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A 3-SPACE PROBLEM RELATED TO
THE FIXED POINT PROPERTY

HELGA F E T T E R AND BERTA GAMBOA DE BUEN

We study some properties which imply weak normal structure and thus the fixed
point property. We investigate whether the latter two properties are inherited by
spaces obtained by direct sum with a finite dimensional space. We exhibit a space
X which satisfies Opial's condition, X ® K does not have weak normal structure but
X 0 R has the fixed point property.

1. INTRODUCTION

In recent times several properties implying the fixed point property in Banach spaces
have appeared in the literature. The object of this work is to study which of these
properties are inherited by spaces obtained by direct sum with a finite dimensional space.
In case the latter holds, we shall say that the property is FDSP. This is different to
the permanence properties under symmetric sums studied by Landes in [4] and [5] and
by Sims and Smyth in [7], since besides the sum being symmetric, they consider sums of
the space with itself.

The main result is that there exists a space X which satisfies Opial's condition and
X ® K for a certain family of norms does not have weak normal structure, but X ® R
still has the fixed point property.

2. PROPERTIES WHICH ARE FDSP

DEFINITION 2.1: Let V be a property of Banach spaces and suppose that each
time that a Banach space Y has a finite codimensional subspace X with V, Y also has
V. Then we say that the property is FDSP.

We shall show that several of the known properties which are sufficient for weak
normal structure and thus for the fixed point property, are FDSP. Next we shall define
those properties.
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DEFINITION 2.2: Let X be a Banach space.

1. X has the fixed point property (FPP) if for every weakly compact subset K of
X, every non expansive mapping T : K -> K, has a fixed point.

2. X has weak normal structure (WNS) if X does not contain any weakly null
sequence {xn}n such that for every x in the closed convex hull of {xn}n

diam {xn} = lim ||xn - x||.
n

3. If there exists e > 0 so that for every weakly null sequence {xn}n C X with

lim||xn| | = l,
lim sup ||xi - Xj-|| > 1 + e,

n ij'^n

we say that X satisfies Bynum's condition (BC).

4. If for every weakly null sequence {xn}n C X with liminf ||xn|| > 0 there exists
n

0 < r < 1 such that for every subsequence {yn}n C {xn}n,
lim sup \\yn\\ ^ rdiam{j/n} ,

n

we say that X has the strong subsequential property (SSuP).

5. If for every weakly null sequence {xn}n C X such that lim ||xn|| = 1 exists,
n

1 < inf {diam {yn} : {yn}n is a subsequence of {*„}„} = A' {xn},

then X has the subsequential property (SuP).

6. If for every weakly null sequence {xn}n c X

lim sup ||xn|| < lim sup \\xt — Xj\\,
n n ij^n

then X has the generalised Gossez Lami-Dozo property (GGLD).

Details about FPP and WNS can be found in [2]. The definition of BC is not the
original given by Bynum in [1], but an equivalent found in [8]. Properties SSuP and SuP
were defined by Sims and Smyth also in [8], and GGLD was defined by Jimenez-Melado
in [ft].

THEOREM 2 . 3 . Properties BC, SSuP, SuP and GGLD are FDSP.

PROOF: We shall only give the proof of the theorem for spaces with codimension
one, however the generalisation to spaces of any finite codimension is trivial.

Let Y be a Banach space and X be a codimension one subspace. Then there is
z € Y such that every element of Y is of the form y = x + Xz with x £ X and A € R.
Let {yn}n C K b e a weakly null sequence. Then

J/n = Xn + \nZ

where {xn}n C X is weakly null in X and An -> 0. Also it is easy to see that:
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(a) limsup||2/n|| = l imsup| |xn | | and liminf \\yn\\ - liminf | |zn| | .
n n n n

(b) lim sup ||j/j - Vj\\ = lim sup | | i , - Xj||.
n tj'^n n ij^n

(c) A* {yn} = A* {xn}.
From (a), (b) and (c) it follows immediately that BC, SuP and GGLD are FDSP.

With respect to SSuP, suppose that liminf \\yn\\ > 0 and that there is 0 < r < 1 such
n

that for every subsequence {un}n of {xn}n

lim sup ||un|| ^ r diam {un} .
n

Then by (a), liminf ||xn|| > 0. Now let {vn} be a subsequence of {yn}n with
n

vn = un + \mnz. Let e > 0 and N € N be such that if i, j > N, \Xmi - Xmj\ < e/\\z\\.
Then

diam {un}n>N < diam {vn}+e
Thus, since lim sup ||i;n|| = lim sup ||vn|| = lim sup ||un||, we get

n>N n n

-limsup||vn|| = -limsup||un|| <diam{un}n>w <diam{un}+e

and thus limsup ||un|| ^ rdiam {vn}. Hence SSuP is also FDSP. D
n

The fact that GGLD is FDSP was already noted by Sims and Smyth in [7].

3. PROPERTIES WHICH ARE NOT FDSP

There are several properties implying weak normal structure which are found in
the literature and which are not FDSP. Examples of these are the Gossez Lami-Dozo
{GLD) [3], the weakly uniformly Kadec-Klee (WUKK) and the WUKK' [8] properties.
In fact, if V = Z2©K with the norm ||(x, A)|| = max(||x||/2, |A|), it is easy to see that
I2 has all the above mentioned properties, but Y does not. However if X has one of the
above properties and is of finite codimension in Y, then Y has weak normal structure and
hence the fixed point property, since all of those properties imply Bynum's condition.

In this section we show that other known conditions related to the fixed point prop-
erty are not FDSP. We start by recalling the definitions of these properties.

DEFINITION 3.1: Let X be a Banach space.

1. X satisfies Opial's condition (OC) if whenever a sequence {xn}n in X is
weakly null, then for x ^ 0

liminf | | i n | | < liminf ||a;n - x\\.
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2. X satisfies Tingley's condition (TC) if for every weakly null sequence {xn}n

inX,
liminf ||zn|| < sup(limsup||a;m -x n | | ) .

n m n

3. X has the weak sum property (WSP) if X ® ( i K has WNS.

Some of these definitions are not the original ones, but are equivalent. The definition
of OC can be found in [2]. TC was defined in [9] and WSP in [5]. It is known that

(3.1) OC=>TC=> WSP =• WNS => FPP.

DEFINITION 3.2: Let Y = c be the space of converging real sequences y — {y (n)}
with the norm ||-||Q for a > 0 :

where \\y\\gg = sup\y(n)\. Let X = (co,||-||Q) be the subspace of Y consisting of the
n

subsequences convergent to zero.
Recall that a sequence {yn}n in Y is weakly null if and only if limyn (i) = 0 for

n
every i € N and lim [lim yn (i)] = 0.

THEOREM 3 . 3 . For a > 0, X = (co, | | | | a ) satisfies Opiai's condition.

PROOF: Let {xn}n C X be a weakly null sequence with lim||xn|| = 1. Then
n

oo
lim||xn| | = 1, l i m ^ ( x n (i))/2* = 0 and by passing to a subsequence we can assume

n n j = 1

that there exist 0 < ii < i2 < ... such that Hz, ,^ = |xn (in)\.

Let x € X, i / 0; then

t=i t=i

Hence

lim inf ||xn - x||Q > lim inf ||zn - x l ^ + a'

Now let e > 0 and J be such that for j ^ J, \x(j)\ < e and let jV be such that for
n> N,in> J. Then for n > N

Ikn - Xlloo ^ I1" (*») ~ ^ (*n)| ^ l^

Thus

liminf | | i n-a; | | ^ 1
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This finishes the proof. D

Jimenez-Melado in [6] mentioned that (co, ||-||Q) for a = 1 fails to have property
GGLD. Thus we obtain the following:

COROLLARY 3 . 4 . OC does not imply GGLD.

THEOREM 3 . 5 . For a € (0,1], X - (c, ||-||o) does not have WNS.

PROOF: Let {z n } n c X be the sequence defined by

xn (0 = <

0 if i < n

1 — — for i = n

a
2"

for i > n.

Then {a;n}n is weakly null,

and

(3.3)

Also, for n > 1

\\Xn ~ Xm\\a

(3.4) Y}*i (0 " *» (0| = ^ (0 - *»

'"I for i = 1

— 1 + 1 - - T f o r l < i < n

a a '

a for i > n .

n - l

On the other hand, if n > 3, £ Ikj ~ ^ I L = S 0 ~ (a/2J)) a n d

i
n - l

Hence

(3.5)
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Thus by (3.4) and (3.5)

| ^ ) = 0

and by (3.2), (3.3) and (3.6), using a result of Landes found in [4] we get that X does
not have WNS. D

The following result is an immediate consequence of the previous theorem, Theorem
3.3 and (3.1).

COROLLARY 3 . 6 . Properties OC, TC, WSP and WNS are not FDSP.

Next we shall see that the spaces (c, ||-||Q) in spite of not having WNS still have
FPP. The proof follows along the lines of Lin's proof that spaces with a 1-unconditional
basis have FPP (see for example, [2]).

THEOREM 3 . 7 . For a € [0,1), X = (c, ||-||Q) has the fixed point property.

PROOF: Let K be a weakly compact convex set in X and suppose T : K -» K is a
non expansive mapping without a fixed point. We may suppose that K is a minimal T—
invariant weakly compact convex set with diamif = 1 and that there is a weakly null
approximate fixed point sequence {xn}n C K for T such that:

(1) l i m | M Q = l,

(2) lim ||x - xn|L = 1 for every x € K,
n

(3) l im| |zn-zn + 1 | |Q = l.
n

Since {xn}n is weakly null:
(4) limxn (z) = 0 for every i € N and if kn — limxn (i), then limfcn = 0.

n i n
Hence we have also, by passing to a subsequence and taking -K if necessary:

(5) limog(|*»(0|/2')=0.

(6) lim||xi = l
(7) There exist il<i2< ... such that Hx , ,^ = xn (in).

Then, if for x € K, l imx (i) = kx, we have |A;X| ^ 1 and

t = i

Thus, by (2), (4) (5), (6) and (7), 1 ^ 1 - kx + a £ ( | x ( i ) | / 2 i ) and

(3.7) A ^
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On the other hand, suppose that there exist r\ < r 2 < . . . such that xn (rn) < 0.

If i 6 if, then 1 > \\x-xn\\a > |i(rn)-in(rn)|+a£(|a;(i)-in(i)|/2'). Hence

1 ^/cx + limsup|xn(rn)| + a 53 (1^(01/2*) and thus
n j=l * '

\% (j \

n " " ^ X i=l 2 '

By a standard procedure, using (4), we may extract a subsequence of { i n } n which
we shall keep calling {xn}n, and construct finite sets Fi,F2,... with supi*} < infFi+i
and projections Pn : X —> X such that

(3-9) 1 ̂  ||PBarB||o > 1 - ^ and | | ( / - Pn)xn||Q < 1 ,

i(j) ifj€Fn

•{:•
where for xe X, (Pnx) (j)

I 0 otherwise .

Observe that

(3.10) Pn o Pm = 0 if n ± m and ||PB|| - ||PB + PB+1|| = ||7 - PB|| = 1.

and for x £ X,

(3.11)

Now define for x € X

\{j)-kx i f j € F B .

Hence

(3.12) ^ 0 ^ = 0 if n ^ m , H^H = WK + i^+ 1 | | = 2,

(3.13)

and

Thus

(3.14) l i m | | / -

https://doi.org/10.1017/S0004972700019675 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700019675


58 H. Fetter and B. Gamboa de Buen [8]

Also

/ Q i r \ 11̂ 7" D \ T II | | ~ P T - l _ £ * - ^ n l l ^ O
" " a n->oo

f l for jeF
where X F 0 ) = <

I 0 otherwise.

By (3.7) there are two cases to consider:

I. For every x € K, kx = a £3
t=i

II. There exists u € K with ku > a £ (\u

We now translate some of the above into the terminology of ultrapowers. For details,
see for example, [2].

Let U be a free ultrafilter on N. K will denote the set

K = {K}u = {u= {Ui}u € {X}u :Ui

where {X}u = X is the ultrapower of X. If {Si} is an equibounded family of operators
Si : X -4 A"we define the operator S = {5,}M : X -> X by

55 = {SiUi}u.

In particular T : K —> K is the non expansive mapping given by

We identify K with the subset of K represented by the constant sequences {x}u

with x € K.

Let P = {Pn}u, Q = {Pn+1}u , R = {Rn}u and 5 = {Rn+l}u. Then by (3.10) and
(3.14)

(3.16) | | P | | = | | / - P\\ = \\Q\\ = \\I - Q\\ = \\P + Q\\ = \\I - A|| = ||7 - 5 | | = 1

and by (3.12)

(3.17)

Now let x = { x n } w , y = {xn+i}u- Then since {xn}n is an approximate fixed point
sequence for T,

(3.18) fx = x and fy = y.

By (3.9), (3.10), (3.15) and (3.12)

(3.19) Px = x, Qy = y,Py = 0 and Qx = 0
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and

(3.20) Rx = x, Sy = y, Ry = 0 and Sx = 0.

Also by (3.11) and (3.13), for x € K

(3.21) | |Px|| = | | (P + Q ) x | = kz and \\Rx\\ = \\(R + 5)x| | = 0.

Finally, by (3), (3.9), and from the fact that ||Pnxn - Pnxn + 1 | | a = ||Pnxn + Pnxn+1||Q, it
follows that

(3.22) \\x - y\\ = lim ||Pnxn - Pn + 1xn + 1| | = lira ||Pnxn + Pn +ixn + 1 | | = ||x + y|| *= 1.

CASE I. In this case for every x € K, 0 ^ kx ^ a/(a + 1). If this were not true and
kx > a/(a + 1), then \\x\\gg = ||x||Q - kx < 1 - a/(a + 1) = l / ( a + 1) and thus, since

/cx = a j ^ Mx (i) | / 2 ' j this would yield a contradiction. Let

W = <w € K : \\w — x\\ ^ - for some x € K, \\w - x\\ ^ - , \\w - y\\ < - \.

Clearly W is a closed and convex subset of K and by (3.22) z = (x + y)/2 € W (taking
x = 0 € K). Also by (3.18) and since T is non expansive,

\\fw - Tx\\ ^ \\w - x||, \\fw - x\\ < ||-£Z7 - x|| and \\fw - y\\ s£ \\w - y\\,

showing that W is T invariant.

Now, if w € W, then by (3.19), (3.16) and (3.21) we obtain, since a < 1,

+ Q)w +(I- P)w +{I- Q)w| |

a

but by Karlovitz's lemma
sup ||W|| = 1.

CASE II. There exists u € K with k = ku = lim|u (i)\ > a }

In this case we shall show that there is 0 < b < 1/2 such that the closed convex set
W given by

W = iw € K : ||w - x|| < i - b for some x € K, \\w - x\\ < i , ||w - y\\ ^ \ J
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is not empty. Then, as above W is T invariant and if w € W, by (3.21), (3.20), (3.17)

and (3.16).

and this again contradicts Karlovitz's lemma.

We shall prove now that (x + y) /2 € W by exhibiting x € K and b < 1/2 satisfying
||(l/2)(x + y) - x|| ^ (1/2) - b. To this end let u € K as above and 0 < A < 1. Since K

is convex and 0 € K, Xu € A". Now we shall estimate (Pn^n + ^n+i2:n+i)/2 — Au .
II I I Q

| - (Pnxn + Pn+1xn+i) (i) - Au (i)
if FnU F

n+1

^Y^- - Au (i) if r € {n, n + 1} and i € Fr.

gy

Let 0 < e < A; — a 53|u(j')|/2J and suppose that n is sufficiently large that u(i) > 0,

\u (i) - k\ < £ for-i € Fr and if xr (i) < 0, then by (3.8)

But

^ - A u ( i ) |

i f A u ( i ) < ^

Au(i)

« 0) I s\ i fx r ( i )<0.

Let A be sufficiently small that A|u (i)\ < (1/2) - AJfc for every i and

2Aifc<

Then

1
\ {Pnxn + Pn+1xn+1) - Aul
2 H

\k + Xe) + Xa(\ - \k + Xe) + a
^r (j) I
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and finally

•|1 , „ - x . II . 1 ° °lim - (Pnxn + Pn+ixn+l) - Xu\\ ^--Xk + Xe + Xa
n II2 Ha 2 2»

Therefore, if x = Xu, \\(x + y)/2 - x\\ = (1/2) - b for some b > 0 and this concludes the
proof. D

We do not know of an example of a space having FPP and codimension one in
another space without FPP. We also do not know if the previous theorem is still valid
for a = 1.
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