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Abstract

Denote the nth convergent of the continued fraction « = [ag; ai, az, ...] by pu/qn =lao;ai, ..., a,l.
In this paper we give exact formulae for the quantities D, :=g,a — p, in several typical types of

Tasoev continued fractions. A simple example of the type of Tasoev continued fraction considered is

a = [0; ua, ua®, ua?, . . .).
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1. Introduction

Denote by @ = [ay; ai, ay, . . .] the regular (or simple) continued fraction expansion of
a real number a, where
a=ap+1/ay, aop=al,
@y =ay+ 1/ap, an=lal
with n > 1. Let p,/q, = [ag; a1, - . . , a,] denote the nth convergent associated with a.

It is well known that p, /g, (where n =0, 1, 2, . . .) are good approximations of « in the
sense of the inequality

lgna — pul < .
An+19n

(="
D,, =g —py = —— VYn>0
Xpi1Gn + gn-1

More precisely,

(see, for instance, [1, Lemma 5.4]).
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Quasi-periodic continued fractions have the form
a = [ao; ap, ..., y, Ql(k)s e Qp(k)]zozl
= [‘10§ al’ AR an’ Q1(1)9 L] Qp(l)» Ql(z)’ AR Qp(z)’ Q1(3)’ .. -]’

where qy is an integer, ai, . . ., a, are positive integers, Q1, . .., O, are functions that
take positive integral values for all k =1, 2, .. ., at least one of which is not constant.
If each Q; has polynomial form (or is constant), the expansion of « is called a Hurwitz
continued fraction (see, for instance, [16]). Well-known examples are

e=12:1,2,1,1,4,1,1,6,1,.. 1=[2: 1,2k 1],
21 —

e (o)
tanh 1 = 7 =[0;1,3,5,7,...1=10;2k - 1],2,,

tan1=[1;1,1,1,3,1,1,5,1,...]=[1;2k— 1, 1|2,

If each Q; has exponential form (or is constant), the expansion of « is called a
Tasoev continued fraction [3-7, 17]. In [4], the author found some more general
Tasoev continued fractions:

[ —2n— — 2 [ —
Zn:OM 2n la (n+1) H:‘lzl(aZZ _ 1) 1

— —n2 i —
Z;’;O u Zna n H?:](am _ 1) 1

Z;’;O(_l)nu—Zn—la—(n+l)2 HL(G% _ 1)—1

[0; uak]>, =

; )]

0;ua — 1, 1, ua®T =212, = | o
| b e e T @ = 1 @
L L 2inmo u™ "y (D)2 H?:l(ai - D!
(05 et vaey = © =y g—n(n+D/2 T (gi -1 (3)
Zn:O u va Hi:l(a - 1)
and

[0;ua—1,1,va-2,1, ua**! =2, 1, vak+! — 21

k=1
3 Zrzo(_l)nufrzflvfnaf(n+1)(n+2)/2 H?:](ai _ 1),| (4)

Z;"zo(_1)nu—nv—na7n(n+l)/2 H:}:](ai — 1),]

One might say that Tasoev continued fractions are geometric and Hurwitz continued
fractions are arithmetic [5]. Roughly speaking, ua® in a Tasoev continued fraction
corresponds to u(a + bk) in a Hurwitz continued fraction, where k=1,2,.... The
Tasoev continued fractions corresponding to e-type Hurwitz continued fractions were
also derived in [6]:

[0; uak - 1,1,v—11;2,

2, - 2n=1 =2 (k1) [, @ = 1! (5)

) S o(uv)=2ra " — (uv)=2~1a= ) [T, (@ - 1)7!
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[0;v—1,1,ua* - 11,2,

Z;Olozo(u—va—Zn—la—nz + u—2n—1v—2n—2a—(n+1)2) H?:l(a% _ 1)—1 (6)
Zfzo(uv)‘z”a‘"z lef:](azi - ! ’

The different types of Tasoev continued fractions with period 3 shown in [5] are

ZZO:O u—n—lv—na—(n+1)2 l—[;lzl(a% _ (_1)[)—1

0; ua®-1 —1,1,va%k - 1122, = ; —, 7

[ ]k—l Z;’;’:O(_l)nufnvfnafnz nl’}:l(ah _ (_1)1)71 ( )
[0; ua, va** — 1, 1, ua®+' — 11,2,

ZZOZO(_l)nu—n—lv—na—(n+1)2 nl(lZI(a2i _ (_l)i)—l (8)

Z;o:o wnyngm Hl(t:l(azi _ (_1)1‘)—1
and so on.

More Tasoev-type continued fractions have been found by Mc Laughlin [14] and
by the author [9, 10].

Some Diophantine properties of Tasoev continued fractions are characterized as
properties of Ramanujan-type g-continued fractions [13]. The purpose of this paper
is to examine Diophantine properties of Tasoev continued fractions. In particular,
the error values D, for such continued fractions are explicitly given in Sections 2
and 3. A representative proof for one of these results is given in Section 4. Sections 5
and 6 consider Diophantine approximations of Hurwitz continued fractions. The
error value D, can be expressed in terms of integrals in the cases of some typical
Hurwitz continued fractions [2, 11, 12, 15], and these expressions are given in
Section 7.

2. Main results

Let p,/q, be the nth convergent of the Tasoev continued fraction

—n—1.—-n — 2 i _
ZZOZOM n lv ng (n+1) l_[lr'lzl(ab _ 1) 1

Zf;o(uv)_”a_”z H?:l(aZi - 1!

[0; ua1, Vazk]]f;o:1 —

Tueorem 1. Forallk > 1,

Z:J:O(uv)—n—ka—nz —4kn—k(2k+1) H?:] (GZi -1 )—1

Z;’;O(uv)‘"a‘"z H?zl(azi _ 1)—1

Dy =—

’

thon M*h*k*]vfnfka7n27(4k+2)n7(k+l)(2k+l) n?:] (aZi _ 1)71

Z:ozo(uv)_"a_”z lr_l:l(aZi _ 1)—1

Dy =
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Remark 2. If u = v, then these identities become those of (1). If u is replaced by ua
and a is replaced by a'/?, then they become those of (3).

Let p,/g, be the nth convergent of the Tasoev continued fraction

[0; ua — 1, 1, va** — 2, 1, ua®*1 - 2172,

_ Z;Q:o(—1)”u‘”‘lv‘"a‘(’”l)2 T (@ = 1)!
Zfzo(_l)n(uv)_na_nz H?:](azl - 1)_1

Tueorem 3. Forall k> 1,

Z;C:O(_1)n(uv)fnfka7n274knfk(2k+1) H?:l (azi _ 1)71
Z:J:O(—l)”(uv)_”a_”z H:_lzl(aZi _ 1)—1

Z;’;o(_l)nufnfkflvfnfk afn27(4k+2)n—(k+1)(2k+l) H?:] ( ¥ — 1),1

Seo(=1y' ) a™ T, (@ = 1)7!

)

Dy o =

Dy =

Remark 4. For odd k, the recurrence relation Dy = Dy — Dy_; gives a formula for
Dy.

If u = v, then these identities become those of (2). If u is replaced by ua and a is
replaced by a'/2, then these become those of (4).

3. e-type Tasoev continued fractions

Let p,/q, be the nth convergent of the Tasoev continued fraction (5):

Zoo 0 M—2n—1v—2na—(n+1)2 l_[?:1(a2i _ 1)—1

ZTZO((MV)—Zna—nZ _ (uv)—Zn—la—(n+l)2) H:t:l(am' _ 1)—1 :

[0; uak —1,1,v—11;2, =
THEOREM 5. Forall k> 1,

Dy = (_l)k Z((uv)—Zn—k—l a—n2—2(k+1)n—(k+1)(k+2)/2
n=0

n
_ (W)_Qn_ka_nz_zkn—k(m1)/2) l_[(azi _ 1)—1
i=1

-1

% (i((uv)‘zna‘"z — () 2 g ﬁ(azi _ 1)—1) ’
n=0 i

i=1

Dn—k—=1. =2n—k —n2— — i _
(—l)k ZOOO u 2n—k IV 2n kCl n==2(k+1)n—(k+1)(k+2)/2 H;IZI(aZI _ 1) 1

Dy = = :
3k Z;o:o((”"')_2na_n2 _ (uv)—Zn—la—(nH)z) H;lzl(aZz _ 1)—1
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ReMark 6. The recurrence relation D3_p = D31 — D3;_3 gives a formula for Dz;_;.
Let p,./q, be the nth convergent of the Tasoev continued fraction (6):
[0;v—1,1,ua* - 11;2,

2 2 .
D (e T L R T L e e B | TG D

S ouv)2ra ™ [T (@ — 1)~

THeoreMm 7. Forall k > 1,

_ 00 In—k —n2— _ i _
(—l)k 1 anO(MV) 2n ka n-—2kn—k(k+1)/2 n?:l(ab _ 1) 1

Yoouv) 2 T (a* — 1)

D31 =

2

(o)
2
Dy = (_l)k Z(M—Zn—kv—Zn—k—l g~ 2kn—k(k+1)/2
n=0

n
4 u72nfkflv72n7k72 a—n2—2(k+1)n—(k+l)(k+2)/2) 1_[( a2i _ 1)71

X (Zw:(uv)_zna_"2 ﬁ(azi - 1)_1)_1
n=0 i=1

i=1

Remark 8. The recurrence relation Ds;_p = D31 — D3x—3 gives a formula for D3;_».
Let p,/q, be the nth convergent of the Tasoev continued fraction (7):

2;0;0 M—n—lv—na—(;ﬁ—l)2 H:}:l(aZi _ (_1)1’)—1

ZZO:O(_I)nu_nV_na_nz H:lzl(azi _ (_1)1’)—1 :

[0; ua?=' — 1,1, va®* - 1172, =

THEOREM 9. Forall k > 1,

(_l)k—l ZZOZO(_1)n(uv)—n—ka—n2—4kn—k(2k+1) H?ZI(aZi _ (_l)i)—l
Z;ozo(—l)"u_”v_”a_"z H?:l(ClZi _ (_1)i)—1

o I _ . -
~ (—l)k Zn:O u™" k lv n ka n=—(4k+2)n—(k+1)(2k+1) H?:](ab _ (_1)1) 1

Salo(=Drumyra T @ = (= 1))

D3y =

’

D3y

Remark 10. The recurrence relation Dsg_p = D3 — D3 gives a formula for D3;_s.
Let p,/q, be the nth convergent of the Tasoev continued fraction (8):

Zzozo(_l)nu—n—lv—na—(n+1)2 H?:l(a% _ (_l)i)—l
ZZO:O M—nv—na—n2 H:lzl(aZi _ (—l)i)‘l

[0; ua, va** — 1, 1, ua®+' — 11,2, =
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Tueorem 1 1. Forall k> 1,

(—l)k Z‘X’_O(_l)nufnfkflvfnfka7n27(4k+2)n7(k+l)(2k+l) H;’t:l(aZi _ (_1)1’)71

D3 = = = 5 4 - ,
Do wva TTL (@ = (=1))!
Dy, = CD Zigl) O T @ - 1)
Sy v a1 (@ — (- 1) )1
Remark 12. The recurrence relation D3y = D3 — D35 gives a formula for Ds;_;.

Lemma 13. Foralln >0,

n—v—1 2@+t 4 (_1)1'

n—1
_ _1yi—v=1_ v v+l _(v+2)(2v+1)
= Z( 1) uwv'a 1_[ B TR T =

i=1
2(2v+1) ( l)l

Pans1 = Z( "™ @)a V<2V+3>]_[ e

2(2v+z) _ ( 1)1

Z(W)vav(zv+1)l—l 7

n n—v. . _2Qv+i+l) + (_l)i

a
_ W v+ l—[ ' )
q3n+1 Z a2’ — (—l)l

v=0 i=1

4. Proof of Theorem 1

We prove Theorem 1 by induction. The other theorems can be proven similarly.
Let

ZZO:O u—n—lv—na—(n+1)2 H?:1(02i _ 1)—1
Z;’;’:O(uv)—na—nz l‘[l'}zl(aZi _ 1)—] :

The identities hold for Dy and D because

@ =[0; ua®=1,va®* 172, =

Dy = qoa — po =«
ZZO:O M—n—lv—}'za—(n-¢—1)2 H?:](a% _ 1)—1

Z:’:O(uv)—na—nz ;l:l(ah' _ 1)—1

and
D, = qia — p; = uax — 1
_wa B u v - By a ) T @ - D
Z;":O(uv)—na—nZ H?:](éﬂi _ 1)—1
Z;’;O(uv)—na—nz—h(l 2n) H 1(a21 _ 1) 1
2 @)y a T (a2 — 1)~
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S @) a2 [T @ - 1)
Soo(un) e T (@ = 1!
DO S A § 1 Gl VI
n=0 =1
Smso@v)a T (@ = 17!

Assume that the identities hold for Dy,_; and Dy. Since Doy = ua®*' Doy + Doy,

(o] n

—_n —n? ; _

Dojyy E (uv)""a™" | |(a2’— D!
n=0 =1

(o] n
_ Z(uv)—n—k a—nz—(4k+2)n—k(2k+1) l_[ ( -1 )—1
n=0

i=1

(o] n
_ Z(uv)fnfk a7n274knfk(2k+l) 1_[( - 1)71
n=0 i=1

(e8]

D|I4

n
(uv)—n—k a—nz—(4k+2)n—k(2k+l)(1 _ a2n) l_[( a2 1)—1
n=0 i=1

) n—1
2 .
_ § (uv)fnfkafn —(4k+2)n—k(2k+1) | |(a21 _ 1)—1
n=1 i=1

o] n
_ Z(MV)—n—k—l a—n2—4(k+1)n—(k+1)(2k+3) 1—[( - 1)—1'
n=0 i=1

Since Dagia = va***2 Doyt + Doy,

0 n
Doz Y "™ | J@ -1y
n=0 i=1

n

—_ = — —_— p— 2_ —_— / —_
kL ek g Ak D= (ke 1)(2k+3)+2k+2 l_l(a2t -1 1

1

i=1
n
k=1 mnk g =@k 2n=(ke+ (2K 1) n( ¥ — 1)
i=1
n
k=l o=k D= (e DA D] g2y n(a2i -t
i=1
n—1
u—n—k—Zv—n—k—la—(n+1)2—4(k+1)(n+1)—(k+l)(2k+l) l_l(a2i _ 1)—1

i=1

+
s L

3
I
(=)

=
i}
S

DMz 1M

n
k2 k= —(AkO)n—(k+2)(2k+3) l—[ @ -1

i=1

3
Il
S
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5. Diophantine approximations of Hurwitz continued fractions
Let p,/q, be the nth convergent of the tanh-type Hurwitz continued fraction [4,
Theorem 5], [8, (1)]:
a = [0; ua, v(a + b), u(a + 2b), v(a + 3b), u(a + 4b), v(a + 5b), . . .]
_oRGE+ L wbz) > o) wb) ™ T (a + bi)™!
T uaoFiG Y L) I k) 105 a + bi)!

where

0o

1
4 (O 1!

oF1G e 2) =
is the confluent hypergeometric limit function. Here (¢), =c(c+1)...(c+n—-1)if
n>1and (c))=1.
Tueorem 14. Forall k> 1,
oF1G 4 +2k; =)
(Wb ($)ox oF 1 G &5 —)

Zn 0(”') I(MV) n— kb nn+2k 1(a+bi)_1
> ) wvb) = T17 (@ + bi)™!
oF 1G4 +2k+1; 1)

ua(uvb? (4 + Do oF 1 % =)

Dy = -

~ Zn 0(”') u " —k—1 i kb l—[n+2k(a+bi)—1
- YO ) b)) [T a + byt

If we put a=1 and =2 in Theorem 14, we immediately get the following
corollary.

CoroLLARY 15. Let p,/q, be the nth convergent of the continued fraction

\% 1 )
\/; anh = = (05 T3, = D

uv
Then for all k > 1,
oF1G L +2k; 71)
W)k = DI oF1G 35 70m)
oF1G 3 +2k; )
WAk + DI F G 3 )
where (4k — D! =4k - 1)(4k-3)---3

Dy = -

>

Dy =

k]

https://doi.org/10.1017/51446788712000158 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788712000158

[9] Exact expressions for the tails of Tasoev continued fractions 187

Let p,/q, be the nth convergent of the tan-type Hurwitz continued fraction [4,
Theorem 6], [8, (2)]:

a=[0,ua—-1,1,via+b)—-2,1,u(a+2b)—-2,1,via+3b)—-2,1,...]

CoFiG 1) _ oD ) e ob) " [T (a + by
ua oF1(; 4 =) > o (=Drm) (wuvb)y ™ [T/ (a + bi)!

THEOREM 16. Forall k> 1,
oF1G § + 2k —5)
Wby (4 oF1G &5 =)
I (=DM ) w) e [T a + bi)!
SR k) [T a + bi)!
oF1(G % + 2k + 1; __bZ)
ua(uvb?Y (& + Do oF1(; §

Dy =

> b me)
B ZZOZO(_l)n(n!)—lu—n—k—lv—n—kb—n nn+2k(a + bl) 1
T I ) ) [ @+ b

Remark 17. For odd k, the recurrence relation Dy = Dy — Dy—; gives a formula
for Dy.

If we put a=1 and b =2 in Theorem 16, we immediately get the following
corollary.

CoroLLARY 18. Let p,/q, be the nth convergent of the continued fraction

v 1 o
\/;tan\/—_:[O;u—1,1,(4k—3)v—2,1,(4k+1)u—2,1]k_1.

uy

Then for all k > 1,

UFl( +2k; 7 4uv
Dy = .
(uv)k(4k — 1)"0F1(’ 25 4uv)
D OFl( 2+2k’ 4uv
4 = uk+lvk(4k+ nH oF1(9 75 4uv)

where (4k — D! = (4k - 1)(4k-3)---3
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Let p,/qg, be the nth convergent of the e-type Hurwitz continued fraction (see [6,
Theorem 1], [8, (3)]):

a=[0;u(a+bk)y—1,1,v—-1]2,
VoF1G 4 +2; =)
uv(a+b) oF 1G4+ 15 ) = 0F 1 4 + 25 =)

ZZO:O M—Zn—] —2nb7n(n|)—] H”+l(a+bl) 1
Yoo b7 () ((uv)y=2 T (a + bi)™ — (uv)=2n-1 ]_["”(a +bi)
TuaeoreMm 19. Forall k > 1,

(“DF oFIG &+ k42 by —u(a+ bk + D)F G 4 +k+ 15 —b)

D _ =
e (qu)k(% + Z)k MV(CI + b) ()Fl(; > +1; m) — OFl(» 1_7 2; m)
~ (_l)k Z;oob n(ny) ((MV) 2n—k—1 Hn+k+l(a+ bl) 1 _ (MV) —2n—k Hn+k(a +bl) )
- Tt b ) (@vy 2 TTL (@ + i)~ = vy [T (a + bi)™) ’
K F +hk+2; 5
D3k ( 1) 0 1( u*v:b )

Wb (§ + 2k uv(a +b) oF1G § + 15 =) — 0F1G & +2; b))

( l)k Zn "o u72n7k71 72n7kb7n(n|)7] Hn+k+l(a + bl) 1
3 b ()T ()2 [T (a + biy ! = (v) 2t [T @+ bi))

RemARrk 20. The recurrence relation D3;_p = D331 — D3—3 gives a formula for Ds;_;.

CoroLLARY 21. Let p,/q, be the nth convergent of the continued fraction

Vs 1=10; k- )s =1, 1, 112,.
Then for all k > 1,

Dy =

(=1)ke!/@) & (n+k)!( 1 1 )

sk n! \Q2)2* 1 2n+2k+ 1) (29)(2n + 2k )

n=0
1’< 1/@s) n+ k)l
py= Z (bl
2s)"n'(2n + 2k + 1)!

Let p,/q, be the nth convergent of another e-type Hurwitz continued fraction
(see [6, Theorem 2], [8, (4)]):

a=[0;v—1,1,u(a+bk)—11;2,
oF 1% +2: =) 1

w(a+Db)oF1G4+1;=5=) v
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THeEOREM 22. Forall k > 1,

(=D 3oy b ()™ 11 (a + bi)™!
Yo o@v) 2o ()~ [T, (a + bi)~!

( ])k ZrolOOb n(n‘) (I/t 2n— k —2n—k—1 Hri+k(a+bl) 1 +u —2n—k-1 72n k=2 Hn+k+l(a+bl) )

Yoo @v) 22 (n)~! T (a + bi)~!
RemARrk 23. The recurrence relation D3;_p = D31 — D33 gives a formula for D3;_;.

Dy =

’

D3 =

6. Proof of Theorem 14 and Corollaries 21 and 26

We shall prove Theorem 14 by induction. Other theorems can be proven similarly.
Let

a = [0; ua, v(a + b), u(a + 2b), v(a + 3b), u(a + 4b), v(a + 5b), . . .]
B Z,‘;"Zo(n!)‘lu‘”‘l(vb)‘” [T (a + bi)™!
S ) by [T (a + bi)!
B Yo o) wb) ™ [T (a + bi)™!
Ty ) by [T a + bi)
The identities hold for Dy and D; because

Dy = goa — po =«

R )y [T a + by
T () vb) [T (a + i)

and
Dy = qia—p; =uaa -1
B (ua Z;":O(n!)_lu_”_l(vb)_” - Z:’zo(n!)_l(uvb)_”(a + bn)) H;’z_ll(a + bi)!
B 222 o) vy 127 (@ + bi)~!
X = DY vy T (@ + bi) !
- 3 () (uvb) ™ [T (@ + bi)!
o o@D @) e [T (@ + bi)~!
22 o m) L wvb) ™ T a + bi)t
Next, we shall prove Corollary 21. Puta=—-1,b =2, u = sand v = 2 in Theorem 19.

Since .
l;[(a+bi)_ ]_[(21— ! = (zn)v
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we obtain

Z b () ((uv)_zn ]_[(a T+ bi) = () 2! ﬁ(a + bi) )

[e9)

> 1
- Z 2s)2"(2n)‘ Z; (25)2+1(2n + 1)!

1 1
- h( ) ~si h( ) - _1/(2S)'
cos P sin o e
On the other hand, the numerator of Ds3;_; is equal to

- & (n+k)!( 1 1 )

s 4t \@s2 e+ 2k+ D (2920 + 200

The numerator of D3 is equal to

(-DF & (n + k)!
sktl g (29)2n!2n + 2k + 1!

7. Diophantine approximations in terms of integrals

In [12, Theorem 1], for the continued fraction

\/7tanh — =[0; (4k — 3u, (4k - 1)v 1,2,

we have
1 4 \k 1 2k=1/,. _ 1 2k—1
Doy = _(_) f DT v gy
2w 4 1\uv/) J, 2k - 1)!
2 4 k 1 2ke,. 1 2k
Dy = —(—) f i 7 @—1 N g
(eZ/W + Du\uy 0 (2k)!

Together with the identities in Corollary 15 we get the following corollary.

COROLLARY 24.
0F1( =+ 2k; —

’ 4m

|
OFl(s 29 m)

I 2k-1 2k—1
(x-1) ,
2%k - 1 !!f L Ay,
@e=D | e ¢ *

@V 1 1)

(ez/\m " 1)0F1( 3+ 2k 4uv

oFl(,z;m

D 2k(x — 1%
= 2% 4k + 1 z!f 20D i gy,
(4k+1) ; 20! e x
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In [12, Theorem 2], for the continued fraction

1
tan — =[0;u—1,1, 4k-3w—-2,1,(4k+ Du—-2,1],>,,
\ﬂ == -3 @+ Du - 2,112,
we have
1 Ak 1 2kl )2k

Dy = ——(—) f L C il Vil AV gy

2N \av) Jo T k=D

kol 2k 2%
Dy = ;(i) f O DT v v gy
(eXV-1TNw 4 Ty \uv/) Jo (2k)!

Together with the identities in Corollary 18 we get the following corollary.

COROLLARY 25.

(eZﬁ/\m + l)OFl( 2t 2k; g 4uv

oF1G %5 =

2kl 2k-1
- D*
—22"4k—1!!f T T vy
W=D ) e ¢ ®

OFI( 2 +2k’ 4uv
OFl( 2 4 )

D 2k(x — 1%
= 2%+ (4k 1!!f XU D v gy,
4k +1) ; 20! e X

@V 1 1)

In[11, 15], for the continued fraction

e =[1;2k-Ds—-1,1, 12,

R e b
- _ x/s
D31 = 0 f(; *—D e dx,

1 xK(x = 1)
D3y = f (x ) s dx
0

sk+1 k!

Together with the identities in Corollary 21 we get the following corollary.

we have

COROLLARY 26.

1/@2s) (n+k)! 1 3 1
nZ:(; n! ((2s)2”+1(2n +2k+ 1) (29)*(2n + 2k)!)

lxk—l(x_l)k
— (1 \k+1 x/s
b fo TEN TR

o) 1 « ‘
1/2s) (n+k)! _ _lkf =1
¢ ;(2s)2"n!(2n+2k+1)! D o o ¢
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8. Some additional comments

The identities in Theorems 1 to 10 may be obtained in indirect ways. For example,

let p,/q, be the nth convergent of the Tasoev continued fraction a = [0; ua®~1, va® ]2 |
in Theorem 1. Then we know that for all n > 1,

n=v=1_22y+i) 1

2043 a ~
Pan- 1—Z(MV)V v@v+3) l_[ cﬂi——l’

i=1

n-1 2@+ _
Don :Z vyl r+2)2v ) l_[
v=0
n-1 n—v-1 Q2@+ _
Gon1 = Z WY g H@v+D) 1_[ —
v=0 i=1
2(2v+t) _ 1

Z(W)v v(2v+1) 1_[

(These identities are also proven by induction.) After some manipulations of series,

(G261 = p2x-1) Z:(MV)_"@_"2 1_[(612i -1
n=0 i=1

(o] n
2 .
- _ § (uv)fnfkafn —4kn—k(2k+1) | |(a21 _ 1)71
n=0 i=1

and

(g = m)Z(uv) "o [ @ -1
= i=1

[eS) n
_ Z ke kg = (ke 2n—(ke+ 1)(2k+1) 1_[( & -1,

n=0 i=1

But these manipulations are not easy.
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