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ON THE TOTAL TORSION OF CERTAIN

NON-CLOSED SPHERE CURVES

STEPHEN M, ZEMYAN

In this note, we establish some results concerning the total torsion

and the total absolute torsion of certain non-closed stereographically

projected analytic curves. The method of proof involves only

elementary techniques of integration, a periodicity argument and

Liouville's Theorem.

1. Introduction

Many authors [3, 4,5] have considered the total torsion of closed

curves on the unit sphere. It is well-known that the total torsion of a

closed unit speed sphere curve is zero. (See [2, p.170], for example.)

More generally, we have the following result:

THEOREM. (Santald, 14V Let K be the curvature and T the

torsion of a closed curve C of class C . Let s be the arc length of

C and f(<,T) a function of K and T . If the relation

* \c f(*,T) ds = 0

holds for every closed spherical curve C , then f = $(K)I3 where
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is an arbitrary function of < . Conversely, if the function f(<,i) has

the form f= <^(K)I , then * holds for every closed spherical curve such

that K ^ 0 at every point.

Also other authors [/, 6] have considered the total absolute torsion

of closed sphere curves.

In this note, we shall prove analogous results for certain non-closed

stereographically projected analytic arcs on the unit sphere. For such an

arc y / w e shall show that

I K 2 T ds = 0
Y

for all complex z whenever

| T as = 0 .
1
Y

It is interesting to note that in establishing this result, the method of

proof differs considerably from the usual methods. All that will be

required are elementary integration techniques, a periodicity argument and

Liouville's Theorem. We shall also easily deduce a total absolute torsion

result for non-closed sphere curves.

2. Background Information

Let C(R-;R0) denote the class of conformal mappings of the annulus

1R2) = {s.-flj < \z\ < R2) , and l e t f e CiR^R^ . Let n denote the

stereographic project ion of the image plane of f onto £, , the uni t

sphere in J? . For fixed r, R- < r < R^ , we l e t C = {z:\z\ = r] ,

C'r = f(Cp) and C£ = Jl(C^) . For fixed 6, -IT < 9 < TT , we l e t

La = {z:arg z = 6} , L' = f(L.) and L" = Tl(L') . A parameterization of
w 3 6 6 6

the curves C" and L" is easily prescribed. Indeed, if we write

f(z) = f(r,e) = (u(r}6), v(r,Q)) , (z = re'18)

then we have
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= {X(r,Q): -IT < 6 < IT}

and L" = {X(r,%): R2 < r < R2 }

where

(1) X(r, 2u(v, Q) 2v(r,Q)

1 + I/I2 ' 1 + I/I2 ' 1+ I/I2

z-plane

In all results to follow, the quantity

f*(B) - \f'O>\

1 + \f(B)\2

denotes the spherical derivative of f(z) , and the quantity
.* ( J+it / _ I A 2

denotes the Schwarzian derivative of f(z) .
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PROPOSITION. Let f e CfR^R^ . Then, at the point U(f(r,e)) on

the curve C" , the curvature K^C/; Q) is given by

(2) <ri

and the torsion tp(fjQ) may be determined from the relationship

(3) 4r2f#2K2
r(f;Q)rr(f;e) = Im[a2{/,«}] .

At the point H(f(r,e)) on the curve L" , the curvature <Jf;r) is

given by

(.41 K(

and the torsion TQ(f;r) may be determined from the relationship

(.5) 4:

Furthermore, since

(6) :

we may write

The proof of this proposition consists of lengthy but straightforward

elementary computations and will appear elsewhere. We wish to note in

passing that (6) establishes an explicit relationship between the spherical

and Schwarzian derivatives. We also wish to point out that relations

(3) and (5) establish an interesting connection between these classical

derivatives and the geometrical quantities under consideration.

3. Results

We first introduce the auxiliary function a(fjr,Q) defined by the

relationship
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(7) Tan a(fSr,B) = £ JL2 36 ^ J '

where we require that -ir/2 < a(fjr, Q) < T\/2 .

LEMMA. Let f e C(R1sR£) and let {TQ1NBJBQ,KQ,TQ} be the Frenet-

Serret apparatus of the cva-ve L" . If ijin Y(f;r,Q) {.respectively
0 BQA

^N y^f»r>^^ denotes the angle between the binormal B. {respectively
9

normal fffl] and the position vector X(r,B) given by (1), then

(8)

(9)

(10)

and

(11)

Sin a.(f;r,§) = - Cos

Cos a(f;r,Q) = - Cos

Sec a(f;r,B) = KQ(f;r) ,

3
36

(•,6) iv
Proof. Equations (8) and (9) follow from direct computation, since

Cos iK, y = (BQ'%) a n d C o s $ti x = (Na'%) • Equation (10) follows

directly from (4) and (7) . In (11) , the first equality holds since IJJD y

V

and 4itf „ differ by a constant. Equation (9) implies that |sin $„ „] =

|sin a| ; thus, differentiating (9) yields the second equality in (11).

We now consider the total absolute torsion of the curves Lg .

Since these curves are not closed, we shall integrate over closed sub-

segments in order to guarantee the existence of the integrals involved.

THEOREM 1. Let f e CfR^R^ and suppose that R2 < p2 < P2 < R£ •

Then, for each 6 e (-v,+-n~] , we have

(12)
tP2

j \tQ(fsr)\ ds =
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where ds = \\X \\ dr = 2j dr is the arc-length differential along the

curve L" and Vf_- ] denotes the total absolute variation of the angle

Proof. By definition

s/\rjfjr)\ dr .

We s h a l l show tha t

(13) £ a(fsr3B) = -2f*tQ(f;r) .

This relation, together with (11) , will yield the result . To establish
(13) , we f i r s t recall (10) and then observe that, on one hand, we have

(14) A. KQ(fjr) = Sec afftr^Tan a(f;r^) -^ a(f;r3S) .

O n t h e o t h e r h a n d , f r o m ( 4 ) , ( 7 ) , ( 1 0 ) , ( 6 ) a n d ( 5 ) , w e g e t

(15) ±.K (f.P) = _ 2f#T.(f;r) Sec a(f;r,Q)Tan a(f;r,e) .
dr y 0

Comparing (14) with (15) establishes (13) and thereby completes the proof
of the theorem.

We come to the main result of this paper. I t states that if the
total torsion over a certain analytic arc is equal to zero, then the
tota l "curvature-weighted" torsion is also equal to zero on that arc.

THEOREM 2. Let f e CfR^R^. Fix e and suppose that

< Pj < f>2 < R2 ' Itef™10 the entire function

I(z) = If(zjQjPl>p2) = 2 K (fjr)-,: (f;r) ds .
Pl

If 1(0) = 0 j then I(z) = 0 for every complex z .

Proof. Since <Jf;r) > 13 KSJf;r) is single-valued. Hence,

I(z) is clearly entire.
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Now l e t t, = {x + it: -» < £ < +a>} . We f i r s t show tha t I(z) i s
x

bounded on i.c Indeed, we have

(16) \I(X

by using Theorem 1. Let b(x) denote the right-hand side of (16). We

have shown that \l(x + it) | ̂  b(x) for each real x ; that is, that J

is bounded on i independently of t
x

Next, we show that I(z) satisfies the relation

(17) (z - l)I(z) = (z - 2)I(z - 2) .

In view of (10) and (.13) , we may write, for z / 1 ,

(f;r,Q) -^ <x(f;ra$) dr.

z - 1

z - 2 rp

B - 1 Pl

by employing any standard table of integrals.

Using the hypothesis and equation (13), we get

f 21(0) = fJ dr

dr,

dr

= 0

Hence, the first term on the right-hand side of (18) vanishes and we obtain

(17) for . This relation extends continuously to since
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I(z) is entire.

Replacing z by z + 2 in (17), we get

(19) (z + l)I(z + 2) = zl(z);

replacing z by -z + 1 in (17), we get

(20) -zl(-z + 1) = (-z - l)I(-z - 1) .

Multiplying (.19) and (.20) , we obtain the relation

I(z + 2)I((-z - 1) + 2) = I(z)I(-z -1)

which, shows that the function

J(z) = I(z)I(-z - 1)

i s an ent i re , periodic function-with period 2. Furthermore, J(z) i s

bounded on each line SL , since \j(x + it) | £ b(x)b(-x - 1) . Since

b(x) i s continuous on the real axis, there must exist an absolute constant
6 such that \j(x + it) \ < 6 for all x e 10,21 . Thus \j(z)\ < B for
a l l z in the infinite s t r ip {x + it: 0<,x<,2i-«><t< +<*>} . Since
J has period 2, \j(z) \ <, 8 in the plane. By Liouville's Theorem, J
must be constant. But since 1(0) = 0 , we must have J(z) = 0 , and
this readily implies that I(z) = 0 .

We state the next two theorems for the sake of completeness. The
proofs are omitted since they are completely analogous to the proofs of
the two previous theorems.

THEOREM 3. Let f e CiR^R^ . Then, for each r e (R^R^,

I \rp(f;Q)\ ds = /[<{,£ x(f;r,e);-it,+-n]
r r

where ds = 11 AT I I de = 2rf^ dQ is the arc-length differential along the
0

curve C" and V[ • ] is the total absolute variation of the angle <j>g x

between the position vector X and the binormal B to the curve C" .
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THEOREM 4. Let f eCfR^R^. Then, for each r e

I~(z;r) = [ <t(fjd)rJfjQ) ds = 0
J Jnit r r

for every complex z.

,cn
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