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HERMITE-FEJER TYPE INTERPOLATION
AND KOROVKIN’S THEOREM

H.-B. KNooP AND F. LOCHER

In this note we consider Hermite-Fejér interpolation at the zeros of Jacobi polyno-
mials and with additional boundary conditions. For the associated Hermite-Fejér
type operators FtmP) and special values of a,f it was proved by the first author
in recent papers that one has uniform convergence on the whole interval [-1,1].
The second author could show by introducing the concept of asymptotic positivity
how to get the known convergence results for the classical Hermite-Fejér interpo-
lation operators. In the present paper we show, using a slightly modified Bohman-
Korovkin theorem for asymptotically positive functionals, that the Hermite-Fejér
type interpolation polynomials Flatrh) F. f € C([-1,1]), converge pointwise to f
for arbitrary a,8 > —1. The convergence is uniform on [-1 + §,1 — §].

1. INTRODUCTION
Let X = {zxm} with

“-1€2mm <Zm-1,m<...<T1m <1

be a set of nodes, I = [-1,1], and f € C(I). As it is well known, there exists the
uniquely determined Hermite-Fejér interpolation polynomial Fy,f € O2pm_y,m € N,

such that

Frnf(zi) = f(zk), (F,,,f)'(z:k) =0, 1<k<m,
where 2z = Zi,. Now let ka» be the roots of the m-th Jacobi polynomial
Pf(na'ﬁ) ya,B8 > —1. Szegd [6] proved that for the corresponding Hermite-Fejér inter-

polation polynomials the convergence
H (a,ﬂ) — i
(L1) Jim [[FSOf— f| =0

holds for any f € C(I),if -1 < a,8 < 0. Here || - || is the usual maximum norm on
I.f a >0, (1.1) is no longer valid for some f € C(I). In order to have convergence
we can prescribe some additional interpolation conditions at +1.
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Let » € N be given; then the Hermite-Fejér type operator

Fm,r : C(I) - H2m+r—1

is defined by the conditions

(1.2) Fref(zk) = f(zx), 1< k< m,
(1.3) (Fmrf)(zx)=0, 1<k<m,
(1.4) Fn (1) = f(1),

(1.5) (Fmrf)P1) =0, 1€jg<r—1.

For s € N we can prescribe conditions at —1, too:

Frpaf(=1) = f(=1), (Fmrf)P(-1)=0, 1<I<s—1.

If (r,s) = (1,0) the corresponding operators F,, 10 = Fy,,, are referred to as al-
most Hermite-Fejér interpolation operators; if (r,s) = (1,1) then we obtain the so-called
quasi Hermite-Fejér polynomials (see for example the references in the bibliography [1}]).
Now let s = 0, that is, no conditions at —1, as the behaviour of the operators Fy, .,
is symmetric with respect to a and 8, and s,1 and —1.

B)

For the roots z, of the Jacobi polynomial P,(,f' we have

im ||[F&Rf— fll=0

foreach fe C(I),if -1<f<0,7-3/2<a<ra>-1,and |[(a—7)-8] <1
(see [2]).

In [4] and [5] it is shown that the convergence behaviour of the Hermite-Fejér
interpolation operators F,(,,a’ﬁ ) — F,(,,“_‘;,ﬁ ) may be treated by Korovkin’s theorem in all
Jacobi cases with a,8 > —1, that is, also for operators which are not positive in the
usual sense. This was possible by introducing the concept of asymptotic positivity.

The aim of this paper is to show that the convergence results for the Hermite-Fejér

type operators F,(,:'rﬁ) may be proved via the Bohman-Korovkin theorem, too.

https://doi.org/10.1017/50004972700028549 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700028549

3] Hermite-Fejér type interpolation 385

2. HERMITE-FEJER TYPE INTERPOLATION AT JACOBI ZEROS

For f € C(I) the interpolation polynomial Fy, ,f has the representation

Fnef(@) =3 (72 ) ox(@)i(@) (o) + Leale)f1)

k=1 1
with n(z)=1+ ( :Zk _ “’?;E::;) (z — z¢),

Loo(z) = (w"‘(x))z rz_: Biomr(1 —

wm(z) = H (z — z&),
k=1

C umle)
e = e —an)

Thereby the coefficients B,,m, € R are uniquely determined by the interpolation con-

and

ditions (see [2] and [7]). The associated Hermite operator
Hpy: Cr-l(I) — omgr—a

then has the representation

Hm,rf(z) = Fm,r.f(z) + Z ( Lo
k=1

with Loi(z) = ( (1))2533,,,,,,,(1

p=1

z) :c—:z:k)l (:l:)f (=) +ZLoz(z .f( )( )

and suitable coefficients B,im, € R. We have additionally to (1.2) and (1.4) the condi-

tions
(2.1) (Hm',.f)'(zk)=f'(:ck), 1< k< m, and
(2.2) (Hm, £)P(1) = 1), 1<j<r-1.

Choosing the nodes z; arbitrarily in [-1,1] we obtain by Rolle’s theorem that
L,o(z) > 0 for all z € I. For » = 0 in (4] and (5] it is shown that for every f € C(I)
the sequence of Hermite-Fejér interpolation polynomials to the zeros of the Jacobi poly-
nomial P,(,."“"3 ) converges to f. The convergence is pointwise for all z with jz| < 1 and
uniform in every closed subinterval provided o,8 > —1. Locher observed that the
Hermite-Fejér functionals (for fixed |z| < 1) are asymptotically positive.
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DEFINITION: We call a sequence of functionals L., : C(I) —» R asymptotically
positive, if and only if there exist positive functionals @Q,, : C(I) — R and continuous
functionals R, : C(I) — R with

Ly, = Qm + Ry, for each m € N

and
(2.3) lim ||Rm] =0
m—00
Here || - || is the operator norm induced by the maximum norm on C(I).

We obtain the

THEOREM. (Bohman-Korovkin) Let (Lm),,5, be asymptotically positive; then
for each f € C(I),z € I and 6,, > 0 there holds

L f — f(2)| < f(2)|Qmeo — eo(2)| + (Qmeo + 6.2 Qmgz) - w(f,6m; 1) + | R fl.

Here w(f,-;I) denotes the modulus of continuity of f, g. denotes the function with
g=(t) = (z — t)? and e, denotes the constant function with e,(t) =1 for each t € I.

For fixed |z| <1 the functional Fy, ,,: C(I) — R is defined by
Fm,r,zf = Fm,rf(z)'

Because Ly,(z) > 0 it is

Frpef= | 3 ($52) neRE ) + ()

vp(z) 20
m 1 — r 2
+ 3 (f52) weiese
vi(z)<o
= Qmzf+ Rmz:f.

Then Q- : C(I) — R is positive and R, . : C(I) — R is continuous with

m 1- r ,
el = w02 1Rmsfl= Y- (§52) Wn(ei).

k=1
vp(z)<o

z
Tk
Because Fy, . -e, =1 it follows that

Qm,zeo = Fm,r,:eo - an,zeo =1+ ”R'm,::”
and Qm,zgz = Fm,r,zgz - Rm,zgz < IFm,r.zgzl +4- ”an,z"
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We have to compute Fi, ;.9.; because g, = Hpy rg; for m > 2 it follows that
gz(t) = Hm,rgz(t)

min (2,r-1)

= Fnrg2(t) + ; (:::,,)r (t — &)} (t)ge(zs) + Z_; Loi(t)gt(1)
. _ 2l 1=t \" [ wm(t) \’z -z
=Bt =23 (755) () T+ 0480
with
Si(t)=2 (g-fg_))) 21 Byim-(1 —t)°(1 - z)
and
Sa(t) =2 (:’%((i))) ; Bams(1 —t)°.
9=(z) = 0 implies
Bt = W) =) Dty o s = (51(6) + i)
k=1 m

3. GENERALISED GAUSS-LOBATTO FORMULAE
Now we consider formulae of the form

1 m r—1
/ (1 =)+ )P P(t)dt = Y AP P(zim) + Y e POY(1) + QLP)(P)
-1 k=1 i=o
for a,f > —1 with QS:,'-ﬁ)(P) =0 for all P € Mypyr_y. Let zp = za‘:‘:"ﬁ) be
the roots of the Jacobi polynomial P,, = P,(,,°+"ﬂ), and H,(:,’:"p) the corresponding
Hermite operator. Then for P € lI3,,,4,—; we have

/ (-7 + PPt

1
=/ (1 - 6)%(1 + t)P FletmP P(t)dt
-1

- ! a+tr <) Pm(t) 1}
+§ (/_1 (1= "1+ Pl zk),P:n(zk)dz) P'(zx)

+ rg (/_11 (1-8)*1+ t)pLoi(t)dt) PUY(1)

m m r—1
= Y MNP P(aa) + Y XD P () + Y wP PO,
k k=1

=1 i=o
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Because Il € II,,_; the orthogonality relation yields A( ’ﬁ ) =

Mol = / (1-1)*1+¢) (

With these coeflicients Agmf_) and /.l, .ﬁ) we obtain a solution of the problem stated
above. It is (see {3])

= 0. Furthermore we get

t\" .,
u) (t)dt.

A(katﬁ) — (a)ﬂ) 1
mr ‘m T 2
" (1— =21 = a2) (P (2))
wi
o) — gutrHA+L I(m+ta+r+1)I(m+B+1)
mil(m+a+r+8+1)
(=,8)

and pomr 2 0 because Ly, 2 0.

4. CONVERGENCE OF THE OPERATORS F,(,."i‘;'m

LEMMA 1. For arbitrary o, > —1 and fixed |z| < 1 it follows

2
Fisti90.l = o (P o(a)).

PRoOOF: We have

2
FietiPg. =2 (PE+(2)) (1 - 2) o) i?,:‘i’ 1-2) - ($1(2) + Sa(e))-
rnr k

Because P,(n°+r’ﬁ)(1) = (’"'t:‘"") and |Bgims| = O(mz(P_i)) for p > i (see [2] and [7]),

we obtain

1Si(2z)| = (P'(n"‘+r‘ﬁ)(z))2 O(m_z(a+r)) ’i m2(p=1)

p=i
_ (P'(na+r,ﬂ)(z))2 o (m—z(i+a+1))_
Further, we have

m m
S ASE(1 - 21) < 3G + e
1 k=1

1
- e B aB) _ gatpr1L(a+ LB +1)
_/_1(1 1)%(1 + t)Pdt = d(*P) = 22+A+1 CEY )N
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Now we consider ||Rm z||. The differential equation for the Jacobi polynomials

yields

(c+rB)(py g _ & - B+ (a+B+2)z (z — 24).

2
1—z;

vi(z) =v

Hint: Here z; = zi«::r.p) is a root of P,(,f'+"'p)

LEMMA 2. (See [4]) If |z| < 1 and v(u+"ﬁ)(z) < 0, there exists an ¢ =
e(z,a,08) > 0 with
|z—zx|2€e and |x1—zx>¢
for all m > m,(¢€).
Now we can prove the following.

LEMMA 3. For fixed |z| <1 we obtain with R,,, = RFm8)

1l = 0 ((PE*9(2))

PROOF: Lemma 2 implies, with P,, = P{**™)
|Rmall = —(1 = 2)' (P(e))? - 3 1
) " o -z (1- Zi)(P,',.(’-':k))z(z — :ck)2

vi(z)<o

-[1—z(a—ﬂ+(a+ﬂ+2)zk)+(a—ﬂ)zk+(a+ﬂ+1)zi]

- 1
P (z )
<PV G Y

where p is an upper bound of

1 -z(a— B+ (a+B+2)z:) + (a - B)zi + (a + B + 1)z,
for example p=1+2la-B|l+(a+B+2)+|a+B+1|.

Now we have

Z(l - zk)(

k=1

(c+r.8)
(avp) Z Akmo

(zk cm r

(p)/ (1-1)*7"(1+1)Pdt = O(1) for m — oo.
Cm,;r J-1

Thus we get the following.
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THEOREM. For fixed |z| <1 we set
() = |1FH 09, + 4 | RGED).
Then it follows for each f € C(I):
FSm D f(z) - £(2)] < 2- £l - IRGE™) + (2 -+ IR (£, 16m(2)l5 1)

=0 ((P,(,,""'"")(z))z) +0 (w (f, |Platrd)(z)| ; I)) .

REMARK. If |z| 1 -6 with 0 < 6§ <1 and vﬁ'::"p)(z) < 0, there exists an ¢ =
e(a,B) > 0, independently of z, with |z —z,| > € and |£1—z;| > € for all m > my(e).
Because |P,(,.°+"ﬁ)(z)| = o(1) uniformly for |z| < 1—§ for all a,8 > —1 (see [6]) we

get
Jim |FSHOf — flli-14s0-9 =0
for every f € C(I). Here || - |||-145,1—¢ is the maximum norm on [-1 + §,1 — §].
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