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ABSTRACT

Let k& be an algebraically closed field of positive characteristic p > 0 and C' — P,lg a
p-cyclic cover of the projective line ramified in exactly one point. We are interested in
the p-Sylow subgroups of the full automorphism group AutpC. We prove that for curves C
with genus 2 or higher, these groups are exactly the extensions of a p-cyclic group by an
elementary abelian p-group. The main tool is an efficient algorithm to compute the p-Sylow
subgroups of Aut,C starting from an Artin—Schreier equation for the cover C' — P,lg.
We also characterize curves C' with genus go > 2 and a p-group action G C Aut,C' such
that 2p/(p — 1) < |G|/gc and 4/(p — 1)? < |G|/g%. Our methods rely on previous work
by Stichtenoth whose approach we have adopted.

1. Introduction

When considering semi-stable models for p-cyclic covers of the projective line over a p-adic field K
with an algebraically closed residue field k, we obtain as irreducible components of the special
fiber p-cyclic étale covers of the affine line (see [Leh01, Mat03]). An interesting object in arithmetic
geometry is the monodromy, i.e. the minimal Galois extension K’/K such that a semi-stable model is
defined over K'. A general result (see [Des86, Liu02, Theorem 4.44, p. 551]) asserts that Gal(K'/K)
acts faithfully on the special fiber of the semi-stable model as an automorphism group; so the
complexity of the monodromy group is intimately related with the automorphism group of p-cyclic
covers of the affine line over the residue field k. The aim of this paper is first to report on and then
to complete the literature on the subject (cf. [Sti73a, Sti73b, Sin74, Hen78, BS86, Bra88, Nak87,
vdGV92, Elk99]). We do this with the objective to use the results to study the monodromy group
which occurs when considering p-cyclic covers of the projective line over a p-adic field (see [LMO02,
LMO04]).

Our choice to disjoin this paper from the one on monodromy came from the new interest in au-
tomorphism groups of curves (see [CKKO01, CK03, Gur03, Kon99, Leo96, Poo00a, Poo00b, vdPV03,
vdPV04], etc.).

In the following theorem we have gathered the main results proved in the paper.

THEOREM 1.1. Let k be an algebraically closed field of characteristic p > 0 and f(X) € k[X]
a polynomial of degree m := deg f prime to p. Let k(X,W)/k(X) be an extension of degree p
defined by WP — W = f(X) and denote by oo the place in k(X,W) above X = oo. We denote
by g(f) = (m —1)(p —1)/2 the genus of k(X,W)/k and assume g(f) > 2. Let Autik(X,W) be
the full automorphism group, Goo(f) C Autpk(X, W) the inertia group at oo and G 1(f) the wild
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inertia group at oo. Let p € G(f) be such that p(X) = X and p(W) = W + 1; then p generates a
p-cyclic subgroup in Goo(f).

I. (a) The group Guo1(f) is a p-Sylow subgroup of Autik(X,W'); moreover, outside of a small
number of cases it is normal (see § 3).

(b) The group G 1(f) is an extension® (necessarily central) of (p) ~ Z/pZ by a elementary
abelian p-group (Z/pZ)! which is a subgroup of translations X — X + y of the affine line
Al (see § 3).

(c) Conversely any extension of 7 /pZ by an elementary abelian group (Z/pZ)t with t > 0 is
obtained in this way (see Theorem 7.1).

I (a) |Gooa(f)] < p(m —1)%, ie. |Goo1(f)|/9(f)? < 4p/(p — 1)? (see [Sti73b, Satz 4] and Propo-
sition 6.6).

(b) If (m — 1,p) =1 then |G 1(f)| = p (see [Sti73b, Satz 4] and Proposition 6.6).

(¢) If f(X) = X™ then |Geo1(f)| = p for m —1 # p* and |Goo1(f)]| = p***! for m — 1 = p® (see
[Sti73b, Satz 5] and Proposition 6.6).

(d) Ifm —1=40p*, s>0,0>1, ({,p) =1, then |Goo 1 (f)| < p*™! for p > 2 and |G 1(f)| < 2°
for p = 2; moreover, these bounds are optimal (see Proposition 6.6).

(e) Onme has p/(p—1) < |Geo1(f)/9(f) (3 for p = 2) if and only if f(X) = XS(X), where
S(X) — S(0) is an additive polynomial (see Proposition 8.3).

(f) Let C' be a nonsingular projective curve over k of genus go > 2 and G a p-subgroup of
AutC. We assume that 2p/(p — 1) < |G|/gc. Then 4/(p — 1)* < |G|/g% if and only if C
is birational to a curve WP — W = f(X) where f(X) = XS(X) and S(X) — S(0) is an
additive polynomial. Moreover, either |G|/g% = 4p/(p — 1)* and the group G is then equal
to the group Geo 1(f) or |G|/g% = 4/(p — 1)* and the group G is then equal to an index
p-subgroup of the group Gu 1(f).

This paper is organized as follows. In § 3 we give the structure of p-Sylow subgroups of
Autik(X,W). Section 4 is a group theoretic section: we give a description of extensions of a p-cyclic
group by any elementary abelian p-group as a saturated subgroup of those extensions for which
the center is p-cyclic; the latter extensions are the so-called extraspecial groups. This descrip-
tion seems to be missing in the literature and is adapted to the realization result we have in mind
(see Theorem 1.1 I(c) above). Section 5 gives a lemma for the calculation of the group of
translations of the affine line occurring in Theorem 1.1 I(b) and for the structure of Gu 1(f).
An algorithm is presented and then applied to a concrete example f(X) € Fo[X] for which Goo 1(f)
is the dihedral group Dg of order 8. In § 6 we develop the notion of modification of covers. One type,
which corresponds to a base change by a cover of the affine line by itself, has the effect to enlarge
the group Goo 1(f). A second type of modification is presented which has the property to limit the
order of the group. We then give bounds for the size of the group G 1(f) and show that they are
sharp. In § 7 we realize extensions of p-cyclic by elementary abelian p-groups as groups Geo 1(f).
It is noticeable that one type of extraspecial group (namely the central product of copies of Dg
in characteristic 2) is particularly difficult to realize explicitly. We apply the method to give a
realization of Dg with minimal conductor. Section 8 describes the p-cyclic covers of the line which
maximalize the ratio |G 1(f)|/g(f)?. They correspond to a special locus in the moduli spaces of
curves describing the ‘big’ actions of p-groups on curves in characteristic p > 0, a first step towards
a classification.

!Concerning extensions we use the terminology of [Suz82, ch. 2, § 7].
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2. Notation

Throughout this paper we use the following notation.

k is an algebraically closed field of characteristic p > 0.

F denotes the Frobenius endomorphism for a k-algebra.

k{F} denotes the k-subspace of k[X] generated by the polynomials F/(X),i = 0,1,2,...; it is
a ring under the composition and for a € k, Fa = ofF. The elements in k{F} are the additive
polynomials, i.e. those P € k[X] such that P(a + ) = P(a) + P(f) for o, f € k. Moreover, a
separable polynomial in k[X] is additive if and only if the set of its roots Z(P) is a subgroup
of k (see [Gos96, ch. 1]).

For f(X) € k[X] the equation WP —W = f(X) defines an étale cover of the affine line that we
denote by C and each étale cover of the affine line can be presented like this. Let f(X) € k[X]
then there is a unique polynomial red(f)(X) € k[X] called the reduced representative of f
which is p-power free, i.e. red(f)(X) € Dy, ;)= kX" and such that red(f)(X) = f(X)mod(F —
Id)k[X]. By Artin-Schreier theory the covers C and Clq(s) are the same p-cyclic cover of the
affine line. The curve Cy is irreducible if and only if red(f) # 0. In what follows we always
assume that red(f) # 0. The degree of the reduced polynomial red(f) is called the conductor
of the cover. It is prime to p and equal to the degree of f if (deg f,p) = 1.

By C't we also denote the nonsingular projective curve with function field k(X, W). If m = deg f
is prime to p then the genus of C; is g(Cy) = ((m —1)(p — 1)) /2.

For M € Cy and n € Nlet L(nM) = {¢ € k(Cy) | (¢) + nM > 0}. Then P(M) := {—vm(y) |
¢ € Upen L(nM) — {0}} is called the polar semi-group at M.

We denote by oo € Cf the point X = oo, W = oo and by M, ,, the point X =z, W = w with
wP —w = f(x).

Let G(f) = Aut;C, Goo(f) the inertia group at oo and Gu,1(f) the wild inertia group at oo.
Let p € G(f) be such that p(X) = X and p(W) = W +1. Then p generates a p-cyclic subgroup
in Goo(f).

3. p-Sylow subgroups of the group G(f)

With the above notation, Stichtenoth proved the following.

THEOREM 3.1 [Sti73b, Satz 6 and 7]. Assume the genus g(Cy) > 2, i.e. m > 2 and {m,p} # {2,3}.
Then oo is the only point M € C such that P(M) = deg fN+ pN; however, there are the following
two exceptions.

(a)

m < p, m|l+p, f(X)= X". In this case, in addition to 0o, exactly the p zeros of X have the
same semi-group P(M). More precisely for i € F, let o; be given by 0;(X) = X/(W —)° and
oi(W) =—-1/(W —1), where 6 = (14 p)/m. Then o; € G(f) and 0;(My;) = oo. In particular,
G(f) acts transitively on the p + 1 points M such that P(M) = P(c0); |G(f)| = pm(p? — 1)
and Goo1(f) is a p-Sylow of G(f).

f(X) = X', Now exactly the p® points M, g where o’ = —a and BP — 3 = a'tP have the
same semi-group as the point co. Let a € k with aP’ 1 = 1,

a1+p

X
aaﬂ(X):a—i—aW and o,8(W)=0— W —aapw.

Then 0,5 € G(f) and 0, 5(c0) = M, g. In particular, G(f) acts transitively on the p® + 1
points M such that P(M) = P(c0); |G(f)| = p3(p® + 1)(p? — 1) and G 1(f) is a p-Sylow
of G(f).
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Remark 3.2. Stichtenoth considers equations of the type WP + W = f(X). The expressions of
the automorphisms o; and o, 3 in cases (a) and (b) are then simpler. For a description of the full
automorphism group in case (b) we refer to [Leo96].

We deduce the following.

PROPOSITION 3.3. Let f € Xk[X], g € TE[T] and C, : VP —V = g(T) such that deg f, degg are
prime to p and g(Cy) > 2. We assume 3¢ : Cy — Cy a k-isomorphism. Then Jo € G(f) such that
@poo(0o) =00 and ¢ oo descends to P!, i.e. 3¢ : P! — P! and a commutative diagram as follows.

poo

Of—>Cg

Xl~lT

]P>1 _SD> ]P>1
Moreover, 3(a,b) € (k*,k) and c € F; such that SN T) = aX +b and cf(X) — g(aX +b) €
(F —Id)k[X]. If f is not in case (a) or (b) of Theorem 3.1 we can take o = Id; then G(f) = G (f)
and s0 Geo,1(f) is the unique p-Sylow subgroup. Conversely, any triple (a,b,c) € k* x k x FS such
that cf(X) — g(aX +b) € (F —1d)(k[X]) induces such a commutative diagram.

Proof. Let m = deg f then it is classical that g(Cy) = (m —1)(p — 1)/2. Therefore, as g(Cy) =
9(Cy) it follows that m = deg f = deg g. The homomorphism ot kE(Cy) — k(C}) is a k-isomorphism
which induces a graded isomorphism between the linear spaces L(cop(M)) and L(ocoM) and so
the polar semi-groups are preserved. It follows that ¢~ !(c0) € Cy has a polar semi-group equal
to that of co € C'y. We deduce the existence of o from Theorem 3.1 and can assume from now on
that ¢(0c0) = o0.
Now we follow the discussion in Stichtenoth’s paper [Sti73b, Satz 4].

Case 1: m > p. Then 1,T (respectively 1,7T,..., TP V) is a k-basis for L(poo) C E(Cy) (re-
spectively L(moo) C k(C,)). Idem 1,X and 1,X,..., X™? W are a basis for L(poo) C k(Cy)
(respectively L(moo) C k(Cy)). As ¢*(L(poo)) = L(poo) (respectively ¢ (L(moo)) = L(moo)) we
get the existence of a € k*,b € k, such that ¢!(T) = aX +b and ¢! (V) = ¢W 4 Q(X) where ¢ € k*
and Q(X) € k[X] with deg Q(X) < [m/p]. Then (P —c)W + P f(X)+ (Q(X)P —Q(X)) = g(aX +D),
soc® =cand cf(X)—g(aX +b) € (F—1d)k[X]. Conversely, these relations define an isomorphism.

Case 2: m < p. This works similarly; namely 1,V (respectively 1,V,..., V" T) with rm < p <
(r + 1)m is a basis for L(moo) (respectively L(poo) in k(C,)). Then ¢*(T) = aX + P(W), where
P(W) € k[W] with mdeg P < p and ¢*(V) = ¢W +Q where ¢ € kX and Q € k. We get the equation
(@ =W + Pf(X) +(Q — Q) = g(aX + P(W)) = a™X™ + (ma™ ' P(W) + bp-1) X" +
<o+ P(W)™, where g(T) = T™ + by 1T™ ! + ... Comparing the W-degrees it follows that
P(W)=b¢€ k and ¢? = c. Now we again get the condition c¢f(X) — g(aX +b) € (F —1d)k[X]. O

COROLLARY 3.4. Let f € Xk[X] be such that g(Cy) > 1 and S(f) = {(a,b,c) € k* x k x F} |
3P, p.o(X) € k[X], cf(X) — f(aX +b) = Py po(X)P — Pop(X)}. Such a polynomial P,y in k[X] is
determined by these relation up to addition by an element in IF,. For (a,b,c) € S(f) the formulas
Oape(X) =aX+0b, 04pc(W)=cW+ P,y (X) define an automorphism of Cy which lies in Goo(f).
Further Goo(f) = (p, 0ap,e) for (a,b,c) € S(f) and Goo 1(f) = (p,01p,1) for (1,b,1) € S(f).

Proof. If g(C¢) > 1 this follows from the proposition. If g(Cy) =1 then {p,m} = {2,3}. For p =2
we have f(X) =aX + X2 and if p = 3 then f(X) = aX + X?2. In each case we can give a basis for
L(moo) and L(poo) of the same kind as given in the two cases of the proof of the proposition and
we conclude in the same way. Note that if g(Cy) = 0, then Goo(f) = K> X + . O
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Now we can give the general structure of the wild automorphism group G 1(f). In order to
simplify the notations for (1,7,1) € S(f) we denote by o, the element oy, and by Pr(X,y) the
corresponding polynomial P, 1(X).

For (1,y,1) and (1,2,1) in S(f) we define the following functions

Try(y) = Pr(X,y) + Pr(X +y,9) + Pr(X +2y,9) + - + Pr(X + (p = Dy, y)
er(y,2) = Pp(X,y) + Pr(X +y,2) = Pr(X,2) = P(X + z,).
COROLLARY 3.5. With the above notation assume g(Cy) > 0. Then p € Z(Gwo,1(f)) and Goo1(f) =
(p,oy,y € S(f)). Further Try(y) € Z/pZ and o} = p"/W). The commutation rule is given by
[0y, 0.] = p @32 where e(y,2) = Pp(X,y) + Pp(X +y,2) — Pr(X,2) — P(X + z,9) € Z/pZ.
Moreover, we have the following exact sequence 0 — (p) ~ Z/pZ — Goo1(f) = k, where 7(o,) =
y € k and the image of 7 Is finite dimensional as [Fj,-vector space, i.e. a finite elementary abelian

p-group.
Proof. From oy(X) = X 4+ y and oy(W) = W + Pp(X,y) we get oy(W) = W + Try(y).
As o)(X) = X it follows that Try(y) € Z/pZ and o} = p™s®). For the commutation rule we
remark that [0, 0.](X) = X. From this it follows that [0, 0,] = p/¥?) for some €;(y, z) € Z/pZ.
In order to determine € (y, z) we calculate o000, (W) = W + P¢(X,y) + P (X +y, ) which is equal
to W+ Pp(X, 2) + Pr(X + 2,y) + €(y, 2)- O

4. Extensions of a p-cyclic group by an elementary abelian p-group
In Corollary 3.5 we saw that the groups G 1(f) belong to the following class of p-groups.

DEFINITION 4.1. We denote by C7 the set of finite groups G which are extensions of a p-cyclic
group N by a finite elementary abelian p-group G/N. We remark that the induced homomorphism
G/N — Aut N is necessarily trivial for order reasons and so such an extension is central.

Conversely, in § 7, we prove that any group in C; is a group Go,1(f). To this end we need a
group theoretic classification in terms of a special class of such groups.

4.1 Extraspecial groups
We refer to [Hup67, Suz82, Suz86] for the structure of finite p-groups.

If G lies in C; then necessarily N C Z(G). Those nonabelian groups in C; for which Z(G)
is itself p-cyclic are called extraspecial. In particular, a nonabelian group G of order p? is always
extraspecial:

e if p > 2, then G is isomorphic to either E(p?) or M (p?), where
E(p*) = (z,y|a? = y* = [z,y]P = 1,[z,y] € Z(E(p*))) with exponent p,
M(p®) = (xay‘mpz =y? = 1,y 'wy = 2'P) with exponent p?;

e if p =2, then G is either isomorphic to the dihedral group Dg or to the quaternion group Qs.
These two groups both have exponent 22.

More generally let G be an extraspecial p-group; then (see [Suz86, Theorem 4.18]) |G| = p*"+!
for some n > 0 and the following four types occur.

I. If p > 2, then either:

(a) exponent(G) = p and G is a central product of n groups E(p?) (i.e. the direct product
where the p-cyclic centers of each factor are amalgamated);
(b) exponent(G) = p* and G is a central product of M (p?®) and n — 1 groups E(p?).
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II. If p = 2, then either:

(a) G is a central product of n groups Dg. Let g,(n) (respectively d,(n)) be the number of
elements of order 4 (respectively of order at most 2); or

(b) G is a central product of a group Qg and n — 1 groups Dg. Let g5(n) (respectively dy(n))
be the number of elements of order 4 (respectively of order at most 2).

We have the following:

e ¢.(n)=—2"+2% and so d,(n) = 2" + 22",

e gy(n) =2" + 22" and so dy(n) = —2" + 22,

In each case the structure of the central product is uniquely determined by the structure of the

factors. In the following when speaking of the isomorphism type of an extraspecial group we will
refer to the four types above, namely type I(a), I(b), II(a) and II(b).

The class C; has been described in the following result (cf. [Suz86, ch. 4, Theorem 4.16]).

PROPOSITION 4.2. Any G € (' is isomorphic to one of the groups in the following list.

(a) An elementary abelian p-group.
(b) An abelian group of type (p,p,...,p,p?).

(c) A central product of an extraspecial p-group E and an abelian group A. If A is not elementary
abelian, then

ENA=Z(E) = AP.

4.2 Saturated subgroups of extraspecial groups

DEFINITION 4.3. Let E be an extraspecial group and 7 : E — E/Z(E) the canonical homomor-
phism. A saturated subgroup of E is a group m~1(V), for V a subgroup of E/Z(E). We denote

Cy := {G which are saturated subgroup of some extraspecial group}.

From the description of an extraspecial group as a central product of copies of those of order p3 given
in § 4.1, it follows that for p > 2 (respectively p = 2) any extraspecial group of type I(a) (respectively
type II(a)) is a saturated subgroup of an extraspecial group of type I(b) (respectively type II(b)).

We need the following result from group theory. Although it is possible to give a proof using the
classification of extraspecial groups and Proposition 4.2, we give a direct proof which deals with
factor systems and fits well with the realization result we intend to prove.

PROPOSITION 4.4. The two classes C; for i = 1,2 are equal.

Proof. Let G € Cy, then G’ C N C Z(G) (see Definition 4.1). This last condition allows to define
a skew-symmetric bilinear form on the F,-vector space G/N: if Z,5 € G/N, then [z,y] € G' = (p)
C N, ie. [z,y] = p¢ where ¢ € Z/pZ. Note that [z,y] is independent of the lifts of T and § to G
as N C Z(G). We define (Z,7) := e. Note that z € Z(G) if and only if (z,7) = 0 for all y € G.
Therefore, (-,-) is nondegenerate if and only if G’ = N = Z(G), i.e. G is extraspecial. We call (-, )
the form associated to G € C].

Consider the extension of groups

1-N—-G5V:.=G/N -1

Let s be a set theoretical section. To any two v1,v2 € V we have a c¢(v,v3) € N such that
s(v1)s(v2) = s(vivg)e(vy, v) and c(+, ) is the 2-cocycle corresponding to the equivalence class of the
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above extension in H(V, N) = H%(V,F,). Note that N has trivial action by V (cf. Definition 4.1).
From c(-,-) we recover G in the following way: on the set V' x I, one defines a group structure via

(v1, @) (v, B) = (v1 4+ vo, @ + B + c(v1, v2)).

The form associated to G, i.e. (-,-) on V, can be expressed in terms of c:

(v1,02) = [s(v1), s(v2)] = s(v ) s(v2) 7' s(v1)s(v2) = (s(v2)s(v1)) ™ s(v1)s(v2)
= c(vg,v1) " s(wav1) T s(v1va) (w1, vo) = (v, v1) " te(vr, va).
Identlfylng N with F), we write (v1,v2) = c(v1,v2) — ¢(v2,v1). We distinguish the cases p > 2 and
=2.

Case p > 2. Let V.— W := VPV be the embedding that identifies V' with the first factor of W
and pry : W — V the projection on the first factor. We denote by ¢ a cocycle corresponding to the
given group extension and we extend the corresponding 2-form (vy,ve) = c(v1,vs) — ¢(vg,v1) from
V to W to a nondegenerate skew form given by the 2n x 2n-block matrix

(?'§>GM%@Q

where A € M, (F,) is the matrix of (-,-) on the n-dimensional vector space V and I € M,,(F,) the
identity.

Now we obtain a 2-cocycle d : W x W — F,, via (wi,ws) — (w1, w2) + c(pry(ws2), pri(wi)).
We remark that djy maps (v1,v2) to (v1,v2) + c(v2,v1) = c(v1,v2) — c(v2,v1) + c(va, v1) = c(v1, va).
So djy = c and the group extension E corresponding to d therefore contains G as a subgroup.

It remains to show that |Z(E)| = p. This amounts to the skew-form ((,-)) associated to d on W
to be nondegenerate. We compute on W:

<<w17w2>> - d(w17w2) - d('IUQ,'LU]_)
= (w1, wz) + c(pry (w2), pri(wr)) — (w2, wr) — ¢(pry (wr), pry (w2))
= 2(wy, wz) — (pry(w1), pry(w2)).

Therefore, ((-,-)) has the 2n x 2n-block matrix

2A =21 A0 A =21
<2H 0 > - (o 0> "(2H 0 > € Mon(Fy)
which has maximal rank as p > 2. We conclude that E is extraspecial. We have obtained G as

subgroup of the extraspecial group F and N = Z(E) C G follows from the fact that in the
construction above the second factor of V' x F), and W x IF,, correspond to N and Z(FE), respectively.

Case p = 2. Using the above notation, let n := dim V' and M, (F3) the Fa-vector space of n x n
matrices. Any such matrix defines a bilinear form (hence a 2-cocycle) on V. Therefore, we have a
map of Fo-vector spaces

M, (Fy) £ H*(V,Fy). (1)

Moreover, a matrix A is in the kernel K of ¢ if and only if its associated 2-cocycle ¢ defines the
split extension, which is the elementary abelian 2-group of rank n + 1.

This is equivalent to c(vi,v2) = c(ve,v1) for all vi,v9 € V and ¢(v,v) = 0 for all v € V
(here we use p = 2). In other words A = A’ and A has only zeros on its diagonal. We conclude
dimkerp =n—1+4+n—2+---+1=n(n—1)/2. It is known that dim H?(V,Fy) = n(n+1)/2
(see [Joh76, p. 168]).

Therefore,

1 — K — M,(Fy) 5 HX(V,Fy) — 1
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is exact. In particular ¢ is onto, so every element of H?(V,Fs) can be represented by a 2-cocycle
that is a bilinear form.

Again we let the given extension correspond to the cocycle ¢ € Z2(V,F3) and by the above we
may assume c is bilinear corresponding to a matrix A.

Let V — W :=V @V be the first factor and consider d € Z2(V,F3) corresponding to the block

matrix
A I
<0 0> S Mgn(Fp).

Then djy = ¢, so the group defined by d contains G.

Cram. E is an extraspecial group, i.e. the 2-form ((-,-)) defined by d on W is nondegenerate.

We calculate ((wq,ws)) = d(wy,ws) — d(we,w;) = w}Bws + whBw; = w!Bws + (whBwy)! =
wh Bwy + w! Btwy = w!(B + B')wy and

t
B+ B! = <A—EA g) € Mo, (Fyp)
has rank 2n (independently of what A is).

Conversely (for any characteristic p > 0) let G € Cs. Then G — E is a saturated subgroup of
an extraspecial group E. Therefore, G/Z(E) — E/Z(E), both are elementary abelian and hence
we have an exact sequence

l1—Z(F) —G—G/Z(F) —1
showing that G € (1. O

Remark 4.5. Let p > 2 and let G € (7 with exponent p. We have realized G as a saturated subgroup
of an extraspecial group E. A calculation using the extended cocycle ¢ to W, then shows that E
has the same exponent as G.

5. Computation of Goo,1(f): an algorithm

5.1 Universal family

Notation. In order to be able to treat families of covers it is useful for a given conductor m, prime
to p, to work over the ring A :=F,[t;,1 <1 < m] and consider f(X) = 21<z<m ti X1

A specialization homomorphism is an homomorphism ¢ : A — k, where k is an algebraically
closed field of characteristic p > 0; then ©(f)(X) = Y1 9(ti) X" € k[X]. Note that the
conductor of the cover is preserved if and only if ¢(¢,,) # 0.

Let i < m and (i,p) = 1 and denote by n(i) := max{n € N | ip" < m}. The following lemma is
the key tool; for this we introduce A(f)(X,Y) = f(X +Y) — f(X) — f(YV).

LEMMA 5.1 (Compare with [Sti73b, p. 621]). With the above notation there is a unique polynomial
R(X.Y) € Dicicm,(ip=1 A[Y]Xipn(l) and a unique polynomial P¢(X,Y) € X A[Y|[X] such that

A(f)X,Y)=R(X,)Y)+ (Id-F)Pr(X,Y). (2)
The polynomial P¢(X,Y') is characterized by the following:
Py(X,Y)=(Id+F +---+ F""HA(f) mod (x[(m=/e+t (3)
for any n such that p"™ > [(m — 1)/p].
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Proof. Existence: note that degy A(f) = m — 1 and A(f) € (X,Y)A[X,Y]. Let (i,p) = 1 with
1 <i<mand0 < j < n(i). For a monomial (5Zp](Y)X”’] of A(f) Where 0;pi (Y) € A[Y] and
of total degree less than m we write d,,; (Y’ )X””J' = (5ZpJ(Y)) 7 X + (Id — F)(P,; (X)) with
Ppi(X) = (Id+F+ -+ FO=71)(5,, (V) XP?).

For the unicity we remark that if Pp(X,Y) satisfies the formula (2), then degy P(X,Y) <
[(m —1)/p] and so it suffices to prove formula (3) in the lemma. We have the identity

Id+F+--+F"HA(f) = ([d+F+ -+ F" HR(X,Y) + (Id — F*) P;(X,Y)

for any n. Now R(X,Y) € (XIm=D/PI+1) ag jpnl) < m < ip"D+! and Pr(X,Y) € X A[Y][X]. Then for
p™ > [(m — 1)/p] we obtain the formula (3). O

DEFINITION 5.2. Let ¢ : A — k be a specialization homomorphism with ¢(t,,) # 0. We denote
by the same letter the induced homomorphism on polynomials via the action on the coefficients.
Let Ad,(f)(Y') € k[Y] be the monic generator of the ideal generated by the coefficients of o(R)(X,Y")
€ k[Y]. As usual we denote by Z(Ad,)(Y)) the set of zeros in the algebraically closed field k.
For ¢ = 1,2 let ¢; be two specialization homomorphisms with ¢;(¢,,) # 0. If red 1 (f) = red p2(f),
then ¢1(R)(X,Y) = p2(R)(X,Y) and so Ad,, (5) = Ad,, (). It follows that for g € k[z], degg = m
and ¢ : A — k a specialization homomorphism with ¢(¢,,) # 0 and such that g = ¢(f) we can
define Ady := Ad,(y). Moreover, one has Ady = Adyeq -

COROLLARY 5.3. Let m — 1 = {p° with ({,p) = 1 (ie. s = vp(m — 1)). Write R(X,Y) =

Z] CL](Y)XJ = Zl§i<m, (Z7p):1 al'pn(i) (Y)XZP .

(i) The coefficient a,,_1(Y) € mt,,Y + (YA[Y])? and deg a,, _1(Y) < (m — 1)2.

(ii) If ¢ > 1, let jo = 1+ (¢ — 1)p®. Then jy is prime to p (also if s = 0) and n(jo) = 0.
Moreover, the coefficient aj,(Y) = (t,,YP + -+ + 2tj,11Y if p > 2 and if p = 2 one has
ajo(Y) = lt,Y® + - + tjo42Y2 In particular, if (p,m —1) =1 (so s = 0 and p > 2) one
has jo =m —1 and a;,(Y) = mt,Y.

Proof. For (i) we remark that m — 1 = ¢p° = fp™® is the highest representative less than m of
¢ modulo multiplication by a power of p. Now A(X™) = mY X™ ! + lower degree terms and, as
the lower degree monomials have coefficients in Y A[Y] which give contributions in the coefficient of
the monomial X! of R(X,Y) after we raise to some p-power, the result follows. Concerning the
degree, we remark that A(f)(X,Y) = 37,1 6:(Y) X" and deg 6;(Y) < m—1. Now, as in the proof
of Lemma 5.1, we can write t = ip’ where (i,p) = 1, 1 < i < m and 0 < j < n(i). Then the
contribution of &;,; (Y )X in R(X,Y) is (8, (Y))pn(z)ﬂ X" whose Y-degree is <(m —1)2.

For (ii) we remark that jo > (m —1)/p+ 1 and jo is prime to p. So the coefficient of the
monomial X7 in R(X,Y) is the same as that of A(f) and so equal to D jo<i<m, (i,p)=1 (jio)tiYi_jO =
Ut YP" 4 -+ (jo + 1)tjo+1Y . The result follows. O

Remark 5.4. In [Hen78, p. 114] one can find a discussion of the equation WP — W = f(X) and our
system of representatives modulo p" as well as jo as it occurs above.

PROPOSITION 5.5. Let ¢ : A — k be a specialization homomorphism with ¢(t,) # 0.
Then Adyp(Y) is a separable and additive polynomial (§ 2) and its set of zeros Z(Adys)) is
equal to {y € k | A(po f)(X,y) € (Id — F)k[X]}. Moreover if y € Z(Adyy)) then there is
a unique P(X) € Xk[X] such that A(p(f))(X,y) = (Id — F)P(X) and P(X) = ¢(Pf)(X,y).
Further Z(Adypy) = {y € k | 0y € Goon(f)} where 0y(X) = X +y and o,(W) = W +
@(Pr)(X,y) (for notation see Corollary 3.5). In particular, |G 1(0(f))| = pdegAdy(Y) and
for y,z € Z(Ad,(y)) the commutation rule for o,,0, € Goo1((f)) is determined by €,(5)(y,z) =
(PP (X,9) + @ Pr)(X +1,2) — p(Pp) (X, 2) — p(Pp)(X + 2,1).
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Proof. The additive polymonial Ad,f)(Y") is separable because from Corollary 5.3(i) we know that it
divides the polynomial ¢(an,—1(Y)) € me(t,)Y + (YE[Y])? which is separable. To prove
that it is additive, it suffices to show that its set of roots is stable under addition (§ 2). We first
remark that Z(Adypy) C {y € k| 0y € Goo1(f)} (cf. Corollary 3.4). For the reverse inclusion
we remark that in the equality

Ap(f)(X,y) = (Id — F)P(X), (4)
for suitable P(X) € k[X], we can assume that P(X) € XEk[X] as A(p(f))(0,y) = 0. Note that
deg P < [(m — 1)/p]. Then for n >> 0 we have (Id+- - -+F")A(p())(X,y) = P(X) mod X [(m=1)/pl+1,
so P(X) = ¢(Ps)(X,y) (cf. Corollary 3.4). Then from Lemma 5.1 and (4) it follows that p(R)(X,y)
=0, i.e. Adyp(y) =0.

Let y,z € k such that A(e(f)(X,y), A(e(f))(X,z) € (Id — F)k[X]. We have the following

general identity: A(p(f))(X, +2) = ANX + 2.9) + Ap(F)(X, 2) — Alp(f))(y, 2) and for
our choice of y, z each term on the right-hand side is in (Id — F)k[X], so Ad,s)(y + 2) = 0. O

Remark 5.6. In Definition 5.2 we saw that if ¢ : A — k is a specialization homomorphism with
¢(tm) # 0 and such that g = o(f) then Ad,(s) does not depend on . It follows from Proposition 5.5
that e,(f)(y,2) does not depend on ¢. This is also a consequence of the identity for h € k[X]:
AMR)X,)Y)+AR)(X +Y,2)—Ah)(X,Z2) - Ah)(X +Z,Y) =0.

COROLLARY 5.7. We denote by Id : A — FrA the inclusion homomorphism.
A. (i) Ifp=2 and'm =3, then Adyq ;(Y) =t 2(53Y* + t3Y).
(it) Ifp=2 and m = 5, then Adpq ,(Y) = t5 (3Y10 + 43Y® + 13V + 15Y).
(iii) Ifp =3 and m =4, then Adyq ;,(Y) = t5°(t]Y? + 263V + t4Y).
B. Outside case A one has Adpq (Y) =Y. Moreover, 3D(t) € Fy[t] — {0} such that for any
specialization ¢ : A — k with ¢(D(t)) # 0 one has Adyp (Y) =Y and so Goo 1((f)) > Z/pZ.

Proof.
A. A direct calculation gives the formulas.

B. In order to simplify the proof we can assume that ¢,, = 1. If p does not divide m — 1 the result
follows from Corollary 5.3(ii). Therefore we can write m = 1 + ¢p°® with (¢,p) =1, s > 0. We
distinguish two cases.

1. £>1. Let jo = 1+ (¢ — 1)p* and write R(X,Y) = _, aj(Y)X7. Then a;y(Y) = £YP + lower
degree terms whose leading coefficient is a unit in A. The ring A is factorial hence it follows that
AdId(f)(Y) is also a ged in A[Y] of the coefficients of R(X,Y") and so liesin A[Y]. Let ¢ : A — k
be a specialization morphism. Then ‘p(AdId(f)) is monic and deg gp(AdId(f)) = deg Adyqpy (Y).
Now we remark that p(Adyq) divides ¢(an—1(Y)) € mY + (YE[Y])P and so is still separable
in k[X] (cf. Corollary 5.3(i)). Let us consider the specialization homomorphism ¢y : A — [,
defined by po(t;) = 0 for i = 1,...,m — 1. Then ¢o(f)(X) = X™ and Ad s (Y) divides yr’
(see the proof of Corollary 5.3(ii)). It follows that AdId(f) Y)=Y.

2. £ = 1. Then m = 1+ p® with s > 0. A look at the monomials in A(f)(X,Y’) shows that
the highest contribution in a,, 1(Y) comes from (X + Y)!*P" and more precisely from the
linear term Y?° X which we need to raise to the power p*. So finally a,,_1(Y) = YP* 4 lower
degree monomials and so AdId( f)(Y) € AJY]. Now, as in case 1, we look for good specialization
morphisms.

For p > 3 we consider ¢o(f)(X) = X? + X" then Ady, s (Y)|po(agy:—1(Y)) = 377y and
we conclude as in case 1.
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s—2

For p =2 and s > 2 we consider ¢o(f)(X) = X7+ X™; then Adys)(Y)|po(agps—2(Y)) = Y?
and we conclude as in case 1.

For p = 3 and s > 1 we consider ¢o(f)(X) = X° + X™; then Ad,s)(Y)|po(as—2(Y)) =
(ZY)IDS_2 and we conclude as in case 1.

In order to exhibit a polynomial D(¢) we recall that Y is the content of the polynomial R(X,Y")
> a;j(Y)X7 in A[Y][X]. Therefore, there exist elements b;(Y) € (FrA)[Y] such that > bi(Y)a; (Y
=Y. Any D(t) € F,,[t] — {0} such that D(t)b;(Y) € A[Y] for all j works.

O

Remark 5.8. As A is a unique factorization domain it is a natural question to ask for the best D().

5.2 The algorithm

Let k be an algebraically closed field of characteristic p > 0 and f € k[X] such that red(f) # 0.
We are interested in the set S(f) := {y € k | A(f)(X,y) € (F — Id)k[X]}. Note that the two
endomorphisms 7, : X — X +y and F of k[X]| commute. From this it follows that S(f) only
depends of the class of f mod(F —Id)k[X] and, in particular, S(f) = S(red(f)). If deg f is prime to
p then f is a specialization (in many ways) of the universal family considered in § 5.1. Consequently,
Ady is well defined and S(f) = Z(Ads(Y)).

The following procedure has been written in Maple; we comment on some steps and then present
a concrete example.

Let d := deg f and assume for simplicity that (d,p) = 1. Then d is the conductor m of the
cover Cy. If (d,p) # 1 the algorithm still works but needs to be adapted.
Step 1. Replace f by f — f(0).
Step 2. Define 6g := f(X +Y) — f(X) = f(Y).
Step 3. Define inductively 6,1 := dg + 0% mod(p, X[(d=1)/pl+1),
Step 4. Iterate until it is stationary and define P(X,Y") to be the limit.

Step 5. Define R := §p — P(X,Y)+ P(X,Y )P € k[Y][X]. This polynomial depends only on the class
of f modulo (F — Id)k[X]; moreover, the occurring X-monomials have degrees between [(d — 1)/p]
and d.

Step 6. Define Ad¢(Y) := ged of the polynomials in k[Y] which are the coefficients of R € k[Y][X].

Step 7. Calculate Try(Y) := P(X,Y)+P(X+Y,Y)+---+P(X+(p—1)Y,Y)mod Ad¢(Y"). Then for
y € Z(Ady) we have Try(y) € Fp,. If Trs(y) = 0, then y induces automorphisms of order dividing p.
Otherwise it induces automorphisms of order p? (see Corollary 3.5).

Step 8. Calculate €(Y,Z) := P(Y,Z) — P(Z,Y)mod(Ad;(Y),Ads(Z)). For a given y € Z(Ads(Y))
the roots of €(y, Z) correspond to those automorphisms that commute with the ones corresponding
to y. This is the commutation rule (see Corollary 3.5).

5.3 Illustration of the algorithm

Here we illustrate the algorithm which, for a given f, gives the structure of the group Gu 1(f).
This example is a realization of Dg with f € Fo[X]. We use Maple and include some comments.

> restart;

> £:=X"(1+2)+X~ (142427 2) +X~ (1+2+274)+X~ (1+2+275)+X~ (1+273+2°5) :

> deltal:=collect (subs (X=X+Y,f),X) -f-subs(X=Y,f),[X,Y]) mod 2:

> deltal:=rem(collect(deltaO+deltal " 2-subs(X=0,delta0+deltal"2), [X,Y])
mod 2,X"21,X) mod 2:
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Note that 21 = 40/2 + 1. Here one reiterates the command until it is stationary.

> P:=deltal:

> F:=collect(delta0O-P-P"2, [X,Y]) mod 2;
F :=
(Y~24+Y~80+Y~132+Y"528+Y"192+Y"64+Y"576+Y"1280+Y"1088+Y"6+Y"3+Y"16+Y"9
+Y7272) X" 32+ (Y7 256+Y7128+Y"4+Y"32) *X"24+ (Y~ 128+Y"2) *X"36+ (Y~ 4+Y) xX~34
+(Y+Y"16) *X~40+(Y"8+Y"2) *X"33

Here we remark that Ad(Y) divides the coefficient of X34.

> F:=collect(rem(F,Y 4+Y,Y)mod 2,X);
F :=0

Conclusion: Ads(Y)=Y*+Y.

> Tr_f(Y):=rem(collect (P+subs (X=X+Y,P),X),Y 4+Y,Y) mod 2;
Y 3+Y"2+Y

> Gecd (Y 4+Y,Y"3+Y"2+Y) mod 2;
Y 3+Y"2+Y

It follows that the three roots of Y2 + Y2 + Y induce six elements of order 2 and the last root
Y =1 induces two elements of order 4.

> epsilon:=subs([X=Y,Y=Z],P)-subs([X=Z],P) mod 2:
> epsilon:=collect(rem(epsilon,Y~4+Y,Y) mod 2,Z);
> epsilon:=collect(rem(epsilon,Z4+Z,Z) mod 2,Y);
epsilon:= Z"2*%Y+Z*xY"2

The group is nonabelian of order 8 with two elements of order 4; this is Dsg.

Note that f:= X3 4+ X7 + X1 4+ X35 4 X4 is reduced with conductor greater than 25. More
generally it is a good question to ask for realizations over Fy (we mean f € Fo[X]) for groups in the
class C.

6. Bounds for |Goo,1(f)|

6.1 Modifications of covers

In § 5.1, we fixed the conductor which is equivalent to fixing the genus of the cover. Here we
study how for f(X) € k[X], the additive polynomial Ad,cq(s)(Y") changes through natural algebraic
transformations which do not necessarily preserve the genus. We use these transformations in order
to produce elements f € k[X] for which the bounds on G 1(f), given in § 6.2, are attained. In § 7
we use the same transformations to obtain groups G 1(f) with a given structure.

DEFINITION 6.1. Let S(X) be an additive polynomial € k[X]. We say that the cover Cyog is a
modification of type 1 of Cy.

Note that if (deg f,p) = 1 in general (deg f o S, p) # 1. This explains why in the formulas below
we work with red(f o S). Geometrically the p-cyclic cover Cyog — P! is obtained from the p-cyclic
cover C'y — P! after base change with the cover A' — A! defined by the additive polynomial S.

PROPOSITION 6.2. Let f € k[X]| be any polynomial with (deg f,p) = 1 and S(X) € k[X] be
a separable and additive polynomial. Then Ad;(S(Y)) divides Ad,cq(os)(Y). Further for
Y,z € Z(Adf(S(Y))) we have y,z € Z(Adred(foS)(Y)) and Ef(S(y)7S(Z)) = 6red(foS')(yaz)
(see Proposition 5.5).
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Proof. One can write A(f)(X,Y) = Ads(Y)G(X,Y) + P¢(X,Y) — P¢(X,Y )P, where G(X,Y)
E[Y][X] has content equal to 1 and P¢(X,Y) € k[Y ][X] Then A(foS)(X,Y) = A(f)(S(X),S(Y))

Adf(S(Y))G(S(X), S(Y)) + Pr(S(X), S(Y)) = Pr(S(X), S(Y))".

I m

It y € Z(Ad{(S(Y)) then A(f o S)(X,y) = P(S(X),5(x) — P(S(X),S() and as
red(foS)(X) = foS(X)+Q(X)—Q(X)P for some Q(X) € k[X] we can write A(red(f o 5))(X,y) =
(Id — F)(P(S(X),S(y)) + A(Q)(X,y)) which, by Proposition 5.5, gives Ad,eq(os)(y) = 0.
The divisibility follows as S(Y') and so Ad;(S(Y)) is separable. Moreover, by the same proposi-
tion for y € Z(Ady(S(Y))) we have Preq(fos)(X,y) = P(S(X), S(y)) +A(Q)(X,y). We remark that
AQ)(X,y) + AQ)(X +y,2) — AQ)(X,2) — A(Q)(X + z,y) = 0 implies that €7(5(y), S(2)) =
€red(fosS) (ya Z) for y,z € Z(Adf(S(Y))) O

Remark 6.3. In Proposition 6.2, it can happen that Ad;(S(Y")) strictly divides Ad,eq(fo5)(Y"). For ex-
ample, if f(X) = X" then Ads(Y) =Y + yr" (see Proposition 8.1). If S(X) = X + X? then
foS8(X)=(X+ XP)(x?" + XPTy = XUt g T et et and so red(f o S) =
X pox et 4 X1+p”  Further Adreq(as)(Y) =Y+ + yPrrty
Adg(S(Y)) =Y +YP + Y7 4y P strictly divides Adred(foS) (Y).

(see Proposition 8.1) and

DEFINITION 6.4. Let g(X),h(X) € k[X] and assume that none of red(g),red(h),red(g + h) is zero.
If Adyeqqn)(Y)|Adeqg)(Y) we say that the cover Cyyy is a modification of type 2 of Cy.

PROPOSITION 6.5. Let g,h be as above and assume that Cg,y, is a modification of type 2 of C,.
Then Ad,eq(n)(Y)|Adeq(g+n) (V). Farther for y, 2 € Z(Adyeqn)(Y)) we have y, z € Z(Ad,eq(g+n)(Y))
and €red(g+h) (yy Z) = Cred(g) (ya ) + €red(h) (yy ) (See Proposition 5. 5)

Proof. This is clear from Proposition 5.5. U

6.2 Bounds

For fixed conductor we give bounds for |G 1(f)].

PROPOSITION 6.6. Let k be an algebraically closed field of positive characteristic p and f(X) € k[X]
a polynomial of degree m prime to p. Let g(f) = (m —1)(p — 1)/2 be the genus of Cy and assume
g9(f) = 2. We writem —1 = {p® with ¢ > 1, ({,p) =1 and s > 0. Then

L [Goon(f)] < plm —1)% e |Goo1(f)I/9(f)? < 4p/(p — 1)* and we have equality for f(X) =
Xt
II. If s =0, i.e. (m—1,p) =1 then |G 1(f)| = p.
III. If s > 0:
(i) let £ > 1 and p =2, then |Goo 1(f)| < 2° and |Goo 1 (f)|/9(f) < %; the two inequalities are
equalities for f(X) =red((X + X2 ")) and s > 1;
(i) lot £ > 1 and p > 2, then |Goos(f)] < p™* and |Goor(Hl/a(f) < @/Op/(p — 1) <
p/(p — 1); the three inequalities are equalities for f(X) = X'*2" — X2+p°;
(iii) let £ =1, i.e. m = 1+ p®, then |G 1(f)| < p**TL, ie. |Goo 1 (f)|/9(f) < 2p°p/(p — 1) and
the two inequalities are equalities for f(X) = X7,

Proof. 1. This follows from Corollary 5.3(i). For the example f(X) = X'™7" we refer to ITI(iii).
The last part of Corollary 5.3 gives II. For III(i) and(ii) we can assume that f(X) =3, tHX+
X™ € k[X]. Let jo = 14 (£—1)p*. We have seen in Corollary 5.3 that aj,(Y) = (Y?" +---+2t; 1Y,
so deg Ads(Y) < dega;y(Y) = p® if p > 2 and deg Ads(Y) < (1/2)degay, (V) = 2571 if p = 2.
The result follows from Proposition 5.5.
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Now we discuss the examples in which the bounds are attained. Let p = 2, (¢/,2) = 1 and
f(X) = X'+ In this case it is an easy consequence of Corollary 5.3 that Ad¢(Y) =Y. Let S(X) =
X + X% where s > 1. Then foS(X) = (X + X2 ") (X2 + X2') = X(X2 + X?') 4+ X2 * (X +
X2 mod(Id — F)k[X] has conductor 1+£25 = m. From Proposition 6.2 we know that Ads(S(Y))
=Y + Y2S_1\Adf05(Y) and from the first part of the proposition we get deg Adfos(Y) < 2571
Consequently we have equality Adf.s(Y) = Y + vl = Adf(S(Y)). Therefore, we conclude
|Goo1(f08)|/g(f) =2/t < 3. This yields equality for I = 3, i.e. f(S(X)) = (X + X2

Let p > 2 we give an example for £ = 2. As a;,(Y) = €YP" + -+ + 2t;, 1Y we need tj,+1 # 0.
Now jo+1 = 2+ (£—1)p* = 2+p®, so we consider f(X) = X'T2" — X2*7" and show that Ads(Y) =
YP" —Y . The first part of the proposition yields deg Ad #(Y) < p®so it suffices to prove a divisibility.
Let y € k be such that 4?° = y. Then A(f)(X,y) = (X +y)(XP" +y)? — (X +y)2(XP" +y) — f(X)—
fy) = (X +y) (X% +2yXP +9%) — (X2 +2y X +9*)(XP" +y) — f(X) = f(y) = 0mod (Id — F)k[X].

(iii) The inequality is a special case of I. Let f(X) = X*?" and write ¢ = p*. Then A(f)(X,Y) =
YIX + VX7 = (Y + V)X + P(X,Y) — P(X,Y)P. Tt follows that Ad;(Y) = Y7 +Y and we
obtain equalities. O

Remark 6.7. In general, for a given curve C' in order to bound the automorphism group one considers
a prime ¢ > 2 not equal to p and uses the injective homomorphism

Aut C — Gl(2¢9(C),Fy)

where g(C') is the genus. Let us, for example, consider the case p = 2 and C = Cy with deg f = 14+2F.
Then 2¢g(Cy) = 2F and |Goo1(f)| divides the order of a 2-Sylow of G1(2¥,F,) which is equal to
20CHFM=1where F(1) = 1 4+ va(f? — 1) + v2(¢ — 1) (see [CF64] for the structure of 2-Sylow
subgroups of Gl(2k, [F¢)). From this one also obtains bounds for Aut C'¢, but they are far from being
as good as those in Proposition 6.6.

7. Group theoretic characterization of Goo,1(f)

7.1 Realization of groups as G,1(f)

In Corollary 3.5, we saw that the groups Goo1(f) belong to the class C; of p-groups (see
Definition 4.1). Moreover, in § 4.2 we saw that C7 = Cy, the class of saturated subgroups of
the extraspecial groups. We define a third class

Cs:={G | 3f € Xk[X], (deg f,p) = 1 such that G ~ G 1(f)}.
THEOREM 7.1. The three classes C;,i = 1,2,3 are equal.

Proof. 1t is sufficient for G in C; to give a recipe to get an f € k[X] such that G ~ G 1(f).
The method is the following: as G belongs to C5, there is E an extraspecial group such that
G ~ YV C E/Z(E)), a saturated subgroup. Moreover, if p > 2 (respectively p = 2), we can
choose E of type I(b) (respectively type II(b)); see Definition 4.3. Realizations of the extraspecial
groups of type I(a) and II(b) occur naturally. In order to produce extraspecial groups of type I(b)
we first consider a realization of the extraspecial group with the same order but of type I(a).
Then we do a modification using the cocycle which occurs for the Witt vectors of length 2. For E an
extraspecial group of type I(b) (respectively type II(b)) consider G 1(fE) a realization. Now to a
subspace V' C E/Z(FE) we associate an additive polynomial Sy which we use in order to produce
a convenient modification of the cover Cy,. The key point is that our modification will not change
the commutation rule. O

Case p > 2. Let E be an extraspecial group of order pg? where ¢ = p™ and n > 0.
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Step 1. Realization of E with exponent p (type I(a)).
CLAI. TF f1(X) i= X4, then B = Gog1 (f1) and 2p/(p — 1) < [Goot (f1)l/9(f1) = @p/(p — 1)a.

Proof. One has A(f1)(X,Y)=YIX+Y X9 = (Y©4+Y)X94+P(X,Y)—P(X,Y)?, where P(X,Y) =
Zogign—l(YqX)pz' It follows that Ady, (Y) = Y% +Y and for y € Z(Ady,), Py (X,y) = P(X,y)
(Proposition 5.5). We remark that the polynomial P(X,Y) is an additive polynomial. Therefore, if
y € Z(Ady,) and if 0y € Goo1(f1) is such that oy (X) = X +y, then o, (W) = W + P(X,y) +¢, for
c € F, (Proposition 5.5), then o) (W) =W + P(X,y) + P(X +y,y) + -+ P(X + (p — Dy, y) =
W+ (p(p — 1)/2)P(y,y). So if p > 2 then o} = Id and consequently the exponent of G 1(f1) is p.
If y, z € Z(Ady,) then (Proposition 5.5) €, (y,2) = P(X,y) + P(X +y,2) — P(X,2) = P(X +2,y) =
P(y,z) — P(z,y) = Eogign_l(yzq)pl - zogign_l(yqz)pz. Assume that y # 0 is such that o, is in
the center of G 1(f1) (this condition does not depend on ¢ € F), with o,(W) =W + P(X,y) +¢).
Then €y, (y, 2) as a polynomial in z should have p?" roots which is a contradiction. So the center is
(p) where p(X) =X and p(W) =W + 1. O

Step 2. Realization of E with exponent p? (type I(b)).

We will use the Witt vectors of length 2 and modifications of the cover built for type I(a). Let

X+Y)P—XP_YP 1yt L
( + ) — Z ( ) Xiyp—i
p

cX)Y) = ;

1<i<p—1
and
1 .
— P _X) = = xpHp-1)i
fo(X) == e(XP,—-X) = Z -X ,
1<i<p—1
A straightforward calculation in W3(F,) shows that A(fy)(X,Y) = ¢((F —1d)X,(F — Id)Y) +
(F —Id)e(X,Y). As ¢((F = 1d) X, (F —1d)Y) = (Y? — Y)(XP — X)P~! + lower X-degree terms €
(YP-Y)F,[X,Y] it follows that Ads (Y) = YP—Y and for y € Z(Ady,(Y)) (i.e.y € Fp) P, (X,y) =
—c(X,y) = Zlgigp_l((—l)i/i)yp_iXi (cf. Proposition 5.5). One can prove that G 1(fo) is
p?-cyclic; in order to get an extraspecial group of exponent p? we use modifications of fy. Let ¢ := p”,
f1(X) = X' 0 a (¢2 — 1)th root of —1 (so that 67 + 6 = 0) and A(X) := X7 — 01X,
Then S(X) := A(X) 4+ A(X)? + --- + A(X)?? is an additive polynomial and S(X)? — S(X) =
A(X)1 — A(X) = 09(X 4 X1
Cram. If fo(X) = red(fo(S(X))) + fi(X), then E =~ Gui1(f2) and [|Goon(f2)l/9(f2) =
2p/(p—1)* <p/(p - 1).
Proof. We have
A(fo)(S(X), S(Y)) = c(S(X)? = S(X),5(Y)" = 5(Y)) + (Id = F)(=c(5(X), 5(Y)))
= c(A(X)T = A(X), A(Y)? = A(Y)) + (Id = F)(=¢(5(X), 5(Y))) ~ (5)
and A(f1)(X,Y) = YIX +Y X7 We now show that Ad,eq(f,05)(Y) = 079Ads, (S(Y)) = Y +Y? for
y+ 37 = 0. To this end, note that fo(S(X)) = c(S(X)?, —=S(X)) = Y 1cicp_1(1/8)S(X)PHP=Di has
conductor 1+ (p—1)g? hence, by Proposition 6.6 IT1(ii), deg Adreq(fyos) < ¢*. As, by Proposition 6.2,
Adg (S(Y)) =SY)P =S Y)=AY ) - AY)=01(Y + Yq2)|Adred(fOoS)(Y), we get the equality.
Note that red(fpoS) and f; have the same additive polynomial so, due to the property of second
type modifications (Proposition 6.5), we obtain Y + Yq2|Ad #(Y). As fy and red(fy o S) have the

same conductor, the same argument as above gives deg Ady, (Y) < ¢*. Finally, we conclude that
Adp,(Y)=Y + Y% showing the claim.
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Next we show that Goo1(f2) has exponent p?. Let y be such that Ady,(y) = Adyed(fo09)(y) =
Ady, (y) = 0. We need to calculate } ;1 P, (X +iy,y) (see Corollary 3.5). One has Py, (X, y) =
Py(X,y) + Pi(X,y), where P{(X,Y) := P (X,Y) = y9X + (y2X)P + --- + (y2X)¥/P (Step 1) and
Po(X,Y) == Pred(fyoS) (X,QY) can be deduce from (5) in the following way: for y € Z(Ady,) we have
S’ = Sy) = 0%y +y*) = 0, 50 (5) gives A(fo)(5(X),S(y)) = (Id = F)(=c(5(X), 5(y))). As we
can write red(fy 0 S)(X) = fo(X) + (Id — F)h(X) it follows that

By(X,y) = —c(S(X), S(y)) + A(h)(X,y). (6)

We easily see that ;1 A(R)(X +iy,y) = 0, so we need to calculate > o;, 1 c(S(X +1y),
S(y)). Note that ¢(S(X),S(y)) = Zlgigp_l((—1)i_1/i)S(y)iS(X)p_i and that S is an additive
polynomial. If we set Z := S(y)S(X)? — S(y)?S(X) then

> R(X +iy,y) = Trigs ) mz) (—e(S(X),S(y)) = S(y)P  where k = Fa'9.

0<i<p—1

For the contribution of P; we remark that f; induces an extraspecial group of exponent p so
dacicp—1 DX +iy,y) = 0.

Finally, we have shown that 3 ;1 Pr,(X +iy,y) = S(y)P and so for y € Z(Ady,(Y)) —
Z(S(Y)) the element 0, € G 1(f2) has order p?.

Now we show that the center is (p). If y,z € Z(Ady,(Y)) then €;(y,2) = Pj(X,2) + Pj(X +
z,y) — Pj(X,y) — Pj(X +y,z2) for j =1,2.

We also saw that Ady,(Y) = Y?—Y and Gw,1(fo) is abelian (in fact cyclic), 80 €.ed(fo05)(¥; 2) =
€,(S(y),S(z)) = 0 (see Corollary 3.5 and Proposition 6.5). Finally €y, (y,2) = e1(y,2) = (2% +
ZPyP 4. .. +zq2/pyq/p) — (2yd+2PyPl+ - .. +zq/pyq2/p). For z # 0 this is a polynomial in y of degree
q?/p, so it has at most ¢%/p roots and hence 2 € Z(Goo1(f2)) if and only if z = 0. O

Step 3. Realization of saturated subgroups of an extraspecial group E of exponent p? (type I(b)).

Note that E/Z(FE) is the group of automorphisms of k[X] whose elements are o,(X) = X +y
where y € Ady,(Y). Then a subgroup V' C E/Z(E) corresponds to a monic additive polynomial Sy
which divides Ady,(Y) (see § 2). Note that necessarily Sy has distinct roots so Sy = 50X + 51X +
<+ XP" and sy # 0. As 7} (E/Z(E)) = E we can assume that 0 < 7 < 2n. We consider £ > 1 such
that (£(£+1),p) = 1and f(X) := red(Sy (X)) + fo(X) = red(Sy (X)) +red(fo(S(X)))+f1(X).

Our aim is first to find ¢ such that Ad¢(Y') = Sy (Y).

We remark that the conductors for these three contributions are, respectively, 1+£p”, 1+(p—1)q>
and 1 + g. We adopt the notation of Lemma 5.1 and, as in the proof of Corollary 5.3, we consider
jo=14+ (£ —1)p" and we calculate the coefficient of Xop" ) iy R(X,Y).

e We show that the contribution from A(S5) (X, Y) is [((£ 4 1)!1/1!... 11(¢ — 1)!)SV(Y)30]1’”(J0).
One has pjo > (¢ + 1)p", so the only contribution comes from the monomial X7/° and we
claim that its coefficient is ((¢ 4 1)!/1!... 11(¢ — 1)!)Sy (Y)so. Namely one has A(Sé“)(X, Y) =
(Sy (V) 450X 4-- -+ XP)HL Sy (V) - Sy (X)L, so one needs to solve the following system
of equations i +ig +---+i, = £+ 1 and ig +i1p + iop?® + - - - +i,p" = jo where i € {1,2,...,/(}.
We get p" —1 = (i —1)p" +iog(p" — 1) +i1(p" —p) + - +ip_1(p" —p"~1). It follows that p|ig — 1
and ig < 1soig=1landi=1,4 =i =--- =14,_1 = 0 and so 4, = £ — 1. This proves the
claim.

e For the contribution from A(red(fpo S))(X,Y) we distinguish two cases.

Case p > 3. If £ is such that (({—1)¢(¢+1),p) = 1 (for example ¢ = 2) then there is no contribution
of A(red(fyo0S))(X,Y).
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Proof. We have (Step 2) A(fooS)(X,Y) = ¢(A(X)?—A(X), A(Y)?—A(Y))+(F—Id)c(S(X), S(Y))
and c(A(X)7 — A(X), A(Y)? = A(Y)) = (09X + X),09(Y" +Y)) = 0773 i 1 (1))
(Yq2 —i—Y)Y"_i(Xq2 + X)’. We remark that the equation ig+i1¢* = p®jo with ig+i; =i, 1 <i <p—1
and a € N is equivalent to a = 0, 59 = 1 and £ — 1 = 4;p*"~". Hence, if (({ — 1)£({ +1),p) = 1 there
is no contribution. O

Case p = 3. Take ¢ = 4. Then the equation above gives i132"~" = 3 which has a solution if and
only if » = 2n — 1 and then iy = 1 and ¢ = ig + i1 = 2. Let us assume that » = 2n — 1. Then the
contribution to the coefficient of X" ig [263¢(ye® + y )"

Clearly there is no contribution from A(f1)(X,Y).

Let us now show that Ad;(Y) = Sy (Y).

If p>3and (({—1)0(f+1),p) =1, it follows that Ads(Y) divides Sy (Y') which itself divides
Ady,(Y) =Y + Y9 and so Ads(Y) = Sy(Y).

If p = 3 take £ = 4 then the same proof works unless r = 2n — 1 and then Ad;(Y") divides
T(Y)pn(j()) where T(Y) := 25y(Y)sg + 20P1(Y? +Y). We can write Y7 +Y = (Y — a)Sy(Y).
Then spov = —1 and T'(Y) = 20P4Sy (Y )(Y — (), with § = o — §7P9sy. We remark that 582 +50=0
and 09° 4+ 0 = 0, so ﬁqz + 0 = —207Plsy £ 0. In particular, § is not a root of Y +Y (and so of
Sy(Y)). As Adf(Y) is an additive polynomial we still get that it divides Sy (Y').

We remark that, by Corollary 5.3, Adxe+1(Y) = Y and so Ads€+1(y) = Sy(Y) by Proposi-
tion 6.2. Then, by Proposition 6.5, for y,z € Z(Sy(Y)) one has e¢(y,2) = eS€+1(y,z) + €5, (Y, 2).
As €S€+l(y, z) = 0 (Proposition 6.2), the commutation rule is that of E.

Case p = 2. Let E be the extraspecial group of type II(b) and order pg?, i.e. it is the central product
of Qg and n — 1 copies of Dg.

Step 1. Realization of F.

Cram. Let f1(X) := X' then E =~ Goo1(f1) and |Goo 1 (f1)l/9(f1) = (20/(p — 1))q > 2p/(p — 1).

The proof is the same as for type I(a). We use the same calculation up to the point where
we used specifically that p = 2. We have seen that ol (W) = W + P(X,y) + P(X +y,y) + - +
P(X + (p—1)y,y) = W + (p(p — 1)/2)P(y, y). So this time as p = 2, o5(W) = W + P(y,y) where
PVY) = Yocicn YO and Q(Y) == P(Y,Y)Y ™1 = Yy YOTDP "0 is a separable
polynomial of degree 227~! 4 27=1 — 27 Define d(n) to be the number of elements of order at
most 2, they correspond to those y € Z(Ady,) such that P(y,y) = 0 (this condition does not
depend on ¢). Moreover P(Y,Y)? — P(Y,Y) = Y2" (Y2 +Y), hence the roots of Q(Y) are simple
and among those of Ady,. It follows that d(n) = 2(22"~! +2n~1 —27) = 22" — 2" = {,(n) and so
Goo,1(f1) is an extraspecial group of type II(b) (see § 4.1).

Step 2. Realization of saturated subgroups in F.
If Sy (Y) is the additive polynomial corresponding to a saturated subgroup we take f(X) =
(red Sy (X))7+ X '*2". The conductor is 1+6%22"~1). We look at the contribution of A(S],)(X,Y) =

T r+2
(Sy(Y) + 50X + -+ X2)T — Sy (V)7 — Sp(X)7. The contribution Sy (Y)2s0X 2" is the only
one in degrees (1 + 27+2)2Y and we conclude as in the p > 2 case.

Remark 7.2. Let p > 2 and G be a p-group belonging to the class C';. The proof of the theorem
above gives a realization of this group as a group G 1(f) through an embedding in an extraspecial
group of type I(b) hence of exponent p?. In the case that the group G has exponent p one gets
simpler realizations in considering GG as a saturated subgroup of an extraspecial group of the same
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exponent p, i.e. of type I(a) (see Remark 4.5). Following the same line as in Step 3 for p > 2, one
can show that f(X) = red(Sy (X)) + f1(X) gives a realization for G.

7.2 An application: realization of extraspecial groups of type II(a)

We have not yet given an explicit realization of extraspecial groups of type II(a) (see Definition 4.3).
Such a group with cardinality 22*~)*! is the central product Dg - -- % Dg (n — 1 times). Let us
explain how we get such a realization using the method above. This group is a saturated subgroup
of the extraspecial group of type II(b), Qg* Dg*- - - * Dg of cardinality 22"*!. The construction above
gives the existence of f(X) = Sy (X)7 + X'*?" where Sy is an additive polynomial of degree 2"~
such that the automorphism group G 1(f) is the saturated subgroup Dg * - -- % Dg (n — 1 times).
Note that the conductor is 14 6% 22("~1) and so |Guo 1(f)|/9(f) = 2 gives the sharp bound for such
a conductor (Proposition 6.6). More concretely we now give an explicit realization of Dg (n = 2)
with conductor 25 which is the minimal one (see B(ii) below and compare with the realization given
in § 5.3).

We view Dg as a saturated subgroup (V) of the extraspecial group E := Qg * Dg where 7 :
E — E/Z(E) = W for which we know that fi(X) = X'*2* gives a realization. The corresponding
additive polynomial is Ady (Y) = Y2 4y and W = Z (Ady,) C F;lg . Then V' is a subgroup of
order 4 and V' = Z(Sy ), where Sy is an additive polynomial dividing Ady,. Therefore, we can write
Sy(Y)=Y*+aY? +bY where b # 0.

The remainder of the division of Y1®+Y by Y4+aY?2+bY is (14+b°4+ba®)Y + (b?a* +ab* +a") Y2
Consequently we get the two equations 1 + b° + ba® = 0 and b%a* + ab* + a7 = 0. For each couple
(a,b) satisfying these equations we consider f,; = (X% 4+ aX? + bX)" + X° and then we get
Ady, (V) = Yi+aY?24+bY. If y € W(= E/Z(E)) then Py, (X,y) + P (X +y,y) = y*(y° + v).
We remark that Y6+ Y divides Ady, (Y) = Y1® + Y and the quotient is Y19 +Y® + 1. This gives a
partition of W into two sets. Wa: the roots of Y% +Y corresponding to the 12 elements of Goo(f1)
of order at most 2 and Wy: the roots of Y19 + Y 4 1 corresponding to the 20 elements of Goon(f1)
of order 4. Now V' := Z(Ady, ,) is a subgroup of W and for y € V one has Py, (X,y) = Py, (X, y)
and so Py, (X,y)+ Py, (X +y,y) = y*(y®+v). Concerning the commutation rule for y,z € V.C W
we have €5, , (y,2) = ef (y,2) = 295 + zy* + 289 + 2ty = yz(y + 2)(y* + 2y + 2) (29 + 2ty + 1),

A. a=0and 1+b® = 0. Note that in this case Ady, (V) = Y%+ bY and only the roots y = 0
and y = b? are in W5. Moreover for y, 2 € V one has yz(y + 2)(y? + zy + 22) = yz(y> + 23) = 0.
It follows that the group Goo1(fq,p) is abelian, isomorphic to Z/2Z x 7Z/4AZ.

B. Let A := b +a% + 1 and B := b* + a3b? + a8 Then the resultant of A and B in b is
(b°+1)(b'9+b°+1)2. The case b®+1 = 0 is Case 1 above. Now we can assume that b0+ +1 = 0,
i.e. b is a primitive 15th root of 1. The equations A = B = 0 give three sets of covers.

(i) ab = 1, i.e. @ = b*. In this case Y* + aY? + bY divides Y% + Y. Then the group has

exponent 2 and it is isomorphic to (Z/27)3.

(ii) ab = b° i.e. a = bt In this case Y* + aY? + bY has only one root (b7) in common with
Y104 V541, It follows that the group Goo,1(fap) has two elements of order 4 and so it is Dg.
We can write red(f,p) = (b1 4+ 09X + (b + %) X3 + (1 + b + b13) X5 + (b7 + 1) X7 +
(b3 + b1 NXY + (b* + b+ 05X + (B2 + )X + 02X +p3X Y + 69X + bX?°, which is
defined over Fqg.

(iii) ab = b', i.e. a = b°. In this case (Y4 + aY? 4+ bY)/Y divides Y'° + Y? + 1 and it follows
that the group Goo,1(fa,p) has six elements of order 4, so this is Qs.

Remark 7.3. We could also obtain families. For this it suffices to deal with f; giving a family, for
example f; = tX? + X5 (see Proposition 8.1 A(ii)). However, the corresponding discussion is more
delicate than the above.
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8. Maximal curves

8.1 Universal family

We have seen that if g(Cy) > 2 then |Goo1(f)|/9(f)* < 4p/(p —1)? and we have equality for
f = X'P" In fact this equality characterizes the f with red(f) # 0 and of the form S;(X)S2(X)
where for ¢ = 1,2 the S; are additive polynomials. Namely for a given genus there is a universal
family given in the following.

PROPOSITION 8.1. Let n > 1, A, := Fa9[t;,0 < i < n] and f := toX"P" 4 4, X147 4. 4
tn_leJ”"%1 +t, XP" € A,[X]. Let k be an algebraically closed field and ¢ 1 Ap — k a specializa-
tion homomorphism such that ¢(t,) # 0. Then Ad, ) (Y) = @(Zogign(tfnﬂan_i + tfannH)) =
O(tn)Y + -+ (p(tn))P"YP*" and |Goo.1(2(f))| = p*" L. Furthermore we have the following.

A. (i) Ifp > 2, then ¢(f) is reduced and G 1(p(f)) Is an extraspecial group of type I(a).

(ii) If p = 2, and tyg = 0, then ¢(f) is reduced and G 1(p(f)) is an extraspecial group of
type II(b).

B. Let 7 : X = Spec(A,[t,;][X, W]/(WP — W — f)) — SpecA,[t;;}] be the structure morphism.
This is a flat family of curves and the fibers are highly singular. Let us consider the nor-
malization @ : X — SpecA,[t;']. As the fibers have the same conductor, and flatness is an
open condition, after a suitable localization we get a smooth family over some nonempty open
SpecA,[Q~ Y] C SpecA,[t;!]. Each geometric fiber of this family has genus g, := p™(p — 1)/2.
The geometric generic fiber is the curve Cpq . The group Goo1(Id(f)) acts faithfully on each

fiber éso(f) and is identified with the group Geo1(¢(f))-

Proof. A. In Theorem 7.1 (Case p > 2, Step 1 and Case p = 2, Step 1) we have shown A for
@ = @o where ¢o(t;) = 0 for i < n and ¢g(t,) = 1. In the general case, for the convenience
of the reader, we repeat the argument in detail. Write f; = t; X7 with ¢t = 0 for p = 2.
Then A(f)(X,Y) = > gcicn Alfi), where A(f;) = Ai + Bi, A; = tYXP' B; = t;Y?”' X. We can
write A(f;) = (&7 VP 4" YP Y XP" £ P — PP where Py = A+ -+ AP 4+ B4+ B
fori<n—1and B;+---+ Bf%l for i = n. One obtains Ad,(Y) = Zogign((go(ti))pnﬂanﬂ—k
()P YP"™) = o(t,)Y 4+ -+ + (o(tn))P"YP™" is a separable, additive polynomial with constant
degree p*"; it follows that |G 1((f))| = p*" ! is constant.

Now we can describe the isomorphism class of the group Goo 1(¢(f)). We remark that P(X,Y) =
> o<i<n Pi(X,Y) is an additive polynomial. When considering P(X,Y’) as a polynomial in X and
with coefficients in A,[Y], the monomial of highest X-degree is

((p(tn)pnflyp?nfl + Z (((p(ti))pnflfiypnflfi + (gp(ti))pnflyp
0<i<n—1

n—1+1i

NXT

When considering P(X,Y’) as a polynomial in ¥ and with coefficients in A4, [X], the monomial of
highest Y-degree is (p(t,))P" X?" 7 YP"" ' Now if y,z € Z(Ady(yp)) then (cf. Proposition 5.5)
Eap(f)(yaz) = (p(Pf)(Xay) + @(Pf)(X +y,2) — @(Pf)(Xﬂ z) — @(Pf)(X + z,y) = @(Pf)(y7z) -
©(Pf)(2,y). Assume y # 0 is such that o, (see Proposition 5.5) is in the center of G 1(p(f))
then €, (y,2) as a polynomial in z should have p?" roots which is a contradiction as the poly-
nomial ¢(P)(Y,Z) — ¢(P)(Z,Y) has Z-degree p**~!. So the center is (p) where p(X) = X and
p(W) =W +1 and so Geo 1(¢(f)) is an extraspecial group of order p***1. In order to determine the
type we look at the exponent. If y € Z(Ady () then P(X,y)+P(X +y,y)+---+P(X+(p—1)y,y) =
W + p(p—1)/2P(y,y). Hence (see Proposition 5.5) if p > 2 then o} = Id and consequently the
exponent of G 1(¢(f)) is p; this ends the proof when p > 2. If p = 2 then O';(W) =W+ P(y,y)
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where P(Y,Y) = Elgign(BiTH + -+ Bf"il) € A,[Y]. Its lowest degree monomial is B,, and
the one of highest degree is Bﬁnil. It follows that Q(Y) := P(Y,Y)Y 2" is a separable polyno-
mial of degree 227~! + 2"~ — 2" Define d(n) to be the number of elements of order at most 2 in
Goo1(¢(f)); they correspond to those y € Z(Ady(y)) such that P(y,y) = 0. Moreover one checks
easily that P(Y,Y)? — P(Y,Y) = Y2nAd<p(f), hence the roots of Q(Y) are simple and among those
of Ady(p). It follows that d(n) = 2(22"~1 42771 — 2") = 22" — 2" = dj(n) and so Guo,1(0(f)) is an
extraspecial group of type II(b) (see § 4.1).

B. This is a special case of the following ([Liu02, Corollary 2.13, p. 224, and Proposition 8.3.11,
p. 352 (Proof)]). Let f: X — T be a proper dominant morphism with 7" irreducible. If the generic
fiber is smooth then there is a nonempty open U C T such that f~!(U) — U is smooth. ]

Remark 8.2. Such a family was previously considered in the literature in connection with coding
theory. Namely in [vdGV92] the specialization morphisms ¢ taking values in Fj2n are studied.
The additive polynomial Adys) is then their polynomial E,(Y) = S(Y)P" + Zogign(tiY)pn_l where
S(X) = > o<i<n t;Y?'. The zeros are interpreted as the F,-vector space which is the kernel of the
Fp-bilinear form Trg ,, /r, (xS(y) + yS(x)) (which is symmetric if p > 2 and alternating if p = 2).
In case p = 2, they also prove a factorization of E,(Y) = YE, (Y)E(Y) which corresponds to
a partition of the roots depending on the order of the corresponding automorphism of C'y. Such a
decomposition works in general. They give the structure of the groups G 1(¢(f)).

An approach more closely related to ours can be found in [Elk99] (notably, paragraph 5).
There the polynomials Ad, ) (Y) = @(Zogign(tfn_lanﬂ + tfannH)) are studied on their own.
They form the class of ‘the palindromic polynomials’.

8.2 Application to the moduli space of curves

We keep the notations of Proposition 8.1. For a fixed n > 1 let A, := Fa[t;,0 < i < n — 1] and
f= toXITP o XU o, X g X A, [X] with ¢, = 1. (As soon as t, # 0,
after a change of variable, this condition is satisfied.) For p = 2 we take ty = 0 (in order to have
f be reduced) and set g, := p"(p — 1)/2. Let 6 € FYY be a primitive (p — 1)(p™ + 1)th root of 1.
Then O : (tg,...,th—1) — (Hp"_poto,Qpn_pltl, .. ,Hpn_pnfltn_l) induces an Fglg—automorphism of
SpecA,, of order p"+1. Let B,, := Aff” be the quotient of the affine space by the cyclic group of au-
tomorphisms (©). The structure morphism 7 : C'f — SpecA,[Q7!] is a family of curves of genus
gn (Proposition 8.1). Moreover, by Proposition 3.3 two specialization morphisms ¢; : A, — k,
for i = 1,2 will give isomorphic k-curves if and only if 3¢ € F;' and (a,b) € (k*,k) such that
> o<i<n—1 P2(ti)(aX + D)+ (a X + )P = (P ogicn—1 o1 (t:) X P+ X" ) mod (Id — F)k[X].
It follows that a'*P" = ¢ € F) and for i > 0 one has po(t;) = ca” Py (t;) = a?" P o1 (ty).
(Note that for p = 2 we have assumed ¢ty = 0 and so f is reduced.) Conversely these conditions
(take b = 0) define two specialization morphisms which give isomorphic k-curves which are in the
same orbit under the action of the group ©. By the definition of the coarse moduli space M,,,
we deduce from the existence of the family C'y — SpecA,,[Q~!] a map from SpecA,[Q™'] to M,,.
This map factors through SpecB,,[N(Q)™!] (where N(Q) := [o<icpn ©'(Q)) in an injective mor-
phism. The image is an algebraic subset of M, of the same dimension as that of SpecB,,. A measure
of the size of families of curves which are étale covers of the affine line, and with given extraspecial
group of type I(a) and order p?"*! as an automorphism group, is given by the dimension of this
image, which is O(log(gn))-

8.3 Characterization of maximal p-cyclic covers of the affine line

It is remarkable that these families for varying n can be characterized by the following Hurwitz-type
bound.
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PROPOSITION 8.3. Let k be an algebraically closed field, p = char(k) > 0 and f(X) € Xk[X]
a polynomial of degree m := deg f prime to p. We assume f is reduced. If |Goo1(f)|/9(f) >
p/(p—1) (3 for p = 2) then f(X) = XS(X), where S(X) — S(0) is an additive polynomial.
Moreover, if deg§ = p" then |Goo1 (f)]/9(f) = 25"p/(p — 1) and |Goor (F)I/9(f)? = 4p)(p — 1)’
(see Proposition 8.1).

Proof. The proof works by elimination of bad monomials. We saw in Proposition 6.6 that only for
m =1+ p® with s > 0, |Goo,1(f)|/9(f) can be greater than p/(p — 1) (% if p = 2). Now we show
that any other monomial in f(X) has exponent 1 or 1+ p’ with t < s.

Let us assume that this is not the case and denote by X% the monomial of highest degree
which is not of the above form. We first assume that p does not divide a — 1 (such a case does
not occur if p = 2) and consider the integer k such that p*~! < a —1 < p*. Then k£ < s and
p*~! < (a— 1)p*~% < p*. Further the monomial in X has a contribution in R(X,Y) (defined in
Lemma 5.1) which is equal to a?* "y P T X (@=Dp " 4 other terms. Moreover, as for a > 0 we have
p*(a—1) > (a—1), it follows that a?* " Y?" ™" is exactly the coefficient of X@1P"™" in R. This would
imply that |Goo,1(f)| < p and [Goo 1 ()]/9(f) < 2p/((p — 1)p®) < p/(p — 1), a contradiction.

Let us now assume that a — 1 = £p’, where £ > 1, ({,p) =1 and t > 0. Let jo = 1+ (£ —1)p’ and
say pF~1 < jo < p*. Then p*~! < jop* % < p® and pjo < a if and only if £ < p/(p — 1) — 1/p' but
this is not the case. Hence the monomial X contributes to R(X,Y’) in the monomial X90P" ™" with
only one term which is equal to (Eth)pka jor"™  Any other contribution to R in the monomial
X797 ™" can only occur from a monomial X° with jo < b < a. Now such a contribution will be
((;:))Yb_jo)ps_k whose degree is at most (b — jo)p* % < (a — jo)p* % = p'**~*. Finally we get that
deg Ad;(Y) < p'**7*. From this we get |Goo1(f)|/g(f) < 2751 /p%(p — 1) and so 1 < 2p'~F,
ie. t >k forp>2 (% <27kl and t > k — 1 for p = 2). On the other hand, (£ — 1)p* < p*, so
(¢ —1) < 1/p'~*, a contradiction. O

8.4 Maximal p-group actions

In [Sti73a], Stichtenoth proved that if C' is a nonsingular projective curve over k with genus go > 2
then [Autg(C)| < 16g¢ unless C is birational to a curve W?" + W = X*7" (p = char k). In fact
he obtained this general bound as a corollary to his study of p-cyclic (étale) covers of the affine line
with conductor m. Namely it follows from the bound for p-Sylow subgroups |Geo 1(f)| < p(m — 1)?
for f € k[X] of degree m prime to p (see [Sti73b, Satz 4] and Corollary 5.3(i)). In the same spirit,
Proposition 8.3 has a corollary on automorphisms groups of curves. Namely we can describe the
curves C' with a ‘big’ p-group of automorphisms G. First we need to define what we mean by ‘big’.

For this we use Nakajima’s extension of Stichtenoth’s work in order to circumvent group actions
on curves contradicting Hurwitz-type bounds. Namely in [Nak87, Theorem 1] he concentrated on
p-group actions and gave bounds on the size of the group in terms of the Hasse-Witt invariant of
the curve. The following proposition is a translation of his results. Let us first make a definition.

DEFINITION 8.4. Let C' be a nonsingular projective curve over k and G a p-subgroup of Aut,C.
We say that (C, G) satisfies condition (N) if go > 0 and |G|/gc > 2p/(p — 1).

PROPOSITION 8.5. Assume (C,G) with gc > 2 satisfies condition (N). Then there is a point, say
oo € C, such that G is the wild inertia subgroup of G at co. Moreover C'/G is isomorphic to IP’/,l€
and the ramification locus (respectively branch locus) of the cover m : C' — C/G is the point co
(respectively m(o0)). We define the ramification groups in lower notation G; (i > 0) by

Go:={0€G|o(x)=0x}=GC
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and fori >1
G;:={0 € Gp | ordec(0(Tog) — Too) =1 + 1},

where ., is a uniformizing parameter at oo € C' and ord is the order function at co. Let ig be the

integer such that Go = G3 = --- = G;, 2 Gig41.

(i) Then G # Gy and the quotient curve C/Gs is isomorphic to P}.

(ii) Let H be a subgroup which is normal in G and such that go/g > 0. Then G/H is a p-subgroup
of AutyC/H and |G|/gc < |G/H|/gc - In particular (C/H,G/H) satisfies condition (N).
Moreover if M < |G|/g% for some M one gets |H| < (1/M)\G/H\/g%/H

(iii) Let H be a subgroup which is normal in G and Gy 2 H D Giyy1. Then goypy = (|Ga2/H| — 1)
(io —1)/2 >0 and (C/H,G/H) satisfies condition (N).

Proof. (i) When we compare the condition |G|/gc > 2p/(p — 1) to [Nak87, Theorem 1], we see
that C' has Hasse-Witt invariant zero; moreover, it follows from the proof that the branch locus is

reduced to one point and the ramification is total. Now we apply the Hurwitz formula to the cover
C — C/G. We have

2(9c — 1) = |GI2(9c/c — 1) + Y _(|Gi = 1). (7)
0<i
As G =Gy = Gy we get
gc = |Glgcya- (8)
This together with the assumption |G|/gc > 2p/(p — 1) implies gc /g = 0. Now if G2 = G then
(7) yields 2(gc — 1) > |G|2(0 — 1) + 3(|G| — 1) which is a contradiction.
(ii) Let H be a normal subgroup of G then G/H is a p-subgroup of Aut;C/H so, as in (8), we
have
gc Z |Hlgen- (9)
If goyp # 0 we get |G|/gc <|G/H|/gc/m- Now if M < |G|/gZ., one has
2
LGt _ 1|G/H]

|H| < — 5 < 5 .
|H|QC/H M 9c/u

(iii) Under the condition G2 2 H D Gy 41 we can calculate goym- For this we remark that
the cover C/H — C/G3 is Galois with group Ga/H which is elementary abelian. The ramification

groups are Go/H = (Go/H)y = (Go/H)1 = -+ = (Ga/H);y, D (G2/H)iy+1 = {0} (exercise).
It follows from (7) that 2(gc/g — 1) = [G2/H|(0 — 2) + (i + 1)(|G2/H| — 1). Hence, go/g =
(IG2/H| = 1)(io —1)/2 > 0 and so 2p/(p — 1) < |G|/9c < |G/H|/(9c/m)- O

For the action of a p-group G on a curve C' with genus go > 2, we calculate |G|/go. If it is
greater than 2p/(p — 1) we will see that, to a certain degree, the values of |G|/g classify the actions
at least when |G|/ 920 is big enough. Here we concentrate on the case of ‘maximal curves’ and in a
sequel paper we will go further in the classification.

THEOREM 8.6. Let C' be a nonsingular projective curve over k of genus go > 2 and G a p-subgroup
of Aut,C. We assume that (C,G) satisfies condition (N) and keep the notation of Proposition 8.5.

(i) There is a normal subgroup H of G with Gy 2 H O Giyy1 and |Gy/H| = p. For any such
H geyg = (p—1)(i0 — 1)/2 > 0 and there is a polynomial f(X) = XS(X) € k[X], where
S(X)—S(0) is an additive polynomial of degree ig—1 = p™ € p™" | such that C'/H is birational
to the curve C'y. Moreover, go/q, ., = $(|G2/Gig41] — D)(io — 1) and |G/Gs| = (1/p)|G/H| <
(ig — 1)%.

ig+1
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(ii) Let My :=4p/(p — 1)2. Then M; < |G|g2 if and only if C is birational to a curve Cy: WP —
W = f(X) := XS(X) where S(X) — 5(0) = > o<, t;XP" is an additive polynomial € k[X]
with ¢ > 1 and t, # 0. In this case G = Goo,1(f) is an extraspecial group of type I(a)
(respectively type II(b)) if p > 2 (respectively p = 2), My = |G| /g%, and Gy ~ Z/pZ.

(iii) Let My :=4/(p — 1)%. Then My < |G|/g% < M, if and only if C is as in (ii). In this case G
has index p in Goo1(f) and My = |G|/g2. Note that G O [Geo1(f), Goo1(f)] = Z(Go,1(f)).

Proof. (i) The existence of such a group H is a classical fact for p-groups [Suz82, Theorem 1.12,
ch. 2]. The assertion follows from Propositions 8.5(iii), 8.3 and 6.6 I.

One common ingredient for (ii) and (iii) is that a lower bound M < |G|/gZ will produce,
following (i) and Proposition 8.5(ii), an upper bound for G;,+1; namely

L G/Giga| _ 1 4|G2/Gig1]

M gé/Gi(ﬁ_l N M (|G2/Gi0+l‘ - 1)2

|Gig+1| <

(ii) We have
1 4Gy/Gig41]
My (|G2/Gig41| = 1)*
Observe that 4p™/(p"™ —1)? as a function in n is strictly decreasing and hence it follows that
|Gip+1| = 1 and |G2/Gjy+1| = p. Finally this gives |G2| = p and the result follows from Propo-
sition 8.3.

(iii) If |Go/Gig11| = p**™ with n € N, then

1 4p2+n 1 4]92
e S s < b
M2 (p2+n _ 1)2 M2 (p2 _ 1)2

s0 1 < |Giy41| < 1, a contradiction. It follows that |G2/Giy+1| = p and |Gj,+1] = 1 or p. Assuming
that |Gi,4+1| = p we obtain that there is ¢; > 0 such that G = Gy = G1 2 Gy = --- = G}, 2
Gio+1 = -+ = Gigtiy 2 Gigtir+1 = 1. Furthermore, one has |Gs| = p? and 2(gc — 1) = |G2[2(0 — 1)
+ 2 0iGil = 1) = —2p% + (ig + 1)(p? — 1) +41(p — 1). In particular, as i; > 0, we get go >
(ip — 1)(p* — 1)/2 and so |G|/g% < 4p?/(p* — 1)? < M, a contradiction! We therefore have proven
that |Gj,+1| = 1 and Go ~ Z/pZ and conclude that G is a subgroup of index p of an extraspecial
group by 8.1. U

1 < |Gi0+1| g
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