n
H (X, E) = (D H'(X, Q" @0y E).
i=0

Proof. Let C be a completed algebraic closure of K and let C* denote the completion of the integral
closure of K* in C. We denote by X¢ (resp. E¢) the base change of X (resp. E) from K to C. By [28,
Cor. 3.10], we have

H!(Xc,Ec) = H}(X,E) @ C, H'(Xc,Q_ ®Ec) = H'(X,Q} ® E) @ C.

As the degeneration can be deduced from a dimension count, we may assume without loss that K is
algebraically closed. By the projection formula, we have

Rv.E = Rv.Ox R0y E.

Now by [20, Prop. 7.2.5], any lift X of X to B, /&% induces a splitting in the derived category D (X¢),
natural in X

Rv.Ox = (P Qk[-i].
i>0
There is thus a trivial Cartan—FEilenberg resolution of the complex Rv.E given by

e~ @i

i20
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where J; is an injective resolution of EZ’X ®E in D(Xg). It follows that the Hodge—Tate spectral sequence
for E decomposes as the direct sum of the spectral sequence associated to the 1-column bicomplexes
J?, and this decomposition is natural in X. The result follows. m]

Remark 3.5. For £ = Ox and algebraically closed K, this recovers the Hodge—Tate decomposition
H(X,Q,) ®g, K = @ H' (X, Q% 1) (=) (3.4)
i+j=n

via Scholze’s Primitive Comparison Theorem [44, Thm. 5.1].

3.2. Rigid approximation

In this technical section, we prove Proposition 3.3. We will need a technique of approximation by rigid
spaces, developed in [24], that we improve upon. The results of this section will also be used extensively
later on.

We first recall the notions of tilde-limits of adic spaces.

Definition 3.6 [31, (2.4.1)], [49, §2.4]. Let (Y;);; denote an inverse system of adic spaces with quasi-
compact and quasi-separated (in short, qcqs) transition maps and let Y be an adic space together with
maps f;: Y — Y; compatible with the transition maps. We say that Y is a tilde-limit of the inverse
system (Y;); and we write

Y ~limY;
<
14
if the following conditions are satisfied:

1. The induced map |Y| — llni |Y;| is a homeomorphism, and

2. There exists an open cover of Y by affinoids U such that the map h'_r)n(’)(Ul-) — O(U) has dense
image, where the direct limit runs over all i € I and all affinoid opens U; C Y; through which the
map U — Y; factors.

Assume moreover that all ¥; and Y are affinoid. We write

Y ~limY;
—

if, in addition, already h_r)n O(Y;) — O(Y) has dense image.

12
Lemma 3.7. LetY ~ h;n Y; and assume that all Y; and Y are gcgs.
1. On the level of diamonds, we have

Y® =limY?.
(_

i
i

2. For the associated qcqs étale sites, we have
Yét,chs = 2- li_II)ll_ Y ét.qeqs-
Proof. For the first point, see [49, Prop. 2.4.5]. The second point then follows from [47, Prop. 11.23]. O

Definition 3.8 [24, Def. 2.13]. Let X be any good adic space over Q,. A sheaf of sets F on Adicy g is
said to satisfy the approximation property if, for any affinoid perfectoid tilde-limit ¥ ~ l(in Y; of good
12
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affinoid adic spaces Y; over X, we have
FY) = li_f)n]-'(Y;).
L
Remark 3.9. A similar condition recently appeared in [46], where such sheaves are called finitary.

Example 3.10.

1. Let F be a sheaf on Adicx ¢ that arises as the pullback of a sheaf on X along the natural map of sites
Adicx ¢t — Xg. Then F has the approximation property, by adapting the proof of [47, Prop. 14.9].

2. Let Y — X be an étale morphism, then Y viewed as a sheaf on Adicx ¢ has the approximation
property. This is a special case of the first point.

3. Let G be a (not necessarily commutative) rigid group over a nonarchimedean field extension K of
Qp, and let U € G be any open subgroup. Then the sheaf of cosets G/U on Adick ¢ has the
approximation property, by [24, Prop. 4.1]. We generalize this in Proposition 3.12 below.

The decisive property satisfied by sheaves with the approximating property is the following.

Proposition 3.11. Let X be a good adic space over Q,, and let F be a sheaf of sets on Adicx ¢ with the
approximation property.

1. F is a v-sheaf. In particular, F extends uniquely to a sheaf on X,,.
2. For any inverse limit of spatial diamonds Y = ££n Y; with gcqgs transition maps, we have
2
FY) = hfn)l}"(YJ.
1

3. Letv: X, — X denote the natural map of sites. If F is a sheaf of groups (resp. of abelian groups),
then R"v,.F =0 forn =1 (resp. for alln > 1). In particular,

HZ(X,F) = H'(X, F),

forn=0,1 (resp. foralln > 0).

Proof. This is proven in [24, Prop. 2.14, Lemma 2.20] for X = Spa(K, K*), but the proof extends
without change to the general case. O

Our main new input is the following characterization of sheaves with the approximation property.

Proposition 3.12. Let X be a good adic space over Qp, and let F be a sheaf on Adicx . Then the
following are equivalent:

1. F satisfies the approximation property, and
2. F admits a presentation as an étale quotient sheaf

F=V/R,

where V is an adic space smooth over X and R C 'V Xx V is an open equivalence relation.

In that case, the following additional statements hold: For any map V — F from a smooth X-space V,
the diamond R =V Xx VisopeninV xXx V.

With this result in hand, we can prove Proposition 3.3.

Proof of Proposition 3.3. By Proposition 3.12, the sheaf G=G/ G has the approximation property. It
follows from Proposition 3.11.3 that Rv.G = G, such that

Riv.G=RIv.G, Vj>O.
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Moreover, recall that the logarithm defines an exact sequence

logg N
7

0 — G[p™] y G g 5 0.

The étale X-group G[p*] also satisfies the approximation property, by Example 3.10.2. Hence we also
have Rv.G[p®] = G[p™] and

R'v.G=Riv.g, Vj>D0.
Finally, we have
R'v.g=R'v.G,®9=Q} ®g, Vj=0,
where we use the projection formula for the first equality. O

Proof of Proposition 3.12.

o (1)=(2):

Let F have the approximation property. We may assume that X is affinoid. By arguing as in [17,
Prop. III.1.3], we find that F is a small v-sheaf. Let T — F be a surjection from a perfectoid space T
and fix an open cover of T by affinoid perfectoids 7;. We may write by [22, Prop. 3.17]

T; l(in Uij — X,
J

where each U;; is affinoid smooth over X. Applying the approximation property, we find that 7; — F
factors through V; = U; j;y — F for some j = j(i). Then we obtain a surjection of v-sheaves
q:V =11; Vi = F from a smooth X-space. It remains to show that R = VXV C V xx V is an open
subspace, for any such map ¢g. Let y € R with its associated geometric pointy: Spa(C,C*) — VxxV.
We may write

FNUURT]
Spa(C’C )Nl%an’

where the limit ranges over all affinoid spaces Wy étale over V Xx V together with a factorization

Spa(C,Ct) — 3 w,
x l
Vxx V.
Then the two following compositions
Vv
/ X‘
Spa(C,C*) —3 Vxx V F

A
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are equal. By the approximation property, we deduce that already the compositions

agree for k > 0. This shows that the map W, — V xx V factors through R C V Xx V and its image
is an open neighborhood of y € V xx V contained in R. We deduce that R is open in V Xx V, as
required. This shows the first implication and the last part of the statement.
o (2) = (1):
Fix an affinoid perfectoid tilde-limit ¥ =~ liLni Y; of good affinoid adic spaces. We first show that
the natural map

¢: lim F(Y)) > F(Y).

i

is injective. Letio € I and’s,7 € F(Y;,) be such that 5|y = 7|y. We need to show that already 5y, = 7]y,
for i > iy. This may be checked after taking a standard-étale cover of Y;, (replacing Y¥; and Y by
their respective pullbacks along this cover). Hence we may assume that the given sections admit lifts
s,t € V(Y;,). By assumption, the following diagram commutes

/\
\/

so that (s,7)|y has image in R C V Xx V. By Lemma 3.13 below, we deduce that already (s, )]y,
maps in R, for i > iy, such that 5|y, = 7|y,. This shows injectivity.

We now show that ¢ is surjective. Let 5 € F(Y). Assume that 5 is in the image of ¢ after
replacing Y by an étale cover, then we can conclude. Indeed, let Y’ — Y be a quasi-compact
étale cover, corresponding to an étale cover Y — Yj, for some ip € /, and let 57 € F(Y]) be a

Yy —

section for i > iy mapping to s|y,. We claim that the section s descends to a section 5; € F(Y;)
(which is then automatically mapped to 5), up to increasing i: For this, it is enough to show that
pis; = pss; € F(Y/ Xy, Y/): This holds after pullback to Y” Xy Y, hence it holds after increasing i,
by the injectivity step.

Next we reduce to the case where Y = Spa(C,C*) for a complete algebraically closed field
C.Let y € |Y]| and let {(Uj,u;)}; denote the cofiltered inverse system of quasi-compact étale
maps U; — Y together with a lift u; € |U;| of y. Then the corresponding geometric point
Spa(C(y), C(y)*) — Y satisfies Spa(C(y),C(y)*) = l<i£1j U;. Consider the cofiltered category con-
sisting of triplets (i, j, U;; — Y;), where U;; — Y; is an étale map with U; = U;; Xy, Y. Then it
follows from [22, Lemma 3.13] (or alternatively Lemma 3.19.2 below) that

Uj zl(ﬂlUij.

i
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By sequential approximation, we deduce that also

+ ~ 1 ..
Spa(C(y),C(y)") = lim Ui
l’j
Suppose that 5(y) € F(C(y), C(y)*) coincides with s;;(y) for some s;; € F(U;;). Then 5|y, and
Sijlu; map to the same element of F(C(y), C(y)*). By the injectivity step, these two sections are
equal, up to increasing j. Hence, if surjectivity of ¢ holds for points, for each y € |Y|, the restriction
of 5 to some étale neighborhood of y is in the image of ¢, which concludes, by the previous reduction
step.

From these two reduction steps, we can without loss assume that ¥ = Spa(C, C"), 5 admits a

lift s € V(Y), X is affinoid and V is standard-smooth over X. Hence, we may write V — X as a
composition

v B X,
where g is standard-€tale, B = B and the last map is the canonical projection. We write
O(B) = O(X)(T1,...,Ty).
Here, T1, ... T, are Tate variables and we abbreviate these by 7. Let
t=g(s) € B(Y) = (C")®".
By definition of tilde-limits

T +vy. + _
6: limO* (¥) - O*(¥) = C

4

has dense image. Hence we may find #; € O*(Y;)®" such that 6(t;) =t (mod @™), where w € K*
is a pseudo-uniformizer and N > 0 is a large integer. We write ¢/ = 6(¢;) € (C*)®".

It remains to construct a lift s € V(Y) of ¢/ € B(Y) that is R-equivalent to the original section
s € V(Y). Note that s” will automatically live in finite level, that is, arise from a section s; € V(Y;)
that lifts #; € B(Y;), up to increasing i. This follows from the fact that V — B is étale, such that by
[47, Prop. 14.9],

Homg(Y,V) = h;)nHomB(Yi, V).

L

Let U C R C V xx V be a rational open subset containing the image of (s,s): Y — R. We form
the following pullback diagram

Y — U
) /Xi
’ //
(58 i/ VxxV

/
i \Lid Xg
7/

Y —— V xx B.
(s.1)

A lift s” as above corresponds to a diagonal dotted arrow in the above diagram and thus a section
to the étale map Y’ — Y. Let W C (id Xg)(U) be a rational open neighborhood of the image of
(s,1): Y — V xx B in the open image (idxg)(U) C V xx B. We write W = U(%) for
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F;,G € O*(V xx B) and we let f;, g (resp. f7,8’) denote their pullbacks in O*(Y) = C* under the
map (s, t) (resp. the map (s,1’)). By assumption, (s,#)(¥Y) € W such that

Ifil<lgl#0, Vj=1,...r,

where | - | denotes the valuation on C. By construction of ¢/, we have that f; = fJf (mod @™ ) and
g =g’ (mod@" ). Hence, as soon as N is big enough,

IF1 =161 < lgl=1g'l, ¥j=1,...r.

It follows that also (s,¢”): Y — V xx B has image in the open subspace W C V xx B. After passing
to pullbacks, we deduce that the étale map Y’ — Y is surjective. Since Y = Spa(C, C*) is strictly
totally disconnected, the map Y’ — Y thus admits a section, as required. This concludes the proof.

[m]
The following lemma was used in the proof above.

Lemma 3.13. Let Z = lim,E Z; be an inverse limit of spatial diamonds with qcqs transition maps. Let
T be a locally spatial diamond and let U C T be an open subdiamond. Let t € T(Z;,) for some i € I
and assume that the composition Z — Z;, 57 factors through U C T. Then already the composition
Zi —> Zj, 4 T has image in U for i > i.
Proof. Let us take an open cover T = (J; T; by open spatial subdiamonds and Z;, = Uy Z;,,x an open
cover by spatial subdiamonds subdividing the preimage of the T;. By quasi-compactness of Z;, we may

assume that there are finitely many k. Then letting Z; i, Zx denote the inverse image of Z;,  in Z;, Z,
we obtain again inverse limits Z; = m> Z; k. Replacing Z by Z;, we may assume that 7 is spatial.
>0

Let us take an open cover U = |J; U; by spatial subdiamonds. Again by quasi-compactness, finitely
many U; cover the image of Z — U. Hence we may assume that U is quasi-compact and hence spatial.

For i > iy, the preimage V; C Z; of U under the composition Z; — Z;, 5 T are quasi-compact and
lim_ V; =Z. By [48, Tag 0A2W], it follows that V; = Z; for i > iy, as required. ]
ip

—i>

3.3. The diamantine higher direct images

In this section, we define the diamantine higher direct images and study their basic properties. Our
definitions and choices for the presentation are heavily influenced by [22].

Fix a nonarchimedean field (K, K*) over Q,. Let 7: X — S be a smooth morphism of seminormal
rigid spaces over K. It induces maps of sites

ﬂEtZ LSDx ¢ — Perfs ¢, n\: LSDx,, — Perfs,, .

Definition 3.14. Let G be a commutative smooth X-group and let 7 be either the étale or the v-topology.
For n > 0, the n-th diamantine higher direct image of G is defined as the abelian sheaf

Bung”;/S’T = R”ﬂﬁ’*g: Perfg — Ab.

We will sometimes simplify the notation and write instead Bung’i or Bung, _ when the context is clear.

We also have the following variant for the étale topology. Recall that in Lemma 2.24, we introduced
the site Sm5 ¢ with underlying category all rigid spaces smooth over S, equipped with the étale topology.
We have a morphism of sites

ngtg : Smyx ¢ — Smys -
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Definition 3.15. Let n > 0, we define

n,rig ._ pn_rig . )
Bung’x,/s,ét =R nEt’*g. Smys ¢ — Ab.

We may compare the two variants. We denote by
0: LSDg ¢ — Smyg &
the morphism of sites induced by the functor
Smys — LSDg, Y - Y°.

By Proposition 2.5, since S is a seminormal rigid space, this functor is fully faithful. We also have a
morphism of sites

t: LSDg ¢ — Perfs g -
For any sheaf 7 on Sm/s ¢, we define its diamantification to be
F® = 1,0*F: Perfs g — Ab.

This is consistent, since if F is representable by a smooth S-space V, then F° coincides with V°. We
have a commutative diagram

LSDx ¢ ——>— Smyx.a

nrig
Et

LSDg ¢ —2>— Smyg g -
It induces base-change morphisms, for any abelian sheaf / on LSDy
n__rig o n_o
(R JTEt’*]:) — R nEt’*]-'. 3.5
We now summarize the main properties satisfied by the diamantine higher direct images. This

generalizes [22, Thm. 1.1], which is the case G = G,,, and n = 1.

Proposition 3.16. Let n: X — S be a proper smooth morphism of seminormal rigid spaces and let G
be an admissible locally p-divisible X-group. Assume either that S = Spa(K, K*) or that g arises via
pullback from a vector bundle on S.

1. Fort € {ét,v}, the sheafBungﬁ is a T-vector bundle on S. If S = Spa(K, K*) and K is perfectoid,
we further have

Bunj'} = H}(X,0) ® G,.

2. Foreach1 < m < oo, we have

Bungfpmj,v - Bungfﬂmj,ét =V R"maGLp"].

and this sheaf is ind-Zariski-constructible. If S = Spa(K, K*) or [p] : G—Gis finite étale surjective,
then Bungfpm] « I8 representable by an étale group over S.
3. Fort € {ét,v}, we have a short exact sequence of sheaves on Perfg ,

1
0 — Bunj’ . — Bun'gi’i 5 Bun"! —— 0. (3.6)

[p®
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4. The natural map (3.5) yields an isomorphism

n,rigyo = n,o
(Bung’ét — Bung’él.
In particular, Bung’;itg is representable by a smooth S-group H if and only if Bung’f;t coincides
with H°.
Remark 3.17. Without further assumptions in (2), the sheaf Bung o need a priori not be repre-
sentable by an étale S-group. In general, one can show that a Zariski-constructible sheaf F on Sg is
represented by a diamond, using the equivalence of categories between constructible sheaves over a
qcgs algebraic variety Y and algebraic spaces qcqgs over Y [3, Exposé IX, Prop. 2.7]. However, this dia-
mond need not be locally separated over S and thus may not come from an adic space, as can be seen
by taking F to be the skyscraper sheaf at the origin of the closed unit ball S =B }{

The main ingredient for the proof of Proposition 3.16 is the following result, generalizing [22, Prop.
3.2].

Proposition 3.18. Let m: X — § be a gcqs smooth map of good adic spaces over Qp. Let F be a

sheaf of sets (resp. of groups, resp. of abelian groups) on Adicx ¢ with the approximation property. Let

Y = yLnl_ Y; be a tilde-limit of good affinoid adic spaces over S. Let ig € I and let U;; — X XgY;, be a gcgs

étale map. For all i > iy, form the products U; = Uy, XY, Y; and U = U, Xv;, Y. Then U ~ l(in U; and
i i

HY(U, F) = lim H4(U;, F),

t
1>1

forn =0 (resp. forn =0, 1, resp. for any n > 0).
We will need the following lemma, which says that tilde-limits behave well under certain pullbacks.

Lemma 3.19. Let S be a good affinoid adic space over Qp, and letY = 1131_61 Y; be a tilde-limit of good
affinoid adic spaces over S.

1. Let X — S be a standard-smooth morphism from a good affinoid adic space X. Then we have a

tilde-limit

XXSyzllnXXSYi-

L

2. Let U — 'Y be a standard-étale morphism, arising via pullback from Uy, — Y;
if U; denotes the pullback of Uy, along Y; — Yy, for i > iy, we have

o for some i € I. Then

U =~ lim Ui.
—

i>ip

Proof. The second point is [22, Lemma 3.13]. In our case, it also follows from the first point if we
redefine S := Y;; and X = Uj;,. Let us now prove the first point. We claim that under our assumptions,
the fiber products of diamonds X Xg Y; are representable by good affinoid adic spaces, namely the adic
spectrum of

(0X), 0% (X)) & (OF),0" (1)),
(0(5),0%(5))

and similarly for Y. By assumption, the map O(S) — O(X) is a composition of rational open immer-
sions, finite étale maps and adjunction of Tate variables. Then so is O(Y;) — O(X) ‘50(5) o). It
follows from Proposition 2.5 that the completed tensor product of Huber pairs above yields a good adic
space, which then represents the diamond X Xg Y;.
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Next, we want to show that the image of the map

lim O(X) ®os) O(Y;) = O(X) ®os) OY)

12

is dense in its target. It is enough to show that the image of

@O(X) ®o(s) O(Y;) = O(X) ®o(s) @O(Yi)

13 13

is dense. This image is immediately seen to be dense in O(X) ®¢ sy O(Y), which concludes.
It remains to show the condition on topological spaces. The diamond functor commutes with fiber
products and, on the level of sheaves, fiber products commute with inverse limits. It follows that

(X xs¥)" =1lim(X x5 ¥;)°.

1

The topological spaces of an analytic adic space and its diamondification are identified [47, Lemma
15.6]. On the level of diamonds, taking underlying topological spaces commutes with the inverse limit
[47, Lemma 11.22], which concludes. O

Proof of Proposition 3.18. We start with the case n = 0.

Claim 3.20. In the situation of Proposition 3.18, assume furthermore that U, is standard-étale over
X’ xs Y, where X’ C X and S” C S are affinoid open subspaces such that all Y, ¥; are defined over S’
and the restriction 7: X’ — S’ is standard-smooth. Then we have an isomorphism

lim F (U;) = FU).

121

Proof. By Lemma 3.19.1-2, we find that

U = lim Ul'.
ha
12ip
The claim now follows from Proposition 3.11.2. O

Since standard-étale maps form a basis of the étale site of X Xg Y, it follows that we have an
isomorphism of sheaves

F =limg;qi.F

i>ip

on the site (X Xs ¥)st,qeqs = 2- li_r)n_(X X5 Yi)et,qeqs» Where g; 1 X Xs Y — X XgY; denotes the projection
]

and we denote the restriction of F to the site (X Xs ¥)s,qeqs by the same symbol. The statement now

follows from [48, Tag 09YP] in the abelian case, and the nonabelian case is deduced similarly. O

Corollary 3.21. Let X — S be a smooth gcqs morphism of good adic spaces over Q. Let F be a sheaf
of sets (resp. groups, resp. abelian groups) on Adicx ¢ with the approximation property and let n = 0
(resp.n=0,1, resp. n > 0).

1. The sheaf
R"mg, J: Adics g — Ab

has the approximation property.
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2. We have
R'myg, J = R'm, F.
3. The natural map (3.5) is an isomorphism
n__rig o = pn_o
(R nét’*}') — R ﬂ'Et’*]:.

Proof. LetY = liLni Y; be an affinoid perfectoid tilde-limit of good affinoid adic spaces over S. Let
V — Y be a qcqs étale map, corresponding to a qcqs étale maps V; — Y; fori > 0. By Proposition 3.18,
we have

HE (X X5 V, F) = lim Hi (X xs Vi, F).

1

Sheafifying on Y yields

Rnﬂ'Et’*f(Y) = h_r)anﬂ'Et’*]:(Yi).

1

This proves that R" g, . J has the approximation property and is, in particular, a v-sheaf. Considering
now R"rm, .JF, which is the v-sheafification of the presheaf taking ¥ — § to H}(X Xs Y, F). By
Proposition 3.11.3, we have

H)(XXsY,F)=Hy(X xsY,F).
‘We deduce that
R'my F = Rnﬂ];:t’*]:.

Hence the first two points are proven. For the last point, we argue as in the proof of [22, Cor. 3.16].
Namely, observe that the two sheaves under consideration are the étale sheafification of the following
presheaves. The left-hand side comes from the presheaf

Y € Perfs > lim Hy (X Xs Y;, F),
Y -Y;

where the colimit runs over all factorization of ¥ — § into an adic space ¥; smooth over S. Here we use

that Y geqs = 2- h_r)n Y; ¢t,qcqs SO that it is enough to sheafify over Y. The right-hand side comes from
L

the presheaf

Y € Perfg — Hi(X x5 Y, F).
By [22, Prop. 3.17], we may write

Y ~ lim Y;,
(—
Y ->Y;

where the limit ranges over all morphisms ¥ — Y; into affinoid adic spaces smooth over S. It now
follows from Proposition 3.18 that these two presheaves are isomorphic. O

Proof of Proposition 3.16.

1. Let us show that

R'7 8= (R"7e+8) ®0g, Ga.
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When S = Spa(K, K*), it follows from [28, Cor. 3.10], which says that for any affinoid perfectoid
Y over K

H (X xk Y,8) = H (X, ) ®k O(Y)
If K is perfectoid, loc. cit. also shows that
HY(X xg Y.9) = H{(X,9) ® O(Y),
which yields
R'7), .8 =H}(X,08) ® Ga.

Assume now that S is arbitrary and that g is the pullback of a vector bundle E on S. By the
projection formula, we may assume that g = G,. It now follows from the fact that R" 74, .Ox is an
analytic vector bundle whose formation commutes with base change along any perfectoid space or
rigid space Y — S [28, Thm. 5.7.3]. Note that this proves the 4th point for G = g.

2. By Corollary 3.21.2-3, we have, forany 1 < m < o

R Glp"] = R'xg, Glp™] = (R'xE GIp™])°.

By proper base change (Theorem 2.12.2, the sheaf R"ng;g*g[pm] arises from the ind-Zariski-

constructible sheaf R"mg .G [p™] via pullback along Sm/g ¢ N S¢t, which shows the first part of the
statement. If § = Spa(K, K*), we conclude that the ind-Zariski-constructible sheaf R"m¢ .G[p™]
is representable by an étale-locally constant rigid group. Assume now that [p]: G — G is finite
étale surjective. For m < oo, the group G[p™] — S is finite étale, such that R"7¢ .G [p™] is a local
system, by [50, Thm. 10.5.1], and is thus easily seen to be representable by a finite étale S-group.
By a standard limit argument (see the proof of [28, Thm. 4.4]), we deduce that M" = R"ﬂﬁ’*Tpg

is a lisse Z,-sheaf on S,,, where T,,G = m G[p™] is the Tate module. It remains to show that
R"Jr]%t *Q[p‘x’] is representable by an étale S-group. By writing G[p™] = TPQ[%]/TPQ, we obtain a
short exact sequence of v-sheaves over S

0 — M"[$]/M" — R'x; .G[p¥] — Mt —— 0,

where Mﬁ;] is the torsion subsheaf of M"*!, a finite locally free abelian sheaf. Hence it is enough to
show that M" [%] /M" is representable by a separated étale S-group. By [47, Prop. 10.11.(iv)], this
may be checked v-locally. Hence we may assume that S is strictly totally disconnected perfectoid
space and M" = M for a finitely generated Z,-module M, in which case it is clear.

3. Applying Rz} , to the logarithm exact sequence (2.2) yields a long exact sequence of sheaves on

Perfs +

. — R”ﬂﬁ’*g — R"7%.8 % R™ ¢ G[p¥] —> R"“ﬂﬁ’*g —_ ..

We claim that ¢ vanishes, for all n > 0. For this, we use the following argument that we learned in
[33, Prop. 6.1.15]. Assume first that 7 is the étale topology. By the first two points, the source of ¢ is
a vector bundle while its target comes from pullback from an ind-Zariski-constructible sheaf on Sg;.
Hence, by [31, Prop. 2.6.1], the vanishing of ¢ may be checked on geometric fibers. We may thus
assume that § = Spa(C, C*) for an algebraically closed field C, in which case

Rnﬂgt *g ~ Gfr9 Rn+]n_<> g[pOO] — A,

Et,*
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for a discrete group A. Now there is no nonzero maps of groups from the connected rigid group G®"
to a discrete group. This shows that 6 = 0 as required. When 7 = v, the vanishing of ¢ can be shown
after pulling back along a pro-€tale cover by a perfectoid space § — S. Then the above argument
applies verbatim over S, where R"x; g is representable by an étale vector bundle, since étale and
v-vector bundles on a perfectoid space agree [36, Thm. 3.5.8].

4. To show that the natural map

n _rig o n_o
(R ﬂEt,*g) — R ﬂEt,*g

is an isomorphism, it suffices, by the 5-Lemma and Corollary 3.21.3 applied to the sheaf a =g/ é

to show the statement with G replaced by G. Applying again Corollary 3.21.3 to the sheaf G[p*],
it is enough to show the statement for g, which we have already seen in the proof of the first point.

This completes the proof. o

3.4. The geometric spectral sequence

We now introduce the geometric Hodge-Tate spectral sequence. We fix a perfectoid field (K, K*) over
Qp. Let m: X — § be a smooth morphism of seminormal rigid spaces over K. From now on we will
lighten the notation and write 7 . instead of 77 , for 7 € {Et, v}. We recall that we denote by Smdy ¢
the category of smoothoid spaces Y (cf. Definition 2.6) together with a morphism ¥ — X, equipped
with the étale topology. We have natural morphisms of sites fitting in a commutative diagram

X, —5— Smdy «

nvl lnm (3.7)

Perfs , T) Perfg ¢ .

Definition 3.22. Let G be a smooth commutative X-group, viewed as a sheaf on X,,. We define the
geometric Hodge-Tate spectral sequence with G-coefficients to be the following Leray spectral
sequence, consisting of sheaves on Perfg ¢

EY(G) = Rimg, (R .G) = R™ (., )G (338)

When S = Spa(K, K*), we may compare it to the group-theoretic Hodge-Tate spectral sequence
3.1).

Lemma 3.23. Let n: X — § = Spa(K,K™*) be a smooth rigid space. The canonical maps given by
étale sheafification

EY =H!(X,R'v.G) — Rimg, (R 11.G)(K) = EY (K) (39

commute with differentials. The induced maps on the E«-page are compatible with the natural maps on
the abutments given by étale shedfification.

H(X,G) = R" (1, )G (K). (3.10)
If K is algebraically closed, the above maps are isomorphisms

EY =EY(K), H}(X,9)= R"(1.,.)G(K).
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Proof. We have a commutative diagram

Sh(X,) - > Sh(Smdx )

Tt

(/‘Oﬂv)*

Sh(Peer,ét)

!

Ab.

Iy

By the usual comparison of cohomology between small and big étale sites, it is equivalent to work
with Xg or Smdy ¢ to compute E, '/ By construction of the Leray sequence, there is a collection of
isomorphisms

E(i)j =Ta(X, 1) = ”Et,*(li’j)(K) = Ef)j(K)’

compatible with differentials, where /*-* is Cartan—Eilenberg resolution of Ryu..G. These isomorphisms
are immediately seen to induce maps

EY S EY(K), Y0<r< oo,

that coincide with étale sheafification for » = 2. Moreover, if K is assumed to be algebraically closed,
taking (K, K*)-rational points is an exact functor, such that the comparison maps E,” — E/ (K) are
isomorphisms, for each 0 < r < co. This concludes the proof. O

The geometric Hodge—Tate spectral sequence takes the following explicit form.

Proposition 3.24. Let 7: X — S be a proper smooth map of seminormal rigid spaces and let G be
an admissible locally p-divisible X-group. Assume either that S = Spa(K, K*) or that g comes from a
vector bundle on S. Then the geometric Hodge—Tate spectral sequence with G-coefficients (3.8) has the
following form

E;j(g) _ nE[ *(QX/S ox Lie(G)) ifj>0 — R (uum,y )G (3.11)
Bunj ., fj=0 ’

Remark 3.25. We will prove later in Corollary 3.32 that the abutment satisfies

R™ (p.my )G = pwBung? .
Remark 3.26. For G = G, this recovers the relative Hodge—Tate spectral sequence of [28]. Note that
we require the base S to be seminormal, while loc. cit. allows reduced rigid spaces.

In order to prove Proposition 3.24, we begin by recalling that Heuer’s Hodge—Tate logarithm map
glues to the big étale site Smdy .

Lemma 3.27. Let X be a rigid space and let G be an admissible locally p-divisible X-group. Then we
have a natural isomorphism of sheaves on Smdyx ¢
Q' ®oy Lie(G) ifj >0

RIp.G =
#o {g ifj=0

where QJ is the sheaf on Smdx ¢ defined at (2.1).

Proof. For Z € Smdy, the isomorphism HTlog, on Z of Proposition 3.3 is natural in Z. This allows
us to glue these isomorphisms to an isomorphism of sheaves on Smdyx ¢, as required. O
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Proposition 3.24 now follows from the following result.

Proposition 3.28. Assume that we are in the situation of Proposition 3.24. Then for anyi > 0 and j > 0,
Rimg, . (R'p.G) = Rimg, *(QX/S ®oy Lie(G)),
and this sheaf is an étale vector bundle on S. If S = Spa(K, K%), it is equal to

HL (X, Q) ®o, Lie(G)) ® G,.
Proof. Let us take an affinoid perfectoid Y 5, S and form the following cartesian diagram of adic spaces

Xxs¥ 25 ¥

g'l Is

X —— S
The sheaf
Rimg, (R 1.G) = Rizg, (@ ® Lie(9))
is the étale sheafification of the presheaf taking ¥ € Perfg to

H (X XsY, QXX y ®Lie(G)) = H, (X xg Y, g'*gg(/s ® Lie(G)),

where we use Example 2.9. This shows that
R mg, (R 1.G) = R’;rEt *(QX/S ® Lie(G))

and it remains to show that this sheaf is a vector bundle. In the case where S = Spa(K, K*), we have by
[28, Cor. 3.10.1],

HL (X xx Y, Q) ® Lie(0)) = Hy (X, Q) ® Lie(G)) ® O(Y).
This shows that

ﬂ'Et *(Q ®Lie(G)) = Hl[(X QJ ®Lie(9)) ®x G

X/S
Assume now that we are in the second case, so that Lie(G) = n*E for some vector bundle E on S. By

the projection formula and the above observations, it is enough to show that R'rg, *§~2§( /s is a vector

bundle. It follows from the fact that Riﬂan,*ﬁg( /s is a vector bundle whose formation commutes with

pullbacks along perfectoid spaces Y — S [28, Thm. 5.7.3]. O

3.5. Degeneration

We now settle to prove the degeneration of the Hodge—Tate spectral sequences. We continue to denote
by (K, K*) a fixed perfectoid field extension of Q.

Theorem 3.29. Let n: X — S be a proper smooth map of seminormal rigid space over K and let G
be an admissible locally p-divisible group over X. Assume either that S = Spa(K, K*) or that g comes
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from a vector bundle on S. Then the geometric Hodge—Tate spectral sequence with G-coefficients

Rimg, (@) ;s ®0x Lie(G))  ifj >0

Bunj ., ifj=0

EY/(G) = { } — R (g, )G

degenerates at the E>-page.
Before we pass to the proof of the theorem, we note that it immediately implies the following.

Corollary 3.30. Let X be a proper smooth rigid spaces over K with K algebraically closed, and let G be an
admissible locally p-divisible group over X. Then the Hodge—Tate spectral sequence with G-coefficients

HL (X, Q) ®0y Lie(G))  ifj >0

ij _
5= {Héxx, 9) ifj=0

} = H,7(X,0).

degenerates at E».

Proof. This follows from Theorem 3.29 in the case S = Spa(K, K*) and the fact that the comparison
maps (3.9) are isomorphisms, as K is assumed to be algebraically closed. O

We now turn towards the proof of Theorem 3.29. We start with the case where G = g is a vector
bundle.

Proposition 3.31. In the situation of Theorem 3.29, the geometric Hodge—Tate spectral sequence
i+j

E}(8) = R'ng, ,(Q g ®0x 8) = R™ (uumy )8 = wBung?] (3.12)
degenerates at E;.
Proof. Let us first show that the abutment satisfies
R"(pu7y )8 = . Bung .
By a Leray sequence argument, it is enough to show that
R"u.(Bung ) =0, Vm > 0.

Let Y € Perfg be an affinoid perfectoid space and let v: Y,, — Y be the natural map. It is enough to
show that

R™y.(Bung ) = 0.

We know by Proposition 3.16.1 that E = Bung , is represented by a v-vector bundle, but €tale and

v-vector bundles on Y agree by [36, Thm. 5.3.8]. Therefore Proposition 3.3 applies and we find that
R"™v.E = §~2§" ®E =0,

as required.
We now prove the degeneration of the sequence. Let us first assume that S = Spa(K, K*). In that
case, by [28, Cor. 3.10.1], we further have, for any perfectoid space Y

HL(X xk Y,8) = Hy (X, ) ®k O(Y).
This shows that

Rnﬂv,*g = H\r;l(Xa g) ®k Gq.
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The geometric Hodge—Tate spectral sequence thus has the following shape
E(8) = H(X, Q) s ®ox 8) @k Cu = H\"” (X, 8) &k G,

and its degeneration can clearly be checked on K-points, which is Proposition 3.4. Let us now assume
that S is arbitrary and that g comes from a vector bundle on S. In that case the statement follows from
the projection formula and the degeneration of the relative Hodge—Tate spectral sequence for Ox [28,
Cor. 5.12]. m]

Proof of Theorem 3.29. We have morphisms of X-groups and hence of v-sheaves

Qng—g>g.

These induce morphisms between the E,-pages of their respective geometric Hodge—Tate spectral
sequences. Moreover, these maps induce isomorphisms

Rip.G & RipG S Ripg,

for all j > 1, by Lemma 3.27. These induce isomorphisms between the respective terms EY, for j=>1
and any i. As a consequence, since the geometric Hodge—Tate spectral sequence for g degenerates, by
Proposition 3.31, we deduce that d5’ : E' (G) — E‘2+2’j ~!(G) is the zero map, for all j > 2 and all 7. It
remains to show that the differential

d;’l : Ringl,*(ﬁéc/s ®Lie(9)) — Bunigfét

vanishes, for all i > 0. We have a commutative diagram

Rimg, (Q) s ®Lie(9)) <—— Rimg (Q) s ®Lie(G)) ——> Rimg ,(Q) s ®Lie(9))

ldi*l ©) ld;" ©) ld;*‘ (9)=0

+2 i+2 N i+2
Bung’ét < Buné,é[ oz > Bung,ét,

so that it is enough to show that d = d;’l (§) = 0. From the above diagram, we have a factorization

Rimg, (QL /s ®Lie(9))

¢ ld 0
K-

i+2 i+2 i+2
g ————————— _— .
0 ——r Bung[p |ét Bun'*“ oz Bun''; —— 0

G.ét g.ét

As in the proof of Proposition 3.16.3, we deduce that, as the target of d’ is an ind-Zariski-constructible
sheaf on S¢ (Proposition 3.16.3 and its source is fiberwise connected (Proposition 3.28), it must be the
zero map. Hence d = d’z’z(g) vanishes, as required. O

Corollary 3.32. Assume we are in the situation of Theorem 3.29. Then if u: Perfs , — Perfg ¢ denotes
the natural map of sites,

R"u,(Bung )=0, Vn>0, Vm>O0.
In particular, the abutment of the geometric Hodge—Tate spectral sequence satisfies

R"(psmy +)G = wBung .
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Proof. The last equality in the statement follows from the first part, using the Leray sequence computing
R™"(u.m, )G. Let’s prove the first part, starting with the case G = G. Let Y be any affinoid perfectoid
space over S and consider the canonical map v: ¥;, — Y¢. We need to show that

Rmv*(Bun;,iv) =0, Vm>D0.
From the short exact sequence (3.6), it is enough to show that

R™ v*(Bung[ )—R v.(Bung ) = 0.

2

By Corollary 3.21.1-2, the sheaf Bun'gi[ o]
Pl
Proposition 3.11.3 that the left term vanishes. The vanishing of the right term was already shown in the

proof of Proposition 3.31.
We now treat the case of general G. For this, we need the following intermediary result.

has the approximation property, hence it follows from

Lemma 3.33. In the situation of Theorem 3.29, there exists a surjection V. — Bung | of v-sheaves on
Perfs, where V is a smooth S-space.

Let us assume the lemma. We have an exact sequence of v-sheaves on Perfs ,,
S Sn
.= Bun.  —— Bung , —— Bun — BunZ'l — .
sV ’ ,V sV

Those sheaves and the above exact sequence admit a natural extension to Adicg ,. By Corollary 3.21,
the sheaves Buna satisfy the approximation property. We claim that the sheaves Ker(§,) and Im(d, )

also satisfy the approximation property. Indeed, consider the composition V — Bung L, Buné i
where V. — Bung | is as in Lemma 3.33. Then by Proposition 3.12, the diamond ’

R=V XBung \%4

is open in V xg V, such that the étale quotient V /¥R has the approximation property. In particular, it
coincides with its v-sheafification V /¥ R = Ker(45,). We now consider the short exact sequence of étale
sheaves

0 — Ker(6,) — Bun | 2y Tmg(8,) — 0,

where the first and second sheaves satisfy the approximation property. It is then easily seen that the third
sheaf Img(6,,) automatically satisfies the approximation property as well. In particular, Img () is a
v-sheaf and thus the above sequence is also right-exact in the v-topology.

We now consider the exact sequence of v-sheaves

0 —— Im(6,-1) — Bungv — Bung | —— Ker(6,) — 0.

Each sheaf F on the left or right of Bung’v in the above sequence satisfies R™ u,.F = 0, by the case G = §
and Proposition 3.11.3 respectively. By decomposing the above sequence into short exact sequences,
we finally deduce that

R" . (Bung ) =0

which concludes the proof. O
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Proof of Lemma 3.33. By Theorem 3.29, we have a descending filtration
0=Fil"™"' CFil" ¢ ... C Fil° = R"(u, 7, .)G

by étale sheaves on Perfg with Fil"* = Bung « and short exact sequences, for 0 <i <n

0 s Fil'+! s Fil’ > Vin 5> 0,

where V; , = R Ty, *(Q ® Lie(G)). By passing to the v-sheafification u*, we obtain a filtration by

v-sheaves on Perfg

X/S

W'Fil* € p*R" (uamy )G = Bung |,

with short exact sequences

0 — p'Fil'*' —— *Fil’ > Vin 5 0.

Here, we use the fact that V; ,, is a vector bundle and thus is already a v-sheaf. Observe that the sequence
is already exact for the étale topology, using that the surjection of étale sheaves Fil' — V;.n factors
through y*Fil’. By Lemma 3.34 below, the map x*Fil' — V; , admits sections étale locally on V; .
Hence, by arguing inductively, it is enough to show that each x*Fil’ admits a surjection of v-sheaves
from a smooth S-space, and we reduce to i = n. For this, it is enough to show that Fil" = Bung admits
a surjection of étale sheaves from a smooth S-space. By Proposition 3.16.4, it is enough to show that the
sheaf Bung on Smygs ¢ admits a surjection from a smooth S-space. This follows from the co-Yoneda
Lemma, since the site Sm/g 4 is essentially small. O

Lemma 3.34. Let S be a good adic space over Q, and n: F — G be a map of v-sheaves on Perfg.
Suppose that i is a surjection of étale sheaves. Then for any good adic space Y over S and any map of
v-sheaves g € G(Y), there exists an étale cover Y’ — Y and amap f € F(Y') such that n(f) = gly-.

Proof. We may assume that Y is affinoid. By [47, Lemma 15.3], there exists a v-cover
Y ~limY; —» Y
A\
J

where Y is an affinoid perfectoid space, Y; are aflinoid, finite étale over Y and each Y — Y;is surjective.

Since F — @ is surjective for the étale topology on Perfg, we may find a qcqgs étale cover Z —>Yanda
map s fitting in the following commutative diagram of sheaves on Perf

By Lemma 3.7.2, Z arises via pullback from an étale cover Z; — Y;. Using that Y — Y; is surjective,
it is easy to see that the map f descends to a map f;: Z; — F satisfying the required properties. O

Remark 3.35. In situation of Theorem 3.29, there is therefore a filtration of Bung’v by subsheaves on
Perfs,ét

. .10
Fil' C ... CFil' = Bung’v
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with

Fil" = Bun(, , and Fil'/Fil"*' = R'my, (Q /s ®Lie(9)),
J

: X/S
deduce, arguing inductively, that each Fil' is a small v-sheaf. In particular, Bung’ & 18 a small v-sheaf on

for each 0 < i < n. In particular, since Bung; | and RinEt’*(ﬁ ® Lie(G)) are small v-sheaves, we

Perfs. We do not know whether its canonical extension to S, agrees with Bung’gtg on Smyg ¢. When

the latter is representable by a smooth S-group, this is an easy consequence of Proposition 3.16.4.

Remark 3.36. Assume that S = Spa(K, K*). Then arguing as in the proof of [22, Thm. 2.7.3], we may
use the exponential of Lemma 2.26 to produce a splitting of the short exact sequence

0 — Fil'*! > Fill —— H'(X,Q} 7 ® Lie(G)) ®k G, — 0

over an open subgroup of the form A; ®x+ G, where A; € H' (X, ﬁ?{i ®Lie(G)) is an open K*-lattice.

3.6. The Hodge—Tate decomposition
In this section, we prove the following Hodge—Tate decomposition with locally p-divisible coefficients.

Theorem 3.37. Let (K, K*) be an algebraically closed, nonarchimedean field extension of Qp,. Let X
be a proper smooth rigid space over K and let G — X be an admissible locally p-divisible group. A
choice of exponential for K and of a flat lift X to B, /&% induce a splitting of the Hodge—Tate spectral
sequence with G-coefficients (3.2), natural in G and X, and thus a decomposition

n—1
H(X,G) = H(X,G) @ @D H' (X, Q% ®0, Lie(G)). (3.13)
i=0

To this end, we will use the results of the previous section to prove the representability of the
diamantine higher direct images Bun’gi « We start with the following lemma about extensions of smooth
€

relative groups, generalizing [14, Proﬁ. 18].
Lemma 3.38. Let S be a good adic space over Qp,. Consider a short exact sequence of abelian sheaves
on Perfy ,,

0—sr—s¢-Lsv_o

where V is an étale vector bundle on S and U is an étale separated S-group of p*-torsion. Then the
sheaf G is represented by a locally p-divisible S-group, G = G and the following diagram commutes

g
I(VY

If we suppose furthermore that [p]: I — T is finite étale surjective, then G is an analytic p-divisible
S-group.

Proof. Letv:Y — V be any v-cover from a perfectoid space. By assumption, there exists a v-cover
Y’ — Y and a section g € G(Y”) such that f(g) = v|y-. Then G Xy Y’ = I" Xg Y’ is represented by an
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étale separated perfectoid space over Y’. By [47, Prop. 10.11(iv)], G — V is étale. We deduce, using
[47, Lemma 15.6], that G is represented by an object of the small étale site V¢ of V considered as an
adic space. This shows that G is represented by a smooth S-group.

Next, observe that the composition

f D(f)™!

h:G >V —>5g

is an étale morphism with D (%) = id. By the unicity part of Lemma 2.17.1, we deduce that k|5 = logg.

Let us now show that G = Q This may be checked locally, such that we may assume that S is
affinoid and V is a trivial vector bundle. Let Y be an affinoid perfectoid space over § and let g € G(Y).
It suffices to show that [p"]g € g(Y) for some n > 0, since the cokernel G of the inclusion G < G
is p-torsionfree, by [25, Lemma 2.11.2]. Let U = B" C V denote an open subspace isomorphic to a
closed ball where logg, and hence also f has a section, as in Lemma 2.26, see Remark 2.27. We have
f([p™)g) = p"f(g) € U for large enough n. Note that we have f~!(U) = I' x U as rigid groups, such
that

U U)=UxT=UxT = fY(U).

Since [p"]g € f~1(U) c G, this proves that G = G, as required. In particular, logg = A is étale and
surjective, such that G is locally p-divisible.

For the last part of the statement, assume that [p]: ' — T is surjective and finite étale. As [p]: V —
V is an isomorphism because V is a vector bundle, the assumption implies that [p]: G — G is also a
surjection with the kernel G[p] = I'[ p] being finite étale over S, which concludes the proof. O

Proposition 3.39. Let 1: X — S be a proper smooth morphism of seminormal rigid spaces over K
and let G — X be an admissible locally p-divisible group. Assume that we are in one of the following
situations:

o §=Spa(K,K"), or

o The Lie algebra g comes from a vector bundle over S and G ﬂ G is finite étale surjective.

1. For any n > 0, the sheaf Bunéé is representable by an admissible locally p-divisible S-group of
topological p-torsion, and the sequence (3.6)

0—— Bung[p @ — BunA —) Bun?, —— 0

a6t

coincides with the logarithm sequence for this group. If S = Spa(K, K*), the analogous statement
holds for BungA .

2. Assume that S = Spa(K, K*) with K algebraically closed. A choice of exponential for K induces a
splitting on K-points of the sequence (3.6), for T € {ét, v}

0 — H(X.GIp™]) — HAX.0) €255 Hi(X.9) — 0, (3.14)
og

that is natural in G.

Proof. Let us prove the first part. We apply Lemma 3.38 to the exact sequence (3.6). This is possible,
since Bung  is a v-sheaf, by Remark 3.35. In the case § = Spa(K,K*) and T = v, Lemma 3.38
also applies to the exact sequence (3.6), as Bung , = H{(X,g) ® G, is an étale vector bundle, by
Proposition 3.16.1. This proves the first point. The second point follows from Proposition 2.29. O
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Proof of Theorem 3.37. We have a commutative diagram

Fil" HY(X,G) —— H2(X.0)

~
log log | | Sexp
|

Fil" H}(X,9) — HJ(X.g).

Proposition 3.39 provides the splitting sexp and hence yields a splitting s,, of the left vertical map. For
general i < n, we have a commutative diagram

0 — Fil'"*' H(X,G) — Fil' H!(X,G) — H'(X,Q} " ® Lie(G)) — 0

i
logl| Si+l logl l&
1

0 — Fil'*' H"(X,9) — Fil' H*(X, g) <—-_X-; H(X,Q%" ® Lie(G)) — 0.

By descending induction on i, we have a section s;, splitting the left vertical map. Since the left square
above is a pushout square, we obtain a section s; of the middle vertical map. By Proposition 3.4, the lift
X induces a splitting sx of the Hodge—Tate spectral sequence with g-coefficients. We may precompose
s; with sx and postcompose it with the natural map

Fil' H*(X, G) — Fil' H'(X, G).

This yields a map H' (X, ﬁ?i ®Lie(G)) — Fil' H (X, G) that splits the Hodge—Tate spectral sequence
with G-coeflicients, as required. O

3.7. Cohomology with coefficients in p-adic universal covers

In this section, we prove a Hodge—Tate decomposition with coefficients in the p-adic universal cover G
of locally p-divisible groups.

Definition 3.40. Let X be a good adic space over Q,, and let G be an admissible locally p-divisible X-
group. Assume that [p]: G — G is finite étale surjective. We define the p-adic universal cover of G to be

G =1limg,
h
[p]

viewed as a group diamond over X. It fits in a short exact sequence of sheaves on X,

00— 7,6 —G—> G ——0, (3.15)

where T,,G = lim G[p™] is the Tate module of G.
«—m

Remark 3.41. If G = § is analytic p-divisible, we further have a short exact sequence of sheaves on X,

0 —> VG — G —25 g —0, (3.16)

where V,G = T,G [%] is the rational Tate module of G. In particular, G then is an effective Banach—
Colmez space [16, §4].
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Example 3.42. Let G = @rm. Then by [17, Prop. 11.2.2], we have @m = B¥=P, where B is the v-sheaf on
X defined by the formula

B: S € Perfy +— HO(Y§F, OYSFF),

and the sequence (3.16) coincides with the fundamental exact sequence of p-adic Hodge theory

0 — Qp(1) s Ber —5 G, — 0. (3.17)

We obtain the following result.

Theorem 3.43. Let X be a proper smooth rigid space over an algebraically closed nonarchimedean
field (K, K*) over Qp,. Let G be an admissible locally p-divisible X-group with [p]: G — G finite étale
surjective. Then there is a spectral sequence, natural in X and G

. (HL(X,Q) ®o, Lie(G))  ifj>0 o
ij _ et X X i
g _{liin[p]Hét(X,g) ifi=of (X, 9), (3.18)

that lies over the Hodge—Tate spectral sequence with G-coefficients (3.2). Moreover, this spectral se-
quence degenerates at E. A choice of exponential for K and of a flat lift X to Bj, /&% induce a
decomposition, natural in G and X

n-1
H}(X,G) = lim H}(X,9) & P H' (X, Q)" ®oy Lie(9)). (3.19)
[r] i=0

Proof. The spectral sequence is obtained by taking the inverse limit over [p] of the spectral sequence
(3.2), which then is immediately seen to degenerate at E;, by Corollary 3.30. We claim that we have the
following formula for the limiting term

lim H}/ (X, G) = H} (X, G).
[p]

As Sh(X,) is a replete topos, we have

Hence
RI,(X,G) = Rli R[, (X, G).
+(X.) =Rlim R, (X.9)
It remains to show that

R'limH"(X,G) =0,
73]

for each n > 0. We have a short exact sequence on X,

~
Ql
~
o

0—3G—53G
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We end up with the following commutative diagram where the rows and the middle column are exact

0 — R'lim _ H"™(X,G) — HI(X,G) — lim_ HI(X,§) — 0
—Ip] —lpl

~ e l

JHTNXG) —— HY(X.G) — lim | HI(X.G) —— 0

! |

0 5 0 S H'(X,G) — lim__H"(X,G) — 0.
«—[pl]

Here, we use that G is s uniquely p-divisible, using our assumptions on G and [25, Lemma 2.11.2], such
that R! l(iLn[ | H"(X,G) = 0. By applying the Snake Lemma to the above diagram, we are reduced to
p

0 —— R!'lim
«—[p

showing that

R'lim H}} (X, G)=0, Vn>0.
[p]

Using the split short exact sequence (3.14), it is equivalent to show that

R! lim Hy(X,G[p™]) =0, Vn>0.
[r]

As H}(X,T,G) is a finitely generated Z,,-module, by [44, Thm. 5.1], it follows that we can write
H(X,G[p™]) = (Qp/Z))*" &T,
for some finite torsion group 7. It follows that the system

o2 g 2 mrx grpen) -2

is Mittag—Leffler, and the claim follows. The rest of the statement now follows by applying l(il_n[ ] to the
p
Hodge-Tate decomposition with G-coefficients (Theorem 3.37). O

As an application, we obtain the following deformation of the Hodge—Tate decomposition along
Fontaine’s theta map.

Corollary 3.44. Let X be a proper smooth rigid space over a complete algebraically closed extension
K of Q. Then a flat lift X to B:;R /&% and an exponential for K induce a decomposition, natural in X

n—1

HE (X, Qp) ®g, B = lim Hj (X, Gm) ® P H' (X, Q). (3.20)
[p] i=0

-, 0
This lies over the classical Hodge—Tate decomposition (3.4) via Fontaine’s map B¥~P — K.
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Proof. By Theorem 3.43, all that remains to be shown is the isomorphism
Hg(X,Qp) ®q, B = Hy (X, B*7P). (3.21)

Using the short exact sequence (3.17) and the 5-lemma, this follows from the primitive comparison
Theorem [44, Thm. 5.1]. O

3.8. The case of abeloid varieties and curves

Let (K, K*) be an algebraically closed nonarchimedean field over Q,,. Let X be either an abeloid variety
or a smooth connected proper curve of genus g > 1 over K, and let x € X(K). In this section, we
reformulate the Hodge—Tate decomposition of X with multiplicative coefficients in terms of continuous
group cohomology of the étale fundamental group 71 (X, x).

Definition 3.45. The universal pro-finite-étale cover X of X is defined to be the diamond

X = lim X/,
—
(X7,x’)

where the limit ranges over all connected finite étale covers X’ — X together with a lift x” € X’(K) of x.

The map X > Xisa pro-€tale torsor under the profinite group 711 (X, x). Under our assumptions on
X, it is moreover known that X is representable by a qcqs perfectoid space, see [6, Cor. 5.7-8].

Lemma 3.46. For F any of the v-sheaves Z/nZ, O*% [ p", O*¢, O, we have

i o FK) ifi=0
H,(X.7) = {0 ifi > 0.

Here, the sheaf O is the almost integral structure sheaf, sending a perfectoid pair (R, R*) to R*4,
where we use almost mathematics relative to (Og, m).

Remark 3.47. If X is an arbitrary connected, proper, seminormal rigid space, the lemma holds for
i = 0,1, see [23, Prop. 4.9]. However, for X = P”, we have X = X and we immediately see that the
statement need not hold fori > 2.

Proof. In the abeloid case, this follows from [26, Prop. 4.2] and its proof. For X a curve, we proceed as
follows. First, Proposition 3.11.3 gives us

Hi(X,Z/nZ) = H..(X,Z/nZ).
By [47, Prop. 14.9], we have

Hi(X,Z[nZ) = lim Hi(X',Z/nZ).
(X7,x")

The claim is thus clear for i = 0. By Poincaré duality [38, Thm. 1.1.1], H{(X',Z/nZ) =0 fori > 2
and H>(X’,Z/nZ) = H°(X’,Z/nZ) = Z/nZ. Moreover, via this identification, the transition functions
f: X” — X’ induce [deg(f)] on Z/nZ. It follows that the colimit above vanishes. Finally, for i = 1,
each class in H' (X', Z/nZ) represents an étale Z/nZ-torsor, and thus is trivialized by a finite étale cover
X’ — X (alternatively, one could invoke [25, Prop. 3.9]). Thus the colimit above vanishes as well and the
statement is proven for F = Z/nZ. By the Primitive Comparison Theorem [44, Thm. 5.1], we also get

K*/p™ ifi=0

(v + /. my 4 . i ’ + /. my 4 1. i ’ m +/.m _
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Since Sh(X,) is replete, it follows that
R[, (X, 0%) =R, (X, Rlim O*/p™) £ Rlim RT, (X,0%/p™) £ K*.
Hence the statement follows for 7 = O*¢, O. O

We recall the definition of the topological torsion subgroup of G,,, [25, Def. 2.5]

GY = Hom(z, Gn) = U M Gom.

n>1

Theorem 3.48. Let X be either an abeloid variety or a smooth connected proper curve of genus g > 1
over K = K, and fix a point x € X(K). Then a choice of exponential for K and of a flat lift X of X to
Bir /&% induces a decomposition, natural in X, for any n > 0

n—1

HE(m (X, %), K) = HA(X,GY) © (5 H (X, Q). (3.22)
i=0

Proof. Let p = U, »1 4n S Gy, denote the sheaf of roots of unity on X,. The logarithm sequence
extends to a short exact sequence on X,, [32, Lemma 6.7]

lo,

0 — u —> GY, —=5 G,

~
e

By Lemma 3.46, we deduce that
H'(X,GY) =0, Vn>0.
Hence the Cech-to-derived spectral sequence yields an isomorphism
H}(X,G)) = H"({X/X}.G},) = Hig (11 (X %), G, (X)),
where G, (f ) comes equipped with a natural topology [32, Lemma 2.11] and where we use [32, Lemma

5.4] for the second equality. Since O(X) = K, it follows that Gt,;()?) = G (K), in particular it is a
trivial 1 (X, x)-module. We now consider the short exact sequence of topological groups

Since G,,, /GY, (K) is discrete, the above induces a long exact sequence in continuous group cohomology.
Moreover, Gy, /GY, is uniquely divisible, by [23, Lemma 2.16]. It follows that

H: (m(X,x), GV (K)) = H (m1(X, X), G (K)).
The result now follows from the Hodge-Tate decomposition (Theorem 3.37) applied to the locally

p-divisible group G.,. i

3.9. Application to analytic Brauer groups

In this section, we prove some additional facts on the diamantine higher direct images Bung _ for a
proper smooth rigid space X over K, and we deduce some consequences for analytic Brauer groups.
Here (K, K*) is any perfectoid field extension of Q,. The main result is the following.
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Proposition 3.49. Let X be a proper smooth rigid space over K. Let G — X be an admissible locally
p-divisible group. Then there are étale rigid groups (I'n)n>0 and exact sequences on Perfx -, for
T € {ét,v}

0 S T > Bun —— Bunj  —— Bun! —— T, — 0. (3.23)
»T ’ 5

We begin by making preparations.

Lemma 3.50. Let F be an abelian sheaf on Adick ¢ with the approximation property and let H be
a partially proper rigid group over K. Assume that K is algebraically closed. Then any morphism of
sheaves f: F — H factors through the locally constant sheaf

H(K) — H.
Proof. Let Y be any good affinoid adic space over K. By [22, Prop. 3.17], we can write

Y ~ lim Yi,
—

4

where each Y; is a smooth affinoid rigid space over K. We may apply Proposition 3.11.2 to obtain

1

It is enough to show that f sends F(Y;) in the set of locally constant functions ¥; — H(K, K*). Hence,
we may assume that Y is a connected smooth affinoid rigid space. Given s € F(Y), it is enough to show
that f(s) € H(Y) restricts to a constant map on Y’ = Y Xgpa(k,x+) Spa(K, Ok ), using the valuative
criterion. Therefore we may also assume that K* = Ok

Lets € F(Y) and y € Y(K). We claim that there is an open neighborhood y € U C Y such that s|y
is constant equal to s(y) € F(K). We have morphisms of rigid spaces

Spa(K, Og) = ¥ = Spa(K, Ok).
Up to replacing s by s — ¢*s(y), we may assume that s(y) = 0. One easily checks that

Spa(K, Ok) = lim U,
yeU; Y

where the limit ranges over all affinoid opens U; C Y containing y. Therefore, the approximation
property applies and we deduce that already s|y, = O for some i, as required. From this, we will deduce
that f(s): Y — H is constant. Indeed, let y € Y(K) with image 7 € H(K). We let Y}, denote its fiber
under f(s)

Y, —— Spa(K)

Lo

y L9 g

Then Y}, is a Zariski-closed subset of Y containing y, and we claim that it equals all of Y. Indeed, by the
above, there exists a rational open neighborhood y € U C Y contained in ¥j,. As O(Y) — O(U) is flat
[8, §4.1, Cor. 5] and O(Y) is a domain, it follows that the surjection O(Y) —-» O(Y},) is an isomorphism,
as required. This concludes the proof. m}
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Proof of Proposition 3.49. We start by taking 7 to be the v-topology. By Proposition 3.11.1, Gisa
v-sheaf and we have a short exact sequence on X,

0—G§—>G6—G—0.
Applying R, . yields the following long exact sequence of sheaves on Adick

. h) R”ﬂ'v,*g H Rnﬂ'v,*g —> Rnﬂ'v,*a i) Rn+l7rv,*§ —> oo

We now let I';, denote the image in v-sheaves on Adick of the map d,,. To show that I';, is an étale rigid
group, we may pass to a completed algebraic closure and therefore we assume that K is algebraically
closed. Observe that H = R"“ﬂv,*g is partially proper. Indeed, it is separated, as is any rigid group over
K. To see that H is overconvergent, it is enough to show that H[ p®] = R"* z,, .G[p™] is overconvergent,
which follows from Proposition 3.16.2. We may thus apply Lemma 3.50 to find that the sheaf I, is
a sub-v-sheaf of the locally constant sheaf A, for some group A. By [47, Prop. 10.5] applied to each
open and closed component {a} , it follows that I, is representable by an open subspace of A and is
therefore étale over K. This C()K:Ifudes, with 7 being the v-topology.
We now treat the case 7 = ét. We define sheaves Q and Q' on Perfg & as the following cokernels

0= Coker(BungA,ét — Bun’gi’v) , Q" = Coker(Bung ; — Bung ).

From the degeneration of the geometric spectral sequences (Theorem 3.29), we obtain a commutative
diagram of étale sheaves

0o—> Bun'giét — Bun'giv —0—>30
? ’ 1

l l i

0 — Bun? , — Bun}, | — Q' — 0.

where the rows are exact and the right vertical map is an isomorphism. From the snake Lemma, we
deduce that

Ker(Bun;i’ét — Bung ) = Ker(Bun’gi’V — Bung ) =T
This concludes the proof. O

alg
Example 3.51. Assume that K is algebraically closed and let X2 L5 Spec(K) be a proper smooth
algebraic variety with analytification

(x 5 Spa(K)) = (X =2 Spec(K))™.

The exponential of Lemma 2.26 yields an open subgroup U of the locally p-divisible rigid group
Buné __isomorphic to the polydisc B9, where d = dimg He?t(X , Ox), and we assume that d > 0. Then

m»C

the image of U in Buné & 18 not torsion, since U would otherwise be contained in the étale subgroup

Uyns1[n]71(I'y). This gives a new perspective on why the Brauer group He?t(X , G;,) of smooth proper
rigid analytic varieties typically contains nontorsion elements, in contrast with the algebraic Brauer
group Hgl(X a2 G,,) which is torsion [39, Cor. IV.2.6]. This also shows that the GAGA principle fails
for G,,-gerbes.

Example 3.52. We make the sequence (3.23) in low degree more explicit when X = A is an abeloid
variety over K with good reduction and G = G,,,. We assume that K* = Ok and that K is algebraically
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closed. By [22, Lemma 4.11.2], we have a surjection .G, - n*@m and thus I'j = 0. We thus have an
exact sequence of sheaves on Perfg «

0 — R'mg, G — R'mg G — R'mg Gy — T1 — 0.

Here, the relative Picard functor Pics ¢ = R! gy .Gm s representable by a rigid group whose identity

component is the dual abeloid variety AV [5, §6][22, Cor. 2.9.(3), Cor. 5.4]. Applying the functor (\)
(which is left exact on rigid groups by Proposition 2.17.1 yields an identification

RlﬂEt’*@m = l;i::A,é[ = ZV.
Claim 3.53. We have

R'ng, G = Picjgmét[%],
where Picy, ¢ is the Picard variety of the special fiber Ag. See [26, Def. 5.1] for the meaning of (-)¢ in
this context.

Proof. First, [26, Cor. 5.4] gives us

where

denotes the p-adic universal cover of A. Let 7: A— Spa(K) denote the structure map. Combining [26,
Lemma 5.5] and the exponential sequence [26, Lemma 2.12], we obtain

Pic; ., = R'7, ,Gin.
Then by [22, Prop. 4.12.2], it follows that

Rl;fét,*@m = h_r)n RlﬂEt,*@m.
[pl*

It remains to show that this colimit is equal to R' g, .Gy, [%] = R'7z, ,Gyn. Consider the exact sequence
0 —— Picag¢ — Picg s — RlﬂEt’*Gm — RzﬂEt’*Gm.

It is enough to show that, for F any sheaf on the left or right of Rlﬂét’*@m in the sequence above, we have

: _ 1
h_r)n]-' = .7-"[]—7].
[pl]*

For F = I’;i\cA’ét, this clear since [p]* = (-)®” on AY. For F = Picy ¢, it follows from the fact that for a
line bundle £ on A, we have [p]*L = L®P ? (mod AY): This is a consequence of the theorem of the cube
[37, Thm. 7.1.6. (a)], see [40, I1.8.(iv)]. For F = Rznlgl*@m, it follows from the exact sequence (3.6).
Hence the claim is proven. m}

https://doi.org/10.1017/fms.2026.10167 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10167

44 L. Gerth

We now use the exact sequence [26, Corollary 5.4]

0 e Pi Pic® (1 o NS(49)[ 4] . 0
— Picpq —— Picas —— Picy ,[5] ? —NS(A) > 0.

Here, NS(A) denotes the Neron—Severi group of A. We conclude that

NS(4o)[4]
7 7NS(A)
In particular, I'; is nonzero in that case.

Corollary 3.54. There exists a proper smooth rigid space X over K such that Buném « IS not repre-
sentable by a rigid group.

Proof. We take K to be algebraically closed and X = E X E, for E an elliptic curve without complex
multiplication, and with supersingular reduction E¢. Note that

rankz NS(E X E) = 2 + rankz End(E) = 3.
Similarly, one computes rankz NS(E( X Ey) = 6. Hence, by Example 3.52,
z[ 119

Iz
73

I = =Z[1]% © (Q,y/Z,)®.

We now apply the left exact functor Hom(Z,, —) to the exact sequence

0o—s 1 — Buné L Bun,
m’e m

&t
Observe that

M(Zp, Fl) = (QP/ZP)EBS-

Hence we have a commutative diagram with exact rows

0 — (Qp/Z,)® —> Hom(Zp,Buné ét) —_— Hom(Zp,Buném’ét)

j o] Jow

2 2
0 > T »Bunl —————— Bunl
It follows that the right vertical map cannot be injective. By Lemma 2.17.1, in that case, Buné & cannot
be represented by a rigid group. O

Remark 3.55. Let X¥'¢ be an abelian variety of dimension g > 1, Then the algebraic higher direct image
R*78E Gy Schy o — Ab

is not representable by an algebraic group. By contradiction, let H be such a group, which is automatically
smooth, as K has characteristic 0. Let X?¢[¢] denote the trivial thickening of X?!2 along Spec(K) —>
Spec(K [€]). There is a short exact sequence on X;lg

0 — Oxie — Ofuyje) — Ofue — L.

Xag[e Xalg
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We deduce that
Lie(H) = Ker(H(K [€]) — H(K)) = Ker(H2(X"¢[€],G,,) — HA(X",G,)) = H*(X™¢, Oya).

Hence dim H = h*(X"¢, Oxa,) > 0, which contradicts the fact that H(K) = HZ (X%, G,,) is torsion.

Remark 3.56. Arguing as in the proof of [22, Cor. 2.9.5], we can use the local splittings of Remark 3.36
to show that, for given n > 0, the étale higher direct image Bun’g" « is representable by a rigid group if
and only if Bung’v is representable by a rigid group.
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