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Abstract

This paper is concerned with a reinvestigation of the problem of water wave scattering
by a wall with multiple gaps by using the solution of a singular integral equation with a
combination of logarithmic and power (Cauchy-type) kernels in disjoint multiple intervals.
Use of Havelock's expansion of water wave potential reduces the problem to such an
integral equation in the horizontal velocity across the gaps. The solution of the integral
equation is obtained by utilizing the solutions of Cauchy-type integral equations in (0, oo)
and also in multiple disjoint intervals. An explicit expression for the reflection coefficient
is obtained for a wall with n gaps and supplemented by numerical results for up to three
gaps.

1. Introduction

The study of the two-dimensional problem of scattering of surface waves by a thin
vertical barrier was initiated more than forty years back and a number of mathematical
techniques have been utilized to solve it for various configurations of the barrier. The
problem for a completely submerged vertical barrier extending infinitely downwards
was considered by Dean [2], the partially immersed vertical barrier by Ursell [12] and
the completely submerged plate problem by Evans [3]. The more general problem of
scattering of water waves by a thin vertical wall with an arbitrary number of gaps was
considered by Lewin [5], Mei [7], Porter [10, 9] and Macaskill [6]. Essentially they
used a reduction technique or an integral equation formulation based on a suitable
application of Green's integral theorem in the fluid region to solve these problems.

There is an alternative integral equation formulation based on Havelock's [4]
expansion of water wave potential. In this method the problem is reduced to a
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[2] Scattering of water waves by a vertical wall with gaps 513

singular integral equation having the general form

] xeL (1.1)
x~

where g(x) is a prescribed function and L may consist of a single or multiple intervals.
The function f(x) is the unknown horizontal component of velocity across the gaps
and as such it has integrable singularities at the end points of L except at 0 and oo
if these belong to L. For the scattering problem involving a partially immersed or
completely submerged thin vertical plate, L is either (0, a) or (b, oo). In these cases
(1.1) can be reduced to another singular integral equation with Cauchy-type kernel
whose solution is well-known (see Ursell [12]). However, for the scattering problem
involving a thin vertical wall with a single gap or multiple gaps, L consists of a
single or multiple intervals. For these cases it is not possible to reduce (1.1) to an
integral equation with Cauchy kernel, and as such the solution of (1.1) needs special
consideration. This motivated us to study the integral equation (1.1) (with g{x) = 0)
when L consists of disjoint multiple intervals, and thereby to reinvestigate the problem
of water wave scattering by a vertical wall, with multiple gaps. The method of solution
of the integral equation presented here seems to be very general. The solution of the
integral equation involves n arbitrary constants which are determined in the course of
solution of the physical problem.

The multiple-gap problem considered by Porter [10] was reduced to an integral
equation of the first kind in multiple intervals by using a reduction technique. The
kernel of the integral equation has only the Cauchy-type singularity. The function
satisfying this integral equation has the property that it is bounded at the end points
of each interval. The solution of this integral equation was then obtained by using
the function-theoretic method. In the process of solving this integral equation, no
extra arbitrary constants were generated. However for n gaps, 2n arbitrary constants
appeared in the right side of the above mentioned integral equation in a natural manner
so that its solution also involves 2n arbitrary constants which were determined from
certain solvability criteria together with a set of requirements at the barrier edges (see
Porter [10]).

The single-gap problem was earlier treated by Porter [9] using the reduction tech-
nique as well as the integral equation formulation based on Green's integral theorem.
Tuck [11] used a matched asymptotic method to investigate the single-gap problem
when the gap is narrow in the sense that the gap length is very small compared to the
depth of submergence of the midpoint of the gap below the mean free surface.

The integral equation (1.1) with L consisting of (0, a) and (b, oo) as well as (a, b)
was obtained recently by Banerjea and Mandal [1] in a straightforward manner by
using the solution of the Cauchy-type integral equation in (0, oo). In the present
paper, the solution of (1.1) with g(x) = 0 is obtained when L consists of the union of
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n disjoint finite intervals (a,-, bt), i = 1, 2, . . . , n by a simple straightforward method
based on utilizing the solutions of Cauchy type integral equations in (0, oo) and in
the union of (n + 1) disjoint intervals (0, a{), (&,_i, a,) i = 2 , . . . , n and (bn, oo).
This Cauchy type integral equation is then solved by function-theoretic method. The
solution of the homogeneous form of (1.1) is then used to reinvestigate the aforesaid
two-dimensional n gap problem. An explicit expression for the reflection coefficient
is also obtained, and the numerical results are presented graphically for a wall with a
single gap, two gaps and three gaps.

In the course of evaluation of the reflection coefficient numerically, Gauss quadrat-
ure formula is used appropriately to calculate the various singular integrals appearing
in the results, and also a system of n linear equations with complex coefficients has
been solved by standard methods. It may be noted that while Lewin [5], Mei [7]
and Porter [10] did not present any numerical results, Macaskill [6] presented the
numerical results for the transmission coefficient graphically for a single gap as well
as for two gaps in a vertical wall in deep water. He used an integral equation formula-
tion based on an application of Green's integral theorem, and utilized the collocation
method for numerical solution of the integral equation, which thus involved inversion
of a matrix of quite large order. The present method appears to be straightforward.
The numerical computations can be carried out in a routine manner for any number
of gaps and involves inversion of a matrix of order only n, the number of gaps.

For n > 1, the gap sizes are first taken to be equal while the lengths of the portions
of the wall between the gaps are also taken to be equal. For n = 1 it is found that
the results for a single gap agrees with Porter [9]. Also it is observed that for a wall
with two or three gaps, the reflection coefficient is very small for certain values of the
wave number. This implies that at certain wave numbers, almost total transmission of
wave energy occurs. The reflection coefficient for a wall with two gaps has also been
computed numerically for two cases, namely: i) when the gap lengths are equal but
the lengths of the portions of the wall between the gaps are unequal; ii) when the gap
lengths are unequal but the lengths of the portions of the wall between the gaps are
equal. In the first case the numerical results for the reflection coefficient were found
to be in agreement with that of Macaskill [6]. In the second case it has been observed
that when the gap sizes are large and the ratio between the lengths of lower gap and
the upper gap increases, then for certain wave numbers, perfect transmission occurs.

2. Statement and formulation of the problem

We consider a thin vertical wall x = 0, 0 < >> < oo with n gaps G,, given by
x = 0, di < y < bj, i = 1, 2 , . . . , n in deep water occupying the region y > 0 with
y = 0 as the mean free surface. A train of surface waves of frequency a is incident
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upon the wall from negative infinity, it is then partially transmitted through the gaps
and partially reflected by the wall. Under the usual assumption of linear theory, the
time harmonic motion in the fluid region can be described by a velocity potential
Re {(p(x, y) exp(-/o7)}> where </» satisfies

V20 = O in the fluid region; (2.1)

the linearised free surface condition

K<t> + <py = O on y = 0 , (2.2)

K = o2/g, g representing gravity; the condition on the wall,

<k = 0 o n x = 0, y e B = \ J l £ B , , (2.3)

where B\ = (0, ax), B} = (&,_[, a,), j — 2 n and Bn+X = (bn, oo); the edge
condition

r1/2V(/> is bounded as r - • 0, (2.4)

where r is the distance from the points (0, a,), (0, bt), i = 1, 2, . . . , n; the bottom
condition

V</> -+ 0 as y - • oo (2.5)

and the infinity requirement

fexp(—Ky + iKx) + Rexp(-Ky - iKx) as x -> —oo,
<P ~ 1 (2.6)

[ r ( / T + tf) as * -> oo,

where R and 71 are the reflection and transmission coefficients respectively. Our aim
is to evaluate R and T.

3. Reduction of the problem to a singular integral equation

Let

0 < y < oo. (3.1)
ax

Then

where / ( j ) is an unknown function of y and G = U?=1G,. Moreover, because of
(2.4),

| O ( | a , - r I / 2 ) as y ^ a ,

y\-W) as y - , ^ , - = l , 2 , . . . , n . ( ^
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It may be noted that G U B = (0, oo).
By Havelock's [4] expansion of the water wave potential, a suitable representation

for 4>(x, y) satisfying (2.1), (2.2), (2.5) and (2.6) is given by

4>(x,y) =

where

T exp(-Ky + iKx) + /0°° A(k)M(k, y) exp(-ky) dk, x > 0,

exp(-Ky Rexp(-Ky - iKx)+

fo°°B(k)M(k,y)exp(ky)dk, x < 0

M(k, y) = k cos ky — K sin ky.

Utilizing (3.4) in (3.1) and Havelock's [4] theorem, we find that

= 1 - R = - 2 i /
Jo

F(y)exp(-Ky)dy

and

- kA{k) = kB(k) - 2 _ J _ r F(y)M(k,y)dy.

(3.4)

(3.5)

(3.6)

(3.7)

An integral equation for / (y) is now obtained from the fact that </> (x, y) is continuous
across the gaps, so that <p(+0, y) = 0(_O, y), y € G. This gives

n

On applying the operator j - + K to (3.8), we obtain the singular integral equation for

/"/(«) [A: In ^—^ + —J- + —!—1 rf« = 0, j e G ,

where the integral is in the sense of Cauchy principal value.
It may be noted that (3.9) is the homogeneous form of (1.1) and L = G.

(3.9)

4. Solution of the integral equation

In this section we obtain the solution of (3.9). The solution of the nonhomogeneous
form of (3.9) can be obtained in a similar manner.
Equation (3.9) can be written as

y-u
y + u

1
y+u y

= H(y), 0 < y < oo (4.1)
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where

«(,)={"• "°- (4.2,
[h(y), y e B,

with h(y) unknown at this stage and F(y) given by (3.2).
Due to (3.3) we find that

lO(|y-6,- |- I / 2) as y->&,-, i = 1 ,2 , . . . ,« .

Writing

MM) = AT /" F(JC) dx + F(«) (4.4)
Jo

reduces (4.1) to

r^v*du= 2y

The solution of (4.5) can be obtained (see [11]) as

, 0 < y < o o .

2 f° tH(t}
k(u) = — / —-^4 dr + J, 0 < u < ex) (4.6)

where 5 is an arbitrary constant. By (4.2), this reduces to

+s. ( 4 . 7 )
•re1 JB t2 - u 2

The integrals in (4.5), (4.6) and (4.7) are in the sense of Cauchy principal values.
The same is the case in some subsequent integrals also. Thus using (4.5) we find for
0 < y < oo that

F(y) = f- Uxp(-Ky) j " exp(Ku)Hu) du] . (4.8)

However in (4.8) and (4.7), k(u) involves the unknown function h(t). An integral
equation for h(t) can be obtained from the fact that F(y) vanishes for v e B, so that
after integration

/ exp(ffii)A.(«) du = A, exp(Ky), y € Bh i = 1, 2 , . . . ,n + 1, (4.9)
o

where A,, (/ = 1, 2 , . . . , « + 1) are arbitrary constants. This gives

2rA(O

Bt'-y*
= c, for y e Bh i = 1 ,2 , . . . ,« + 1 , (4.10)
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where
Cj = TC2(KAj-s). (4.11)

Noting that fin+1 == (bn, oo), we can make y -+ oo in (4.10) to obtain

cn+i = 0. (4.12)

The solution of (4.10) satisfying (4.3) is obtained in the Appendix and is given, after
noting (4.12), by

ueBr, r = 1 ,2 , . . . , » + 1, (4.13)

where

;='

^ 2
V2 - U2

dv, k = l,2,...,n (4.15)

and pk, k = 0, 1 , . . . , n — 1 are n arbitrary constants. Equations for determining
various constants can be obtained by using F{y) = 0 for y e Br,r = 1,2,... ,n + l.
Thus we obtain from (4.8), (4.7) and (4.2) that

^L) du - i j] =0. (4.16)

By (4.10), this gives after simplification for y e B\ that

dy

so that
(4.17)

Again for y e B2. we find from (4.16) after simplification using (4.10) and (4.17),
that

—-J

£ ^ (£ i^f2 „) ,M] ̂  e x p ( ^ ) = 0.
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This implies that the term in brackets vanishes. The t -integral can be further simplified
after using (4.13) to (4.15), and this gives

N(u)du, (4.18)

where

Applying the same procedure in (4.16) successively for y € Br, r = 3, 4 , . . . , n, we
find that

\

Ja, RrM

which implies that the term in brackets vanishes. Therefore for r = 1, 2 , . . . , n we
obtain

Cr exp(Kar) - ^ - exp(Kbr) + (-l)"~r f " ^ " N(u) du = 0. (4.20)
"2K

Finally the solution of (3.9) is obtained from (4.8) after using (4.7), (4.13) to (4.15),
(4.17) and (4.20), as

ar<y<br, r = 1,2,... ,n. (4.21)

The expression in (4.21) involves 2/i arbitrary constants. These 2/z constants satisfy n
linear equations (4.20). So we need another set of n relations so as to determine them
completely. These will be obtained in the next section, and the reflection coefficient
will be determined in a natural way.

5. Reflection and transmission coefficients

Here we shall obtain another set of n equations for the constants ck, pk-\ (k =
1, 2 , . . . , n). To achieve this we substitute f(y) from (4.21) in the original integral
equation (3.8). The various integrals in the right side of (3.8) can be simplified giving
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the following identity for am < y < bm,(m = 1,2,... ,n),

(-Ky) = 0.
j±Z+i JB, KJW " J "

This gives

' / '^j u. (5.1)
JBJ RJ

Again using (3.2) and (4.20) in (3.6), we find that

R = l ~'

rb> (-iy-JuN(u) l
- / —— exp(-Ku)du\.

Jaj RjO*) J

(5.2)

Equating the right-hand sides of (5.1) and (5.2), we now obtain another set of n
relations for the 2n arbitrary constants ck, pk^\ (k — 1,2,... , n), the first set of n
relations being given by (4.20). Thus 2n unknown constants are known completely.
Finally R is obtained either from (5.1) or from (5.2) and T is given by 1 — R.

Special case n = 1 This corresponds to the problem of water wave transmission
through a gap in a wall. In this case R is given by

R = iI/(J + il), (5.3)

where

K 71

I =ax{K)-az{K)--a^K,Fx) + -a^K,
71 71

2
a2(—K) = exp(Ka\) -\—a2(—K, F\),

nai{K>F>)=lu-w£exp{
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dv,r
/

Jo
at{K, 1), R(v) = \(v2 - a\)(v2 - b2)\

and

l/1

t,=

(-a, , a,), / =

(a,, ft,), i = 2 . (5.4)

(fti.oo), i = 3

This result agrees with Porter [9] except for a trivial mistake in sign in the expression
for 8. It may be noted that making ax -*• 0 (&i fixed) and b\ -> oo (ai fixed),
the results for the scattering problem involving a thin vertical barrier completely or
partially immersed in deep water can be deduced (see Ursell [12]).

6. Discussion

The reflection coefficient \R\ has been computed numerically for three cases, namely
when the wall has a single, two and three gaps. For simplicity we first assume that the
gaps are of equal length and except for the portion extending infinitely downwards,
all the portions of the wall inside the water region are of the same length. Let h
be the depth of submergence of the midpoint of the first gap and /x be the ratio of
the width of the gap to h. Then ax = (2 - fi)h/2, ft, = (2 + fi)h/2, a2 = 2h,
b2 = 2b\, a3 = (6 + /x)/i/2, b3 = 3bi. We have computed \R\ for these three cases,
for Kh = 0.1, 0 .2 , . . . , 4.0, and /x = 0.1,0.5, 1.0,1.5. The numerical results are
presented graphically for a single gap in Figure 1, two gaps in Figure 2 and three gaps
in Figure 3.

It is observed from Figures 1,2 and 3 that | R \ decreases at first, reaches a minimum
value and then again increases as the wave number Kh increases. For large values
of the wave number, it is observed that |fl| almost becomes unity. This is expected
because short waves are confined near the free surface and so they are almost totally
reflected by the uppermost portion of the wall, as the wave is practically confined
within a thin layer near the surface. Also, as fx increases from 0.1 to 1.5, it is found
in all three cases that the aforesaid minimum value of \R\ decreases. Again, from
Figures 1, 2 and 3, it is found that for n = 1.5, the minimum value of \R\ is closer
to zero for a wall with three gaps than for a wall with one or two gaps. Thus, for a
fixed (i, that is, when the gap sizes are fixed, the minimum value of \R\ moves closer
to zero as the number of gaps in the wall increases. This shows that as the gap size
increases and the number of gaps increases, there exists a certain wave number for
which almost total transmission of wave energy occurs. Again, for a wall with a single
gap, it has been checked that for a small gap (/n = 0.1) there is almost total reflection
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FIGURE 1. \R\\%. Kh for a single gap
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FIGURE 2. \R\ vs. ^T/i for two gaps

for small values of Kh. This observation is in good agreement with the small gap
theory of Tuck [11]. This is also somewhat apparent from the curve for /i = 0.1 of
Figure 1.
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FIGURE 3. \R\ vs. Kh for three gaps

The reflection coefficient \R\ for two gaps has also been computed numerically for
the cases

(i) when the gap lengths are equal but the lengths of the portions of the wall are
unequal;

(ii)when the gap lengths are unequal and the lengths of the portions of the wall
(excepting the one extending infinitely downwards) are equal.

Let a denote the ratio of the distance between the centres of the two gaps to h. Then
a, = (2 - fi)h/2, bi = {2 + n)h/2, a2 = h(l+a- fx/2) and b2 = h{\ + a + fx/2)
for case (i). For this case \R\ is plotted graphically against Kh in Figures 4, 5 and 5a.

It is observed from Figure 4 that for /x = 0.1, a = 0.2, \R\ first decreases and
then increases to unity asymptotically. It has also been checked that for very small
values of Kh, \R\ is nearly unity. This shows that when the gap lengths are small
(/A = 0.1) and the two gaps are very close to each other (or = 0.2), then there is
almost total reflection for very small values of the wave number. This phenomenon
was also observed by Macaskill [6] (Figure 9 there).

For )x = 1.0, a = 12.5 it is observed from Figure 5 that \R\ at first decreases and
then increases as Kh increases. However, for small values of Kh, a small indentation
which is not very pronounced can be observed in the graph of \R\. For a = 50, that
is, when the lower gap is at considerably large distance from the upper gap, \R\ is
plotted in an enlarged manner for small values of Kh (up to 0.6) in Figure 5a. From
this figure it is observed that \R\ at first decreases, then increases slightly and then
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again decreases for small Kh. As Kh further increases \R\ also decreases further

0 0.2 0.4 0.6 0.8 1

FIGURE 4. Reflection of water waves by a wall with two gaps fi = 0.1, a = 0.2
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0.6 0.8 0.02 0.06

FIGURE 5. Reflection of water waves by a wall
with two gaps

0.04

Kh
FIGURE 5A. Reflection of water waves by a

wall with two gaps /u. = 1.0, a = 50

up to 0.24 (at Kh = 0.54) and then increases asymptotically to unity (see Figure 5).
Thus for large gaps and large separation distance between the two gaps, a dip appears
in the reflection coefficient for small values of Kh. This phenomenon which may be
attributed to some resonance effect taking place owing to the interaction of the flow
with the two gaps, was also observed by Macaskill [6] (Figure 8 there).
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FIGURE 6A. Reflection of water waves by a

wall with two gaps ii = 1.9, a — 12.5
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Kh
FIGURE 6B. Reflection of water waves by a

wall with two gaps n = 1.9, a = 12.5

2.51 1.5 2

Kh
FIGURE 6C. Reflection of water waves by

wall with two gaps n = 1.9, a = 12.5

For case (ii), a, = (2 - n)h/2, bx = (2 + f^)h/2, a2 - 2h, b2 = loth. For this
case \R\ is plotted in Figures 6a, 6b, 6c and 7a, 7b against Kh for various values of
the parameter.

For ix = 1.9, a = 12.5, it is observed from Figure 6a that \R\ has a moderate value
(not too large) for small values of Kh, which decreases rapidly and becomes close to
zero value whence it exhibits some sort of oscillatory behaviour (see Figures 6b, 6c)
and finally increases slowly as the wave number Kh increases (see Figure 6c).
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0.15

0.1

IRI

0.06

aooe

0.004

0.002

0 0.1 0.2 0.3 0.4 0.5 0.6

Kh

FIGURE 7A. Reflection of water waves by a
wall with two gaps n = 1.9, a = 50

FIGURE 7B. Reflection of water waves by a
wall with two gaps IJL = 1.9, a = 50

However, for a = 50, (see Figures 7a, 7b) it is observed that \R\ is very'small and
exhibits small oscillations for certain ranges of Kh. It is interesting to observe in this
case that there are certain values of Kh for which | R | = 0 (see Figure 7b). This shows
that, for large gaps, when the ratio of the lengths of the second gap to the first gap is
large, the reflection coefficient is very small for small values of the wave number and
there exist certain wave numbers for which the incident wave is totally transmitted
through the gaps in the wall.

The behaviour of the reflection coefficient for various values of the wave number
has been depicted in Figures 4,5,5a,6a,b,c and 7a,b for cases (i) and (ii) mentioned
above for a two-gap problem. For a many-gap problem, a similar analysis can be
carried out, and it is possible that a qualitatively similar phenomenon can also be
observed in that case, although that has not been analysed here.

Appendix

Here we solve the integral equation

where B = J and c = c, foiq e Bh i = 1, 2 , . . . , « + 1 and

h(f) =
|O(U2-a,2|-"2) as t-+a,
\O(\t2 - b2\-"2) as t^bi,i = \,2,...,n.

(6.1)

(6.2)
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We substitute
t2 = u, q2 = v

so that (6.1) becomes
f h\(ii)
I du = c, v e D (6.3)

JDu-v

where D = \J\t\Djt D, = (0,.d,), Dj = (*,_,, dj), j = 1, 2 , . . . , n, Dn+l = («„, oo),

A, (II) = h(u1/2) (6.4)

and

hi(u) = I ' ,„ ' (6.5)
l O ( | « - e , r I / 2 ) as I I - • « , • , i = 1 , 2 , . . . , / i .

Let
\ f hi(u)

<y(z) = / <3H, z=x + iy. (6.6)
2717 JD U — Z

Then w(z) is analytic in the complex z-plane cut along £) so that for i = 1, 2 , . . . , n

fO(|z-4r1/2) as z^d,
co(z) = { (6.7)

[O(|z-c,r1 / 2) as z-» e,
and \co(z)\ is bounded as z tends to 0 and oo.

By the Plemelj-Sokhotskii formula (see [1])

1 f hx(u)
x e Da>(x) ±Mx) + [

2 2ni JD u — x
so that for x e D,

o+(x) + a)-(x) = c/(.ni) (6.8)

and

a>+(jc)-ar(jc) = A,(Jc), (6.9)

where
cu*^) = lim co(z).

y-»0±

in equation (6.8) is a Riemann Hilbert problem whose solution (after noting (6.7))
is given by [1] as

co(z) = a*o(z) \pn-^z) + - L f . \( - ^ - 1 , (6.10)
L 2 ^ - J y T u a l ( x ) u z ]2 ^ - J y D Tua>l(x) u - z ]
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where fn_i(z) is a polynomial of degree n — 1,

TI72

and

o>o (*) = lim
;y->-0±

Again by the Plemelj-Sokhotskii formula,

4
27T* 7Uft\j W 27n j D 7T/O;O(M) M — x

so that from (6.9) we obtain for x 6 Dj, j = 1 ,2 , . . . , n + 1 that

A,CO = -—2f -£— -^
Let us choose 2Pn_x{x) = n YTk=[ Pk-\*k~x, where pQ, px, ... , /?„_, are n arbitrary
constants. Finally, using (6.4), the solution of (6.1) is obtained as

-iv2*-2 - —2ckFk(v)\, veBr,
* J

r = 1,2,... ,II + 1 (6.12)

where

lBt U - V

and
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