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A CLASS OF ONE-RELATOR GROUPS WITH CENTRE

J A M E S M C C O O L

Let the group H have presentation (ax , . . . .a™; af1 = a j 1 , . . . ,ar^S^ = a^T"1)
where m ^ 3, p% ^ 2 and (pi,Pj) — 1 it i ^ j . We show that H is a one-
relator group precisely if H can be obtained from a suitable group (a,b; aP — bP)
by repeated applications of a (two-stage) procedure consisting of applying central
Nielsen transformations followed by adjoining a root of a generator. We conjecture
that any one-relator group G with non-trivial centre and G/G' not free abelian of
rank two can be obtained in the same way from a suitable group (a, 6; a? = bq).

1. INTRODUCTION

Let G be a non-cyclic one-relator group with non-trivial centre and with commu-
tator quotient group G/G' not free abelian of rank two. It was shown by Pietrowski
[9] that G has a presentation of the form

(1) (alt. • • ,am; o*1 = a" , . . . , a ^ = ^~X)^

where m ^ 2, pi > 2, qt ^ 2 and (pi,qj) = 1 for i > j . This leads to the problem as
to which groups H satisfying these conditions actually have a one-relator presentation.
In [7] Meskin, Pietrowski and Steinberg showed that this is always the case if m = 3,
and in general that any such group H is generated by the pair (ai,am) and has centre
generated by a*1 '"Pm~1 = a^ *m~1 ; moreover, if H is one-relator on (ai,am) and
pm = ±1 modulo 9ig2 • • qm-i, then

(2) (ai,.--,am+1; a?=al\...,a*r=a!?+1)

is one-relator on (ai ,am +i) for any choice of qm > 2. On the negative side, it was
shown by Collins [3] that the group (0,1,0.2,0.3,0.4; a\ = a\, a\ = 03,03 = a*) is not a
one-relator group. Collins also showed in [3] that any generating set {x,y) of a group
of the form (1) is Nielsen equivalent to one of the form (aj, aj^), for suitable integers r
and s.
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In the present paper we give a simple extension, in terms of Nielsen transformations,
of the recipe of [7] mentioned above for constructing new one-relator groups of form
(1) from known ones. Our main result is that this procedure gives, in particular,
all one-relator groups of the form (1) which satisfy the additional conditions p,- =
qi (1 ^ i ^m — 1). This yields a very easy algorithm for testing whether or not a given
presentation (1) with pi = </,- (1 ^ i ^ m — 1) is a one relator group. Thus it turns out,
for example, that the group (01,02,03,04; a\ = a\, a%2 = of3, of = o|) is not a one-
relator group for any choice of P2 ^ 2. This extends the example of Collins mentioned
above.

2. A NIELSEN TRANSFORMATION PROCEDURE

Let (a^a^) be a generating set of a group H of the form (1) above. Applying
either of the Nielsen transformations

I ̂ T „» \ ( T CM r*PlP3"'Pm-l\

(al.am) * ^li«m°l J
IT m \ ( er •

Or ( d U ) > \* d

where e = ±1 and k,£ are integers, will again yield such a generating set, since,
for example, a^ar

1
kpiP2"'Pm-1 = a ^ + r f c « « " 9 " - i . W e shall caU these central Nielsen

transformations.

It is clear that if (x,y) is a one-relator generating set of a group G, then so is any
pair (2:1,3/1) which is Nielsen equivalent to (x,y). In particular, if (a^a^) is a one-
relator generating set of a group H of form (1), and (a*,o{{,) is Nielsen equivalent to
this, then we have a presentation (x,y; R(x,y) = 1) (say) of B, with x corresponding
to a* and y to a^ . We now choose qm ̂  2 and take Hi to be the free product of
H with the infinite cycle on o m + i , amalgamating a^+1 = yv , where 77 = 1 if /J. > 0
and 7] = —1 if fi < 0. Now on the one hand Hi is a one-relator group, since it has
presentation (x,am+i; R(x,a^+1) = 1), and on the other hand it has presentation

(3) <«!,... ,om+1; a»=«?, . . . ,<e=a;k1) ,

where pm — |/x|, so that Hi is of the form (1) if pm ^ 2, while if pm = 1 this is again
the case since then, by deleting the generator am = a^+1, and renumbering om+i, (3)
can be replaced by

(4) (au... ,am; o?> = a* , . . . ^ " T i 1 = a * r l ' m ) .

In either case the uniqueness result of Pietrowski [9], namely that the isomorphism class

of a group of form (1) is uniquely determined by the sequence Pi,qi,--- ,Pm-i>9m-i
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together with its mirror image qm-iiPm-i>- •• >9i>Pi> shows that the group H\ is not

isomorphic to H. Furthermore, Hi has a one-relator generating set of the same kind as

the generating set (a^oj^) of H, namely ( a j , a m + i ) if H\ has presentation (3), and

(a* ,am) if (4) applies. Of course the above process applies equally well if we adjoin a

root of a*, rather than one of a£,.

Thus our procedure simply amounts to applying central Nielsen transformations

to a one-relator generating set (oi,oj^) of a group H of form (1), and then adjoining

an n- th root (n ^ 2) of one of the generators so obtained; the result is a group H\

of the same type, with a corresponding one-relator generating set, and with H\ not

isomorphic to H. We note that the recipe of Meskin, Pietrowski and Steinberg [7] is

the special case of this where the original one-relator generating set is just ( o i , a m ) ,

and a single central Nielsen transformation is applied before a root is adjoined.

As a simple illustration of the above, the group

H = (ai ,a2 ,a3,a4; a\l = a\, a\ = a\, a " = o f )

is one-relator on the generating set (01,04) for all choices of pi ^ 2,gs Js 2. To see this
we recall the observation of Zieschang [10] that if p ^ 2 and q ^ 2 then any generating
set (ar,b') of (a,b; a? — bq) with either r = l o r s = l i s a one-relator generating set.
Now starting with the one-relator generating set (02,03) of Hi = (02,03; 0% = 0 3 ) ,
we apply Nielsen transformations as follows:

(o2,ol) - » («,-l«J°.«2) = (a»,-i) — (ala'a;*) = (4,4').

Thus ( a * ) 0 " ) i s a one-relator generating set of Hi, and H is obtained by adjoining

roots 01,04 of 02,03 respectively, so that H is one-relator on (01,04) as claimed. We

note that this example is not covered by Theorem 2 of [7], since 13 is not congruent to

± 1 modulo 15, and 3 is not congruent to ± 1 modulo 26.

We would conjecture that any one-relator group of the form (1) can be obtained by

a number of applications of the above procedure, starting with a one-relator generating

set (ap ,6J) of a suitable group Hi = {a,b; a? = 6*). It would in fact then be sufficient

to start with such a set with either r = 1 or a = 1, since Collins [4] has shown

that any one-relator generating set ( a r ,6 J ) of Hi is equivalent, by central Nielsen

transformations, to one of this special form.

3. T H E M A I N R E S U L T .

In [3] Collins has shown that (0^,0.%) is a generating set of the group (1) if

and only if r i and sj are non-zero integers satisfying ( r i , a i ) = (r,pip2 . . . p m - i ) =

(s,qiq2 . . . o m _ i ) = 1. Moreover if r i > l,ai > 1 and 2ri > S1P1P2 . . . p m _ i , then r =
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|ri — SP1P2 . • • Pm-i | < i"x , and (a[, ojj ) is equivalent to (ap , a^J ) by the central Nielsen

transformation (a? ,a%) • (a\T1 a^'iqiqi'qm~l,a'^\ , where e = ±1 is chosen so

that r = e(ri — fli gi£2 . . . qm-i) • A similar observation applies if 2si > »"i gi 92 • • • qm-i •
Thus it is clear that given a generating set ( s ^ a J J ) of (1) we can find, algorithmically,
a series of central Nielsen transformations that, when applied to (a'1 ,aJl) , yield a pair
{a\,a.n) satisfying r ^ 1, s > 1, 2r ^ spip2 . ..pm-i and 2s ^rqiq2 ... qm-i • We shall
describe this by saying that (0J1 ,a£) centrally reduces to {<i[,o-m), and that (ai,oj^)
is centrally reduced. We can now state our main result as

THEOREM. Let the group H have presentation

(5) < O l , . . . , am; = afl
= af

where m ^ 3, pt- ^ 2 and (pt"iP>) = 1 if i j^ j . If H is a one-reiaior group, then
(a j , o m ) is a one-relator generating set, and any one-relator generating set of the form
(a^a^) centrally reduces to ( o i , a m ) . Moreover, the subgroup of H generated by
(a2 ,a m _ i ) must be one-relator on the generating set (af'>aJ^-~i1) •

PROOF: Suppose t h a t H is presented as above, and that H is a one-relator group.

T h e n by the results of Collins alluded to above we have a one-relator centrally reduced

genera t ing set (0^,0,^) of H, so tha t r ^ l , s ^ l , 2 r $ ap, 2s ^ rp where p =

P1P2 • • • Pm-i, and (r,s) = (r,p) = (s,p) = 1. Now let G - {x,y; R(x,y) = 1) be
isomorphic to H by an isomorphism <j> : G —> H such that <j>(x) = aj and </>(y) =
a'm. We may assume R(x,y) is of the form R(x,y) = xmxyni ...xmtynt for non-zero
integers m.i,ni (1 ^ i ^ t). Here we will have t ^ 2 , since m ^ 3. We then have
a™1 a'^ ...a[mia£' = 1 in H, and by Corollary 2.3 of [3] it follows that either Pl\mi
and p m - i \ni for 1 ^ i ^ t , or p divides some TOj or n;-.

We suppose firstly that m,- = pitnj and n< = pm_inj for 1 ^ t ^ t. We then have

G = (x,y; x
Pim'iyPm-ini ... x

PlTn'tyPm-'"' = 1),

so that, if Gi is given by

d = (a,/3; ami/3ni ...amiy3"« = 1),

then G can be described as the (repeated) free product with amalgamation

G = (x) * Gx * (y).
xPl=a 0=yPm-l '

Now <f>(xpi) = a^1 = o 7 l and d>(yPm-1) = o^"1"1 = a'^1, so that <j> induces an

isomorphism from Gi to the subgroup of H generated by (oj'1,0^1*1"l) • Now this
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subgroup is just the subgroup ( a 2 , a m _ i ) generated by ( a 2 , a m _ i ) , and it follows that

(o2,flm-i) is one-relator on the generating set (d?1 iBm-i"1)' However (<i2,am_i) also

has presentation

(6) ( a 2 ) . . . , a m _ i ; a ? = a » , . . . ,«£•_? = «£.";')

(in case m = 3 this is just the infinite cycle on 02). Thus G\ is isomorphic to the group
given by (6), by an isomorphism taking a to a£x and /3 to a,,,™;!"1 • It follows from
the description of G as a free product with amalgamation that G has presentation

\x,ai,... ,amiy, x — a2 , a2 — as , . . . , o m _ 2 — « m _ i ) " m _ i — 1 / /•

This contradicts the uniqueness result of [9] unless r = s = 1. This proves the theorem
in the case under consideration.

We may now suppose that p divides some m; or n,-. We will show that this is in
fact impossible. Our arguments here use a number of standard results as developed, for
example, in Murasugi [8], Baumslag and Taylor [1] and Collins [4]; the basic technique
of course is due to Magnus (see Magnus, Karrass and Solitar [6]). We may suppose,
without loss of generality, that mi > 0 and p\m\, mi = jrm\ say. We now define the
group J by

(7) J = (e, ai,... am,d; er = a[, a? = af1,... , a ^ 1 = a £ - 1 , a'm = d'),

and we clearly have J = (e,d; R(er,d') = 1). Now eT'p = d"p in J , so that
the exponent sums of e and d in R(er,d') are equal in magnitude and opposite in
sign. Introducing a new generator z = ed~l and eliminating e = zd, we obtain
J = {z,d; R((zd)r,d') = 1), where

R((zd)r,d') = (2d) r p m id j n i (zd) r m 3 d" l J . . . (zd) r m '<i* n t

has exponent sum zero on d. It is well known in this context (see for example, [1]) that
J is an extension of a free group F of finite rank, by the infinite cycle on d. Here F
is generated by the conjugates z, — dxzd~l of z by powers of d, and if R((zd)T,d') is
rewritten in terms of the z,, as Ro = ZQZ\ ... zrpmi _jtu say, where w is the rewritten

form of d 7 r m i + j n i ( z d ) r m 2 d ' n ' . . . (*<*)""'<*'"', then zQzx .. . z ^ , _, is a subword of
Ro . Moreover if X,fi are, respectively, the least and greatest subscripts on z occurring
in Ro, then F has rank r(F) given by r(F) = p. — A.

It follows immediately from the above observations that r(F) ^ Tjrm\ — 1 ^ rp— 1.
Now the rank of F can also be obtained from the presentation (7) of J by an Euler
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characteristic argument: see Karrass, Pietrowski and Solitar [5] and Proposition 7.3 of
Chapter IX of Brown [2]. We obtain from this

r(F)=

so that

m-l

(8) r + s+^pi^rp + m.
i=l

We will show that (8) is impossible. First we note that 2s ^ rp — 1 (since Is = rp
implies s = 1 and so r = 1 and 2 = p, which is impossible since m ^ 3 implies
p = pip2 .. .pm-i ^ 6 ) . We have therefore, from (8),

(9) r + ^ T p i ^ 1-rp = i(2m + l).
»=i

When m = 3 and r = 1, (9) becomes p\ + pi ^ P1P2/2 + 5/2, so that P1P2 — 2pi —
2p2 + 5 ^ 0, or (pi — 2)(p2 — 2) + 1 ^ 0, which is impossible. We now use induction on
r to establish that (9) is false for m — 3. Accordingly, we take the least r > 1 so that

We have then

and combining these yields 2 ^ P1P2, which is incorrect. Thus (9) is false for m = 3
and all r. We now use induction on m to show (9) is always false. Take m ^ 4 least
so that (9) holds. We then have

(10)

We claim

(11) Pm-l ^ (Pm-l - l)r + 1-
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Indeed if we put A = pm-i and y. = rpip2 • • -Pm-2 then (11) is just (A — l)/*/2—A+l ^

0, that is, A/i - fi - 2A + 2 > 0, or (A - 2)(/x - 2) + fi - 2 ^ 0, which is the case since

A ^ 2 and /x ^ 2. Now adding (10) and (11) shows that (9) is false. This contradicts

the existence of m such that (9) is true. Hence (9), and therefore (8), is always false.

This proves the theorem. U

As an easy consequence, we have the

COROLLARY . TAere is an algorithm to decide, given a presentation (5), whether

or not the corresponding group is a one-relator group.

PROOF: Let the group H = Hm be given by (5). According to the theorem, if H is

one-relator then the group Hm-2 = (02, a m _ i ) must be one-relator on the generating set

(o^1, o^~i ) ! conversely, if this is the case then clearly H is one-relator (on (a i , a m ) ) .

So the question reduces to deciding if Hm-i is one-relator on (of11 a^LV ) . If TO = 3

this is the case (and of course we have a special case of a result of [7] noted previously),

while if TO = 4 we may apply central Nielsen transformations to the generating set

(a£ l ,af 3 ) of H2 = (0.2,0.3; a%* = ofJ) to obtain a Nielsen equivalent centrally reduced

set (a£, a j ) , and the theorem of [4] tells us that Hi is one-relator on (a^1, a j 3 ) precisely

if r — 1 or s = 1 holds. Thus we can decide the question in this case. If m > 4 then

the theorem applies to Hm-2 . Thus we centrally reduce (o j 1 , a^L"^1) . If we do not

obtain (a2,Om-i) then H is not one-relator. If we do obtain ( a 2 , a m _ i ) , then H is

one-relator precisely if the same is true for 2Zm_2 . This proves the result. D

We now consider the group fl^ = (01,02,03,04; a\ — a\,a^7 = a\3,a\ = 0 4 ) , with

P2 Js 2. If (2,p2) / I or (3,p2) 7̂  1 then it follows from [7] that H is not one-relator,

so we suppose (2,p2) = (3,P2) = 1- Now we know H is one-relator if, and only if,

(oj ,03) is a one-relator generating set of Hi = (02,03; a^1 = a f J ) . Now it is clear that

(02,03) is a centrally reduced generating set of Hi (since P2 ^ 5 ) , and it follows that

it is not a one-relator generating set of Hi. Hence H is not a one-relator group.
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