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ABSTRACT 

The o r b i t a l i n s t a b i l i t y and forming of outer par t of 
Asteroidal b e l t has been studied e a r l i e r in the Circular c a s e . 
Here the same problem i s studied in e l l i p t i c c a s e . 

FORMULATION OF THE PROBLEM 

Here t h e c a s e of p l a n e r r e s t r i c t e d t h r e e - b o d y problem 
w i l l be c o n s i d e r e d . T h e m a s s of c e n t r a l body PQ supposed a s 
t he u n i t , and t h e m a s s of p e r t u r b i n g body P ' a s y << 1 . The 
semi-major a x i s of P ' w i l l be c o n s i d e r e d a s a u n i t of l e n g t h , 
b i t a u n i t of t i m e w i l l be s e l e c t e d so t h a t t h e g r a v i t a t i o n a l 
c o n s t a n t would become u n i t y . For t h e Kepler e l e m e n t s of p a s ­
s ive g r a v i t a t i n g p o i n t we s h a l l be u s i n g t h e well known t e r m s 
hut a l l e l e m e n t s of P ' w i l l be d i f f e r e n t . 

Le t u s c o n s i d e r t h e f i r s t t y p e of r e s o n a n c e s . Thus i n i ­
t i a l l y we havec the c o n d i t i o n : 

\l.n - (JH-n)n' | < 0 ( / y ) , (1) 

where I i s a s imple i n t e g e r . Then we can i n t r o d u c e t h e Delaraay 
anomaly a s 

S = A.M - W+l) <M' - * ) (2) 

wher e \\> = u> -to ' . 

Then we c a r r y o u t t h e expans ion of p e r t u r b e d f u n c t i o n R over 
t he f a s t v a r i a b l e s M and M' and n e g l e c t i n g h igher o r d e r t e rms 
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in e and e ' . VJe s h a l l o b t a i n 

R = E + e E , c o s S + e ' B_ cos(S-ty) (3) 

where E = u / 2 l J 0 ) (a) 
o ± 

^ = u / 2 [ 2 U+l J L ^ 4 1 > (a) + a ^ L^+1 ] (a) ] , 

B2 = u / 2 [ (2A+1) l 1
U + 1 ] (a) + a | J J - L^** 1 } (a) 

+ 2a 6Ae' D, &1 =1, 6£ = 0 with A ^ 0, 

L. are the Laplace coefficients. 

If we change our problem to circular problem (e1 = 0), 
we have the following integral 

Y = a (A+l - A/T^e-2)2 (4) 

At present the solution of this problem obtained with the 
Weierstrass-functions [2], Same trajectories are shown in 
Figure 1. 

On the lower part of range takes place the separatrix and 
trajectories types, but on the upper some results of numerical 
integration. 

Stationary solutions of the problem are marked as 6-̂ ,62, 

e,. I t ' s behaviour depending on the values of y have been 
shown in Figure 2. 

From the conditions of f i rs t type trajectories there fol­
lows the impossibility of an approaching of asteroid and Jupi­
ter in aphelion although that trajectories are in the instabi­
l i ty range according to Kill [3] . Other trajectories in this 
case would be unstable. 

NDW we consider the following problem: Vvhat are the t ra­
jectories near the separatrix which change with variation to 
elliptic problem? 

At f i rs t let us prove the existance of ergodic layer in 
this case in which the turbing of orbit type are happening. 
The method given in [6] i s being used here. 
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Figure 1: (a) The resu l t s^of numerical i n t e g r a t i o n . 
(b) Separatrix S and some types of t r a j e c t o r i e s . 

THE PROOF OF ERGODIC LAYAR EX I STANCE 

For f i r s t type layar t r a j e c t o r i e s , if we mark the mean 
motion n, of e , , so lut ion for 
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F i g u r e 2 : Behav iours of s t a t i o n a r y s o l u t i o n s e, , e 2 , e , depend ' 
ed on t h e v a l u e of y 

An = n - n, i s 
2 

(An) = c + 2e, c o s S, 
3 - 2 B> e where c i s a c o n s t a n t , e, = _- Y T. 1 

(5) 

Then, s i n c e S = JIAn, f o r t h e second d e r i v a t i v e we have 

S = - e, s i n S, (6) 

o r , wi th e ' ^ 0, 

S = - E-L s i n S - c 2 sin(S-hj;) (7) 

-1 S u b s t i t u t e t h e new v a r i a b l e V = T S, where T = e, , and 
o b t a i n t h e e q u a t i o n (7) i n t h e f o l l o w i n g form: 

TV = - s i n S - e s i n (S + \\>). (8 ) 

Here i t i s supposed E = E - / e i . 

We make u s e of Hami l ton ian of u n p e r t u r b e d m o t i o n : 

H = j V2 - c o s S, (9) 
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and faring in new v a r i a b l e s Inact ion and ty-fa-sey 

I = fF j v d S - ' J - C E - a-K2)K] 

* = 3 — ' 

ao) 
3S 

e S= i - i d S V . wher 

Here K, E-are f i r s t and second type fu l l i n t e g r a l s with 
module k -./¥• 

If pe r tu rba t ions a r e absent ( £ = 0) , then equat ions of 
motion would become 

i = o, \i> = n ( i) , a i ) 

where !2 i s a frequency and 

" T d i 2k T
 u ^ ' 

Eut, if pe r tu rba t i ons a r e p resen t , then 

i = di(H^ + H's) = " - f r v •*»<* + *> as) 
T S2 

Let u s def ine the spectrum of speed V in the case when 
the pe r tu rba t ions a r e absent (e = 0 ) . So far a s V = xMn-n, ), 
then with k > 1 we have to wri te [ 4 ] : 

V + 2k c n ( u , k ) , (14 ) 

where u = i.i t i s the new v a r i a b l e . Or, if we s u b s t i t u t e 
the new v a r i a b l e q = exp ( -nk ' /k ) , where k" = k ( / l - k 2 ) , and 
expand i t in F o u r i e r - s e r i e s , then we have the following form: 

V = 8ftt I a — 5 — r c o s C(2n-l)nt] (15) 
n=l 1+q 

We shal l consider the motion near the s epa ra t r i x . In 
t h i s case we have 
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k - 1 , g + 1 , K %\- In J | - f K- % \ , 

12 T £ 32— ' 9 £ atpC-ir-flr] 
l n f = H 

a6) 

Then, in the r i g h t hand side of equation (13) pick out 
resonant term.Taking intt 

following resonant condi t ion : 
some resonant term.Taking in to account \p ^ Bt we have the 

Tn(iH) = SLf a?) 

where N i s an odd number and I N i s an ac t ion by t h a t r e s o n ­
ance . 

In the case of BT <V. 1 we have T^ (I„) ^ 1/N, but near 
the separa t r ix TS2 << 1 , the re fore (17) would be ca r r i ed ou t 
j u s t for N >> 1 . Let the d i s t ance between resonances N and 
(N+2) be 

RN = ft (IN) - ft ( I N + 2 ) <_ - i y * Tft2 (iK) (18 ) 
TN 

Then, the s tochas t ic condi t ion wil l have the following form: 

dft (I..) 

" d I N 
« N » R N I T J I 2 ^ ) , 0.9) 

where 61 i s the maximum v a r i a t i o n of p a r t i c l e ' s ac t ion in 
the N-resonance. 

Assuming the v a r i a t i o n of frequency have s u f f i c i e n t l y 
snail range, we have 

| | | ( I N ) | 6IN « ft(IN). (20) 

After i n t eg ra t i on of (13 ) over t i m e - i n t e r v a l , such t h a t > T, 
in the range of N-resonance we shal l have 
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n - 1 / 2 
6IN * , ? to+1 

4e 

1+q ^ S Y ^ N 
(21) 

but q ^ 1 , t h e r e f o r e 

6 I N " 

2en<I N > 

an (i„) 
» 

d l 

1 / 2 

(22] 

T h i s , t h e s t o c h a s t i c c o n d i t i o n w i l l be o b t a i n e d i n t h e frarm: 

'-i- d l 61 = 2e dft_ 
d l 

>> 1 (23) 

B i t n e a r t h e s e p a r a t r i x wa have 

dfi_ 
d l 

2 o3 
X ft , U , 

1 2 7 - ^ P (
 TIT

 } 

and 

L = 1 6 F ffiP ( xlT } ? > x (24) 

The boundary o f s t o c h a s t i c c a s e i s a p p r o x i m a t e l y d e f i n e d from 
s u c h c o n d i t i o n : L > 1 , t h a t i s w i t h i n t h e f r e q u e n c y r a n g e 
o < ft < fr , 

ft = (25) 

T I n 
Z6v 

From (16) we f i n d t h e s t o c h a s t i c boundary o f e n e r g y s u c h a s 

1 -H <\/ — <\- e (26) 
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DEFINITION OF THE WIDTH OF SEPARATRIX SPLITTING 

Let u s d e f i n e t h e r a n g e of s e p a r a t r i x s p l i t t i n g . In t h e 
c a s e of e l l i p t i c problem, we have 

y = 2£/a e ' E2 s in(S-ty) (27) 

T h e r e f o r e on t h e s e p a r a t r i x S << $, t h e n 

Y = Y0 + g -cosOM. 

Using t h e a n a l y t i c form fo r 3 [ 4 ] we have to c o u n t t h e v a l u e 
AY 

Y = Y Q
 ± &Y 

Take t h a t f o r 1 = 1, e ' = 0 .048 , e = 0 ,14 , y = 1 / 1047 and 
fo r t h e o t h e r c o n d i t i o n s c o r r e s p o n d i n g t o [ 1 ] . 

We o b s e r v e from F i g u r e 3: t h a t a s y c h a n g e s i t ' s v a l u e 
from 0.64 t o 0 .652, t h a t t o 0 .18 , t h e r i g h t boundary of p r o ­
j e c t i n g w i l l be changed from 0,2 t o 0 . 2 6 . 

0.128 0 0.126 

F i g u r e 3 : V a r i a t i o n of e ^ - s o l u t i o n depending on t h e v a r i a t i o n 
of 0.64 <_ Y 1. 0 . 6 5 2 . X = e , c o s S, Y = e , s i n S. 
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Analogous change of K = /y a r e shown in Figure 4 . Our 
fu ture plan i s to apply t h i s method for a s t e r o i d s of G i lda ' s 
group and i n p a r t i c u l a r , for a s t e ro id no.334, whose motion 
have been inves t iga ted by Shabart [5 . ] . 
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Figure 4: Var ia t ion of K = / 7 according to 0.64 <_y <_ 0.652. 
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