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1. Let
f)=3 ae* (s=o+i),
n=1

where 0 =4, <A; <..., 4,» 00 as n—> oo, and liminf(4,,;—2,)=h>0, be an entire

n-w

function represented by a Dirichlet series whose order (R) and proximate order (R) are
respectively p (0 < p <o) and p(o). For proximate order (R) and its properties, see the paper

of Balaguer [4, p. 28].

In §2 I prove a general theorem involving proximate order (R), and in §3 I apply it to
give an important application in the theory of entire functions represented by Dirichlet series.

§ 4 is exclusively devoted to illustrating the best possible nature of this application.

2. Define
A(a)=exp<I p(®) dt>, B(o) = _[ n(Np(?) dt,
0 1]

where n(t) is a non-decreasing function of ¢, at least for ¢ 2 ¢,, and is continuous almost

everywhere in (¢,, t). Let
lim sup {n(a)/A(0)}=C, lim inf {n(s)/A(0)}=D,

>0

lim sup {B(0)/A(6)}=E, lim inf {B(s)/A(c)}=F.

g
I have elsewhere shown [1, (4.1)] that
eE > CeP/€ > C.

THEOREM. Let 0 < p <00 and 0 < E <coo; then

- B'(e) _C
i ———— ===
L2 P B )a@ SE =

wheret a— o0 excluding a set of measure zero and B’ (o) is the first derivative of B(o).

Proof. We have, for almost all o 20,
B'(6) = n(0)p(0) < (C+e)4(0)p(0)
< (eE+e)A(0)p(0),

by (2.1), where ¢ is an arbitrarily small positive number. Hence

B'(0) C
I _ZYW o,
o SUP (@) = E= ¢

t From now on it will be assumed that ¢— oo excluding a set of measure zero.
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Next, suppose that the left-hand inequality in (2.2) is false; then if § < 1, we have

B'(0)

—— <6, (0<d;<1,020y).

Then
B(o)—B(oy) =f B'(x)dx < Eéljw A(x)p(x) dx

L]

= Eélj~ A'(x) dx,
(4]
and consequently
. B(o)

lim sup——= < Ed, < E,

a0 p A@ = !
which is inconsistent with the fact that

B(o) _

lim sup——= =E;
o P @)

the result follows.
3. An application. Let p(o) = p, B(o) = p log u(o) and n(s) =4,(,), where u(o) and

Ay are respectively the maximum term of f(s) and the rank of the maximum term. Then we
have from the above theorem:

: (o)
1= lim sup—>— <e, 3.1
o P pTp(c)e” @.1)
where u'(o) is the first derivative of u(o) and

log (o)

e’

T = lim sup 0<T<wm),

a—=w
T being the type of f(s). The result (3.1) has been obtained earlier by the author [2].

4. First, I construct an example which shows that the lower bound in (3.1) cannot be
greater than 1.

Example 1. Let0 < T <0, 0 < p <00, and

@ T"e["”]’

f@=3%

n=1 n!

Suppose now that y, denotes the rectified ratio in f(s). Then

2 = log (nf) / ([np]—[(n—1D)p].
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Hence, for y, < 6 < xp4+1, We have

T lnele [ n p] T e[np]a

s K(9)

u(o) = (4.1

n! n!

Now obviously f(s) is an entire function of order (R) p. By (4.1),
log u(e) [nplo+nlog T—log n!

bl
e’ e’

and so, for large n,

log u(x,) nlog(n/T)+nlog T—nlogn+n—%logn

ePxn elos(n/T) T.

Sincé

log p(tn+1)  log p(0) _ log pu(xy)

ePXn+1 = e’ = ePxn ’
it follows that
. lo o
lim sup g ffa( ) =T,
a0 [

and hence f{s) is of type T. Further, by (4.1),

H (Xn)
IW‘ -1 asn- oo,
and it follows similarly that
lim inf (0

o PTH(@)E™

Next, consider the following example which shows that the upper bound e in (3.1) cannot
be diminished. Srivastava [3] also makes use of it for another purpose.

Example 2. Let

© (o8 epr:
f@)= zl{—} ,
where
py=1,P=1+[p], saei=exp(uf) for n=1,2,...
Srivastava [3, p. 144] has shown that f(s) is an entire function of order (R) p and type T.  Also
e° epTu:
pu(o) = {;} , (4.2)

n
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if o) < o <p(n+1), (4.3)

where

¢(n) = - {uﬁ log p,—pn- 4 log /1,.-1}-

n—1
Now it is obvious that for large n, say n> n,, we have

log p, < ¢p(n) <log (u,+uy) <log p,+1/p <log pyey < Pp(n+1) if O<r<l.

Again, for the above function,

@) epTun
(o) = epTui.’{;—} ; (44

where o lies in the interval defined by (4.3). Therefore, from (4.2) and (4.4), we get

H)  en;
STH0 = o (4.5)

Let ¢ = log (u,+ %) =8,. Then, from (4.5), we obtain

RO
pTu()e”  (u,+uk)

—e¢ asn-— 0.
Therefore

. (o)
lim sup ———~>— =,
e ¥ pTu(0)e™ =

and this, when combined with (3.1), shows that for this function

lim sup —L)a =
P pTu(o)e’
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